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We work over R™ for some n € N.

a) State the Gagliardo—Nirenberg—Sobolev inequalitM ] W
b) Let 1 < p < n and set p, = np/(n — p). Show that it ¢ # p., then there can exist E
no constant C' such that

lullze < C||Dulz» ‘/

Hint: you may find it useful to consider the family of functions ¢x(x) := ¢p(A\x) for
some fized non-zero ¢ € C°(R™) and A > 0.

holds for all u € C°(R™).

¢) Suppose for some 1 < p,q,< oo and a,b € R there exists a constant C' such that now M
’

the inequality:
lulzl*l 0 < C |IDullal’] O [ & b),

holds for all w € C°(R™). By arguing as in part b), or otherwise, find a felation
between p, q, a, b, n.

d) Show that if p = ¢, b =a+ 1 and ap > —n, there indeed exists a constant C' such
that (1) holds for all u € C2°(R™).

Hint: note that |z|"P = n_:ap div (z|x|P), and integrate by parts. k \/
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