Chapter 2

Lorentzian geometry

2.1 The metric and causal geometry

In the previous chapter, we studied Minkowski space, motivated by the wave equation.
In that chapter, the metric 7 (or equivalently, the matrix of coefficients of the wave
equation) was constant. We could pick a basis {€},} of constant vectors (i.e. vectors whose
components are independent of ) such that 7, took constant values on EL3. In this
chapter we shall allow the metric to vary from place to place. The correct setting in
which to do that is the differentiable manifold.

Manifolds

I’ll start by recapping the geometric tools that we shall rely on. We start with an
n—dimensional C*—manifold, M, where k > 3 can be an integer if the manifold has finite
regularity, k = oo if the manifold is smooth or k£ = w if the manifold is analytic. From
the differentiable structure we can define the tangent bundle T'M and the cotangent
bundle 7% M, and the bundle of (p, g)—tensors, TP, M. We also define the space X, (M)
of C"—sections of the tangent bundle for r < k (i.e. C"—smooth vector fields) and the
space X} (M) of C"—sections of the co-tangent bundle (i.e. C"—smooth one-forms). You
will need to be familiar with these objects. For a brief introduction to these concepts, see
§A.3 or else the MA3H5 Manifolds course.

Definition 9. Let M be an orientable, n—dimensional C*—manifold and let r < k. A
C"—pseudo-Riemannian metric on M is a C"—smooth (0, 2)—tensor field g, such that
for each p € M, ¢ p 1s a symmetric, non-degenerate, billinear form on T, M. We say that
M equipped with g is a pseudo-Riemannian manifold. The tensor g is called the metric
tensor.

1) If g|, has signature (+...+) we say that M equipped with g is a Riemannian
manifold.

2.) If g|p has signature (— + ...+) we say that M equipped with g is a Lorentzian
manifold.

A spacetime is a four dimensional Lorentzian manifold.
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2.1  The metric and causal geometry 25

To unpack this definition a little, suppose that we have a local basis of vector fields
{eu}i=1,...,n defined on some open set U. In other words, we have e, € X;_;(U), such
that {e,[,} span T, M for every p € U. There is a natural basis of one-form fields dual
to {eu}i=1,...n, which we write as {e};—1, . n, and is defined by

e’len] = 0%,
With respect to this basis, we write
g = guue‘u ® ey.

Where for each p, v we have g, € C"(M;R). The condition that g is symmetric implies
that g, = guu, and the non-degeneracy condition implies that the n x n matrix with
components g,,, is invertible. The components of the inverse of this matrix, g, which
satisfy:

o

gul/gﬂg =0,°.
give the components of a symmetric (2,0)—tensor, called the co-metic:

gt = g"e, @ ey.

The metric at each point p gives us a bilinear form on 7, M, where we have:
g(X,Y) = guye“(X)e”(Y) = gMVX‘uYU
For any X,Y € T, M Similarly, the cometric gives a bilinear form on 7,; M, where:

9 w,n) = g™ wleu)n(en) = g wuny.

We can use the metric and co-metric to identify 7, M and T; M. Suppose X € T,M,
we define the co-vector X by:

X'[Y]=g(X,Y), ¥V YeT,M
similarly, if w € Ty M, we define the vector Wt by:
nw =g (w,n), VY neTzM

We can check that in a local basis, we have X = XHgue” and wh = wuge,. In this
case, we usually write g, X* = X, and w,¢g"” = w”. In a similar way, we can identify all
of the spaces of (p, g)—tensors with the same value of p + ¢. Indices are ‘raised” with g"”
and ‘lowered’ with g,,,,.

Now, to define the signature we use the fact that a non-degenerate bilinear form can
be diagonalised. In other words, at each point we can find a basis {e,} such that

-1 p=v<r
g/“’:g(euvez/): 1 p=v=r
0 p# v
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for some r € {1,...,n}. The number r, which tells us how many positive and how many
negative signs appear is independent of the point p at which we diagonalise the metric.

For a Riemannian manifold, the metric is positive definite, each point p € M the
tangent space T),M can be identified with Euclidean space. For a spacetime, at each
point p € M the tangent space T, M can be identified with E!3. A Lorentzian manifold
‘locally looks like Minkowski space’, whereas a Riemannian manifold ‘locally looks like
Euclidean space’.

2.1.1 Examples of pseudo-Riemannian manifolds

We will go through a few examples that will prove useful later in the course.

Example 3. The simplest Riemannian manifold is a n—dimensional real vector space
V' equipped with a positive definite inner product (,). A real, finite dimensional vector
space is naturally a real analytic manifold, which can be covered by a single coordinate
chart as follows. Set & = V. Pick an orthonormal basis {e;};—1, . for V with respect to
the inner product and define:

p U = R
T (xz)izl,...,n

where x = z'e;.
An element v of T,V can be identified with an element of V' in a natural way. Pick a
curve v : (—e,e) = V with v(0) = x, ¥(0) = v. We know from the definition of v that

. d .
vti= —'(y(t
¢ (1) »
are independent of the choice of representative curve, where ' is the projection of ¢ onto
the i*" component, which is a smooth map from V to R. We identify the tangent vector
v € T,V with the vector v = v'e; € V. This identification is independent of the choice of
basis, so in a natural way we have identified T,V ~ V. Under this identification, we have

0
ozt

~ €;.
This identification allows us to define a non-degenerate, symmetric (0, 2)—tensor field
from the inner product (,). Recall that a (0,2)—tensor at a point x is an element of

TV @ T3V, or equivalently a bilinear form defined on T,V. We define

g(”? w) = <’U, w>

where v, w € T,V are identified with v, w.
With respect to the basis {0;}, we have

o 0
g ((%ﬂ" 8xﬂ) = (€;, ej) = 0;j.
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In order to write g concisely, we can use the dual basis to {9;} is denoted {dx'}, where

We also introduce the symmetric product of two one-forms, which is an element of
(T)%V, ie. a (0,2)—tensor defined by

1
wiwz 1= 5 (w1 @ wa + wp ®w)

for wi,wy € T;V. This acts on a pair of vectors vy, vy € T,V as:

1

wiwe(v1,v9) = 3 [w (v1)wa(v2) + wa(vr)wi(v2)]

With this notation, the metric g can be written:
g= 5ijdxid:rj
Example 4. A more interesting example of a Riemannian manifold is the unit n—sphere:
S"={X eR" (X ,X)=1}

with (,) the canonical inner product on R™*!. The unit n—sphere is naturally a real
analytic Riemannian manifold (in fact it inherits these properties from R"*!). To cover the
sphere, we require two coordinate charts. We'll pick an orthonormal basis {FE,}a=1,..n+1
for R"*! and we define

Uy = S"\{+E 11}

On each patch, we use stereographic projection to map to R”, which we endow with the
orthonormal basis {e;}.

©+ Ur — R”
XE, — 71$)}n+1 X'e;, =: x4
We can invert the transformation by noting that X*X; 4+ (X"™1)2 = 1 and

| |2 Xin&ij 1— (Xn+1)2 14 xntl
€T = = =
T A F X g xer)? 1F X

Thus ' )
22" 1— |z
1+ " 1+ |z n 21)

From here we conclude:

propr’ ¢ R*\{0} — R"\{0}

j[®

so that the transition functions are indeed real analytic, and S™ is a real analytic manifold.
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The tangent space Tx S™ can be identified in a natural way with the set:
TxS" ~{V eR" :(V,X)=0}.

To see this, consider a tangent vector V' € Tx S™ and choose a curve v : (¢,e) — S™ with
7(0) = X, 4(0) = V. Thinking of ~y as a curve in R"*! we can identify its initial tangent
vector with V' € R"*! as in the previous example. We know that the map f: R*T! = R
which takes X to | X|? is smooth, and constant on S”. By applying the vector 4(0) to
this map we deduce that

0=50)f]1= 5 (v(®):~(1) i
=2(7(0),%(0)) = (V, X).

This identification of the tangent space of S™ (an abstract manifold construction) with a
plane in R™*! allows us to visualise the two local bases:

0
(95(}2: i=1...n

that are defined via the coordinate charts. Recall that the vector 0; at a point X is defined
to be the tangent vector to the i** coordinate axis passing through X. Accordingly, we
can find the bases by differentiating the expression (2.1). We obtain:

0 2 j 4 n dx;
P =\ T T T 2 I N2
Ox’y X=p7'(x) 1+ ]ac\ (1 + ‘.’1’,"2) (1 + ‘(B’2>

=[QF X6 - X, X E; £ (1 F X" X, B

En+1

We see that 831' span T'x S™ for all X € Us.
i

The identification of Tx S™ with a subspace of R"*! gives us a natural way to define
a metric on S™ using the inner product of R"*!:
g(v,w) = (V, W)

where v, w € Tx S™ are identified with V., W € R"*!. We calculate

o 0
g (8% M) — [(1 T X"k — XiX’“} (1 F X165 — XX ]
+

+ (1 ¥ Xn+1>2XiXi
= (1 F Xn+1)252‘j — 2Xin(1 F Xn+1) + XinXka
+ (1F X" )2 X
= (1 + Xn+1)25z‘j
46,5

2
(1+ |z
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We thus have the result that in each stereographic coordinate patch, the standard metric
on the unit sphere is given by

485 o
g=——""2—daldal.

