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§1. . *

The Axiom of Choice and Continuum Hypothesis.
9q o.

Eefore Forcina.

T 2000 (Gddel) Con(ZF) implies Con(ZF + V = L).

T 1001 (Gddel) ZFt V = L — GCH.

T 1002 {Lindenbaum-Tarski) ZFF GCH - AC.

.&N ﬁ 1. After Forcing; Non-constructibility.

T 1100 (Cohen) Con(ZF) implies Con(ZF + GCH + there is a non-comstructible

subset of w), s

Let 2 = {0, 1} be given .gm discrete topology and the measure
w
defined by u({0}) = u{{1}) HW 5 let 2 be given the product topology

and measure.

e .
ww = algebra of Forel subsets of 2 modulo sets of first category,

"D 1101
D 1102 H.wm = algebra of Borel subsets of 2% modulo sets of First-ratemewy.
MRS e O .
®) (@) | - 3¢
v

Define an element of V ( } by

Thea a . (r= ms_n.?v = 1}/sets of first category

B

(Ifxe 4] 2. {re2%g(n) = 1}/ sets of measure 0).
Let M be a c.s.m. of ZF + AC. Then
¥ D 1103 A real 8, is gerneric over M iff there is a M-complete
s mv\\.
ultrahocmomorphism m,u. of Hw% with W/
g M
) v . UH
mng:ﬂﬁmsmwm ) =1} 3
1 1
1

D 1104 A real a, is random over M iff there is an M-complete

2
ultrahomomorphism F, of ww with
mMu??um;”:mwﬂ Y =1} ;
M
(")

we write M \m.w = zmmwu' ete. For details, see the paper

of Scott and mowmﬁ.m« [*].

Cohen proved T 1100 by showing that zmwwu T mw \ L , where M

is a c.s.m. of ZF + V =1, and a_  is generic over M. The concept

1
of "random real™ is due to Solovay, who also msotma that D 1103 is
equivalent to the notion of generic real implicit in Cohen's proof. We
shall see later that Emwu and zmmmu» where a, is random over M,
differ in many details; for the present, let us record Solovay's
observation that Emwu contains no reals random and z?mu no reals
generic over M.

We sunall write simply “random" or "generic,” omitting "over M",

during discussions in which the ground model M is fixed.

Now that we know that non-constructible reals are possible, we may

consider "degrees of constructibility," or L-degrees, for real numbers:

D 1105 a <pb iff a is constructible in b; that is, a ¢ L{b].

Sacks invented amethod of forcing which yielded a model having

precisely two L-degrees. Thus

T 1106 (Sacks) Con(ZF) implies Con{ZF + GCH + there is a non-constructible

real + >x<?ms>xmb><ms.l<Abxv.



[

Sac concditions are prerfect subsets of 2 with the abcve
topolog:: it Is Truitful to think of a condition T as the set of
» maximal bran athe) of a tree with one root and nc tree tops such
that alon. path are infinitely rmany forks. The forcing relation
is then given by

D 1107 7Tl n € & iff for =il paths P in T, P{n) = 1;

TH- T £ & iff for all paths P in T, P(n) = O.

Exanmple Let the initial portion of T be

AN
7! .
VA
NN
AVANANE

A
Then T I 14 & and

-

oW

=]
T

wr
™
we

The principal property of Sacks forcing is

mmn T 1108 The fusion lemma:

Let S be the set of finite sequences of O's and 1l's.

Let Ham_m ¢ 8} be a family of Sacks conditions such that

for gll s e s, T N Ty = g; T < T and T,

<
0 Ts p= T « Then

1 s

s M N T. is a Sacks condition.

D 1109 Let ¥ be 2 c.s.m. of EZF + YV = L. L real a gerneric over I

with respect to Sacks forcing will be termed a Sacks real
(over M); the model M[e] a Sacks model.
For further detzils, consult Sacks [*].
N e R Ps M
Another method of obtaining reals of L-degree minimal over L
is to take as conditions pair Am.mv with

ACTw~BSWu~ANB=¢~w (AUE) = w where

D 1110 (a,8)lF ¥ e€a iff neca

(A,B)I-R g & iff nesB.

¢¥T D 1111 We shall call a real a generic with respect to this notion of

forcing a Silver real (over M), and the model M{al a Silver

model, in honour cf the man who first established that this

forcing reiation gives reals of minimal L-degree.
Let us note some properties of Siiver and Sacks reals over a fixed
M(FV = L).
T 1112 Every non-constructible real in a Sacks model is & Sacks real;

MM& T 1113 (Kunen) No Silver real occurs in a Sacks mcdel.

