
Chapter 2

Lorentzian geometry

2.1 The metric and causal geometry

In the previous chapter, we studied Minkowski space, motivated by the wave equation.
In that chapter, the metric η (or equivalently, the matrix of coefficients of the wave
equation) was constant. We could pick a basis {~eµ} of constant vectors (i.e. vectors whose
components are independent of xµ) such that ηµν took constant values on E1,3. In this
chapter we shall allow the metric to vary from place to place. The correct setting in
which to do that is the differentiable manifold.

Manifolds

I’ll start by recapping the geometric tools that we shall rely on. We start with an
n−dimensional Ck−manifold,M, where k > 3 can be an integer if the manifold has finite
regularity, k =∞ if the manifold is smooth or k = ω if the manifold is analytic. From
the differentiable structure we can define the tangent bundle TM and the cotangent
bundle T ∗M, and the bundle of (p, q)−tensors, T pqM. We also define the space Xr(M)
of Cr−sections of the tangent bundle for r < k (i.e. Cr−smooth vector fields) and the
space X∗r(M) of Cr−sections of the co-tangent bundle (i.e. Cr−smooth one-forms). You
will need to be familiar with these objects. For a brief introduction to these concepts, see
§A.3 or else the MA3H5 Manifolds course.

Definition 9. LetM be an orientable, n−dimensional Ck−manifold and let r < k. A
Cr−pseudo-Riemannian metric onM is a Cr−smooth (0, 2)−tensor field g, such that
for each p ∈M, g|p is a symmetric, non-degenerate, billinear form on TpM. We say that
M equipped with g is a pseudo-Riemannian manifold. The tensor g is called the metric
tensor.

1.) If g|p has signature (+ . . .+) we say that M equipped with g is a Riemannian
manifold.

2.) If g|p has signature (− + . . .+) we say that M equipped with g is a Lorentzian
manifold.

A spacetime is a four dimensional Lorentzian manifold.
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2.1 The metric and causal geometry 25

To unpack this definition a little, suppose that we have a local basis of vector fields
{eµ}i=1,...,n defined on some open set U . In other words, we have eµ ∈ Xk−1(U), such
that {eµ|p} span TpM for every p ∈ U . There is a natural basis of one-form fields dual
to {eµ}i=1,...,n, which we write as {eµ}i=1,...,n, and is defined by

eν [eµ] = δνµ

With respect to this basis, we write

g = gµνe
µ ⊗ eν .

Where for each µ, ν we have gµν ∈ Cr(M;R). The condition that g is symmetric implies
that gµν = gνµ, and the non-degeneracy condition implies that the n × n matrix with
components gµν is invertible. The components of the inverse of this matrix, gµν , which
satisfy:

gµνg
µσ = δν

σ.

give the components of a symmetric (2, 0)−tensor, called the co-metic:

g−1 = gµνeµ ⊗ eν .

The metric at each point p gives us a bilinear form on TpM, where we have:

g(X,Y ) = gµνe
µ(X)eν(Y ) = gµνX

µY ν

For any X,Y ∈ TpM Similarly, the cometric gives a bilinear form on T ∗pM, where:

g−1(ω, η) = gµνω(eµ)η(eν) = gµνωµην .

We can use the metric and co-metric to identify TpM and T ∗pM. Suppose X ∈ TpM,
we define the co-vector X[ by:

X[[Y ] = g(X,Y ), ∀ Y ∈ TpM

similarly, if ω ∈ T ∗pM, we define the vector ω] by:

η[ω]] = g−1(ω, η), ∀ η ∈ T ∗pM

We can check that in a local basis, we have X[ = Xµgµνe
ν and ω] = ωµg

µνeν . In this
case, we usually write gµνXµ = Xν and ωµgµν = ων . In a similar way, we can identify all
of the spaces of (p, q)−tensors with the same value of p+ q. Indices are ‘raised’ with gµν

and ‘lowered’ with gµν .
Now, to define the signature we use the fact that a non-degenerate bilinear form can

be diagonalised. In other words, at each point we can find a basis {eµ} such that

gµν = g(eµ, eν) =


−1 µ = ν < r
1 µ = ν ≥ r
0 µ 6= ν
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for some r ∈ {1, . . . , n}. The number r, which tells us how many positive and how many
negative signs appear is independent of the point p at which we diagonalise the metric.

For a Riemannian manifold, the metric is positive definite, each point p ∈ M the
tangent space TpM can be identified with Euclidean space. For a spacetime, at each
point p ∈M the tangent space TpM can be identified with E1,3. A Lorentzian manifold
‘locally looks like Minkowski space’, whereas a Riemannian manifold ‘locally looks like
Euclidean space’.

2.1.1 Examples of pseudo-Riemannian manifolds

We will go through a few examples that will prove useful later in the course.

Example 3. The simplest Riemannian manifold is a n−dimensional real vector space
V equipped with a positive definite inner product 〈, 〉. A real, finite dimensional vector
space is naturally a real analytic manifold, which can be covered by a single coordinate
chart as follows. Set U = V . Pick an orthonormal basis {ei}i=1,...n for V with respect to
the inner product and define:

ϕ : U → Rn
x 7→ (xi)i=1,...,n

where x = xiei.
An element v of TxV can be identified with an element of V in a natural way. Pick a

curve γ : (−ε, ε)→ V with γ(0) = x, γ̇(0) = v. We know from the definition of v that

vi :=
d

dt
ϕi(γ(t))

∣∣∣∣
t=0

are independent of the choice of representative curve, where ϕi is the projection of ϕ onto
the ith component, which is a smooth map from V to R. We identify the tangent vector
v ∈ TxV with the vector v = viei ∈ V . This identification is independent of the choice of
basis, so in a natural way we have identified TxV ' V . Under this identification, we have

∂

∂xi
' ei.

This identification allows us to define a non-degenerate, symmetric (0, 2)−tensor field
from the inner product 〈, 〉. Recall that a (0, 2)−tensor at a point x is an element of
T ∗xV ⊗ T ∗xV , or equivalently a bilinear form defined on TxV . We define

g(v, w) = 〈v,w〉

where v, w ∈ TxV are identified with v,w.
With respect to the basis {∂i}, we have

g

(
∂

∂xi
,
∂

∂xj

)
= 〈ei, ej〉 = δij .
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In order to write g concisely, we can use the dual basis to {∂i} is denoted {dxi}, where

dxi
(

∂

∂xj

)
= δij .

We also introduce the symmetric product of two one-forms, which is an element of
(Tx)0

2V , i.e. a (0, 2)−tensor defined by

ω1ω2 :=
1

2
(ω1 ⊗ ω2 + ω2 ⊗ ω1)

for ω1, ω2 ∈ T ∗xV . This acts on a pair of vectors v1, v2 ∈ TxV as:

ω1ω2(v1, v2) =
1

2
[ω1(v1)ω2(v2) + ω2(v1)ω1(v2)]

With this notation, the metric g can be written:

g = δijdx
idxj

Example 4. A more interesting example of a Riemannian manifold is the unit n−sphere:

Sn =
{
X ∈ Rn+1 : 〈X,X〉 = 1

}
with 〈, 〉 the canonical inner product on Rn+1. The unit n−sphere is naturally a real
analytic Riemannian manifold (in fact it inherits these properties from Rn+1). To cover the
sphere, we require two coordinate charts. We’ll pick an orthonormal basis {Ea}a=1,...n+1

for Rn+1 and we define
U± = Sn \ {±En+1}.

On each patch, we use stereographic projection to map to Rn, which we endow with the
orthonormal basis {ei}.

ϕ± : U± → Rn
XaEa 7→ 1

1∓Xn+1X
iei =: x±

We can invert the transformation by noting that XiXi + (Xn+1)2 = 1 and

|x±|2 =
XiXjδij

(1∓Xn+1)2 =
1− (Xn+1)2

(1∓Xn+1)2 =
1±Xn+1

1∓Xn+1

Thus

ϕ−1
± (x) =

2xi

1 + |x|2
Ei ∓

1− |x|2

1 + |x|2
En+1 (2.1)

From here we conclude:

ϕ∓ ◦ ϕ−1
± : Rn \ {0} → Rn \ {0}

x 7→ x
|x|2

so that the transition functions are indeed real analytic, and Sn is a real analytic manifold.
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The tangent space TXSn can be identified in a natural way with the set:

TXS
n '

{
V ∈ Rn+1 : 〈V ,X〉 = 0

}
.

To see this, consider a tangent vector V ∈ TXSn and choose a curve γ : (ε, ε)→ Sn with
γ(0) = X, γ̇(0) = V . Thinking of γ as a curve in Rn+1, we can identify its initial tangent
vector with V ∈ Rn+1 as in the previous example. We know that the map f : Rn+1 → R
which takes X to |X|2 is smooth, and constant on Sn. By applying the vector γ̇(0) to
this map we deduce that

0 = γ̇(0)[f ] =
d

dt
〈γ(t), γ(t)〉

∣∣∣∣
t=0

= 2 〈γ(0), γ̇(0)〉 = 〈V ,X〉 .

This identification of the tangent space of Sn (an abstract manifold construction) with a
plane in Rn+1 allows us to visualise the two local bases:{

∂

∂xi±

}
i=1...n

that are defined via the coordinate charts. Recall that the vector ∂i at a point X is defined
to be the tangent vector to the ith coordinate axis passing through X. Accordingly, we
can find the bases by differentiating the expression (2.1). We obtain:

∂

∂xi±

∣∣∣∣
X=ϕ−1

± (x)

'

 2

1 + |x|2
δi
j − 4xix

j(
1 + |x|2

)2

Ej ±
4xi(

1 + |x|2
)2En+1

=
[
(1∓Xn+1)δi

j −XiX
j
]
Ej ± (1∓Xn+1)XiEn+1

We see that ∂
∂xi±

span TXSn for all X ∈ U±.
The identification of TXSn with a subspace of Rn+1 gives us a natural way to define

a metric on Sn using the inner product of Rn+1:

g(v, w) = 〈V ,W 〉

where v, w ∈ TXSn are identified with V ,W ∈ Rn+1. We calculate

g

(
∂

∂xi±
,
∂

∂xj±

)
=
[
(1∓Xn+1)δi

k −XiX
k
] [

(1∓Xn+1)δjk −XjXk

]
+ (1∓Xn+1)2XiX

i

= (1∓Xn+1)2δij − 2XiXj(1∓Xn+1) +XiXjX
kXk

+ (1∓Xn+1)2XiX
i

= (1∓Xn+1)2δij

=
4δij(

1 + |x±|2
)2
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We thus have the result that in each stereographic coordinate patch, the standard metric
on the unit sphere is given by

g =
4δij(

1 + |x±|2
)2dx

i
±dx

j
±.