(1+ 2P)

Example 5. Let’s return to the example of R**! equipped with an inner product and
an orthonormal basis {E,}q=1,.n+1. Suppose we have a point P € R" \ {0}. We can
uniquely write P = r X, where r > 0 is a real number and X € S™. In this way we can
identify R™ \ {0} ~ (0,00) x S™.

We use this observation to cover R™ \ {0} with two coordinate patches:

Uy =R \{£rE,+1:7 >0}
and define the maps

©+ Us — (0,00)X]Rn

PaEa — <’P| y Wﬁ]’”&) .

In other words, ¢+ maps the point rX to (r, @), where x4 is the stereographic projection
of the point X € S™. The inverse map is given by

. 2" 1— |z
i (rx)=r E; ¥ 5Eni1 (2.2)

1+\a:]2 1+ ||

As before, we can identify the tangent vectors with vectors in R"*1. A simple calculation

shows that 3 p
—~ X = —
or |P|

and

~r{[QF X" - X, X/ Ej £+ (1 F X" X;Epir}

ont.
o 0 o 0

g( o d ) gy
i a0 | 2
07 00k ) (14 [asf?)

so that in each patch we have

We can calculate

A8 o
g=dr’ +r’———dal.da’;
(14 1esF)
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which is the metric on R™*1\ {0} written in spherical polar coordinates, with stereographic
coordinates on the sphere. We have shown that R"*1\ {0} is equivalent, as a Riemannian
manifold, to (0,00) x S™ endowed with the metric

g =dr?+r2ggn.

Often the fact that this describes R®*! with the origin removed is elided, and one will
talk of the metric on R”*! written in polar coordinates.

Example 6. Take M = R?* with coordinates (2%, z%) = (2#),—¢, 3. As previously, this
gives us a global basis of vector fields 0, := %. We can endow R* with a Lorentzian
metric by:

g = ndr’ds” = —(dz°)* + (dz')? + (d2?)? + (dz®)?

This is of course the Minkowski spacetime. It is clearly Lorentzian, if we take the basis
ey = Oy, we have
g(em 61/) = Nuv-

Example 7. We take M =R x (0,00) x S2. This can be given the structure of a real
analytic manifold covered by the coordinate patches

Us =R x (0,00) x U

where Z/lf2 are the stereographic coordinate patches on S? previously defined. The
coordinate charts are given by

ot Ur — R x(0,00) x R?
(t7T7X) = (t,r,mi).

with the notation as in Example 4. We endow M with the metric

2 2 46 gpdzdda

g=- <1 - m) 2 + 2\/> R tdr + dr? 4 2 ABTECTS
T 'S 2
(1+|5Ui| )

where A, B = 2,3. More concisely, we write

2 2
g=— <1 — m> A2 + 24/ “dtdr + dr? + r2ggs.
T T

This is a Lorentzian metric, as we can see by exhibiting the following local bases:

0 2m 0
0=~V 7 ar
0
61—5
ej:1+’$i’2i

2r 8xﬁ'
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A short calculation shows that

g(el:i:7 e:yi:) = Nuv,

so that in a neighbourhood of every point in M we can find a local basis with respect to
which the metric is diagonal with entries (— + ++).

This metric is the Painlevé-Gullstrand form of the Schwarzschild spacetime. It
represents a spacetime containing a black hole region (we shall see what this means
shortly).

2.1.2 Causal geometry for Lorentzian manifolds

We will now update some definitions from the previous Chapter. For the most part,
things go through in a very straightforward fashion.

Definition 10. A non-zero vector X € T, M is
i) Timelike if g (X, X) <0,

ii) Null, or lightlike if g (X, X) =0,

iii) Spacelike if g (X, X) > 0.

The definitions of timelike /null /spacelike curves and surfaces generalise from the Minkowski
case in the obvious fashion.

We have to adapt a little the definition of a time orientation in the manifold case.

Definition 11. The manifold M is time orientable if there exists a smooth, nowhere
vanishing timelike vector field. For a time orientable manifold, a choice of time orientation
is a choice of equivalence class of nowhere vanishing timelike vector fields under the
equivalence relation

W ~T, <<= g(T1,T2) <0 on M.

With a time orientation [T]., we can define what it means for a vector X € T, M to
be future directed. We say that X is future directed if g(X,T)|, < 0 for any T € [T]~.

For a time oriented manifold we can define the notion chronological and causal
future/past and domain of dependence as for the case of Minkowski spacetime.

Example 8. Let us consider the Painlevé-Gullstrand form of the Schwarzschild spacetime,
as in Example 7 above. The surface

¥ = {t} x (0,00) x S?

is everywhere spacelike: local bases for the vectors tangent to 3; are given by {eli, eét, e3i},
which are all spacelike.
The spacetime is time orientable: the vector field

0 2m 0

60:&_ r or
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is defined everywhere and timelike, we pick the time orientation defined by [eg]~. In fact,
eg is the future directed unit normal to >;.
Consider now a future directed causal curve 7 : (—e¢,€) - M. We can write

v(s) = (t(s),7(s), X (s)) € R x (0,00) x S?

and the tangent vector is given by:

y(s) = i(s)% + f(s)% + X (s)

where we understand X (s) € Tx(s)S 2. We can calculate:

g(¥(s),e0) = —t(s) <0
by the fact that « is future directed. Now consider

30603 (6)) = = (1= 20 Y6 4 2| 5 6)00) + 76 + 20 (X9, X ().

Now, in order that v is causal, we must have g(j(s),7¥(s)) < 0. Suppose now that
r(s) < 2m for some s. Then the only way that we can have g(§(s),¥(s)) < 0isif 7(s) < 0.
Thus no future directed causal curve can escape from the region r < 2m. This region is
known as a black hole region of the spacetime. We have shown that

JT ({0} x (0,2m] x S?) C [0,00) x (0,2m] x S*

In fact, it is fairly straightforward to show that the reverse inclusion holds and that the
two sets are equal.

Exercise 2.3. Consider the infinite cylinder R x S! and take as coordinates (z,) where
0~ 04 2m.
a) Show that when M is equipped with the Lorentzian metric
g = —dz?* + do?,
it is time-orientable.

b) Now consider the metric
g = — cos 0dx? + 2sin Odxdh + cos HdH>
i) Show that the vector fields defined for 6 € [0, 27) by
0 . . 0
Xy = cos Qci)x — sin 589, X1 =sin 5313 + cos 589.
satisfy
g(X(]aXO):_la g(XO,Xl) :Oa g(XlaXl): 1.

Deduce that g is a Lorentzian metric.

ii) Let us denote the point x = 0,6 = 0 by p. Suppose that there exists a nowhere
vanishing timelike field 7', and without loss of generality assume that g(Xo,7')]|, <
0. Show that if v : [0,1) — R X [0,27) is any smooth curve with v(0) = p then
g()(o,T)‘,y < 0.

iii) By considering the curve vy : s +— (0, 27s), deduce that M is not time orientable.
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2.2 Affine Connections

We are going to require a means to differentiate vectors (and other tensors). This is a
subtle point, and is not completely straightforward. Suppose 7 : (—¢,¢) — M is a curve
and f € C1(M) is a differentiable function, and we wish to differentiate f along . We

define
F(0)[f] = lim F0(h) = F(3(0))

h—0 h

Now suppose that we have a vector field X € X;(M). We might try and define the
derivative of X along v by:

. p o Xlym — X

7(0)

9

however, there is a problem with this. The two vectors whose difference we want to form
do not belong to the same vector space: one belongs to T,3) M and the other to T, ) M.
We need to decide how to identify the tangent spaces along v before we can define a
quotient such as this. The tool to do this is provided by an ‘affine connection’.