By the minimal degree property, it follows that
T 1114 (Kunen) No Sacks real occurs in a Silver model.

T 1115 (Xunen) Not every non-constructible real in a Silver model is a

Silver real.

T 1116 (Prikry) Sacks forcing is equivalent to taking as truth algebra
the completion of the algebra of Borel subsets of 2% modulo the

countable sets.
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, and morecver, ift b, b, are twe distinct

~ie Bc.lean aigebras mv~v < UHU and

sorY  Con'zZF) impiies Con(ZF + GCH + V A K + K /4 L).

brief comments on the proof of T1i2k, Suppose that N is s

ac.s.m. of. ZF + GTH+ V y L, and that t S w, t x L, t € N. McAloon's

criginal way of making t on ordinal definable was to expand N to an

®
(nlz T = w;+www but then N' does not satisfy GCH. A

o+
#

more subtle method had to be found: the ansver is now described.

D 1126 Write mAva for "For every subset A of R, of cardinality Ry
there is & constructible B & xQu of cardinality xQ with either

BLA or BOA = ("

T 1127 (¥chloon) Let M be a c.s.m. of 2ZF + GCH + AQ > owﬁxmvm let
t oM t<w Mkt#L Then there is an extension N of M

such that on’ = ons Nl GoH ~ A > wP(R); and in N,

t = (nlF(x_ )} .

n+l

We cculd ccde t higher up the ordinals: for if f is any ordinal,

the set {(n|F(®_ )] is also ordinal definable. By a judicious iteration

B+n
of the coding process T 1127, we get a model of ZF + GCH + V = K. See
McAloon [*].

We end this part with some remarks on the property F and an extremely

fruitful coding device due to Solovay.

iIf ¥ is a c.s.m. of ZF +V =1L, and t is generic, then in
Mit], mﬁxov i¢ false, but for every o > O, vAva is true. .Aarwm
is the basic fact used in proving T 1i27). 1In a Sacks model, waov

ig true and mAva also hclds for every o > 2. Y
< et H

.M%A P 1128 (Friedman) Is mAva true in a Sacks model?

If the answer is yes, then some special properties of Sacks' model
must be used in the proof in view of

T 1129 Con(ZF) implies Con(ZF + Va(a © w ~ V = L[a]) +.J2Jv7

which is a consequence of the following general method of Solovay, - ’ .

hereinafter called "Solovay's trick":

_.
71130 et M be a c.s.m of ZF 4 AC 4 ew =, and let AcHN, )
A< w. Then there is an t < w such that in M[t],

&

"A € L' [t]" is true: in other words A is constructible from t.

Proof of T 1130: Let ¢ B, v < ewv be a constructible family of reals,
in M, s.t. v<uc< w |.w< n m: < w, and each m< is infinite.

We aspire to find a real t for which

<A<A€Hlm<m>Al|Vm<:nAEC.

A condition will be a pair Ax.wv where X 1is a finite subset of
w and Y is a finite subset of A, the intended interpretation

being

a:Cw<ux:Cm. : )
veY vey ¥ °

We therefore define



©
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—

D 1117 The function f: S(w) =8(w) X 5(¢) defined by f(a) = (£, (2), £(a)2,

where

n ¢ mHANV iff 2n e a

ne mwva iff 2n+ 1€ a,
is said to split the real a. .

Now if we split a random (or generic) real, we get two random {or
generic) reals of wmooavmnmdwm L-degrees, but if a is Silver or Sacks,
wHAmv and wmAmv have compzrable L-degrees. Further, as Solovay has
shown, there are no minimal L-degrees in wa\mw or zmwwmm‘ and if W
is a c.s.m. of ZF + GCH + "there are precisely two L-degrees," then N

: N
contains no reals random or generic over L . Thus

T 1118 Iet M be z c.s.m. of 2ZF + V = L. Then the properties of a real

number teing generic, random, Silver or Sacks over M are mutually

exclusive; moreover if a is a real having any one of these properties,

#{a) contains no real having any of the cther three.

Silver and Sacks' mowow:m have another interesting property; which
we mdwnm in the language of 3oolean algebras. A useful theorem in making
Boolean valued extensions of L is that if B satisfies the countable
chain condition, then cardinals are preserved in the extension hﬁu$. Now

both Siiver and Sacks' forcing preserve cardinals, but neither satisfies

the countable chain condition.