Example 5. Let’s return to the example of Rn+1 equipped with an inner product and
an orthonormal basis {Ea}a=1,...n+1. Suppose we have a point P ∈ Rn \ {0}. We can
uniquely write P = rX, where r > 0 is a real number and X ∈ Sn. In this way we can
identify Rn \ {0} ' (0,∞)× Sn.

We use this observation to cover Rn \ {0} with two coordinate patches:

U± = Rn+1 \ {±rEn+1 : r ≥ 0}

and define the maps

ϕ± : U± → (0,∞)× Rn

P aEa 7→
(
|P | , 1

|P |∓Pn+1P
iei

)
.

In other words, ϕ± maps the point rX to (r,x±), where x± is the stereographic projection
of the point X ∈ Sn. The inverse map is given by

ϕ−1
± (r,x) = r

(
2xi

1 + |x|2
Ei ∓

1− |x|2

1 + |x|2
En+1

)
(2.2)

As before, we can identify the tangent vectors with vectors in Rn+1. A simple calculation
shows that

∂

∂r
'X =

P

|P |
and

∂

∂ni±
' r

{[
(1∓Xn+1)δi

j −XiX
j
]
Ej ± (1∓Xn+1)XiEn+1

}
We can calculate

g

(
∂

∂r
,
∂

∂r

)
= 1, g

(
∂

∂r
,
∂

∂ni±

)
= 0

g

(
∂

∂xi±
,
∂

∂xj±

)
=

4δij(
1 + |x±|2

)2

so that in each patch we have

g = dr2 + r2 4δij(
1 + |x±|2

)2dx
i
±dx

j
±
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which is the metric on Rn+1\{0} written in spherical polar coordinates, with stereographic
coordinates on the sphere. We have shown that Rn+1 \{0} is equivalent, as a Riemannian
manifold, to (0,∞)× Sn endowed with the metric

g = dr2 + r2gSn .

Often the fact that this describes Rn+1 with the origin removed is elided, and one will
talk of the metric on Rn+1 written in polar coordinates.

Example 6. TakeM = R4 with coordinates (x0, xi) = (xµ)µ=0,...,3. As previously, this
gives us a global basis of vector fields ∂µ := ∂

∂xµ . We can endow R4 with a Lorentzian
metric by:

g = ηµνdx
µdxν = −(dx0)2 + (dx1)2 + (dx2)2 + (dx3)2

This is of course the Minkowski spacetime. It is clearly Lorentzian, if we take the basis
eµ = ∂µ, we have

g(eµ, eν) = ηµν .

Example 7. We takeM = R× (0,∞)× S2. This can be given the structure of a real
analytic manifold covered by the coordinate patches

U± = R× (0,∞)× US2

±

where US2

± are the stereographic coordinate patches on S2 previously defined. The
coordinate charts are given by

ϕ± : U± → R× (0,∞)× R2

(t, r,X) 7→ (t, r,x±).

with the notation as in Example 4. We endowM with the metric

g = −
(

1− 2m

r

)
dt2 + 2

√
2m

r
dtdr + dr2 + r2 4δABdx

A
±dx

B
±(

1 + |x±|2
)2 ,

where A,B = 2, 3. More concisely, we write

g = −
(

1− 2m

r

)
dt2 + 2

√
2m

r
dtdr + dr2 + r2gS2 .

This is a Lorentzian metric, as we can see by exhibiting the following local bases:

e0 =
∂

∂t
−
√

2m

r

∂

∂r

e1 =
∂

∂r

e±A =
1 + |x±|2

2r

∂

∂xA±
.
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A short calculation shows that
g(e±µ , e

±
ν ) = ηµν ,

so that in a neighbourhood of every point inM we can find a local basis with respect to
which the metric is diagonal with entries (−+ ++).

This metric is the Painlevé-Gullstrand form of the Schwarzschild spacetime. It
represents a spacetime containing a black hole region (we shall see what this means
shortly).

2.1.2 Causal geometry for Lorentzian manifolds

We will now update some definitions from the previous Chapter. For the most part,
things go through in a very straightforward fashion.

Definition 10. A non-zero vector X ∈ TpM is

i) Timelike if g (X,X) < 0,

ii) Null, or lightlike if g (X,X) = 0,

iii) Spacelike if g (X,X) > 0.

The definitions of timelike/null/spacelike curves and surfaces generalise from the Minkowski
case in the obvious fashion.

We have to adapt a little the definition of a time orientation in the manifold case.

Definition 11. The manifold M is time orientable if there exists a smooth, nowhere
vanishing timelike vector field. For a time orientable manifold, a choice of time orientation
is a choice of equivalence class of nowhere vanishing timelike vector fields under the
equivalence relation

T1 ∼ T2 ⇐⇒ g(T1, T2) < 0 onM.

With a time orientation [T ]∼, we can define what it means for a vector X ∈ TpM to
be future directed. We say that X is future directed if g(X,T )|p < 0 for any T ∈ [T ]∼.

For a time oriented manifold we can define the notion chronological and causal
future/past and domain of dependence as for the case of Minkowski spacetime.

Example 8. Let us consider the Painlevé-Gullstrand form of the Schwarzschild spacetime,
as in Example 7 above. The surface

Σt = {t} × (0,∞)× S2

is everywhere spacelike: local bases for the vectors tangent to Σt are given by {e±1 , e
±
2 , e

±
3 },

which are all spacelike.
The spacetime is time orientable: the vector field

e0 =
∂

∂t
−
√

2m

r

∂

∂r



32 Chapter 2 Lorentzian geometry

is defined everywhere and timelike, we pick the time orientation defined by [e0]∼. In fact,
e0 is the future directed unit normal to Σt.

Consider now a future directed causal curve γ : (−ε, ε)→M. We can write

γ(s) = (t(s), r(s),X(s)) ∈ R× (0,∞)× S2

and the tangent vector is given by:

γ̇(s) = ṫ(s)
∂

∂t
+ ṙ(s)

∂

∂r
+ Ẋ(s)

where we understand Ẋ(s) ∈ TX(s)S
2. We can calculate:

g(γ̇(s), e0) = −ṫ(s) < 0

by the fact that γ is future directed. Now consider

g(γ̇(s), γ̇(s)) = −
(

1− 2m

r(s)

)
ṫ(s)2 + 2

√
2m

r(s)
ṫ(s)ṙ(s) + ṙ(s)2 + r2gS2

(
Ẋ(s), Ẋ(s)

)
,

Now, in order that γ is causal, we must have g(γ̇(s), γ̇(s)) ≤ 0. Suppose now that
r(s) ≤ 2m for some s. Then the only way that we can have g(γ̇(s), γ̇(s)) ≤ 0 is if ṙ(s) ≤ 0.
Thus no future directed causal curve can escape from the region r ≤ 2m. This region is
known as a black hole region of the spacetime. We have shown that

J+
(
{0} × (0, 2m]× S2

)
⊂ [0,∞)× (0, 2m]× S2

In fact, it is fairly straightforward to show that the reverse inclusion holds and that the
two sets are equal.

Exercise 2.3. Consider the infinite cylinder R× S1 and take as coordinates (x, θ) where
θ ∼ θ + 2π.

a) Show that whenM is equipped with the Lorentzian metric

g = −dx2 + dθ2,

it is time-orientable.

b) Now consider the metric

g = − cos θdx2 + 2 sin θdxdθ + cos θdθ2

i) Show that the vector fields defined for θ ∈ [0, 2π) by

X0 = cos
θ

2
∂x − sin

θ

2
∂θ, X1 = sin

θ

2
∂x + cos

θ

2
∂θ.

satisfy
g(X0, X0) = −1, g(X0, X1) = 0, g(X1, X1) = 1.

Deduce that g is a Lorentzian metric.
ii) Let us denote the point x = 0, θ = 0 by p. Suppose that there exists a nowhere

vanishing timelike field T , and without loss of generality assume that g(X0, T )|p <
0. Show that if γ : [0, 1)→ R× [0, 2π) is any smooth curve with γ(0) = p then
g(X0, T )|γ < 0.

iii) By considering the curve γ : s 7→ (0, 2πs), deduce thatM is not time orientable.
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2.2 Affine Connections

We are going to require a means to differentiate vectors (and other tensors). This is a
subtle point, and is not completely straightforward. Suppose γ : (−ε, ε)→M is a curve
and f ∈ C1(M) is a differentiable function, and we wish to differentiate f along γ. We
define

γ̇(0)[f ] = lim
h→0

f(γ(h))− f(γ(0))

h
.

Now suppose that we have a vector field X ∈ X1(M). We might try and define the
derivative of X along γ by:

γ̇(0)[X]
?
= lim

h→0

X|γ(h) − X|γ(0)

h
,

however, there is a problem with this. The two vectors whose difference we want to form
do not belong to the same vector space: one belongs to Tγ(h)M and the other to Tγ(0)M.
We need to decide how to identify the tangent spaces along γ before we can define a
quotient such as this. The tool to do this is provided by an ‘affine connection’.

Definition 12. SupposeM is a Ck manifold. A Cr−affine connection ∇, where r ≤ k−2,
is a map from Xr(M)× Xr+1(M)→ Xr(M) satisfying:

i) For every constant λ ∈ R, Xi ∈ Xr(M), Yi ∈ Xr+1(M) we have

∇X1(Y1 + λY2) = ∇X1Y1 + λ∇X1Y2,

and
∇X1+λX2Y1 = ∇X1Y1 + λ∇X2Y2.

ii) If f ∈ Cr(M;R), X ∈ Xr(M), Y ∈ Xr+1(M), then

∇fXY = f∇XY

iii) If f ∈ Cr+1(M;R), X ∈ Xr(M), Y ∈ Xr+1(M), then

∇X (fY ) = X[f ]Y + f∇XY

We call ∇XY the covariant derivative of Y in the direction X. Suppose we are given
a basis, {eµ} for Xk−1(U), where U ⊂M is open. Then we have the following result

Lemma 2.1. i) An Cr−affine connection ∇ is determined on U by its components
with respect to the basis {eµ}, written Γµνσ ∈ Cr(U ;R) which are defined by

∇eνeσ = Γµνσeµ
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ii) If {e′µ} is a new basis for Xk−1(U), related to the old one by:

eµ = Λνµe
′
ν , Λνµ ∈ Ck−1(U ;R)

then the components of ∇ with respect to the old basis are related to those with respect
to the new basis by

Γρνµ = Λτ νΛσµΓ′κτσ(Λ−1)ρκ + Λτ νe
′
τ [Λκµ] (Λ−1)ρκ

where (Λ−1)ρκΛκτ = δρτ .