Definition 12. Suppose M is a C* manifold. A C"—affine connection V, where r < k—2,
is a map from X, (M) x X,41(M) — X, (M) satistying:

i) For every constant A € R, X; € X,(M), Y; € X,11(M) we have
Vx, (Y1 +AY2) = Vx, Y1 + AV, Y,

and
leJr)\XQ}/l = VX1Y1 -+ )\VX2Y2.

i) If f € C"(M;R), X € X,(M), Y € X,41(M), then

VixY = fVxY

i) If f € C"H(M;R), X € X,(M), Y € X,y1(M), then

Vx (fY) = X[f]Y + fVxY

We call VxY the covariant derivative of Y in the direction X. Suppose we are given
a basis, {e,} for X;_1(U), where Y C M is open. Then we have the following result

Lemma 2.1. i) An C"—affine connection V is determined on U by its components
with respect to the basis {e,}, written I'*,; € C"(U;R) which are defined by

Ve, €0 =T 0e,
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i) If {e},} is a new basis for Xj_1(U), related to the old one by:
ep=AN e, A, e CFHUR)

then the components of V with respect to the old basis are related to those with respect
to the new basis by

7, = ATVA"MF'”TU(Afl)p,.i + AT el [A",)] (A1)r,
where (A=) AR, = 6P,

Proof. i) Suppose X € X,(M), Y € X,11(M). In U we can uniquely write X = X*e,
and Y = Yte, for X* € C"(U;R), Y* € C"(U;R). Then in U

VxY =Vxve, (Y%,)
= X"V, (Y%,)
=X",(Y%)es + XYV, €5
= [X"e, (YF) + XVYTH ;] e,

which uniquely determines VxY'.

ii) We calculate

Ve, €y = Var,e (A”He;)
= AT A Ve e, +ATel [N, ] e,
= (AT A7 I g + AT el [A",]) €
(AT AT (AP ATy [A%,] (A)P0) 6,

where in the last line we use the fact that e, = (A71)?e,.

O]

Notice that the second part of the Lemma justifies our restriction r < k — 2, since
this is the best regularity for the functions I".. that is consistent with the regularity of
the underlying manifold. It is also important to note that the components I'*,, do not
transform as the components of some (1,2)—tensor field on the manifold.

A connection allows us to transport a vector along a curve. In order to do this, we
require the following result:

Lemma 2.2. Let 7 : [0,1] = M be a C?—curve with v(0) = p, ¥(1) = q. Suppose that
V is a C"—affine connection, with r > 1. Given X,, € T, M, there is a unique vector field
X defined along v such that

VX =0, Xl|_o = Xp. (2.3)

We say that X is the parallel transport of X, along .
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Proof. Let us suppose that v([0,1]) C U, for some open set U on which we can pick a
basis {e,} for X;_1(U). If this is not the case, we can split v into a finite number of
curves for which this is true. If we write X = X*e, and X, = X}'e,, then the condition
(2.3) becomes
0= HOIX"] + X4V,
= XP(t) + XV (t)37T s,
together with the initial condition X*(0) = X,'(0). This is a linear ODE for the coefficients
XH(t) with coefficients in C'!, hence a unique solution exists for ¢ € [0, 1]. O

Definition 13. A geodesic or auto-parallel curve with respect to the connection V is a
C?—curve v : (a,b) — M satisfying

Vi (t) = At)7(t)
for some A : (a,b) — R. By a change of parameterisation it is possible to arrange that

A =0, in this case, the parameterisation is called an affine parameterisation.

In a local coordinate chart, for an affinely parameterised geodesic we can write
@ ox(t) = (z(t)) € R", so that 4(t) = i#%;. Inserting this into the expression for a

oxk*
parallel transported geodesic, we find that the functions z#(t) satisfy:
4+ 2¥z°T,, = 0. (2.4)

where ', are the components of the connection with respect to the coordinate induced
basis. From basic ODE theory (Picard-Lindel6f theorem), we have:

Lemma 2.3. Suppose M is a C*—manifold, where k > 2. Suppose M is equipped with a
C%—affine connection V. Given p € M, X,, € TyM, there exists an € > 0 and an affinely
parameterised geodesic curve vy : (—e, €) — M such that

Moreover, v is unique up to extension: If v : (—€',€') — M is another such affinely

parameterised geodesic where (without loss of generality) € > €, then v/ (t) = ~(t) for
t € (—e¢,e).

Note: we only have local existence in ¢ because the ODE is not linear (the I'*,,
depend on z(t) implicitly).

Exercise 2.4. Consider M = R3, with a choice of orthonormal basis {e;} with respect
to the Euclidean metric g;; = d;;. Define a smooth connection on vectors by

T k
( )Veiej =TE€E €L

where €;;, is totally anti-symmetric with €103 =1 and 7 € R is a constant. Consider the
curve v : (—1,1) — R3 given by 7(t) = tes. Show that the vector fields

X, = e cos(tz?®) — ey sin(rz?)
X, = e sin(rz?) + ey cos(rz?)

X3 = €3
are all parallely transported by (M'V along .
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An important property of an affine connection is the torsion. This is an anti-symmetric
C"—regular (1,2)—tensor field defined by

T(X,Y)=VxY —VyX —[X,Y]

where we recall that the commutator of two vector fields is a vector field which acts on
functions as:

[(X,Y](f) = X(YVf) =Y (X ).
If T(X,Y) vanishes, we say that the affine connection V is symmetric.
Exercise 2.5. a) Suppose that f € C1(M;R), show that
T(fX,Y) = fT(X,Y), T(X,Y)=-T(Y,X).
Deduce that if {e,} is locally a basis with X = X*e,, Y = Y*e, then:
T(X,Y) =T°,,X Y"e,
for some C"—functions T, := €? [T'(ey, e,)].
b) Show that for the connection defined in Exercise 2.4, the torsion is given by:
Tijk = 2T6ijk.

Given a connection V, we can define a connection on one-forms. Given X € X, (M)
and w € X5 (M), we define Vxw by requiring:

(Vxw) [Y] =X (w[Y]) —w[VxY]. (2.5)
for any Y € Xp_1(M).
Exercise 2.6. Show that if f € C*~1(M), then (2.5) implies
(Vxw) [fY] = f(Vxw)[Y]
for any Y € X;_1(M). Deduce that Vxw € X*(M).

We can locally express the covariant derivative of a one-form using the same component
functions I'*,, as we used to express the covariant derivative of a vector:

Lemma 2.4. Suppose that {e,} is a basis for Xy_1(U), where U C M ‘is open, and that
{e"} is a dual basis. Then in U we have:

Ve, el = —TH, e

where I'"y,, are defined by
Ve, €0 =T qeu.
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Proof. Consider

(Ve,e") [er] = ey (e"[er]) — e [Ve, €]
=€y (5#7_) — et [FHVTCH]
=0—-T",,¢"[es]
= _Iwm'

Since a one-form is completely determined by it’s action on a basis of vector fields, this
suffices to show the result. O

Finally, we can extend the connection to act on arbitrary tensor fields by requiring
that the Leibniz rule applies to tensor products. For example:

Vx (Y ow)=(VxY)®w+Y ® (Vxw),
with obvious generalisations to arbitrary tensor products of vector fields and one-forms.

Lemma 2.5. Suppose S is a C™! reqular (p, q) tensor field, which is written with respect
to a local basis e, € Xp_1(U) of vector fields as

S = Sﬂl"..upul...uqep,l ® tee ® ep,p ® 61/1 ® e ® eyq (26)

Where SHt-tvy, . € C™ L (U;R). Then VxS is a C regular (p,q) tensor field, with
components given in the local basis by:

yeun _ o
(VXS)'ul upl/l-..l/q = X%, [Sﬂl upyl,..,uq]
+ XOF'LHJTSTHQ’“.Npuh...Vq + ...+ XUI‘N]‘UTS!H~~~7#j717'ﬂj+1~-~#pyl7m
oT oTT
- X r ovy S,U«LUQ HpT...Vq T e T X r UVjS'ul “pyl...uj,lTVjJrl...Vq -

. YO Jeee
=: X7V SHbr

q

We define VS to be the (p,q + 1)—tensor field with components Vo Sty g

Proof. We simply apply the definition of the covariant derivative to (2.6) and then express
the right hand side in terms of the basis vectors. O

2.2.1 The Levi-Civita connection

There are many connections on a given manifold. We want to single out a single connection,
and it turns out that this is possible when we require the connection to be compatible
with our metric and symmetric.

Theorem 2.1 (Fundamental theorem of (pseudo-)Riemannian geometry). Suppose M
is a C**t1—regular pseudo-Riemannian manifold which carries a C*—regular metric g,
where k > 1. Then there exists a unique symmetric C*~1—affine connection, V, such that
Vg = 0. This connection is known as the Levi-Civita connection.

ve o
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Proof. We prove the statement by an explicit construction. Suppose that X,Y,Z €
X, (M). First note that the symmetry of the connection implies

VxY - VyX =[X,Y] (2.7)
Suppose that we have a symmetric connection satisfying Vxg = 0, then we have

X[g(Y,2)] = Vx (g(Y, X))
=(Vxg)(X,Y)+9(VxY,Z) +g(Y,VxZ)

=g(VxY,2)+9g(Y,VxZ) (2.8)

similarly
Y[9(Z2,X)]=9(VyZ,X)+g(Z,VyX) (2.9)
Z[g(X,Y)] =g(VzX,Y) +g(X,VzY) (2.10)

Taking (2.8)+(2.9)—(2.10), and using (2.7) we have:

Xg(YV, 2)+Y [9(Z2, X)] = Z[9(X,Y)] =29 (VxY, Z) — g (X, Y], Z)
—|—g([Y,Z],X) —g([Z,X] 7Y)

so that, after re-arranging we have

29(VxY,2) = X [g(Y, 2)| + Y [9(Z, X)] = Z[9(X, Y] (2.11)
+9(X,Y],2)+9(2, Y], X) +¢([2,X],Y)

We can calculate the right hand side explicitly in terms of g, X, Y, without needing to
know V. Since Z is arbitrary, this uniquely determines VxY by the non-degeneracy of g.
Thus if the connection exists, it is unique.