Let K denote the universe of hereditarily ordinally definable sets.

(The paper of Myhill and Scctt [*] gives a detailed account of this notion.)

T 1119 ZFF V = K = AC.

T 1120 ZFF LS K C V.

P 1121 (Lévy) Con{ZF) implies Con(ZF + V # K +X=1L+GCH).

In fact there is the general principle:

T 1122 (XKripke) Let 1B be homogeneous. Then
verL-[lr=x]%-1.

More generally, the conclusion of T 1122 holds if 1B is the direct sum

of homogereous algebras. Thus (see Kripke ﬁwuv a counterexample to the

ooaumoﬂcum of Sikorski that every complete Boolean algebra is the direct

sum of homogeneous algebras is given by an algebra B (which may readily
be constructed using the methods of Easton (T 1202)) such that e

R
Tim:uxslumnw@up./

T 1122 and its corollary have been strengthened:

T 1123 (Vopénka) 1In a Boolean-valued model <qm&. the class K is
*
precisely <AHHW w where
* 4 .
B = {beB{b is fixed under all autcmorphisms of 1B} .

Solovay remarked, after hearing of Kripke's work, that if 1B is the
algebra used in proving

T 1124 (McAloon) <C:n(ZF) implies Con{ZF + GCH + V = K + K £ L).
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iff nexn\U B

r N
D13 (X, Ye vy By

LDI-¥ et iff ne C%« BNX .

The partial ordering of conditions is given by
D 1132 {x,¥) < {x',y') iff X'SXAY SYAXNX S e\UIBIve),

{wbere "<" is read "is a stronger condition than,” in sympathy with the

Boolean algebraic approach to forcing.) For any Y, Y', Awiv and {X,Y')
are compatible, so the countable chain condition is easily shown to hold;
the remainder of the proof is elementary.

To prove T 1129, let N be a c.s.m. of ZF +V =1; A a subset

w
of e% generic with respect to the regular open algebra of 2 1 with

the © topology; and let t be as given by T 1130, with M = N[A].

Then MAzwv is false in M[t].

S 2. Doing without the Continuum Hypothesis.

We now consider ways and means of violating the GCH while
preserving AC.

R
T 1200 {Cohen) Con(ZF) implies Con(ZF + AC + 2 © = zwv.
R N .
It is known that 2 ° cannot be R j more generally, ) -

R
T 1201 (Konig) 2ZF + ACk >Q?2za~ < ef(2 %97,

The following theorem shows that for regular me T 1201 is the

only restriction,

T 1202 (Easton) Let M be a c.s.m. of NBG + GCH, and let F be any

function (in M) with domain oﬂ mnaﬂm:mmm o& mcn:ﬂsmd

>QAQ < m,.QvW\meAQ <B - Fac<F'8);
and

\#Qﬁoixnv < oixw.vi..

Then there is an extension N of M in which ox = omw

M N mz N N
card = Card"; c = cf; AC is true and for every regular

R,29%_

a’ xm.:Q.

Little is known about singular cardinals: for instance,

) R
P 1203, (Solovay) TLoes Con(ZF) imply Con(ZF + AC + \as <w2™ . x Hv
n+
N )
w o
+2 %= 2¢¥mvw

o



+x ¢ L)«

: or rephrased model-thecretically,

set of R in an extension of a model of

without adding subsets of xs. any n?

These are the simplest cases of the "singular cardinals problem."
There is some restrictior on the behaviour of 2 exp ws. for as pointed

= X

out by Hechler and Bukovsky wnmm@msamuawm‘. if >: > ngs 2 exp z: wl?

then 2 exp X3 = 2 mx@Astv = JI(2 exp x:v < (2 exp x:ovmxw R = 2 exp mso

= R < 2 exp R, so mmxbxeuxsﬁ.

T OTwl = &

This remark is a special case of

M\A T 1205 (Bukovsky [H25)) ZF + AC P Let %?pv kg < k- Then

(1) 2 expR = YMQ (2 exp xwv if there isa 7 <«
A3

such that >1w <y<a-+2expR_ =2 exp R_ )3
[} 7 wo

2expR_ = (3 (2 exp xwvvwxn?: Y (2 exp x.\vvv
< <

otherwise,

(i1) x_exp i, = ) (®_ expR)), if there isa 7_<a
Q i3 v Y 8 o)

such that for all 7 with 7, <7 <a

x xux mxx.
y KB Rg =, PRy

R_ exp X

2 o0 %y = (3 (8% exp r)exn(el( T (x, exp x,))

otherwise,

11

Thus in a precise sense the function A3 w.Q exp xm can be

calculated from Aa xQ exp nﬁ.xnv. Hence the general problem:

P 1206 Investigate the behaviour of Aq R, exp nnAva in various

models.