Proof. i) Suppose X ∈ Xr(M), Y ∈ Xr+1(M). In U we can uniquely write X = Xµeµ
and Y = Y µeµ for Xµ ∈ Cr(U ;R), Y µ ∈ Cr+1(U ;R). Then in U

∇XY = ∇Xνeν (Y σeσ)

= Xν∇eµ (Y σeσ)

= Xνeν(Y σ)eσ +XνY σ∇eνeσ
= [Xνeν(Y µ) +XνY σΓµνσ] eµ

which uniquely determines ∇XY .

ii) We calculate

∇eνeµ = ∇Λτ νe′τ

(
Λσµe

′
σ

)
= Λτ νΛσµ∇e′τ e

′
σ + Λτ νe

′
τ [Λσµ] e′σ

=
(
Λτ νΛσµΓ′κτσ + Λτ νe

′
τ [Λκµ]

)
e′κ

=
(
Λτ νΛσµΓ′κτσ(Λ−1)ρκ + Λτ νe

′
τ [Λκµ] (Λ−1)ρκ

)
eρ

where in the last line we use the fact that e′κ = (Λ−1)ρκeρ.

Notice that the second part of the Lemma justifies our restriction r ≤ k − 2, since
this is the best regularity for the functions Γ··· that is consistent with the regularity of
the underlying manifold. It is also important to note that the components Γµνσ do not
transform as the components of some (1, 2)−tensor field on the manifold.

A connection allows us to transport a vector along a curve. In order to do this, we
require the following result:

Lemma 2.2. Let γ : [0, 1]→M be a C2−curve with γ(0) = p, γ(1) = q. Suppose that
∇ is a Cr−affine connection, with r ≥ 1. Given Xp ∈ TpM, there is a unique vector field
X defined along γ such that

∇γ̇(t)X = 0, X|t=0 = Xp. (2.3)

We say that X is the parallel transport of Xp along γ.
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Proof. Let us suppose that γ([0, 1]) ⊂ U , for some open set U on which we can pick a
basis {eµ} for Xk−1(U). If this is not the case, we can split γ into a finite number of
curves for which this is true. If we write X = Xµeµ and Xp = Xµ

p eµ, then the condition
(2.3) becomes

0 = γ̇(t)[Xµ] +Xν γ̇σΓµσν ,

= Ẋµ(t) +Xν(t)γ̇σΓµσν

together with the initial conditionXµ(0) = Xµ
p (0). This is a linear ODE for the coefficients

Xµ(t) with coefficients in C1, hence a unique solution exists for t ∈ [0, 1].

Definition 13. A geodesic or auto-parallel curve with respect to the connection ∇ is a
C2−curve γ : (a, b)→M satisfying

∇γ̇(t)γ̇(t) = λ(t)γ̇(t)

for some λ : (a, b)→ R. By a change of parameterisation it is possible to arrange that
λ = 0, in this case, the parameterisation is called an affine parameterisation.

In a local coordinate chart, for an affinely parameterised geodesic we can write
ϕ ◦ γ(t) = (xµ(t)) ∈ Rn, so that γ̇(t) = ẋµ ∂

∂xµ . Inserting this into the expression for a
parallel transported geodesic, we find that the functions xµ(t) satisfy:

ẍµ + ẋν ẋσΓµνσ = 0. (2.4)

where Γµνσ are the components of the connection with respect to the coordinate induced
basis. From basic ODE theory (Picard-Lindelöf theorem), we have:

Lemma 2.3. SupposeM is a Ck−manifold, where k > 2. SupposeM is equipped with a
C2−affine connection ∇. Given p ∈M, Xp ∈ TpM, there exists an ε > 0 and an affinely
parameterised geodesic curve γ : (−ε, ε)→M such that

γ(0) = p, γ̇(0) = Xp.

Moreover, γ is unique up to extension: If γ′ : (−ε′, ε′) → M is another such affinely
parameterised geodesic where (without loss of generality) ε′ > ε, then γ′(t) = γ(t) for
t ∈ (−ε, ε).

Note: we only have local existence in t because the ODE is not linear (the Γµνσ
depend on x(t) implicitly).

Exercise 2.4. ConsiderM = R3, with a choice of orthonormal basis {ei} with respect
to the Euclidean metric gij = δij . Define a smooth connection on vectors by

(τ)∇eiej = τεkijek

where εijk is totally anti-symmetric with ε123 = 1 and τ ∈ R is a constant. Consider the
curve γ : (−1, 1)→ R3 given by γ(t) = te3. Show that the vector fields

X1 = e1 cos(τx3)− e2 sin(τx3)

X2 = e1 sin(τx3) + e2 cos(τx3)

X3 = e3

are all parallely transported by (τ)∇ along γ.
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An important property of an affine connection is the torsion. This is an anti-symmetric
Cr−regular (1, 2)−tensor field defined by

T (X,Y ) = ∇XY −∇YX − [X,Y ]

where we recall that the commutator of two vector fields is a vector field which acts on
functions as:

[X,Y ] (f) = X(Y f)− Y (Xf).

If T (X,Y ) vanishes, we say that the affine connection ∇ is symmetric.

Exercise 2.5. a) Suppose that f ∈ C1(M;R), show that

T (fX, Y ) = fT (X,Y ), T (X,Y ) = −T (Y,X).

Deduce that if {eµ} is locally a basis with X = Xµeµ, Y = Y µeµ then:

T (X,Y ) = T σµνX
µY νeσ

for some Cr−functions T σµν := eσ [T (eµ, eν)].

b) Show that for the connection defined in Exercise 2.4, the torsion is given by:

T ijk = 2τεijk.

Given a connection ∇, we can define a connection on one-forms. Given X ∈ Xr(M)
and ω ∈ X∗r+1(M), we define ∇Xω by requiring:

(∇Xω) [Y ] = X (ω[Y ])− ω [∇XY ] . (2.5)

for any Y ∈ Xk−1(M).

Exercise 2.6. Show that if f ∈ Ck−1(M), then (2.5) implies

(∇Xω) [fY ] = f (∇Xω) [Y ]

for any Y ∈ Xk−1(M). Deduce that ∇Xω ∈ X∗r(M).

We can locally express the covariant derivative of a one-form using the same component
functions Γµνσ as we used to express the covariant derivative of a vector:

Lemma 2.4. Suppose that {eµ} is a basis for Xk−1(U), where U ⊂M is open, and that
{eµ} is a dual basis. Then in U we have:

∇eνeµ = −Γµνσe
σ

where Γµνσ are defined by
∇eνeσ = Γµνσeµ.
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Proof. Consider

(∇eνeµ) [eτ ] = eν (eµ[eτ ])− eµ [∇eνeτ ]

= eν (δµτ )− eµ [Γκντeκ]

= 0− Γκντe
µ [eκ]

= −Γµντ

Since a one-form is completely determined by it’s action on a basis of vector fields, this
suffices to show the result.

Finally, we can extend the connection to act on arbitrary tensor fields by requiring
that the Leibniz rule applies to tensor products. For example:

∇X (Y ⊗ ω) = (∇XY )⊗ ω + Y ⊗ (∇Xω) ,

with obvious generalisations to arbitrary tensor products of vector fields and one-forms.

Lemma 2.5. Suppose S is a Cr+1 regular (p, q) tensor field, which is written with respect
to a local basis eµ ∈ Xk−1(U) of vector fields as

S = Sµ1,...µpν1...νqeµ1 ⊗ · · · ⊗ eµp ⊗ eν1 ⊗ · · · ⊗ eνq (2.6)

Where Sµ1,...µpν1...νq ∈ Cr+1(U ;R). Then ∇XS is a Cr regular (p, q) tensor field, with
components given in the local basis by:

(∇XS)µ1,...µpν1...νq = Xσeσ
[
Sµ1...µpν1,...νq

]
+XσΓµ1στS

τµ2,...µp
ν1,...νq + . . .+XσΓµjστS

µ1...,µj−1τµj+1...µp
ν1,...νq + . . .

−XσΓτ σν1S
µ1µ2...µp

τ ...νq − . . .−XσΓτ σνjS
µ1...µp

ν1...νj−1τνj+1...νq − . . .
=: Xσ∇σSµ1,...µpν1...νq

We define ∇S to be the (p, q + 1)−tensor field with components ∇σSµ1,...µpν1...νq .

Proof. We simply apply the definition of the covariant derivative to (2.6) and then express
the right hand side in terms of the basis vectors.

2.2.1 The Levi-Civita connection

There are many connections on a given manifold. We want to single out a single connection,
and it turns out that this is possible when we require the connection to be compatible
with our metric and symmetric.

Theorem 2.1 (Fundamental theorem of (pseudo-)Riemannian geometry). SupposeM
is a Ck+1−regular pseudo-Riemannian manifold which carries a Ck−regular metric g,
where k ≥ 1. Then there exists a unique symmetric Ck−1−affine connection, ∇, such that
∇g = 0. This connection is known as the Levi-Civita connection.
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Proof. We prove the statement by an explicit construction. Suppose that X,Y, Z ∈
Xk(M). First note that the symmetry of the connection implies

∇XY −∇YX = [X,Y ] (2.7)

Suppose that we have a symmetric connection satisfying ∇Xg = 0, then we have

X [g(Y, Z)] = ∇X (g(Y,X))

= (∇Xg)(X,Y ) + g (∇XY, Z) + g (Y,∇XZ)

= g (∇XY,Z) + g (Y,∇XZ) (2.8)

similarly

Y [g(Z,X)] = g (∇Y Z,X) + g (Z,∇YX) (2.9)
Z [g(X,Y )] = g (∇ZX,Y ) + g (X,∇ZY ) (2.10)

Taking (2.8)+(2.9)−(2.10), and using (2.7) we have:

X [g(Y,Z)] + Y [g(Z,X)]− Z [g(X,Y )] = 2g (∇XY,Z)− g ([X,Y ] , Z)

+ g ([Y,Z] , X)− g ([Z,X] , Y )

so that, after re-arranging we have

2g (∇XY, Z) = X [g(Y,Z)] + Y [g(Z,X)]− Z [g(X,Y )] (2.11)
+ g ([X,Y ] , Z) + g ([Z, Y ] , X) + g ([Z,X] , Y )

We can calculate the right hand side explicitly in terms of g,X, Y , without needing to
know ∇. Since Z is arbitrary, this uniquely determines ∇XY by the non-degeneracy of g.
Thus if the connection exists, it is unique.