On the other hand, we can use (2.11) to define a connection. It is straightforward to
check that if we do this, that the connection is symmetric and Vg = 0. O

Exercise 2.7. Consider the connection defined in Exercise 2.4. Show that if we define a
Riemannian metric on R? by g(v,w) = v-w = v'w/§;;, then the connection (MV satisfies

2lg(y.2)] =g (VVay.2) +9 (v, VVaz).

Deduce that OV is the Levi-Civita connection of g.

Suppose that we have a local basis of vector fields {e,}. We know that for each p, v,
the commutator [e,, e, ] is a vector field, so it can be written in terms of the basis vector
fields:

lews ev] = C7 eq,
where €7, € C*~1(M;R) are uniquely determined. Now, let us consider (2.11) applied
to the vector fields X =e,,Y =e,,Z = e,, and recall that g,, := g(e,,e,). We find:

QFT/Ll/gTO' = 6/1(91/0’) + 61/(.90';1,) - 60’(9#,1/)
+ CT;U/QTJ + CTngTV + CTanTu
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so that multiplying by ¢?* (the co-metric) we deduce:

1
= 597" [eu (gvo) + 61/(90#) - ea(QW) + Copv + Cuop + Cuow

2

This expression simplifies in two useful cases:

1. If {e,} is a local coordinate basis, so that e, = 89%” then we have C*,, = 0 and:

ko 1 oK 891/0 8gau B ag;w
D = 27 <8:L““ + oxrv  Ox° (2.12)

2. If {e,} is an orthonormal basis, so that g,, is a set of constants equal to &1 or 0.
In this case e,(gvs) = 0 and we have

1
I = 59“ (Copv + Coop + Chow)

Example 9. Recall the Schwarzschild metric in Painlevé-Gullstrand coordinates (Example
7) is a Lorentzian metric on M = R x (0,00) x S? given by:

2 /2
g=— (1 — m> dt® +2 M dtdr +dr? +rlgge.
r r

Recall also that we have an orthonormal basis for this matrix given locally by:

0 2m 0
=5V 7o
0
61—5
eA:}bAa
T

where {bs}a—23 is a local orthonormal basis for S? (the unit round sphere), such that
[ba,bg] = C¥ 4pbEg for some functions C¥ 45 € C*(S?;R). We calculate:

o= L [0
U= o\ or’

1 /2m
= =
[eo, €] 3\ 04
[ ] b
e, e = ——
1,€A T2 A,

1
lea,eB] = ﬁQEABbE.
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From here, we deduce that:

1 2m
Clor=—-Clip=——4/—,
2r r
1 /2m
Chp = —Cy = =1/ —dB,
T T
1
CAp=—-Cp = —;5’43,
1
CF p=—-CFpa= ;QEAB-

and all other components of C*,, vanish. Since {e,} is an orthonormal basis, we can
raise and lower indices as in the Minkowski case: we change sign when raising or lowering
a 0 index, but not otherwise. We calculate (for example):

1
I'yo == (Cho— C%1 + Chy)

2
_1 [
Vo

Similar calculations lead us to conclude that the non-vanishing components of I' with
respect to the basis {e,} are:

1 2 1 2 1 /2
Myp=— ﬂ, oy, =_— ﬁ, Mgy =—= ﬂ5A37

2ry r 2rv r ry r

1 1 /2m 1
g = =645, Mg =——4/—6aB, I up = ~das,

T T T T

1
%5 = ;LCAB7

where I'C 45 are the connection coefficients of the Levi-Civita connection of the unit
metric on S? with respect to the basis {b4}.

We can use these coefficients to directly give the action of the Levi-Civita connection
of g on the basis {e,}:

1 /2m 1 /2m

Veoeo =0, Veleo = % 7617 VeAeo = —; 76147
1 /2m 1
veoel = 0, Velel = Z T@O, VeAel = ;GA, (213)

and
1 /2m 1 1
Veea =0, Veea=0, Veep=—bap (T\/Teo + T‘fl) + -I4pec.

Exercise(x). Repeat for yourself the calculations of the previous example.
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Definition 14. A geodesic of the metric g, is a geodesic of the Levi-Civita connection of
g, i.e. a curve 7 : (—¢,€) = M satisfying

Vi ¥(t) = A@)7(t)

For a suitable choice of parameterisation, the function A(t) may be chosen to vanish, in
which case we talk of an affinely parameterised geodesic.

The geodesic equations can also be derived from a variational principle. In Riemannian
geometry this is especially useful as geodesics can be shown to locally minimise the distance
between two points. For Lorentzian geometries, the geodesics typically extremise the

length, but do not necessarily minimise it.

Exercise(x) (If you have studied Lagrangian mechanics). Suppose we work in a coordinate
chart &/ C M in which the metric takes the form:

g = gudxtdz”.
Show that the affinely parameterised geodesic equations
t + vz TH . =0,

where

Fnuy — 1 oK <ag7/0 4 890# _ ag.“«”)

59 OxH ox? o0x°

can be derived from the Lagrangian:

1
L= 39t

Exercise 3.1. Suppose that S is a (1,1)—tensor and R is a (0,2)—tensor, both at least
C!'—regular, which with respect to a local basis {e,} may be written:

S==5e,®e", R=R, e’ ®e.
Suppose V is the Levi-Civita connection.
i) With the notation of Lemma 2.5, show that:

Vﬂ (SMURO'T) = (VNSMV) RO‘T + S'uu (VKRUT) .
ii) how also that
Vidts =0, vﬁg,uz/ =0, Viegh.

Conclude that V, thought of as a map from (p,q)—tensors to (p,q + 1)—tensors
commutes with contractions and raising and lowering of indices.
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2.2.2 The wave equation

Suppose that M is a C*—manifold with a C*~!—regular Riemannian or Lorentzian metric
g, which has an associated C*~2—regular Levi-Civita connection V. Given f € C*(M;R),
and X,Y € Xj_1(M) we define:

Hy(X,Y) = X(Yf) — (VxY) f.
Lemma 2.6. H; is a symmetric, C¥=2—regular (0,2)—tensor.
Proof. To show that Hy is symmetric, we calculate:

Hp(X,Y)-H; YV, X)= XY [f)-Y(XS) - [(VxY) = (VyX)] f
= [X,Y]f = [(VxY) = (VyX)] f
— T(X,Y)f =0.

To show that Hy is a tensor, we need to show that for any g € C*=Y(M) we have:
Hy(9X,Y) = gHp(X,Y) = Hy(X, gY).
By the symmetry we can just show the first equality, which follows from
Hy(9X,Y) = (¢X)[Y f] = (9VxY)f = gH(X,Y).
The regularity of H; follows from the assumptions on the connection and on f. O

The tensor Hy is called the Hessian of f and is sometimes written VV f, so that if
{e,} is a local basis, we write:

V.Vuf =Hs(ey en).
Note carefully that in general
VuVuf #Ve, Ve, [ = eulenf).
Exercise 3.2. In a local coordinate basis, {eu = %}, show that we can write

P oo of
OxHoxY W oge |7

Hi(X,Y) = XFY"” <

Deduce that for a local coordinate basis

2, af

OxHoz” " dxo

Definition 15. Suppose f € C*(M;R).

V.V f =

i) If g is Lorentzian, we define the wave operator [, acting on f, written Oyf €
C*=2(M;R) is defined to be the trace of Hy with respect to the metric g. With
respect to a local coordinate basis {0/0x*}, this is given by:

Ogf :==g""V, NV, f =VIV,f.
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ii) If g is Riemannian, we define the Laplace operator Ay acting on f, written A,f €
C*k=2(M;R) to be the trace of Hy with respect to the metric g. With respect to a
local coordinate basis {0/dz'}, this is given by:

Agf = gIViVif =V'Vif.
In a local coordinate basis, we have

P upe Of

Oyf = g™ S s (2.14)
with a similar expression for the Laplace operator:
0% f e Of
Bal =9 i — 9T i gk (2.15)

When g is Lorentzian, we recognise [, as a hyperbolic differential operator. In the
case where g is Riemannian, the operator A, is rather an elliptic differential operator.

