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Exercise 2.1. Let U C E'3 be open. Define an antisymmetric (0,2)—tensor field, F' on
U with components’

0 —-B, —E, —Ej
Ei 0 By —Bs
E, -B; 0 B
Es By —-B 0

[Fw] =

Where E;, B; € C1(U). Show that the vacuum Maxwell equations for E, B (with units
such that ¢® = eopp = 1) hold in U if and only if F satisfies the equations

VuF', =0,  V,F, =0,
where for any (0,3)—tensor A,,, we define:

1
A[,uucr] = 6 (A;UJU + Aua,u + AU}U/ - Al/ua - A;w'l/ - Ao’yu) .

Exercise 2.2. Suppose that F' is as in Exercise 2.1. Fix an inertial frame {€),}. Define
1
T#V[F] = F,LLUFVU - ZT/,LU/FO'TFUT-

Show that T has the following properties

a) We have a formula for the divergence:
3
vV, T+, [F] = (V,F',)F,7 + 3 (Vo) FH
b) The 00—component of T is the local energy density

TwlF] = 5 [|BI* + |BP]

c) If Vis any future directed unit timelike vector, then:

1
VO [|BP +1BP| 2 VT0lF] = 15 1B+ |BP]
Hence, or otherwise, deduce that the electromagnetic field exhibits finite speed of propa-
gation.

Exercise 2.3. Consider the infinite cylinder R x S' and take as coordinates (z, ) where
0~ 6+ 2m.

Please send any corrections to c.warnick@warwick.ac.uk
IThe convention is that the first index specifies the row, and the second index the column.



a) Show that when M is equipped with the Lorentzian metric
g = —dz? + db?,
it is time-orientable.

b) Now consider the metric
g = — cos 0dz? + 2sin Odzdh + cos 0dH>

i) Show that the vector fields defined for 6 € [0, 27) by

0 .0 .0 0
Xy = cos 5&5 — sin 589, X1 =sin 5630 + cos 5@9.

satisfy
9(Xo, Xo) = —1, ¢g(Xo,X1) =0, g(X1,X1)=1
Deduce that g is a Lorentzian metric.

ii) Let us denote the point x = 0,6 = 0 by p. Suppose that there exists a nowhere

vanishing timelike field 7', and without loss of generality assume that g(Xo,7')]|, <

0. Show that if v :[0,1) — R X [0,27) is any smooth curve with v(0) = p then
9(Xo0.T)|, < 0.

iii) By considering the curve 7 : s — (0, 27s), deduce that M is not time orientable.

Exercise 2.4. Consider M = R3, with a choice of orthonormal basis {e;} with respect
to the Euclidean metric g;; = d;;. Define a smooth connection on vectors by

k
(T)Veiej =TE€ jj€k

where €;;;, is totally anti-symmetric with €123 =1 and 7 € R is a constant. Consider the
curve v : (—1,1) — R3 given by v(¢) = tes. Show that the vector fields

X, = e cos(tz?) — ey sin(rz?)
X, = ey sin(t2®) + ey cos(t2?)
X3 = e3

are all parallely transported by (D'V along .
Exercise 2.5. a) Suppose that f € C1(M;R), show that
T(fX,Y)=fr(X,Y), T(X,Y)=-T(Y,X).
Deduce that if {e,} is locally a basis with X = X*e,, Y = Y*e, then:
T(X,Y) =T°,,X"Y"e,

for some C"—functions 77, := e’ [T'(ey, e,)].



b) Show that for the connection defined in Exercise 2.4, the torsion is given by:
Tijk = QTGijk.
Exercise 2.6. Show that if f € C*~1(M), then (2.5) implies
(Vxw) [fY] = f(Vxw)[Y]
for any Y € Xj_1(M). Deduce that Vxw € X:(M).

Exercise 2.7. Consider the connection defined in Exercise 2.4. Show that if we define a
Riemannian metric on R3 by g(v,w) = v-w = v*w’§;;, then the connection (7V satisfies

x(g(y,z)] =g (mey, Z) +g (y, (T)sz) .

Deduce that 9V is the Levi-Civita connection of g.