On the other hand, we can use (2.11) to define a connection. It is straightforward to
check that if we do this, that the connection is symmetric and ∇g = 0.

Exercise 2.7. Consider the connection defined in Exercise 2.4. Show that if we define a
Riemannian metric on R3 by g(v,w) = v ·w = viwjδij , then the connection (τ)∇ satisfies

x[g(y, z)] = g
(

(τ)∇xy, z
)

+ g
(
y, (τ)∇xz

)
.

Deduce that (0)∇ is the Levi-Civita connection of g.

Suppose that we have a local basis of vector fields {eµ}. We know that for each µ, ν,
the commutator [eµ, eν ] is a vector field, so it can be written in terms of the basis vector
fields:

[eµ, eν ] = Cσµνeσ,

where Cσµν ∈ Ck−1(M;R) are uniquely determined. Now, let us consider (2.11) applied
to the vector fields X = eµ, Y = eν , Z = eσ, and recall that gµν := g(eµ, eν). We find:

2Γτ µνgτσ = eµ(gνσ) + eν(gσµ)− eσ(gµ,ν)

+ Cτ µνgτσ + Cτ σµgτν + Cτ σνgτµ
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so that multiplying by gσκ (the co-metric) we deduce:

Γκµν =
1

2
gσκ

[
eµ(gνσ) + eν(gσµ)− eσ(gµν) + Cσµν + Cνσµ + Cµσν

]

This expression simplifies in two useful cases:

1. If {eµ} is a local coordinate basis, so that eµ = ∂
∂xµ , then we have Cµνµ ≡ 0 and:

Γκµν =
1

2
gσκ

(
∂gνσ
∂xµ

+
∂gσµ
∂xν

− ∂gµν
∂xσ

)
(2.12)

2. If {eµ} is an orthonormal basis, so that gµν is a set of constants equal to ±1 or 0.
In this case eµ(gνσ) ≡ 0 and we have

Γκµν =
1

2
gσκ (Cσµν + Cνσµ + Cµσν)

Example 9. Recall the Schwarzschild metric in Painlevé-Gullstrand coordinates (Example
7) is a Lorentzian metric onM = R× (0,∞)× S2 given by:

g = −
(

1− 2m

r

)
dt2 + 2

√
2m

r
dtdr + dr2 + r2gS2 .

Recall also that we have an orthonormal basis for this matrix given locally by:

e0 =
∂

∂t
−
√

2m

r

∂

∂r

e1 =
∂

∂r

eA =
1

r
bA,

where {bA}A=2,3 is a local orthonormal basis for S2 (the unit round sphere), such that
[bA, bB] = CEABbE for some functions CEAB ∈ C∞(S2;R). We calculate:

[e0, e1] = − 1

2r

√
2m

r

∂

∂r
,

[e0, eA] =
1

r2

√
2m

r
bA,

[e1, eA] = − 1

r2
bA,

[eA, eB] =
1

r2
CEABbE .
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From here, we deduce that:

C1
01 = −C1

10 = − 1

2r

√
2m

r
,

CA0B = −CAB0 =
1

r

√
2m

r
δAB,

CA1B = −CAB1 = −1

r
δAB,

CEAB = −CEBA =
1

r
CEAB.

and all other components of Cµνσ vanish. Since {eµ} is an orthonormal basis, we can
raise and lower indices as in the Minkowski case: we change sign when raising or lowering
a 0 index, but not otherwise. We calculate (for example):

Γ1
10 =

1

2

(
C1

10 − C0
11 + C1

10

)
=

1

2r

√
2m

r
.

Similar calculations lead us to conclude that the non-vanishing components of Γ with
respect to the basis {eµ} are:

Γ1
10 =

1

2r

√
2m

r
, Γ0

11 =
1

2r

√
2m

r
, ΓAB0 = −1

r

√
2m

r
δAB,

ΓAB1 =
1

r
δAB, Γ0

AB = −1

r

√
2m

r
δAB, Γ1

AB =
1

r
δAB,

ΓCAB =
1

r
ΓCAB,

where ΓCAB are the connection coefficients of the Levi-Civita connection of the unit
metric on S2 with respect to the basis {bA}.

We can use these coefficients to directly give the action of the Levi-Civita connection
of g on the basis {eµ}:

∇e0e0 = 0, ∇e1e0 =
1

2r

√
2m

r
e1, ∇eAe0 = −1

r

√
2m

r
eA,

∇e0e1 = 0, ∇e1e1 =
1

2r

√
2m

r
e0, ∇eAe1 =

1

r
eA, (2.13)

and

∇e0eA = 0, ∇e1eA = 0, ∇eAeB = −δAB

(
1

r

√
2m

r
e0 +

1

r
e1

)
+

1

r
ΓCABeC .

Exercise(∗). Repeat for yourself the calculations of the previous example.
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Definition 14. A geodesic of the metric g, is a geodesic of the Levi-Civita connection of
g, i.e. a curve γ : (−ε, ε)→M satisfying

∇γ̇(t)γ̇(t) = λ(t)γ̇(t)

For a suitable choice of parameterisation, the function λ(t) may be chosen to vanish, in
which case we talk of an affinely parameterised geodesic.

The geodesic equations can also be derived from a variational principle. In Riemannian
geometry this is especially useful as geodesics can be shown to locally minimise the distance
between two points. For Lorentzian geometries, the geodesics typically extremise the
length, but do not necessarily minimise it.

Exercise(∗) (If you have studied Lagrangian mechanics). Suppose we work in a coordinate
chart U ⊂M in which the metric takes the form:

g = gµνdx
µdxν .

Show that the affinely parameterised geodesic equations

ẍµ + ẋν ẋσΓµνσ = 0,

where

Γκµν =
1

2
gσκ

(
∂gνσ
∂xµ

+
∂gσµ
∂xν

− ∂gµν
∂xσ

)
can be derived from the Lagrangian:

L =
1

2
gµν ẋ

µẋν .

Exercise 3.1. Suppose that S is a (1, 1)−tensor and R is a (0, 2)−tensor, both at least
C1−regular, which with respect to a local basis {eµ} may be written:

S = Sµνeµ ⊗ eν , R = Rστe
σ ⊗ eτ .

Suppose ∇ is the Levi-Civita connection.

i) With the notation of Lemma 2.5, show that:

∇κ (SµνRστ ) = (∇κSµν)Rστ + Sµν (∇κRστ ) .

ii) how also that
∇κδµσ = 0, ∇κgµν = 0, ∇κgµν .

Conclude that ∇, thought of as a map from (p, q)−tensors to (p, q + 1)−tensors
commutes with contractions and raising and lowering of indices.
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2.2.2 The wave equation

Suppose thatM is a Ck−manifold with a Ck−1−regular Riemannian or Lorentzian metric
g, which has an associated Ck−2−regular Levi-Civita connection ∇. Given f ∈ Ck(M;R),
and X,Y ∈ Xk−1(M) we define:

Hf (X,Y ) := X(Y f)− (∇XY ) f.

Lemma 2.6. Hf is a symmetric, Ck−2−regular (0, 2)−tensor.

Proof. To show that Hf is symmetric, we calculate:

Hf (X,Y )−Hf (Y,X) = X(Y f)− Y (Xf)− [(∇XY )− (∇YX)] f

= [X,Y ]f − [(∇XY )− (∇YX)] f

= T (X,Y )f = 0.

To show that Hf is a tensor, we need to show that for any g ∈ Ck−1(M) we have:

Hf (gX, Y ) = gHf (X,Y ) = Hf (X, gY ).

By the symmetry we can just show the first equality, which follows from

Hf (gX, Y ) = (gX)[Y f ]− (g∇XY )f = gHf (X,Y ).

The regularity of Hf follows from the assumptions on the connection and on f .

The tensor Hf is called the Hessian of f and is sometimes written ∇∇f , so that if
{eµ} is a local basis, we write:

∇µ∇νf = Hf (eµ, eν).

Note carefully that in general

∇µ∇νf 6= ∇eµ∇eνf = eµ(eνf).

Exercise 3.2. In a local coordinate basis,
{
eµ = ∂

∂xµ

}
, show that we can write

Hf (X,Y ) = XµY ν

(
∂2f

∂xµ∂xν
− Γσµν

∂f

∂xσ

)
,

Deduce that for a local coordinate basis

∇µ∇νf =
∂2f

∂xµ∂xν
− Γσµν

∂f

∂xσ

Definition 15. Suppose f ∈ Ck(M;R).

i) If g is Lorentzian, we define the wave operator �g acting on f , written �gf ∈
Ck−2(M;R) is defined to be the trace of Hf with respect to the metric g. With
respect to a local coordinate basis {∂/∂xµ}, this is given by:

�gf := gµν∇µ∇νf = ∇µ∇µf.
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ii) If g is Riemannian, we define the Laplace operator ∆g acting on f , written ∆gf ∈
Ck−2(M;R) to be the trace of Hf with respect to the metric g. With respect to a
local coordinate basis {∂/∂xi}, this is given by:

∆gf := gij∇i∇if = ∇i∇if.

In a local coordinate basis, we have

�gf = gµν
∂2f

∂xµ∂xν
− gµνΓσµν

∂f

∂xσ
, (2.14)

with a similar expression for the Laplace operator:

∆gf = gij
∂2f

∂xi∂xj
− gijΓkij

∂f

∂xk
, (2.15)

When g is Lorentzian, we recognise �g as a hyperbolic differential operator. In the
case where g is Riemannian, the operator ∆g is rather an elliptic differential operator.

