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Exercise 4.1. Consider the following ODE problem. Given f : R ! C, find � such that:

� �00 + � = f. (1)

a) Show that if f 2 S , there is a unique � 2 S solving (1), and give an expression for ˆ�.

b) Show that

�(x) =

Z

R
f(y)G(x� y)dy

where
G(x) =

⇢
1

2

ex x < 0,
1

2

e�x x � 0.

Exercise 4.2. Suppose f 2 L1

(R3

) is a radial function, i.e. f(Rx) = f(x), whenever
R 2 SO(3) is a rotation.

a) Show that ˆf is radial.

b) Suppose that ⇠ = (0, 0, ⇣). By writing the Fourier integral in polar coordinates, show
that

ˆf(⇠) =

Z 1

r=0

Z ⇡

✓=0

Z
2⇡

�=0

f(r)e�i⇣r cos ✓r2 sin ✓d✓drd�.

c) Making the substitution s = cos ✓, and using the fact that ˆf is radial, deduce:

ˆf(⇠) = 4⇡

Z 1

0

f(r)
sin r |⇠|
r |⇠| r2dr

for any ⇠ 2 Rn.

Exercise 4.3. (*) Suppose that f, g 2 L2

(Rn
), and denote the Fourier-Plancherel trans-

form by F . You may assume any results already established for the Fourier transform.

a) Show that

(f, g) =
1

(2⇡)n
�
F [g],F [g]

�
.

b) Recall that ˇf(y) = f(�y). Show that:

F
⇥
F [f ]

⇤
= (2⇡)n ˇf.

Hence, or otherwise, deduce that F : L2

(Rn
) ! L2

(Rn
) is a bijection, and that

F�1

: L2

(Rn
) ! L2

(Rn
) is a bounded linear map.

Please send any corrections to c.warnick@imperial.ac.uk

Questions marked (⇤) are not assessed
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c) Show that:

F [f ](⇠) = lim

R!1

Z

B
R

(0)

f(x)e�ix·⇠dx

with convergence in the sense of L2

(Rn
).

d) Suppose that f 2 C1

(Rn
) and f,Djf 2 L2

(Rn
). Show that ⇠jF [f ](⇠) 2 L2

(Rn
) and:

F [Djf ](⇠) = i⇠jF [f ](⇠)

e) For x 2 R let:

f(x) =
sinx

x

i) Show that f 2 L2

(R).

ii) Show that:

F [f ](⇠) =

⇢
⇡ �1 < ⇠ < 1,
0 |⇠| � 1.

f) i) Show that for all x 2 Rn:

|f ? g(x)|  ||f ||L2
(Rn

)

||g||L2
(Rn

)

.

ii) Show that f ? g 2 C0

(Rn
) and:

f ? g = F�1

h
F [f ] · F [g]

i

where:
F�1

[

ˆf ](x) =
1

(2⇡)n

Z

Rn

ˆf(⇠)ei⇠·xd⇠.

[Hint for parts a), b), d), f): approximate by Schwartz functions]

Exercise 4.4. Work in R3. For k > 0, define the function:

G(x) =
e�k|x|

4⇡ |x|

a) Show that G 2 L1

(R3

).

b) Show that:
ˆG(⇠) =

1

|⇠|2 + k2

[Hint: use Exercise 4.2, part c)]
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Exercise 4.5. Consider the inhomogeneous Helmholtz equation on R3:

���+ k2� = f (2)

where f 2 S . Show that there exists a unique � 2 S satisfying (2) given by:

�(x) =

Z

R3
f(y)G(x� y)dy,

where

G(x) =
e�k|x|

4⇡ |x| .

[Hint: first derive an equation satisfied by ˆ�]

Exercise 4.6. Verify that if f 2 L1

loc. is such that Tf 2 S 0, then:

⌧xTf = T⌧
x

f , and ˇTf = T
ˇf

Exercise 4.7. Let f : R ! R be the sign function

f(x) =

⇢
�1 x < 0

1 x � 0

and define fR(x) = f(x)1
[�R,R]

(x).

a) Sketch fR(x).

b) Show that:
Tf

R

! Tf in S 0 as R ! 1.

c) Show that:
ˆfR(⇠) = 2i

cosR⇠ � 1

⇠

d) For � 2 S , show that:

T
ˆf
R

[�] = �2i

Z 1

0

�(x)� �(�x)

x
dx+ 2i

Z 1

0

✓
�(x)� �(�x)

x

◆
cosRxdx

e) By applying the Riemann-Lebesgue Lemma, or otherwise, show that for any  2 S :
Z 1

0

 (x) cosRxdx ! 0

as R ! 1.

f) Deduce that
cTf = �2iP.V.

✓
1

x

◆

g) Write down cTH , where H is the Heaviside function:

H(x) =

⇢
0 x < 0

1 x � 0