Vﬁl P 1207 Do there exist twc models M T N of 2F + AC with the same

cardinals but different cofinalities?

P¥ikry has shown (T 2118) that if there is a two-valued measurable
cardinal K in N, a c.s.m. of ZF + AC, then there is an N2 M with

the same cardinals as M in which cf

P 1208 (Bukovsky) Show

Con{ZF + AC + 2 exp Ry =K+ An > 1(2 exp R =R, =2exp x?&wv

Do

+ R exp xo = xrxm + \dQ > w2 exp xQ = le

P 1209 (Takeuti) Does Con(ZF) imply
R

m

R
con(zF + A + Mn < whn < w2s2mA L(s(r)) = L(S(x))))?

P 1210 . Find a real t and a c.s.m. M of ZF + GCH such that
R

Mlt1E 2F + AC + 2 ° = &, and the cardinals of M[t] are those

2
of M.

T 1211 (Silver; Solovay) Let M be a c.s.m. of 2ZF + V = L. Then there
is a real t such that M[t] is a model of 2F + AC, and

Mt}
1

S T O

R 2 3

= Z%L. X

12
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T 1211 is proved by using Solovay's trick, T 1130, as is

. Nm\i T 1212 (Jensen). Let M be a c.s.m. of ZF + V = L. Iet & be

any ordinal strongly inaccessible in M. Then there.is a

Is

t < w such that M[t]l ZF + GCH and in M[t], 6 =R,.

{Solovay had obtained T 1212 for the special case when 6 1is the

first inaccessible in M).

T 1213 (Xunen) ZFF If there is a ¢.s.m. of ZF + V = L, .then there

is a c.s.m. N of ZF + AC such that no submodels of N wit

the same cardinals satisfies GCH.

We have seen McAloon's methods for making sets of ordinals ordinal-
definable, and have noted that we need only use the higher reaches of

the ordinals for coding; for example given t C w we can select an «

.

and make

t = (n[2 exp Raen = xQ+n+.~u 3

by intelligent iteration we may ?.93.

T 1214 (McAloon) Con(ZF) implies e
LR r
’ N — — -
Con{ZF + AC + 2 ° = Ky + 2 xz§w+<|x+mm3

R

T 1215 (McAloon) Con(ZF) implies Con(ZF + AC + 2 ® =R, + VAK + K # L).
2 K

Throughout 1216-1220, N, M are c.s.m's of ZF + AC with the same

ordinals, and N C M.

13

WW' D 1216 ?o@MESV A set ZeN,Z<EM is a support for N over M iff

. Ax e NxcM-VReMRZ=X)) .

T 1217 (Vop¥nka) A support for N over M exists iff there exists
a complete Boolean algebra B € M and an M-complete ultrahomo-

morphism F such that N = zum\m.

. -

T 1218 (Vopénka) Let X be the class of hereditarily ordinal definable
sets of M. Let A e M. If L[A] 2K,  then there is a

Be X 2nd an F such that L[A] = wuw\m,.

T 1219 ?ow,mnwmv let ZCTA e M. Then Z .is a support over M for some

N iff
(1) <wH e M(R]Z = Mz))
and
(2) <mm € Ewmm = m;bﬁﬁv.

We may also treat the notion of a Boolean-valued model when B is

a proper class of M. 1B is L-complete iff it contains suprema and

infima of constructible subsets.

T 1220 (Vopénka). Suppose that MEV = L and that Gddel's axiom E, the
class form of the axiom of choice, holds in N. Then there is a
,oo:m.ﬂ.coﬂcwm IL-complete Boolean algebra IB and an L-complete
ultrahomomorphism F such that N = zmm\m. Moreover,
s{L) = {r"Fir ¢ L}; that is, F is a support for N over N,

except that F is not necessarily a set of N.

Easton has shown that axiom E is independent of NBG + AC;

see T 5002.
1h
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ccuntable

interva!l

n 1221 A Souslin tree is a partial ordering \T, <) such that for all

< x}, <) it a well-ordering, every chain and anti-

chain is countable, but T = xw.

SE* was shown by E.C. Miller to be equivalent {in ZF + AC) to the

2
assertion that therc are nc Souslin trees, which form we shall call SH .