It’s often useful to have a more concrete expression for this operator. We can find
one by recalling that the Levi-Civita connection has components that are given in a local
coordinate basis by (2.12):

Γκµν =
1

2
gσκ

(
∂gνσ
∂xµ

+
∂gσµ
∂xν

− ∂gµν
∂xσ

)
Contracting with the co-metric, we have:

gµνΓκµν = gσκ
∂gνσ
∂xµ

gµν − 1

2
gσκ

∂gµν
∂xσ

gµν

Now, recall the following facts regarding differentiating matrices:

dA−1

dt
(t) = −A−1dA

dt
(t)A−1(t).

d

dt
detA(t) = [detA(t)]Tr

(
dA

dt
(t)A−1(t)

)
.

We recognise that we can write

gµνΓκµν = − ∂

∂xµ
gµκ − gσκ√

|g|
∂

∂xσ

√
|g|

where we have defined |g| := |det(gµν)|. Returning to (2.14), we deduce that in local
coordinates:

�gf =
1√
|g|

∂

∂xµ

(√
|g|gµν ∂f

∂xν

)
.

A similar expression of course holds in the case that g is Riemannian:

∆gf =
1√
|g|

∂

∂xi

(√
|g|gij ∂f

∂xj

)
.
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An alternative way to define the Hessian and wave/Laplace operator is instead to
recall that given a function f ∈ Cr(M;R), there is a natural one-form df ∈ X∗r−1(M)
defined by:

df(X) = Xf,

for any X ∈ X(M). With respect to a local basis:

df = (eµf)eµ = (∇µf)eµ.

Since we have a metric g we can associate df with a vector field, sometimes called gradgf ,
which acts on h ∈ C1(M;R) by:

[gradgf ](h) = g−1(df, dh).

In a local basis:
gradgf = gµν(df)νeµ = gµν(eνf)eµ

To define the wave/Laplace operator, we introduce the divergence of a vector field as
follows. If V ∈ Xr(M), then the divergence of V , written divgV ∈ Cr−1(M;R) is given
by:

divgV = eµ
[
∇eµV

]
= ∇µV µ.

Clearly, we have
�gf = divg

(
gradgf

)
.

Exercise 3.3. For V ∈ Xr(M), the divergence of V , written divgV ∈ Cr−1(M;R) is
defined with respect to a local basis by:

divgV := ∇µV µ = eµ
(
∇eµV

)
.

Show that with respect to a local coordinate basis we have:

divgV =
1√
|g

∂

∂xµ

(√
|g|V µ

)
.

Deduce the expression for the wave/Laplace operator with respect to local coordinates,
using:

�gf = divg
(
gradgf

)
.

We can in fact generalise the definition of the wave/Laplace operator to arbitrary
tensors. For example, if S is a C2−regular (1, 1)−tensor, we can define (in a local basis):

�gS = (∇µ∇µSντ ) eν ⊗ eτ .

Example 10. Consider the sphere S2, with the stereographic coordinate charts (U±, ϕ±)
that we previously defined. Recall that the metric on each patch is given by:

gS2 = Ω2δijdx
idxj .
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Where
Ω =

2

1 + |x|2

As a matrix, the components gij are

[gij ] = Ω2

(
1 0
0 1

)
so that |g| = Ω4 and

[gij ] = Ω−2

(
1 0
0 1

)
so that

√
|g|gij = δij . As a consequence, we have

∆S2f = Ω−2∆R2f

where

∆R2f = δij
∂2f

∂xixj

is the standard Laplacian on R2.
Consider the following integral:

I :=

∫
|x|<R

f∆S2f
√
|g|dx =

∫
|x|<R

f∆R2f dx.

Now, we can use the standard divergence theorem on R2 to deduce

I =

∫
|x|=R

f
∂f

∂ν
dσ −

∫
|x|<R

δij
∂f

∂xi
∂f

∂xj
dx.

I claim that if f is a smooth function on S2, then the first term vanishes as R→∞, and
we can conclude: ∫

R2

f∆S2f Ω2dx = −
∫
R2

δij
∂f

∂xi
∂f

∂xj
dx.

We immediately conclude that a harmonic function on S2 (i.e. a function f ∈ C2(S2;R)
satisfying ∆S2f = 0) must necessarily be constant.

To check the vanishing of the boundary term, by considering the transition function
between the two stereographic patches, it’s simple to check that if f is a smooth function
on S2 which is given in one stereographic patch by f(x), then the function f̃(x) = f

(
x
|x|2

)
should be smooth at the origin. Consider

∂f̃

∂xi
(x) =

δij |x|2 − 2xixj

|x|4
∂f

∂xj

(
x

|x|2

)
Setting y = x

|x|2 , and noting that ∂f̃
∂xi

(x) is bounded as x→ 0, we conclude that for large
|y|, we have ∣∣∣∣ ∂f∂xi (y)

∣∣∣∣ ≤ C

|y2|
from which the result easily follows.
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Exercise 3.4. Consider the sphere S2 = {x ∈ R3 : |x| = 1}, and set

U = S2 \ {(−
√

1− t2, 0, t) : t ∈ [−1, 1]},

i.e. the sphere with a line of longitude from north to south pole removed. We define a
coordinate chart (U , ϕ), where ϕ is defined in terms of its inverse by:

ϕ−1 : (0, π)× (−π, π) → U

(θ, φ) 7→

 sin θ cosφ
sin θ sinφ

cos θ

 .

a) Show that with the standard identification of tangent vectors in S2 with vectors in R3

that we have

∂

∂θ

∣∣∣∣
ϕ−1(θ,φ)

' eθ :=

 cos θ cosφ
cos θ sinφ

sin θ

 ,
∂

∂φ

∣∣∣∣
ϕ−1(θ,φ)

' eφ :=

 − sin θ sinφ
sin θ cosφ

0

 .

b) Show that

〈eθ, eθ〉|ϕ−1(θ,φ) = 1,

〈eθ, eφ〉|ϕ−1(θ,φ) = 0,

〈eφ, eφ〉|ϕ−1(θ,φ) = sin2 θ.

where 〈, 〉 is the standard inner product on R3.

c) Deduce that in the θ, φ coordinates:

gS2 = dθ2 + sin2 θdφ2.

d) Show that in these coordinates:

∆gS2
f =

1

sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

sin2 θ

∂2f

∂φ2

e) Suppose f is a smooth function on S2. Show that:∫ π

θ=0

∫ π

φ=−π
f∆gS2

f sin θdθdφ = −
∫ π

θ=0

∫ π

φ=−π

[(
∂f

∂θ

)2

+
1

sin2 θ

(
∂f

∂φ

)2
]

sin θdθdφ

Example 11. A more interesting example is furnished by the Painlevé-Gullstrand form
of the Schwarzschild Black Hole. Recall that in a coordinate patch we have

g = −
(

1− 2m

r

)
dt2 + 2

√
2m

r
dtdr + dr2 + r2Ω2δijdx

idxj ,
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with Ω as above. Writing the components of the metric as a matrix, we have

[gµν ] =


−
(
1− 2m

r

) √
2m
r 0 0√

2m
r 1 0 0

0 0 Ω2 0
0 0 0 Ω2


so that |g| = r4Ω4, and

[gµν ] =


−1

√
2m
r 0 0√

2m
r

(
1− 2m

r

)
0 0

0 0 Ω−2 0
0 0 0 Ω−2


We find

�gf = −∂
2f

∂t2
+

√
2m

r

∂2f

∂t∂r
+

1

r2

∂

∂r

(
r2

√
2m

r

∂f

∂t

)
+

1

r2

∂

∂r

(
[r2 − 2mr]

∂f

∂r

)
+

1

r2
∆S2f.

(2.16)

In the same way that studying the wave equation in Minkowski space helped us to
understand the causal properties (such as signal propagation) for that spacetime, solutions
of the �gu = 0 are of great interest in studying the spacetime (M, g). We will give a
taste of results in this direction, but the study of wave equations on Lorentzian manifolds
is a large field of study with many fascinating recent advances.

Theorem 2.2. Let (M, g) be the Painlevé-Gullstrand form of the Schwarzschild spacetime,
as in Example 7 above. Suppose that f ∈ C2(M;R) vanishes for sufficiently large r at
every fixed time t. Define:

Ef [t] :=
1

2

∫
(2m,∞)×R2

[(
∂f

∂t

)2

+

(
1− 2m

r

)(
∂f

∂r

)2

+
∣∣ /∇f ∣∣2] r2Ω2drdx

where
Ω2 :=

4(
1 + |x|2

)2 , /∇Af =
1

rΩ

∂

∂xA
.

Then we have

dEf
dt

+ 4m2

∫
R2

∂f

∂t

∣∣∣∣2
r=2m

Ω2dx = −
∫

(2m,∞)×R2

�gf
∂f

∂t
r2Ω2drdx.

Proof. We multiply the expression (2.16) by:

−∂f
∂t
r2Ω2
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and integrate over (2m,∞)× R2 with the measure drdx. The first term gives∫
(2m,∞)×R2

∂2f

∂t2
∂f

∂t
r2Ω2drdx =

d

dt

1

2

∫
(2m,∞)×R2

(
∂f

∂t

)2

r2Ω2drdx

The second term we integrate by parts in r to give:

−
∫

(2m,∞)×R2

√
2m

r

∂2f

∂t∂r

∂f

∂t
r2Ω2drdx = +

∫
(2m,∞)×R2

∂

∂r

(
r2

√
2m

r

∂f

∂t

)
∂f

∂t
Ω2drdx

+ 4m2

∫
R2

∂f

∂t

∣∣∣∣2
r=2m

Ω2dx

where we use the fact that f vanishes for sufficiently large r. This term will cancel with
the other mixed derivative term, leaving only the boundary term. Next consider the term
involving two radial derivatives. We have

−
∫

(2m,∞)×R2

1

r2

∂

∂r

(
[r2 − 2mr]

∂f

∂r

)
∂f

∂t
r2Ω2drdx

=

∫
(2m,∞)×R2

[r2 − 2mr]
∂2f

∂t∂r

∂f

∂r
Ω2drdx

=
d

dt

1

2

∫
(2m,∞)×R2

[
1− 2m

r

](
∂f

∂r

)2

r2Ω2drdx

Where we use the fact that f vanishes for sufficiently large r, and that the factor r2−2mr
vanishes at r = 2m to discard boundary terms. Finally, we use the result∫

R2

f∆S2f Ω2dx = −
∫
R2

δij
∂f

∂xi
∂f

∂xj
dx.

to integrate the last term by parts in x and we’re done.

