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Exercise 4.1. Let A C R", suppose f,g : A — R are bounded, and let A > 0. Show
that:
f) inf Af(z) = A inf f(z),

a) sup —f(z) = - inf f(z), €A €A
b) ;gg—f(x) = _iggf(x)’ g) ?Elgf(x) < 21612|f(13)|,
) A = AR @) ) |int f(@)| < sup (o).
d) sup (f(z) + g(x)) < sup f(x) + sup g(z),

€A €A €A

e) inf (f(z) +g(x)) > ;gﬁ,f(l“) + gggg(ﬂc),

Exercise 4.2. Let [a,b] C R be any finite interval and P be any partition of [a,d].
Suppose f,g : [a,b] = R are bounded functions, and that A > 0. Show that:

a) U(—f,P):—L(f,P), d) L()\f,,P)ZAL(f,’P),
b) L(—f,P) = -U(f,P), e) U(f+9,P) <U(f,P)+Uly,P),
c) U, P) = AU(f,P), f) L(f +9,P) = L(f,P) + L(g,P).

Exercise 4.3. Suppose that P < Q. Show that:
0<U(f,Q) — L(f.Q) <U(f.,P) — L(f,P)

Exercise 4.4. Let A C [—1,1] be a finite set, and let x4 : [-1,1] — {0,1} be the
characteristic function of A. That is:

1 x € A,
XA(”C)_{ 0 azgA

Show that y 4 is integrable, and:

/11 xa(z)dz = 0.

Exercise 4.5. Suppose that a < ¢ < b and suppose f : [a,b] — R is a bounded function.
Let P be a partition of [a, b] of the form:

P = (Cl,l'l,. -y L)1, L] = C, X415 - - - ,.’L'k»_l,b).
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and define Py, and Pg to be partitions of [a, ¢] and [c, b] respectively, given by:
Pr = (a,x1,...,21_1,¢), Pr=(¢,Ti11,---,Tk_1,b).
Show that:
L(f,P) = L(fljgqPr) + L(flicp - Pr),
U(f,P) =U(fliaqPr) +U(fliey)» Pr)-
Exercise 4.6. Suppose [ : [a,b] = R, g : [a,b] — R are integrable.
a) Show that:
(b—a) 1nf f(z / f(z)dz < (b—a) sup f(z).

z€la,b] z€[a,b]
[Hint: Consider the trivial partition P = (a,b), and use Theorem 2.2]

b) Establish the estimate:

f Jda| < (b—a) sup [f(z)]

z€[a,b]

[Hint: Use part a) applied to both f and —f]
c¢) Show that if 0 < f(x) for all = € [a, b] then:

0< /abf(w)dx

d) Show that if f(z) < g(x) for all = € [a,b] then:

/ab f(z)dz < /abg(x)da?

[Hint: Use part c) applied to (g — f).]

[ el < [ 1)

[Hint: Note that f(x) < |f(z)] and —f(x) < |f(z)| and apply part d)]
Exercise 4.7 (*). Consider Thomae’s function f : [0,1] — R:

[Hint: Use part a)/

e) Prove that:

1 z=0
f(z) = { % x = g € Q, where hef(p,q) =1,
0 x & Q.

Show that f is integrable.



