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Exercise 2.1. We say that a sequence (z;);°, with z; € R" is a Cauchy sequence if the
following holds: given € > 0, there exists N € N such that for all ¢, 7 > N we have:

le — $]H < €.
a) Suppose the sequence (z;);2, with z; € R™ converges to x. Show that (z;)2, is a

Cauchy sequence.

Hint: write x; — x; = (v; — x) — (x5 — x) and use the triangle inequality
J J

b) Suppose ()72, with x; € R™ is a Cauchy sequence. Show that (z;):2, is bounded.

[Hint: Apply the definition of a Cauchy sequence with € = 1 and use the triangle
inequality/

c¢) Show that every Cauchy sequence in R™ converges.

[Hint: extract a convergent subsequence using Bolzano—Weierstrass, and use the Cauchy
property to show convergence/

Exercise 2.2 (*). Suppose A C R"” and f: A — R™. Show that lim,,, f(z) = F if and
only if for any sequence (x;);, with z; € A, z; # p and x; — p we have:

f(zi) = F, asi— oo.

Exercise 2.3. a) Show that the map

f: R — R™
r +— (z,0,...,0)
is continuous on R.
b) Let A C R™ and suppose we are given a map:
f A — R™
(', 2" = (fl(acl,...,m”),...,fm(azl,...,a:”))t.

Show that f is continuous at p € A if and only if each map f¥: A — R is continuous
at p,fork=1,...,m.

c¢) Show that a map f : R™ — R which is polynomial in the coordinates is continuous on
R™.

Exercise 2.4. Suppose that £ C R” is compact and f : E — R is continuous on E.
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a) Show that f(F):={f(z):x € E} is bounded.
[Hint: Write f(x) = (f}(z),..., f™(x)) and apply Theorem 1.9 to each f’(x).]

b) Show that f(F) is closed, hence compact.

[Hint: Consider a sequence (x;)2, with z; € E such that f(x;) — F. Extract a
convergent subsequence to justify that F = f(x) for some x € E.J

c) Is it true that f(F) is closed if we just assume FE is closed (not necessarily compact)?

[Hint: Consider the function x — tanhzx for x € R.]

Exercise 2.5 (*). a) Suppose f : R" — R™ is continuous on R", and suppose U C R™
is open. Show that:

fﬁl(U) ={zx eR": f(x) e U}

is open.

b) Suppose that f : R® — R™ has the property that f~1(U) C R™ is open for every open
U C R™. Show that f is continuous on R".

Exercise 2.6. Suppose that f: R — R is differentiable (hence continuous) everywhere
on R and the derivative satisfies:

|f'(2)] < M, for all z € R.

a) Show that for x,y € R we have the estimate:
[f(z) = fy)l < M|z —y|. (3)

[Hint: Use the mean value theorem]
b) Deduce that f is uniformly continuous on R.

The condition (8), which can be imposed whether or not f is differentiable, is known as
the Lipschitz condition.

Exercise 2.7. Which of the following functions is 7) continuous, i) uniformly continuous
on its domain?

f: R —- R

a) r +— et
b) f (01 —- R
T — e

f R —- R
©) r +— sinz
d) f [0,0) — R



f : R*\ {0} — R»

z =
||

Exercise 2.8. Let A C R™ and suppose that f,g: A — R.
a) Show that if f, g are uniformly continuous and bounded, then so is fg.
[Hint: Write
f(@)g(z)—f(y)g(y) = [f(x) = FW)][9(z) — 9W)+[f(z) — fF(W)]9(w)+f(y) [9(z) — 9(y)]

and use the triangle inequality/

b) Show that if f, g are uniformly continuous but not necessarily bounded, then fg need
not be uniformly continuous.

[Hint: Consider f,g: R — R given by f(z) =z and g(z) = sinzx |