Corollary 2.3. Suppose u1, u2 ∈ C2(M) are two solutions of the wave equation on the
Schwarzschild spacetime, vanishing for sufficiently large r at each fixed t, such that:

u1 = u2,
∂

∂t
u1 =

∂

∂t
u2, on {0} × (2m,∞)× S2

Then u1 = u2 in the region R = [0,∞)× (2m,∞)× S2.

Proof. We apply Theorem 2.2 to u1 − u2. We immediately conclude that Eu1−u2 [t] is
monotone decreasing and positive, however, it is initially zero thus Eu1−u2 [t] = 0 for t ≥ 0.
We conclude that u1 − u2 ≡ 0 in the region R.

In fact, this result follows from a more abstract result that says that a solution of the
wave equation on a Lorentzian manifold is determined in D+(Σ) by its Cauchy data on Σ.
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Proposition 1. Let (M, g) be a smooth, orientable, time orientable, Lorentzian manifold.
Suppose that U ⊂M is a open set with compact closure, whose boundary consists of two
smooth compact components: Σ, Σ′, which are both spacelike and such that U ⊂ D+(Σ).
Suppose that ψ ∈ C2(U) solves the equation:

�gψ = 0 (2.17)

in U . Then if
ψ|Σ = 0, NΣψ|Σ = 0,

Where NΣ is the future unit normal of Σ, we have that ψ = 0 in U .

The proof of this result will mirror (and extend) the proof of Theorem 1.8, the
analogous result for Minkowski space, and will require us to reintroduce some machinery
from the Minkowski proof, now adapted to the manifold case.

Definition 16. Suppose U ⊂ M is open. Given ψ ∈ C2(U), we define a symmetric
(0, 2)−tensor, the energy momentum tensor by

T [ψ] := dψ ⊗ dψ − 1

2
|dψ|g g

or, with respect to a local basis {eµ}:

T [ψ] =

(
(eµψ)(eνψ)− 1

2
gµν(eσψ)(eτψ)gστ

)
eµ ⊗ eν (2.18)

=

(
∇µψ∇νψ −

1

2
gµν∇σψ∇σψ

)
eµ ⊗ eν (2.19)

Exercise 3.5. In the case that (M, g) is the Minkowski spacetime and that {eµ} is
an inertial frame, show that (2.18) agrees with the previous defninition of the energy
momentum tensor.

Theorem 2.4. The energy momentum tensor has the following properties:

1. We have a formula for the divergence:

divgT [ψ] := ∇µTµν [ψ]eν = (�gψ) dψ

2. Suppose V ∈ TpM is a unit timelike vector. Then at p, we have T [ψ](V, V ) ≥ 0, with
equality iff dψ vanishes at p. If {eµ} is any basis for TpM, there exists a constant
C > 0 depending on V and {eµ} such that:

1

C

∑
µ

(eµψ)2 ≤ T [ψ](V, V ) ≤ C
∑
µ

(eµψ)2 .

3. If W ∈ TpM is an unit timelike vector, then:

1

4 |g(V,W )|
T [ψ](V, V ) ≤ T [ψ](V,W ) ≤ |g(V,W )|T [ψ](V, V ).



50 Chapter 2 Lorentzian geometry

Proof. 1. We work in a local basis. We have:

∇µTµν = ∇µ
(
∇µψ∇νψ −

1

2
δµν∇σψ∇σψ

)
= �gψ∇νψ +∇µψ∇µ∇νψ −∇ν∇σψ∇σψ
= �gψ∇νψ

2, 3. The proofs of the weak and dominant energy conditions follow directly from the same
proofs in the Minkowski case: We pick an orthonormal basis for TpM in which V = e0,
and then follow the same calculations as before. Since we work only in the tangent
space at a point, all of the same calculations are valid.

We shall require a version of the divergence theorem for a Lorentzian manifold:

Lemma 2.7. SupposeM is a smooth orientable, time orientable, (n+ 1)−dimensional
Lorentzian manifold. Suppose that V ∈ X1(M) is a vector field and that U ⊂ M is an
open set with compact closure, whose boundary Σ = ∂U consists piecewise of smooth
embedded submanifolds and can be written as Σ = Σs ∪Σt where Σs is spacelike and Σt is
timelike. Then we have∫

U
divgV dX =

∫
Σs

g(V,N)dσ −
∫

Σt

g(V,N)dσ,

where vector N is the unit outwards normal (with respect to g). The volume measure dX
and surface measure dσ are positive, and on each coordinate chart are equivalent to the
(n+ 1)−dimensional (resp. n−dimensional) Lebesgue measure.

The final result that we shall require is a statement about the causal structure of
D+(Σ) for a spacelike Σ:

Lemma 2.8. SupposeM is a smooth orientable, time orientable, (n+ 1)−dimensional
Lorentzian manifold. Suppose Σ ⊂ M is a smooth embedded n−dimensional spacelike
submanifold, with D+(Σ) non-empty. Then there exists a function t ∈ C∞(D+(Σ);R),
such that:

i) Σ = {t = 0}.

ii) The level sets of t are spacelike, equivalently gradgt is everywhere causal.

iii) t increases along any future directed causal curve, equivalently −gradgt is future
directed.

Such a t is called a time function for D+(Σ). The proof that such a function exists is
quite subtle and is beyond the scope of the course. It is fairly straightforward to produce
a C0−function which is increasing on any future directed causal curve, and whose level
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sets are achronal (i.e. no two points on a single level set can be connected by a timelike
curve). Showing that this C0−result can be improved to higher regularity is not trivial.1

We now have the pieces we require to prove the proposition.

Proof of Proposition 1. 1. Consider the vector field given in a local basis {eµ} by:

V J [ψ] = Tµ
ν [ψ]V µeν

If ψ solves the wave equation, we have

divg
(
V J [ψ]

)
= Tµν [ψ]V Πµν

where the deformation tensor is given in a local basis by:

V Π := ∇(µVν) =
1

2
(∇µVν +∇νVµ) eν ⊗ eµ.

2. By the assumptions of the proposition together with Lemma 2.8, we have on D+(Σ)
a smooth time function t, and a vector X which is everywhere timelike. We define

V = e−λtX.

We apply the divergence theorem to V J [ψ] on the region U to find:∫
U
divg

(
V J [ψ]

)
dX =

∫
Σ
g
(
V (J [ψ], N

)
dσ −

∫
Σ′
g
(
V (J [ψ], N

)
dσ

where N is the future directed unit normal vector.

3. We calculate:
V Πµν = −λe−λtX(µ∇ν)t+ XΠµνe

−λt

so that locally we have:

divg
(
V J [ψ]

)
= −λTµν [ψ]Xµ∇νt+ Tµν [ψ]XΠµν

4. By the fact that −∇νt is future directed and timelike, we have that −Tµν [ψ]Xµ∇νt
is positive, and controls all derivatives of ψ at each point by part 3 of Theorem
2.4. For sufficiently large λ, making use of the fact that U has compact closure, we
conclude that

divg
(
V J [ψ]

)
≥ e−λtT [ψ](X,X) ≥ C−1T [ψ](X,X)

everywhere in U for some large finite C, by the compactness of U .
1Those interested can find the C0−result in the paper:

“Domain of dependence,” R. Geroch, J.Math.Phys. 11 (1970) 437-439.
The smooth result is in the paper:

“On Smooth Cauchy hypersurfaces and Geroch’s splitting theorem,”paper
A. Bernal, M. Sanchez Commun.Math.Phys. 243 (2003) 461-470
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5. Turning to the surface terms, we have

g
(
V J [ψ], N

)
= T [ψ](V,N)

so again using the compactness of Σ,Σ′, we have:∫
Σ
g
(
V J [ψ], N

)
dσ ≤ C

∫
Σ
T [ψ](X,X)dσ

and ∫
Σ′
g
(
V J [ψ], N

)
dσ ≥ C−1

∫
Σ′
T [ψ](X,X)dσ

6. We conclude that there exists a constant C, independent of ψ such that∫
U
T [ψ](X,X)dX ≤ C

∫
Σ
T [ψ](X,X)dσ.

Now recall that T [ψ](X,X) vanishes at a point if and only if dψ. We see that if
ψ and NΣψ vanish on Σ (and hence dψ = 0 on Σ), we must have df = 0in U and
hence ψ = 0.

Notice that in fact we have a stronger statement than in the proposition, we in fact
have a quantitative estimate for a solution ψ of the wave equation in terms of initial
data. If you attended the advanced PDE course, you will recognise that we have in fact
established H1−control of ψ in the region U in terms of the H1−initial data.

2.3 Curvature

In order to consider the dynamical gravitational field, we want to write down some
equation satisfied by the metric. There are three main goals we have in arriving at this
equation:

1. The equation should be hyperbolic, that is to say it locally has similar properties
to the wave equation.

2. The equation should be geometric, it shouldn’t depend on a particular choice of
basis or coordinate system.

3. The gravitational field should couple to matter in a natural way.

The first condition will ensure that the features we observe in special relativity (such
as finite speed of signal propagation) are not affected by the gravitational field. The
second condition is a mathematical consequence of the equivalence principle. The third
condition, while somewhat vague, is necessary since we expect the gravitational field to
interact with matter in the spacetime.

One possible first guess at how we could achieve these goals would be to assume that
the metric tensor obeys the wave equation:

�gg = F
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where the wave operator is defined on a symmetric 2−tensor in the obvious fashion
(�gh)µν = ∇σ∇σhµν in a local basis, and F should represent some source term for the
gravitational field. Unfortunately, it is trivial that �gg ≡ 0, so this won’t work. It turns
out that the correct object to play the role of ‘�g’ is a term involving the curvature of
the metric. Before we can write down the Einstein equations then, we need to take a bit
of time to define curvatures.