D 1222 4 normal Scuslin tree AevAav is one which has precisely o

minimal element, in which there are infinitely wmany branches

at each point, whose field T is xwu the set of countable

ordinals, whose ordering is such that o<, B - e B, and
T

in which

D 1223 We write SH for 'There are nc normal Souslin trees." SH - is

2
m@cw<mwm:dW3NM¢>0do mmw m:ﬂmm.

T 1224 (Tennenbauws; Jech) Con(ZF) implies Con(ZF + GCH + = SH).
o
T 1225 {Tennenbaws; Jech) Con(ZF) implies Con(ZF + AC + M 8H + 2 ~ = xmv.

T 1226 (Solovay, Tenncnbaum) Con(ZF) implies Con(ZF + AC + SH).

We shall first make scme remarks about the'original prooi’s of these
theorems, and discuss certzin generalizations of SH to higher cardinals;

and then we shall consider an axiom that implies SH ard has other virtues.

15

ZF + V =

. tree to a3 vos.me ¥ of

-
|

way Lo proved Ly addl a

. Teunenbaum werked with f'inite conditions, and it was remarked

e

by Solovay that the algebra he used was isomorphic tc the one used to add
R

. . . 1
generic reals, viz. the regular open algebra of 2

with the X
. o]

topology. Another mcthod, developed in Czechosiovekia by Jech [H 501, and
modified by wwmwamv is to take as conditions trecs which satisf{y the re-
quirements of D 1221 and D 1223 save that they are countable. One tree is
stronger than ancther A@:M omsaWﬂwOSMV if it is an end extension of it. Jech
mentions in a letter to the auther that his algebra is the regular open
algebra of mww with the xw topology: thus no new reals are added with
his method.

The proof of T 1226 is much harder: suppose there is a normal Souslin
tree T in M. We may destroy it by adding a generic path through T, a,

condit

n being an initial segment of a path through T, ending at some

¢

point of T, and the partial ordering of conditions being thset given by

inclusion (the countable chain condition Wowwozm from the fact that in T,

all antichains are countable); but new trees may be produced in the act. Now

in M there are at most xm norral Souslin trces. We destroy one; then in

the extension there are still < xm trees, and as cardinals are preserved, ;
f o

it is the same R We now iterate the process, zigzagging vack and fcrth

2
so that every normal Souslin tree in the sequence of models, which will be
of length xm is destroyed precisely once. Then provided that no cardinals
have collapsed in the meantime, SH will be true in the final model. The

original demonstration has been considerably simplified by the following genera.

principle of iteration:

16



T 1227 (Solovay) ZF + ACH Let x be an infinite ordinal; let (B [v g K)
be a sequence of complete Boolean algebras such that wo = 2; each

Hmc is a regular subalgebra of md+ww mONVmHHBMAO&aw:wwau

B, = the suswamwvnosvwmowon of U aﬂw then the first v such that

A w<h

uw does not satisfy the countable chain condition is not a limit
crdinal.

. X ‘
wamam»wosmcmwws&«xmﬁnOmm»UHzm o V xpu «UCmnumb»b

But after xm

problem now is this:

19 -
bﬂ/m 1228 Does Con(2F) imply Con(ZF + GCH + SH)?

%wmmm Is SH true in L?

.ﬂwvwmwo (Sclovay) If one extends a c.s.m. of ZF + V = L by adding wp

Vasd

random reals, is SH necessarily false in the extension?

R R
In T 1226 using EZaston's method, one can get 2 °_p 1. anything
R R
vmnﬁwaﬁmac%awmowvdcnwnwmnonwsotssotﬁo mmﬂm oAm H. ﬂwwwcboﬁwoz

R R
{2 %la > 1) in T 1226 and the function (2 %o > 0) in T 1225 can be made

to do anything sensible.

7 1231 (Rudin [ 8]) 2F + AC F If every normal Hsusdorff space is countably

paracompact, then SH.

memwm (Tennenbaum) Prove that Con(ZF) implies Con(ZF + GCH + every

normal Hausdorff space is countably paracompact).

D 1233 Let Kk be an infinite cardinal. A Souslin k-tree is a tree of power

X such that every chain and antichain is of power < K.

17

lww¢ T 123% ZF + ACH If Kk is weakly compact, then there are no Souslin K-trees.

T 1235 Amﬂdemx [H 51}) Let kK bea regular infinite cardinal in a c.s.m.
+

M of ZF+V =1L. In M, let IB be the regular open algebra of 2*

with the x' +topology. Then

m.ezmwm is a Souslin M...#nmmaw = M .