It’s often useful to have a more concrete expression for this operator. We can find
one by recalling that the Levi-Civita connection has components that are given in a local
coordinate basis by (2.12):

e — 1 oK <agua + 9o _ ag;w)
pr =

27 oz oxV 0x°
Contracting with the co-metric, we have:

gMVI\H, L, = go’K/ 891/0' J 7 1 oK 89“11 uv
a OxH 2 ox°

Now, recall the following facts regarding differentiating matrices:
dA~! dA
t)y=—-A"1—1) A (1).
(1) — (A7)
d aA

77 det A(t) = [det A(t)] Tr < yr (t)A_l(t)> .

We recognise that we can write

. ) q" o
g" Fﬁuu = —@glm - |g| @v |g|

where we have defined |g| := |det(gu)|. Returning to (2.14), we deduce that in local

coordinates: ) 3 of
O,f = ——— w29
i = e (V" )

A similar expression of course holds in the case that g is Riemannian:

_ 19 5 0f
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An alternative way to define the Hessian and wave/Laplace operator is instead to
recall that given a function f € C"(M;R), there is a natural one-form df € X}_;(M)
defined by:

df(X) = X f,

for any X € X(M). With respect to a local basis:

df = (epf)e" = (Vuf)et.

Since we have a metric g we can associate df with a vector field, sometimes called grad, f,
which acts on h € C'(M;R) by:

lgrad, f](h) = g~ (df, dh).
In a local basis:
grad, f = ¢g""(df )ve, = g""(ev fep

To define the wave/Laplace operator, we introduce the divergence of a vector field as
follows. If V € X, (M), then the divergence of V, written div,V € C"~1(M;R) is given
by:

divyV =€t [V, V] =V, V"

Clearly, we have
Oy f = divy (gradgf) .

Exercise 3.3. For V € X, (M), the divergence of V, written div,V € C""1(M;R) is
defined with respect to a local basis by:

divyV =V, VH =€t (V%V) )

Show that with respect to a local coordinate basis we have:

(Vi)

1 0
divyV = ——=—
\/E Ozt
Deduce the expression for the wave/Laplace operator with respect to local coordinates,
using:

g f = divy (gradgf) .

We can in fact generalise the definition of the wave/Laplace operator to arbitrary
tensors. For example, if S is a C?—regular (1,1)—tensor, we can define (in a local basis):

0,8 = (V,VHS" e, @e.

Example 10. Consider the sphere S2, with the stereographic coordinate charts (UT, ¢.)
that we previously defined. Recall that the metric on each patch is given by:

gg2 = 925ijdazid:zj.
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Where
2

1+ |z

As a matrix, the components g;; are

[9¢j]292<(1) (1)>

9] =92< (1) (1] >

so that 1/|g|g” = §“. As a consequence, we have

Agf=Q2Apaf

so that |g| = Q* and

where
0% f

oxtizl

ARQ f — (5”

is the standard Laplacian on R2.
Consider the following integral:

1= /Im|<RfAs2f\/@dw= /

| <

fA]R2 f dx.
R

Now, we can use the standard divergence theorem on R? to deduce

af / - Of Of
I= / Lo - 50 2L 2L gy
\w\:Rfay le|<r Oz Ozl

I claim that if f is a smooth function on S2, then the first term vanishes as R — 0o, and

we can conclude: of of
/sz s2f Q%dx /RQ(S D D dx

We immediately conclude that a harmonic function on S? (i.e. a function f € C?(S%R)
satisfying Ag2 f = 0) must necessarily be constant.

To check the vanishing of the boundary term, by considering the transition function
between the two stereographic patches, it’s simple to check that if f is a smooth function
on S2 which is given in one stereographic patch by f(a), then the function f(z) = f (i>

[

should be smooth at the origin. Consider

of 64 z|* — 2z%27 Of [ x
™) = T 50 \[a
|| x|
Setting y = ﬁ, and noting that g jz (x) is bounded as & — 0, we conclude that for large
ly|, we have
of C
- < —
‘W (y)‘ ~ |y

from which the result easily follows.
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Exercise 3.4. Consider the sphere S? = {x € R? : |x| = 1}, and set

U=\ {(-V1-12,0,t): t € [-1,1]},

i.e. the sphere with a line of longitude from north to south pole removed. We define a
coordinate chart (U, ), where ¢ is defined in terms of its inverse by:

el (0,7) x (=7, ) — u
sin @ cos ¢
(0, 9) — sin 6 sin ¢

cos 6

a) Show that with the standard identification of tangent vectors in S? with vectors in R?
that we have

9 cos 6 cos ¢ P —sinfsin ¢
2 ~ep:= | cosblsing |, % ~ ey = sin @ cos ¢
) sin 6 ¢lo-10.0) 0

b) Show that

(0. €0lp-1(0.0) = 1.
<697 €¢>’@71(0’¢) = 07
<e¢, e¢>’@,1(07¢) = sin2 0.

where (,) is the standard inner product on R3.

¢) Deduce that in the 6, ¢ coordinates:
gg2 = df? + sin® 0d¢>.

d) Show that in these coordinates:

1 0 (. Of 1 0%*f
Ay f=—2 (g2t} L 9/
92/ = Gnp a0 <Sm989> T 5?0947

e) Suppose f is a smooth function on S2. Show that:

T s ) B s T af 2 1 8f 2 .
Ny A

Example 11. A more interesting example is furnished by the Painlevé-Gullstrand form
of the Schwarzschild Black Hole. Recall that in a coordinate patch we have

g=— (1 - ;”) At + 2/ = dtdr + dr? + 17075 do’ da
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with ) as above. Writing the components of the metric as a matrix, we have

[gul/] =

4

so that |g| = r*Q*, and

We find

o | [ s
ot? r Otor

O,f = —

_( _Qﬂ) 2m 0

T T

2m 1 0 0
0 0 92 0
0 0 0 Q2
-1 2m 0 0
VE -z 0 o
0 0 02 0
0 0 0 Q2

18 /zmaf 18 af\ 1

(2.16)

In the same way that studying the wave equation in Minkowski space helped us to
understand the causal properties (such as signal propagation) for that spacetime, solutions
of the Oyu = 0 are of great interest in studying the spacetime (M, g). We will give a
taste of results in this direction, but the study of wave equations on Lorentzian manifolds
is a large field of study with many fascinating recent advances.

Theorem 2.2. Let (M, g) be the Painlevé-Gullstrand form of the Schwarzschild spacetime,
as in Exzample 7 above. Suppose that f € C?(M;R) vanishes for sufficiently large v at

every fixed time t. Define:

1
Ef[ﬂ o 5 /(2m,<>o)><R2

where

Then we have

dt

dEy 2/ of?
4m <
+ Rz Ot

202 drdx

(8 () ) e

__ 4 Li
Q 9aA

Vaf =

Ode = — / fﬁ r?Q2drdz.
(2m,00) xIR2

r=2m

Proof. We multiply the expression (2.16) by:

Of 242
8tQ
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and integrate over (2m,00) x R? with the measure drdz. The first term gives

2 2
/ L{a—fﬁ(ﬂdrdx = dl/ <<9f> r?Q2drdx
(2m,00) x R2 ot? ot dt 2 (2m,00) xR2 ot

The second term we integrate by parts in r to give:

om O2F Of 4 o (., [2maf\ of .,
_ SISO 20 4 — 9 (2, [2mOT) O g2y
/Qm,oo)sz - otoror LT =T /Qm,m)xm o \" Ve ) o e

2
+ 4m? g{ O%dx
]RQ

r=2m

where we use the fact that f vanishes for sufficiently large r. This term will cancel with
the other mixed derivative term, leaving only the boundary term. Next consider the term
involving two radial derivatives. We have

19 (4 Of\ 0f 242
_ 29 (12— 2mn ) Y2044
/(Zm,oo)XR2 r2 Or ([T mr] 87“> 8tr rax

0*f of
_ 2 _ 2
= /(2m,oo)xR2 [r® — 2mr] Stor arQ drdzx

2
= dl/ [1 - Zm] <8f) r2 Q% drdx
dt 2 (2m,00) X R2 T or

Where we use the fact that f vanishes for sufficiently large r, and that the factor r? — 2mr
vanishes at r = 2m to discard boundary terms. Finally, we use the result

o 2 _ 7] J J
/2 fAg fQ dx—/25 i—jdx.

to integrate the last term by parts in  and we’re done. O

Corollary 2.3. Suppose ui,us € C*(M) are two solutions of the wave equation on the
Schwarzschild spacetime, vanishing for sufficiently large v at each fized t, such that:

0
Ty =

ot

up = ug, guz, on {0} x (2m, o0) x S?

ot
Then uy = ug in the region R = [0,00) x (2m,00) x S2.