2.3.1 Riemann curvature

Suppose thatM is a Ck−manifold, k ≥ 3, equipped with a Cr-regular pseudo-Riemannian
metric g, where 2 ≤ r < k. The associated Cr−1−regular Levi-Civita connection is ∇.
Given X,Y ∈ Xk−1(M) and a Cs−regular (p, q)−tensor S, with s ≤ r, we define the
Cs−2−regular (p, q) tensor R(X,Y )S by:

R(X,Y )S := ∇X∇Y S −∇Y∇XS −∇[X,Y ]S. (2.20)

Lemma 2.9. The tensor R(X,Y )S has the following properties:

i) It is antisymmetric in X,Y :

R(X,Y )S = −R(Y,X)S

for any X,Y ∈ Xk−1(M) and Cs−regular (p, q) tensor S.

ii) It is f−linear in the first (and hence second) slot:

R(fX1 +X2, Y )S = fR(X1, Y )S +R(X2, Y )S,

for any f ∈ C1(M;R), Xi, Y ∈ Xk−1(M) and Cs−regular (p, q) tensor S.

iii) It is f−linear in S:

R(X,Y )[fS1 + S2] = fR(X,Y )S1 +R(X,Y )S2,

for any f ∈ C2(M;R), X, Y ∈ Xk−1(M) and Cs−regular (p, q) tensors Si.

iv) The following metric compatibility condition holds:

g (R(X,Y )Z,W ) + g (Z,R(X,Y )W ) = 0, ∀ X,Y, Z,W ∈ Xk−1(M;R).

Proof. i) This is immediate by inspection of the definition (2.20).

ii) First note that it is straightforward to see from the definition that

R(X1 +X2, Y )S = R(X1, Y )S +R(X2, Y )S,

which follows from the R-linearity of the connection. It remains to show that
R(fX, Y )S = fR(X,Y )S. For this we calculate

R(fX, Y )S = ∇fX∇Y S −∇Y∇fXS −∇[fX,Y ]S,

= f∇X∇Y S −∇Y (f∇XS)−∇f [X,Y ]−Y (f)XS,

= f∇X∇Y S − f∇Y∇XS − Y (f)∇XS −
(
f∇[X,Y ]S − Y (f)∇XS

)
,

= f
(
∇X∇Y S −∇Y∇XS −∇[X,Y ]S

)
,

= fR(X,Y )S.
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iii) Again, the R−linearity of the connection quickly gives us that

R(X,Y )[S1 + S2] = R(X,Y )S1 +R(X,Y )S2,

so it remains to show that R(X,Y )[fS] = fR(X,Y )S. We calculate:

R(X,Y )[fS] = ∇X∇Y (fS)−∇Y∇X(fS),

= ∇X(f∇Y S + Y (f)S)−∇Y (f∇XS +X(f)S)−∇[X,Y ](fS),

= f∇X∇Y S +X(f)∇Y S + Y (f)∇XS +X(Y f)S

− (f∇Y∇XS + Y (f)∇XS +X(f)∇Y S + Y (Xf)S)

− f∇[X,Y ]S − ([X,Y ]f)S

= fR(X,Y )S + (X(Y f)− Y (Xf)− [X,Y ]f)S

= fR(X,Y )S.

iv) For the final part, we first recall from the definition of the commutator that

X(Y f)− Y (Xf)− [X,Y ]f = 0 (2.21)

for any sufficiently smooth function. We will apply this with f = g(Z,W ). Using
the fact that ∇ is the Levi-Civita connection, we have:

X (Y [g (Z,W )]) = X (g (∇Y Z,W ) + g(Z,∇YW )

= g (∇X∇Y Z,W ) + g (∇Y Z,∇XW ) (2.22)
+ g (∇XZ,∇YW ) + g (Z,∇X∇YW )

Similarly, we have

Y (X [g (Z,W )]) = g (∇Y∇XZ,W ) + g (∇XZ,∇YW ) (2.23)
+ g (∇Y Z,∇XW ) + g (Z,∇Y∇XW )

and
[X,Y ] (g(Z,W )) = g

(
∇[X,Y ]Z,W

)
+ g

(
Z,∇[X,Y ]W

)
(2.24)

Taking (2.22)−(2.23)−(2.24) and noting a cancellation between terms with one
derivative falling on Z and one on W , we arrive at the result.

Corollary 2.5. Suppose X,Y, Z ∈ Xk−1(M), and let {eµ} be a local basis, whose dual
basis is {eµ}. Then if X = Xµeµ, Y = Y µeµ, Z = Zµeµ, we can write:

R(X,Y )Z = Rτ σµνX
µY νZσeτ

Where Rµνστ ∈ Cr−2(M;R) are the components of a (1, 3)−tensor, called the Riemann
tensor, given by:

Rτ σµν = eτ (R(eµ, eν)eσ) .
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Proof. We simply use the linearity results established above to write

R(X,Y )Z = R(Xµeµ, Y
νeν) [Zµeν ]

= XµY νZσR(eµ, eν)eσ

= XµY νZσeτ [R(eµ, eν)eσ] eτ

= Rτ σµνX
µY νZσeτ .

From parts i), iv) of Lemma 2.9, it is straightforward to show that the Riemann
tensor has the following symmetries:

Rτ σµν = −Rτ σνµ, Rτσµν = −Rστµν ,

where we recall that indices are raised and lowered with the metric.

Exercise 3.6. a) Suppose ω ∈ X∗k−1(M) and X,Y, Z ∈ Xk−1(M). By considering (2.21)
with f = ω[Z], and recalling that X (ω[Z]) = (∇Xω)[Z] + ω [∇XZ], show that:

ω [R(X,Y )Z] + (R(X,Y )ω)Z = 0.

b) Deduce that in a local basis, the action of R(X,Y ) on a one-form is given by:

R(X,Y )ω = −Rτ σµνXµY νωτe
σ

c) Show that if S1, S2 are Ck−1−regular tensor fields, then

R(X,Y ) [S1 ⊗ S2] = [R(X,Y )S1]⊗ S2 + S1 ⊗ [R(X,Y )S2] .

d) Deduce that in a local basis, the action of R(X,Y ) on an arbitrary (p, q)−tensor is
given by:

[R(X,Y )S]µ1...µp ν1...νq =

[
Rµ1σµνS

σµ2...µp
ν1...νq + · · ·+RµpσµνS

µ1...µp−1σ
ν1...νq

−Rσν1µνSµ1...µpσν2...νq − · · · −RσνqµνSµ1...µpν1...νq−1σ

]
XµY ν

The exercise above shows that the Riemann tensor on its own is sufficient to determine
the action of R(X,Y ) on an arbitrary tensor.

The Riemann tensor has further symmetries, which are encapsulated in the Bianchi
identities. We will simply state these at this stage.

Theorem 2.6. The following identities hold for any vector fields X,Y, Z,W ∈ Xk−1(M):

R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 0 1st Bianchi identity

[∇WR] (X,Y )Z + [∇XR] (Y,W )Z + [∇YR] (W,X)Z = 0 2nd Bianchi identity
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Proof. The proof is essentially by direct calculation, which can be simplified somewhat by
choosing the vector fields cleverly. See for example the book of Do Carmo, “Riemannian
Geometry”, pp 91, 106.

Corollary 2.7. With respect to a local basis, the first Bianchi identity can be written:

Rτ σµν +Rτ µνσ +Rτ νσµ = 0. (2.25)

This, together with the previously established antisymmetry properties implies:

Rτσµν = Rµντσ

With this in mind, we can write the second Bianchi identity is equivalent to:

∇σRµντλ +∇µRνστλ +∇νRσµτλ = 0. (2.26)

Proof. Writing the 1st Bianchi identity with respect to a local basis, we have:

Rτ σµνX
µY νZσeτ +Rτ σµνY

µZνXσeτ +Rτ σµνZ
µXνY σeτ = 0

relabelling indices, and pulling out factors, this is equivalent to:

(Rτ σµν +Rτ µνσ +Rτ νσµ)XµY νZσeτ = 0

which gives (2.25) since the vector fields X,Y, Z are arbitrary and {eµ} is a basis.
Now, consider the same identity written out four times, with indices all lowered:

0 = Rτσµν +Rτµνσ +Rτνσµ

0 = Rσµντ +Rσντµ +Rστµν

0 = Rµντσ +Rµτσν +Rµσντ

0 = Rντσµ +Rνσµτ +Rνµτσ

Adding these four identities and using the antisymmetry on the first and last pairs of
indices, all of the terms in the first column cancel against terms in the last column, and
we have:

0 = 2Rτµνσ − 2Rνστµ

which gives the result.
For the last part, we can write the second Bianchi identity with respect to the local

basis as:

(∇σRτ λµν)W σXµY νZλeτ +(∇σRτ λµν)XσY µW νZλeτ +(∇σRτ λµν)Y σWµXνZλeτ = 0

Relabelling, this becomes

(∇σRτ λµν +∇µRτ λνσ +∇νRτ λσµ)W σXµY νZλeτ = 0

Thus the second Bianchi identity is equivalent to the vanishing of the bracket above.
Lowering τ and using the interchange symmetry we have:

∇σRµντλ +∇µRνστλ +∇νRσµτλ = 0.
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2.3.2 Ricci and scalar curvature

From the Riemann tensor it is possible to construct other curvature tensors, which capture
some aspect or other of the geometry of the manifold. An important curvature is the Ricci
curvature, which is a Cr−2−regular (0, 2)−tensor, where for X,Y ∈ Tp(M), Ricg(X,Y )|p
is defined as the trace of the endomorphism:

R :
TpM → TpM
Z 7→ R(Z,X)Y

In a local basis, we have

Ricg(X,Y ) = Rτ µτνX
µY ν = RµνX

µY ν ,

where we define:
Rµν := Ricg(eµ, eν).

by the interchange symmetry of the Riemann tensor, the Ricci tensor is symmetric,
Ricg(X,Y ) = Ricg(Y,X).

We also define the scalar curvature, sometimes called the Ricci scalar, Rg, which is
the trace of Ricg with respect to the metric. In local coordinates:

Rg = gµνRµν

Lemma 2.10. The contracted Bianchi identities hold:

divg

(
Ricg −

1

2
Rgg

)
= 0.

Proof. We work in a local basis. Consider the second Bianchi identity in components
(2.26):

∇σRµντλ +∇µRνστλ +∇νRσµτλ = 0.

Contracting with gµτ , we have:

∇σRνλ +∇τRνστλ −∇νRσλ = 0.

Contracting again with gσλ, we obtain:

2∇σRνσ −∇νRg = 0

Dividing by 2 and re-writing this, we have:

∇σ
(
Rνσ −

1

2
Rggνσ

)
= 0,

which is the result.

