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Exercise 4.1. Consider the following ODE problem. Given f : R — C, find ¢ such that:
—¢"+o=F (1)

a) Show that if f € ., there is a unique ¢ € . solving (1), and give an expression for ®.

7) —/Rf(y)G -

1, x
. 56 T < O,
Gz) = { %e*“ x> 0.

Exercise 4.2. Suppose f € L'(R3) is a radial function, i.e. f(Rx) = f(z), whenever
R € SO(3) is a rotation.

b) Show that

where

a) Show that f is radial.

b) Suppose that £ = (0,0,¢). By writing the Fourier integral in polar coordinates, show

that )
= / / / F(r)e=%r o002 sin 0dhdrde.
r=0J6=0 J =0

¢) Making the substitution s = cos#, and using the fact that f is radial, deduce:
smr \§|
. / £or
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Exercise 4.3. (*) Suppose that f,g € L?(R"), and denote the Fourier-Plancherel trans-
form by F. You may assume any results already established for the Fourier transform.

for any £ € R".

a) Show that
1

(2m)"

(f,9) = (Flgl, Flgl) -

b) Recall that f(y) = f(—y). Show that:

FFlf =

Hence, or otherwise, deduce that F : L?(R") — L?(R") is a bijection, and that
F L?*(R™) — L?(R") is a bounded linear map.

Please send any corrections to c.warnick@imperial.ac.uk
Questions marked (x) are not assessed



c¢) Show that:

FLAE) = Jim. o Flz)e " d

with convergence in the sense of L?(R"™).
d) Suppose that f € CY(R™) and f, D;f € L?*(R™). Show that &F[f](£) € L*(R") and:

FD;f1(€) = i&Ff1(€)

e) For z € R let:

i) Show that f € L?(R).

ii) Show that:
T —-1<é<,

Ane=-{% o=t
f) i) Show that for all z € R™:
17 % 9@)] < 1 Fllz2qam 1ol 2gar -
ii) Show that fxg € CO(R") and:
fxg=F [ F11- Flol]

where:
1

(2m)" Jgn

f&)ede.

Ffl ) =

[Hint for parts a), b), d), f): approzimate by Schwartz functions|

Exercise 4.4. Work in R3. For k > 0, define the function:

—kla|
(z) = Zﬂ' ||
a) Show that G € L}(R3).
b) Show that:
A 1
O e

[Hint: use Exercise 4.2, part c)|



Exercise 4.5. Consider the inhomogeneous Helmholtz equation on R3:
—Ap+ k= f (2)
where f € .. Show that there exists a unique ¢ € . satisfying (2) given by:

P(x) = - fy)G(z —y)dy,

where
6_k|m|

= el
[Hint: first derive an equation satisfied by ¢]
Exercise 4.6. Verify that if f € L} _ is such that Ty € %/, then:
.1y =Trr, and Tf = Tf
Exercise 4.7. Let f : R — R be the sign function
-1 z <0

ORI
and define fr(x) = f(z)1_g,g)(T).
a) Sketch fr(x).

b) Show that:
Tt — T} in . as R — oo.

¢) Show that:

g -1

d) For ¢ € ., show that:
T (6] = —2i /OOO de + 2 /00o (W> cos Rxdx

X

e) By applying the Riemann-Lebesgue Lemma, or otherwise, show that for any ¢ € .7

/ Y(x) cos Redr — 0
0

as R — oo.

f) Deduce that

-~ 1
7y = -2irv. 1)
T

g) Write down I/’;I, where H is the Heaviside function:

{O z <0

H(x) = 1 z>0