Proof. We apply Theorem 2.2 to u; — ug. We immediately conclude that E,, _,,[t] is
monotone decreasing and positive, however, it is initially zero thus Ey, _y,[t] = 0 for ¢ > 0.
We conclude that uq; — ug = 0 in the region R. O

In fact, this result follows from a more abstract result that says that a solution of the
wave equation on a Lorentzian manifold is determined in D+ (X) by its Cauchy data on X.
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Proposition 1. Let (M, g) be a smooth, orientable, time orientable, Lorentzian manifold.
Suppose that U C M is a open set with compact closure, whose boundary consists of two
smooth compact components: 3, X!, which are both spacelike and such that U C DT ().
Suppose that ¢ € C?(U) solves the equation:

Hgtp =0 (2.17)

m U. Then if
w‘z =0, NEWZ =0,
Where Ny, is the future unit normal of X, we have that ¥ =0 in U.

The proof of this result will mirror (and extend) the proof of Theorem 1.8, the
analogous result for Minkowski space, and will require us to reintroduce some machinery
from the Minkowski proof, now adapted to the manifold case.

Definition 16. Suppose U C M is open. Given 1 € C?(U), we define a symmetric
(0,2)—tensor, the energy momentum tensor by

TR = db @ di — ¢ vl g

or, with respect to a local basis {e,}:
716] = ((en)(et) = g0 (crt)lent)s”™ ) o e 219
= <VWVW - ;ngngw) e ®e” (2.19)

Exercise 3.5. In the case that (M, g) is the Minkowski spacetime and that {e,} is
an inertial frame, show that (2.18) agrees with the previous defninition of the energy
momentum tensor.

Theorem 2.4. The energy momentum tensor has the following properties:

1. We have a formula for the divergence:
divgT[Y] ==V, TF,[le” = (Og) dip

2. Suppose V € T,M is a unit timelike vector. Then at p, we have T[}](V,V) > 0, with
equality iff dyp vanishes at p. If {e,} is any basis for T, M, there exists a constant
C > 0 depending on 'V and {e,} such that:

S @) STWIW, V) < €Y (o).

3. If W € TyM is an unit timelike vector, then:

1

WTWJ](V» V) STV, W) < [g(V, W) T[Y](V, V).
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Proof. 1. We work in a local basis. We have:

1
VHTMV = V# (V”¢Vu¢ - 25Muvowvaw>

= 0y V¢ + VFV Vi p — V, V9 V71
= Dnglﬂ/)

3. The proofs of the weak and dominant energy conditions follow directly from the same
proofs in the Minkowski case: We pick an orthonormal basis for T, M in which V = €,
and then follow the same calculations as before. Since we work only in the tangent
space at a point, all of the same calculations are valid.

O]

We shall require a version of the divergence theorem for a Lorentzian manifold:

Lemma 2.7. Suppose M is a smooth orientable, time orientable, (n + 1)—dimensional
Lorentzian manifold. Suppose that V € X1(M) is a vector field and that U C M is an
open set with compact closure, whose boundary X = OU consists piecewise of smooth
embedded submanifolds and can be written as ¥ = X5 U Xy where ¥4 is spacelike and ¥y is
timelike. Then we have

o(V,N)do — / 9(V, N)do,

/ div,VdX =
u pI"

s

where vector N is the unit outwards normal (with respect to g). The volume measure dX
and surface measure do are positive, and on each coordinate chart are equivalent to the
(n + 1)—dimensional (resp. n—dimensional) Lebesgue measure.

The final result that we shall require is a statement about the causal structure of
DT (%) for a spacelike X:

Lemma 2.8. Suppose M is a smooth orientable, time orientable, (n + 1)—dimensional
Lorentzian manifold. Suppose ¥ C M is a smooth embedded n—dimensional spacelike
submanifold, with DV (X) non-empty. Then there exists a function t € C*°(D*(X);R),
such that:

i) ¥ ={t=0}.
ii) The level sets of t are spacelike, equivalently grad,t is everywhere causal.

iii) t increases along any future directed causal curve, equivalently —grad,t is fulure
directed.

Such a t is called a time function for D*(X). The proof that such a function exists is
quite subtle and is beyond the scope of the course. It is fairly straightforward to produce
a C%—function which is increasing on any future directed causal curve, and whose level
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sets are achronal (i.e. no two points on a single level set can be connected by a timelike
curve). Showing that this C°—result can be improved to higher regularity is not trivial.!
We now have the pieces we require to prove the proposition.

Proof of Proposition 1. 1. Consider the vector field given in a local basis {e,} by:
VI = TV e,
If 4 solves the wave equation, we have
divy (VI[¥]) = T[] T

where the deformation tensor is given in a local basis by:
1
VII:=V,V,) = 5 (VaVo + Vi Vi) e’ @ e

2. By the assumptions of the proposition together with Lemma 2.8, we have on DT (X)
a smooth time function ¢, and a vector X which is everywhere timelike. We define

V =e MX.

We apply the divergence theorem to V.J[¢)] on the region U to find:

/divg (VJ[¢])dX=/g(V(J[¢],N) da—/ g (Y(JW],N)do
u b pY

where N is the future directed unit normal vector.

3. We calculate:
VH”V —_ _)\e—)\tX(ny)t + XHHVG_/\t

so that locally we have:

divy (VI[W]) = =AML, 0] XHVE + TH [N 11,

4. By the fact that —V"t is future directed and timelike, we have that —T),,[¢]|X*V"t
is positive, and controls all derivatives of ¥ at each point by part 3 of Theorem
2.4. For sufficiently large A, making use of the fact that ¢ has compact closure, we
conclude that

divy (VJ[¥]) > e MTR)(X, X) > C'T[](X, X)

everywhere in U for some large finite C, by the compactness of U.

!Those interested can find the C°—result in the paper:
“Domain of dependence,” R. Geroch, J.Math.Phys. 11 (1970) 437-439.
The smooth result is in the paper:
“On Smooth Cauchy hypersurfaces and Geroch’s splitting theorem,”’paper
A. Bernal, M. Sanchez Commun.Math.Phys. 243 (2003) 461-470
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5. Turning to the surface terms, we have

g (VI N) = T[¥)(V,N)

so again using the compactness of X, Y/, we have:

/g(VJ[i/)],N) do < c/ TW)(X, X)do
by by

and

//g (VJIW],N)do >C* g TW)(X, X)do

6. We conclude that there exists a constant C', independent of 1) such that

/T[zp](X,X)dX < C/ T](X, X)do.
u ¥

Now recall that T[¢](X, X) vanishes at a point if and only if diy. We see that if
1 and Ny vanish on ¥ (and hence di) = 0 on X)), we must have df = 0in & and
hence ¢ = 0.

O

Notice that in fact we have a stronger statement than in the proposition, we in fact
have a quantitative estimate for a solution 1 of the wave equation in terms of initial
data. If you attended the advanced PDE course, you will recognise that we have in fact
established H!'—control of ¢ in the region I/ in terms of the H'—initial data.

2.3 Curvature

In order to consider the dynamical gravitational field, we want to write down some
equation satisfied by the metric. There are three main goals we have in arriving at this
equation:

1. The equation should be hyperbolic, that is to say it locally has similar properties
to the wave equation.

2. The equation should be geometric, it shouldn’t depend on a particular choice of
basis or coordinate system.

3. The gravitational field should couple to matter in a natural way.

The first condition will ensure that the features we observe in special relativity (such
as finite speed of signal propagation) are not affected by the gravitational field. The
second condition is a mathematical consequence of the equivalence principle. The third
condition, while somewhat vague, is necessary since we expect the gravitational field to
interact with matter in the spacetime.

One possible first guess at how we could achieve these goals would be to assume that
the metric tensor obeys the wave equation:

Ugg = F
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where the wave operator is defined on a symmetric 2—tensor in the obvious fashion
(Bgh)uw = VoV shy, in alocal basis, and F' should represent some source term for the
gravitational field. Unfortunately, it is trivial that [;g = 0, so this won’t work. It turns
out that the correct object to play the role of ‘lg’ is a term involving the curvature of
the metric. Before we can write down the Einstein equations then, we need to take a bit
of time to define curvatures.