The tensor field Ricg − 1
2Rgg is often referred to as the Einstein tensor, and denoted

G.
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Example 12. From Example 9 we have all of the information we require to calculate the
Riemann tensor for the Schwarzschild metric in Painlevé-Gullstrand coordinates, with
respect to the orthonormal basis {eµ} given in Example 7. We calculate, for example:

R(e0, e1)e0 = ∇e0∇e1e0 −∇e1∇e0e0 −∇[e0,e1]e0

= ∇e0

(
1

2r

√
2m

r
e1

)
−∇e1 (0)−∇

− 1
2r

√
2m
r
e1
e0

= −
√

2m

r

∂

∂r

(
1

2r

√
2m

r

)
e1 +

1

2r

√
2m

r

1

2r

√
2m

r
e1

=
2m

r3
e1

In this way, we can calculate:

R(e0, e1)e0 =
2m

r3
e1, R(e0, e1)e1 =

2m

r3
e0, R(e0, e1)eA = 0,

R(e0, eA)e0 = −m
r3
eA, R(e0, eA)e1 = 0, R(e0, eA)eB = −m

r3
δABe0,

R(e1, eA)e0 = 0, R(e1, eA)e1 =
m

r3
eA, R(e1, eA)eB = −m

r3
δABe1,

R(eA, eB)e0 = 0, R(eA, eB)e1 = 0, R(eA, eB)eC =
2m

r3
(δBCeA − δACeB) ,

Or in terms of components, we can extract the non-trivial components of the Riemann
tensor:

R0101 = −2m

r3
, R0A0B =

m

r3
δAB,

R1A1B = −m
r3
δAB, RABCD =

2m

r3
(δBDδAC − δADδBC) ,

with all other components either related to these by symmetries of the Riemann tensor,
or else vanishing.

To calculate the Ricci tensor, we have to take the trace over the first and third
indices of the Riemann tensor. Since we work in an orthonormal basis, this is relatively
straightforward, and we find, for example:

R00 = Rµ0µ0 = R1010 + δABRA0B0

= −2m

r3
+
m

r3
δABδ

AB = 0.

Similarly:

R11 = Rµ0µ0 = −R0101 + δABRA1B1

=
2m

r3
− m

r3
δABδ

AB = 0.
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and finally:

RAB = RµAµB = −R0A0B +R1A1B +RCADBδ
CD

= −m
r3
δAB −

m

r3
δAB +

2m

r3
δCD (δCDδAB − δADδBC)

= 0.

We thus conclude that the Ricci tensor (and hence also the scalar curvature) of the
Schwarzschild metric vanishes identically!

Note that the full curvature does not vanish: in fact, we see that the curvature
becomes singular near r = 0, which is the location of the black hole singularity.

2.3.3 Local expressions

We can work out an expression for the various curvatures in terms of the connection
coefficients, and ultimately the components of the metric. To do this, we simply have to
insert expressions for various derivatives.

Lemma 2.11. Suppose {eµ} is a local basis, with commutator coefficients given by:

[eµ, eν ] = Cσµνeσ,

and connection coefficients given by

∇eµeν = Γσµνeσ.

Then we have the following expression for the components of the Riemann tensor:

Rτ σµν = eµ (Γτ νσ) + ΓλνσΓτ µλ − eν (Γτ µσ)− ΓλµσΓτ νλ − Γτ λσC
λ
µν (2.27)

For the Ricci tensor, we have:

Rσν = eµ (Γµνσ) + ΓλνσΓµµλ − eν (Γµµσ)− ΓλµσΓµνλ − ΓµλσC
λ
µν

Proof. We calculate

∇eµ∇eνeσ = ∇eµ
(

Γλνσeλ

)
= eµ

(
Γλνσ

)
eλ + ΓλνσΓτ µλeτ

=
[
eµ (Γτ νσ) + ΓλνσΓτ µλ

]
eτ

Similarly,
∇eν∇eµeσ =

[
eν (Γτ µσ) + ΓλµσΓτ νλ

]
eτ .

We also have

∇[eµ,eν ]eσ = ∇Cλµνeλeσ
= Cλµν∇eλeσ
= ΓµλσC

λ
µνeτ
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Now, recalling that

R(eµ, eν)eσ = ∇eµ∇eνeσ −∇eν∇eµeσ −∇[eµ,eν ]eσ = Rτ σµνeτ

we have the expression above for the Riemann tensor. The expression for the Ricci tensor
follows from contracting on τ, µ.

This expression allows us to calculate the form of the Ricci tensor, thought of as a
(nonlinear) partial differential operator acting on g.

Corollary 2.8. In a local coordinate basis, we can write:

Rασµν =
1

2

(
∂2gαν
∂xµ∂xσ

+
∂2gσµ
∂xν∂xα

− ∂2gαµ
∂xν∂xσ

− ∂2gσν
∂xµ∂xα

)
−ΓλµαΓλνσ+ΓλναΓλµσ. (2.28)

and

Rσν = −1

2
gµα

∂2gσν
∂xµ∂xα

+
1

2

∂

∂xσ
Γνµ

µ +
1

2

∂

∂xν
Γσµ

µ − Γλµ
µΓλνσ (2.29)

+ ΓτλνΓτλσ + ΓτλνΓσ
τλ + ΓτλσΓν

τλ

Proof. 1. As a short hand, we will use ∂α = ∂
∂xα , ∂

2
αβ = ∂2

∂xα∂xβ
. We have to be careful

with the partial derivatives, since unlike covariant derivatives they do not commute
with the raising and lowering of indices. Now recall:

Γαβτ = gατΓτ βτ =
1

2
(∂βgατ + ∂τgαβ − ∂αgβτ )

so that
∂βgατ = Γαβτ + Γτβα (2.30)

As a consequence, we have

gατ∂β (Γτ µν) = ∂β (Γαµν)− (Γαβτ + Γτβα) Γτ µν .

2. Inserting this into the expression (2.27) and recalling that in a coordinate basis we
have Cλµν ≡ 0, we find:

Rασµν = gατR
τ
σµν

= gατ∂µ (Γτ νσ)− gατ∂ν (Γτ µσ) + ΓλνσΓαµλ − ΓλµσΓανλ

= ∂µ (Γανσ)− (Γαµτ + Γτµα) Γτ νσ

− ∂ν (Γαµσ) + (Γαντ + Γτνα) Γτ µσ

+ ΓλνσΓαµλ − ΓλµσΓανλ

= ∂µ (Γανσ)− ∂ν (Γαµσ)− ΓτµαΓτ νσ + ΓτναΓτ µσ
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Inserting the definition of Γ into the first two terms, we calculate

Rασµν =
1

2

(
∂2
µνgασ + ∂2

µσgαν − ∂2
µαgνσ − ∂2

νµgασ − ∂2
νσgαµ + ∂2

ναgµσ
)

− ΓτµαΓτ νσ + ΓτναΓτ µσ

=
1

2

(
∂2
µσgαν + ∂2

ναgµσ − ∂2
µαgνσ − ∂2

νσgαµ
)
− ΓτµαΓτ νσ + ΓτναΓτ µσ

which is (2.28).

3. To find the Ricci tensor, we first differentiate (2.30) to find:

∂2
µσgαν = ∂σ (Γαµν + Γνµα)

∂2
ναgµσ = ∂ν (Γµασ + Γσαµ)

∂2
νσgαµ =

1

2
∂ν (Γασµ + Γµσα) +

1

2
∂σ (Γανµ + Γµνα)

taking the sum of the first two equalities and subtracting the third, we have

∂2
µσgαν + ∂2

ναgµσ − ∂2
νσgαµ = ∂σ (Γνµα) + ∂ν (Γσµα)

+
1

2
[∂σ (Γαµν)− ∂σ (Γµαν) + ∂ν (Γαµσ)− ∂ν (Γµασ)]

Notice that the term in square brackets is antisymmetric in α and µ, so that

gαµ
(
∂2
µσgαν + ∂2

ναgµσ − ∂2
νσgαµ

)
= gµα (∂σ (Γνµα) + ∂ν (Γσµα))

= ∂σ (Γνµ
µ) + ∂ν (Γσµ

µ)

− Γνµα∂σg
µα − Γσµα∂νg

µα

Now, since ∂µgαβ = −gλα (∂σgλτ ) gβτ , we have:

−Γνµα∂σg
µα − Γσµα∂νg

µα = Γν
µα∂σgµα + Γσ

µα∂νgµα

= Γν
µα (Γµσα + Γασµ) + Γσ

µα (Γµνα + Γανµ)

= 2ΓτλνΓσ
τλ + 2ΓτλσΓν

τλ

4. To obtain (2.29) we multiply the expression (2.28) by gαµ and use the result of part
3. above to rewrite three of the four ∂2g terms in terms of Γ

The form that we have put the Ricci tensor in might seem a bit strange: we’ve made
some second derivatives of the metric explicit and others we have written in terms of the
connection components. To explain why we have done this, at this stage it’s useful to
introduce a particular choice of coordinates, known as wave coordinates. Recall that the
wave equation is given in a local coordinate basis by (2.14):

0 = �gf = gµν
∂2f

∂xµ∂xν
− gµνΓσµν

∂f

∂xσ
.
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We say that we are working in wave coordinates if the coordinate functions xα are
themselves solutions of the wave equation, so that �gx

α = 0. Since ∂σxα = δασ, we get
the following condition on the connection components when expressed in a local basis
induced by wave coordinates:

0 = −gµνΓαµν = Γαµ
µ. (2.31)

Theorem 2.9. With respect to wave coordinates, the Ricci tensor takes the form:

Rσν = R(w)
σν := −1

2
gµα

∂2gσν
∂xµ∂xα

+ Pσν(g, ∂g) (2.32)

Here P is a homogeneous quadratic form in the first derivatives,

Pσν(g, ∂g) = Pαβγ,λτµσν (g)∂αgβγ∂λgτµ,

where Pαβγ,λτµσν (g) = P λτµ,αβγσν (g) is determined from:

Pαβγ,λτµσν (g)∂αgβγ∂λgτµ = ΓτλνΓτλσ + ΓτλνΓσ
τλ + ΓτλσΓν

τλ. (2.33)

Proof. We simply insert the condition 0 = Γαµ
µ into (2.29), which implies that all of the

terms on the second line vanish. The fact that P is a homogeneous quadratic form in the
first derivatives follows from the fact that Γαβγ is linear in the first derivatives, and that
the right hand side of (2.33) is a symmetric quadratic form in Γαβγ .

This shows that the Ricci tensor (in appropriate coordinates) can be though of as a
quasilinear wave operator acting on the metric tensor.
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