2.3.1 Riemann curvature

Suppose that M is a C¥—manifold, k > 3, equipped with a C"-regular pseudo-Riemannian
metric g, where 2 < 7 < k. The associated C" ! —regular Levi-Civita connection is V.
Given XY € X;_1(M) and a C*—regular (p,q)—tensor S, with s < r, we define the
C5~2—regular (p, q) tensor R(X,Y)S by:

R(X,Y)S:=VxVyS - VyVxS —Vxy]S (2.20)
Lemma 2.9. The tensor R(X,Y)S has the following properties:
i) It is antisymmetric in X, Y :
R(X,Y)S=—-R(Y,X)S
for any X, Y € X,_1(M) and C*—regular (p,q) tensor S.
i1) It is f—linear in the first (and hence second) slot:
R(fX1+ X2,Y)S = fR(X1,Y)S + R(X2,Y)S,
for any f € CY(M;R), X;,Y € Xp_1(M) and C*—regular (p,q) tensor S.
i) It is f—linear in S:
R(X,Y)[fS1+ S2] = fR(X,Y)S1 + R(X,Y)Ss,
for any f € C2(M;R), XY € Xj,_1(M) and C*—regular (p,q) tensors S;.
iv) The following metric compatibility condition holds:
g(RX, Y)Z,W)+g(Z R(X,Y)W)=0, vV XY, Z,W e X1 (M;R).
Proof. 1) This is immediate by inspection of the definition (2.20).
ii) First note that it is straightforward to see from the definition that
R(X1+ X2,Y)S = R(X1,Y)S + R(X»2,Y)S,

which follows from the R-linearity of the connection. It remains to show that
R(fX,Y)S = fR(X,Y)S. For this we calculate

R(fX,Y)S =V xVyS —VyV;xS - Visxy|S:
= fVxVyS —Vy (fVxS) = Vixy-v(5)xS;
= fVxVyS — fVy VxS - Y(f)VxS — (fVixy)S — Y (f)VxS),
= [ (VxVyS — VyVxS - VixyS),
= fR(X,Y)S.
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iii) Again, the R—linearity of the connection quickly gives us that
R(X, Y)[Sl + SQ] = R(X, Y)Sl + R(X, Y)SQ,
so it remains to show that R(X,Y)[fS] = fR(X,Y)S. We calculate:

R(X,Y)[fS] = VxVy(fS) — VyVx(fS),
= Vx(fVyS+Y(f)S) = Vy(fVxS+ X(f)S) — Vixy|(fS),
= fVxVyS+ X(f)VyS + Y(f)VXS + X(Yf)S
—(fVyVxS+Y(f)VxS+ X(f)VyS+Y(X[)5)
- IVixy)S— (X, Y]f)S
— FROXY)S + (X(Yf) ~ Y(XJ) ~ [X,Y]f) 8
— fR(X.Y)S.

iv) For the final part, we first recall from the definition of the commutator that

XYH-YXf)-[X,Y]f=0 (2.21)

for any sufficiently smooth function. We will apply this with f = g(Z, W). Using

the fact that V is the Levi-Civita connection, we have:

XY [g(ZW)])=X(g(VyZ,W)+g(Z,VyW)

:g(VXVyZ, W) +g(VyZ, wa) (2.22)

+g (sz, VyW) +g (Z, vayw)

Similarly, we have

Y (X [g(ZW)])=9(VyVxZ W)+ g(VxZ,VyW) (2.23)

+g (VyZ, VXW) +g (Z, VyVXW)

and

[X7 Y] (g(Z, W)) =g (V[X,Y]Zv W) +g (Z, V[X,y}W) (2.24)

Taking (2.22)—(2.23)—(2.24) and noting a cancellation between terms with one

derivative falling on Z and one on W, we arrive at the result.

Corollary 2.5. Suppose X,Y,Z € X_1(M), and let {e,} be a local basis, whose dual

basis is {et}. Then if X = Xte,, Y =YVte,, Z = ZVe,, we can write:

R(X,Y)Z = R, X"Y" Z%,

Where RF,5r € C"2(M;R) are the components of a (1,3)—tensor, called the Riemann

tensor, given by:
R 5 =€ (R(ey, ev)eq) .
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Proof. We simply use the linearity results established above to write

R(X,Y)Z = R(X"e,,Y"e,) [ZV¢,)]
= X"Y"Z°R(eu, ev)es
= X'Y"Z%" [R(ey, ev)eq) €r
= R X"Y" 2%,

O]

From parts ¢), iv) of Lemma 2.9, it is straightforward to show that the Riemann
tensor has the following symmetries:

RTU;W = _RTUV,ua RTO/J,V = _Rm—m/v
where we recall that indices are raised and lowered with the metric.

Exercise 3.6. a) Supposew € X;_{(M) and XY, Z € X;_1(M). By considering (2.21)
with f = w[Z], and recalling that X (w[Z]) = (Vxw)[Z] + w [Vx Z], show that:

W[R(X,Y)Z] + (R(X,Y)w) Z = 0.

b) Deduce that in a local basis, the action of R(X,Y’) on a one-form is given by:

R(X,Y)w =R, X'Y"w e’

c¢) Show that if Sy, So are C¥~!—regular tensor fields, then

R(X,Y)[S1® S =[R(X,Y)S1] ® S2 + 51 @ [R(X,Y)Ss] .

d) Deduce that in a local basis, the action of R(X,Y) on an arbitrary (p,¢)—tensor is
given by:

[R(X7 Y)S}Mlmup vi..Vg — RMIO_”VSUMQWN;DVL“V(I + -+ Rupo#ysulmup_laul...u

q
o o v
- R 1/1#1/5“1 upa’l/g...l/q - R z/q,uySul Mpul...uqflo XMY

The exercise above shows that the Riemann tensor on its own is sufficient to determine
the action of R(X,Y’) on an arbitrary tensor.

The Riemann tensor has further symmetries, which are encapsulated in the Bianchi
identities. We will simply state these at this stage.

Theorem 2.6. The following identities hold for any vector fields X, Y, Z, W € Xp_1(M):

R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0 1% Bianchi identity
[VwR] (X,Y)Z + [VxR])(Y,W)Z + [VyR](W,X)Z =0 2" Bianchi identity
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Proof. The proof is essentially by direct calculation, which can be simplified somewhat by
choosing the vector fields cleverly. See for example the book of Do Carmo, “Riemannian
Geometry”, pp 91, 106. [

Corollary 2.7. With respect to a local basis, the first Bianchi identity can be written:
R o + R o + R yop = 0. (2.25)
This, together with the previously established antisymmetry properties implies:
Rrop = Rywro

With this in mind, we can write the second Bianchi identity is equivalent to:

VoRurn+ VuRyorn + VyRgyurn = 0. (2.26)
Proof. Writing the 1%¢ Bianchi identity with respect to a local basis, we have:

R XYV 2% + R 6, YFZ" X% + R 5, ZF XY e =0
relabelling indices, and pulling out factors, this is equivalent to:
(R + R o + R™yop) XH'Y" 2% =0

which gives (2.25) since the vector fields X,Y, Z are arbitrary and {e,} is a basis.
Now, consider the same identity written out four times, with indices all lowered:

Reopw + Rrjwo + Rrvop
Ropwr + Rovrp + Rorpu
Ryuvro + Ryrov + Ryour
Ryrop + Ruopr + Rupre

0
0
0
0

Adding these four identities and using the antisymmetry on the first and last pairs of
indices, all of the terms in the first column cancel against terms in the last column, and
we have:

0= 2RTMVO’ - 2RV0”7’,U,

which gives the result.
For the last part, we can write the second Bianchi identity with respect to the local
basis as:

(Vo R \uw) WOXHY Y Z; + (Vo R \uw) XTYFPWY Z2er 4+ (Vo R\ ) YOWH XY Ze, = 0
Relabelling, this becomes
(VoR zuw + VuR 2o + VR 2 ) WIXIYY Ze, = 0

Thus the second Bianchi identity is equivalent to the vanishing of the bracket above.
Lowering 7 and using the interchange symmetry we have:

VUR,LLVT)\ + V/LRVUTA + VVRU;LT)\ = 0. O



2.3  Curvature 57

2.3.2 Ricci and scalar curvature

From the Riemann tensor it is possible to construct other curvature tensors, which capture
some aspect or other of the geometry of the manifold. An important curvature is the Ricci
curvature, which is a C"~2—regular (0, 2)—tensor, where for X,Y € T,,(M), Ricy(X,Y) b
is defined as the trace of the endomorphism:

M — M

2y o RZX)Y

In a local basis, we have
Ricy(X,Y) = R 7, X'YY = R, X'Y",

where we define:
R, = Ricy(ey, ey).

by the interchange symmetry of the Riemann tensor, the Ricci tensor is symmetric,
Ricy(X,Y) = Ricy(Y, X).

We also define the scalar curvature, sometimes called the Ricci scalar, Ry, which is
the trace of Ricy with respect to the metric. In local coordinates:

Ry =g¢"" Ry,

Lemma 2.10. The contracted Bianchi identities hold:
. ) 1
divy <chg — 2Rgg> = 0.

Proof. We work in a local basis. Consider the second Bianchi identity in components
(2.26):
VO'R[J,V’T)\ + v,uRl/JTA + VVRU/M'A =0.

Contracting with ¢g#™, we have:
VeRux+V Rygrx — VuRs\ = 0.
Contracting again with g°*, we obtain:
2V°R,e —V,R; =0

Dividing by 2 and re-writing this, we have:

1
A\vAd <Ryo’ — 2Rggua> = 07

which is the result. O

The tensor field Ric, — %Rgg is often referred to as the Einstein tensor, and denoted

G.
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Example 12. From Example 9 we have all of the information we require to calculate the
Riemann tensor for the Schwarzschild metric in Painlevé-Gullstrand coordinates, with
respect to the orthonormal basis {e,} given in Example 7. We calculate, for example:

R(eﬂv 61)60 = ve()veleo - velveoeﬂ - v[eo,el]eo

1 /2m
:veo (27‘ 7’€1> —Vel (0) _v_%\/@(ne()
__[ma 1\/% o L f2m L fam
- r Or \ 2r T L™ r 2r r

2m

= 761
r3

In this way, we can calculate:

2m 2m

R(eo,er)eo = —ge1,  Rleo,er)er = —geo,  Rleo,er)ea =0,
m m
Rleo, ea)eo = —gea, Rleo,ea)er =0, Rleo, ea)ep = = 50apeo,
m m
R(e1,ea)eq =0, Rer,ea)er = —gea,  Rler,ea)ep =~ zdaper,
2m
R(ea,ep)eo =0, R(ea,ep)er =0, R(ea,eplec = — 5 (0pcea — dacen),

Or in terms of components, we can extract the non-trivial components of the Riemann
tensor:

2m m
Rowon = =3 Roaop = 7735,43,
m 2m
Riaip = —ﬁéAB; Rapep =~ 5 (6BpdAaCc — 6aDdBC)

with all other components either related to these by symmetries of the Riemann tensor,
or else vanishing.

To calculate the Ricci tensor, we have to take the trace over the first and third
indices of the Riemann tensor. Since we work in an orthonormal basis, this is relatively
straightforward, and we find, for example:

Roo = R*ou0 = Rioto + 6P Raopo

2m  m

— AB _

Similarly:

Ri1 = R"ou0 = —Ro1o1 + P Raip

2
L Y ()
T T
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and finally:

Rap = R*aup = —Roaop + Riaip + Roappd®?

m m 2m

=564 — 5648 + —50°7 (Scpbap — 6andpC)
T r r

=0.

We thus conclude that the Ricci tensor (and hence also the scalar curvature) of the
Schwarzschild metric vanishes identically!

Note that the full curvature does mot vanish: in fact, we see that the curvature
becomes singular near r = 0, which is the location of the black hole singularity.

2.3.3 Local expressions

We can work out an expression for the various curvatures in terms of the connection
coefficients, and ultimately the components of the metric. To do this, we simply have to
insert expressions for various derivatives.

Lemma 2.11. Suppose {e,} is a local basis, with commutator coefficients given by:

[euv el/] = CU,LWeU’
and connection coefficients given by

Ve, €0 = I e
Then we have the following expression for the components of the Riemann tensor:

R o = €4 (T 0e) + T2 00T 0 — €y ([T o) — T2 6T 0 — 73,02 (2.27)
For the Ricci tensor, we have:
Roy = ep (T",5) + T TF iy — ey (D) — T2 o TFy — T30
Proof. We calculate
Ve, Voo = Ve, (e )
=eu (F)‘W) ey + F’\,,UFT,MeT
= len (T700) + T T | s

Similarly,
Ve, Ve, €0 = [e,, (7o) + I’)‘MJFT,,/\] er.

We also have

V[ewey]eg = chweAea
A
=C ,uuve)\ea

A
=T"\,C uv€r
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Now, recalling that
R(ey,ev)es = Ve, Ve, 0 — Ve, Ve, €0 = Vie, e €0 = R opver

we have the expression above for the Riemann tensor. The expression for the Ricci tensor
follows from contracting on T, u. O

This expression allows us to calculate the form of the Ricci tensor, thought of as a
(nonlinear) partial differential operator acting on g.

Corollary 2.8. In a local coordinate basis, we can write:

1 a29041/ 8290,u a2gau 82901/ A A
Raoyuw = 2 (aﬂfﬂax" 0xv9x®  9xvdx°  OxHOT™ ~Doalvo+ vl o (2:28)
and
R — _1 yite} 8290’1/
i 2 Ozt ox™
1 0 10
+ iﬁry,ﬂ + iwrg,ﬂ — T\ T (2.29)
+ FT)\VFTAO' + FT)\VFO'TA + FT)\JFVT/\
Proof. 1. As a short hand, we will use 0, = 8%, 82/3 = %. We have to be careful

with the partial derivatives, since unlike covariant derivatives they do not commute
with the raising and lowering of indices. Now recall:

1
Lopr = gaTFTﬁT - 2 (aﬂgaT + 87'9045 - 6‘1957)

so that
(9/390”— = Faﬁ.,- + F.,-/ga (2.30)

As a consequence, we have
9or 08 (") = 05 (Tapw) — (Tapr + Trpa) I

2. Inserting this into the expression (2.27) and recalling that in a coordinate basis we
have C’\W =0, we find:

Roouw = Jar B oy
= 9arOu (T7ve) = garOy (T o) + T 0ol aun — T uoTana
=0y Tave) = Lapr + Trpa) Moo
— 0y (Papo) + Cavr +Trva) I o
+ T2 0T — T o Tana
= 8u (Faua) -0y (Fa/w) - FwaFTua + FTVaFTua
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Inserting the definition of I' into the first two terms, we calculate

1
Rozcr/,u/ = 5 (aiygacr + aﬁggau - 8,30491/0 - 53ugaa - agggau + agag/,w)

- FT,LLCXFTVO' + FTVO(FT}LO'

(aiagau + 33ag;m - aiagya - 63gga,u) - F‘ruaFTua' + FTVQFT/LO'

1
2

which is (2.28)

3. To find the Ricci tensor, we first differentiate (2.30) to find:

azagau = 80 (Fam/ + Fyua)
algag,ua = al/ (Fuaa + Foa,u)

1 1
8309(1” = 78V (Faou + Fuaa) + 580 (Focup, + Fuua)

2

taking the sum of the first two equalities and subtracting the third, we have

aﬁagal/ + 83aglw - agagau =0y (Fz/ua) + 0y (Foua)
1

+5 (95 Tapw) = 95 (Ppav) + 9y (Tao) = 9y (Tuao)]

Notice that the term in square brackets is antisymmetric in o and u, so that

g ((fwgau + az%ag;w - 8309(:#) = 9" (05 (Tvpa) + 0y Topa))
=0y (qu) + 0y (Fouu)
- Fu,uaacrg“a - Fauaallg'ua

Now, since 3ugo‘5 = — g™ (0,9x7) 977, we have:

_Fuuaaggua - Fouaaug“a = Fuuaaogua + Fo#aaugua
=T, (F,uaa + Faau) + I (F;wa + Fauu)
= 2FT)\VFUT>\ + 2FT)\O'FZ/T>\

4. To obtain (2.29) we multiply the expression (2.28) by g™ and use the result of part
3. above to rewrite three of the four 9?¢ terms in terms of T’
O

The form that we have put the Ricci tensor in might seem a bit strange: we’ve made
some second derivatives of the metric explicit and others we have written in terms of the
connection components. To explain why we have done this, at this stage it’s useful to
introduce a particular choice of coordinates, known as wave coordinates. Recall that the
wave equation is given in a local coordinate basis by (2.14):

Pf  wpa Of

0=0,f = g™ L9
of =9 oz I oo
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We say that we are working in wave coordinates if the coordinate functions z® are
themselves solutions of the wave equation, so that gz® = 0. Since d,2% = 0%,, we get
the following condition on the connection components when expressed in a local basis
induced by wave coordinates:

0=—g"r*,, =T*" (2.31)
Theorem 2.9. With respect to wave coordinates, the Ricci tensor takes the form:

2
RO’V = Rglz) = —lg‘uaia gaz/

59" Griaga T Lov(9:09) (2.32)

Here P is a homogeneous quadratic form in the first derivatives,
Py (g, ag) = ng%)\ﬁru(g)aagﬁ'yakgr,ua
where P;‘f%”“(g) = Pg‘;“’am(g) is determined from:
PPN G) D9 OnGrp = Doas T + Toay T ™ + Ty T, ™A 2.33
ov (g) adByONGTu = L ctlowlse "+ 16l 7. ( . )

Proof. We simply insert the condition 0 = I'*,** into (2.29), which implies that all of the
terms on the second line vanish. The fact that P is a homogeneous quadratic form in the
first derivatives follows from the fact that I',g, is linear in the first derivatives, and that
the right hand side of (2.33) is a symmetric quadratic form in 'y, O

This shows that the Ricci tensor (in appropriate coordinates) can be though of as a
quasilinear wave operator acting on the metric tensor.
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