Jech's method is the case K = W, mewH% has shown that the method works
also for adding a K-tree where k is inaccessible or Mahlo, (and preserving
these ‘properties in the extension); Silver has discovered how to add a x+|nnwm
if Kk is a singular cardinal.

Several relative consistency results have been obtained by iteration
techniques similar to the one just described: in each case, a series of
extensions of L is made, each adding an object generic with respect to scme
collection of subsets of a complete Boolean algebra. A number of people
(Kunen; Martin; Rowbottom; Silver) independently realized that much of the
pain of iteration arguments could be removed by working with an axiom asserting
that tne required generic objects exist in the real (and not a Boolean-valued)
universe. We select one possible formulation of such a principle: Solovay and
Martin wqdmza to write a paper about Martin's version to be entitled "Internal

Cohen Extensions."

UVWW\\ D 1236 We write {*) for the following assertion: for every complete

Boolean algebra IB satisfying the countable chain condition and

every family of cardinality at most R, of subsets of IB, there is

1

a homomorphism off 1B onto 2 complete with respect to every set

in the family.

The following result can be proved by iterated forcing:

18



.o . o , ,
> “1e Roth 2 7 = wm .w:om .V K, are

7Z¥ + AC + (%),

a coroliary of T 1237 and

») & Bvery suvset of r, 1is constructible

T 1239 is rekdiiy seen: if T were a normal Souslin tree, the Tennenbaum

destructicn alsebra described in the discussion of the proof of T 1226 would

to {*). T 12k0 uses T 1130.

be a counter

Further consequences of {¥) will be given in §3: we note here some

topological apvnlications.

T 1241 (Silver) ZF + AC + (¥} There is a non-metrizable separable normal
M, locore space.

{For Moore spaces, see Bing {11).

T 1242 (Booth) ZF + AC + DYy 2 is sequentially compact, where 2 has

()
the discrete topology and 2 1 the product topology.

’ In contrast te T 1242, 2% cannot be sequentially compact, where
c = mvo.
’ T 1243 (Booth) ZF + AC + (#) b . io compact separable metric space of
M positive dimension mm.nsm union of ww. closed sets of dimension O.
* R R

1

T 1254  (Bukavsky) [H55] Con{2F) implies Con(ZF + AC + 2 © . 2"+ every

uncountable separable metric space contains a non~Borel set).

19
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x

€ 3, 1ife without Choice

-

We use Lévy's notation [5 ] for varicus weak forms of the axiom of choice,

(where « is finite or an

though we abbreviate :\)QON: by :n”p_. By pc™

aleph) we mean the following:
given a relation R such that for every subset Y of a set X
with Y < @ there is an x ¢ X with AAu x) ¢ R, there is a

fupetion f:a —X such that A s <a{rs,08) ¢ R

Thus mns is the axiocm of dependent choices.
[ 5] gives a theorough treatment of the Fraenkel-Mostowski family of

results, some remarks on.which will be found in a later section of this saga.

Con{ZF + =1AC).

]

1300 (Cohen) Con(ZF) implies

T 1301 (Cohen) Con{ZF) implies Con(ZF + I.owv.

W

)

=3

1302 (Jensen) <Con{ZF) implies Con{ZF + ¥ s ik

1302 can be strengthened to

T 1303 (Jensen) Let & be an infinite cardinal in a c.s.m. M of
T ) 1" w
ZF + V = L; then M can be extended to an N in which om = omw
M N a . ’
Card = Card'; C is true but nc® is false.

On the other hand,

T 130% (Jensen) ZFF Aa pc® - nc”
71305 zFk Aa c® - Ac
T 1306 (Solovay, based on work of Feferman and Jensen) Con{ZF) implies

@ L
Con(ZF + A + - DC J

20



T 1307 (Jech [H 44]) ZFF Let M be a c.s.m. for 7ZF + AC, and O Gauntt has a partial answer to P 1313 for the system ZFU, which is ZF ‘

M. Then there is an N 2 M E..S,.. weakened to admit Urelemente: it is conjectured that his work will transfer

[N
o]

a regular infinite cardinal

(¢

the same ordinals such that in N, — moQu \._om and there is a to ZF. His results are revealed in §5. We now discuss the relationships

cardinal incomparable with «, but for every 8 <a, bnwv om of sundry consequences of AC. Some definitions: we write 4

and £ is comparable with every cardinal.
y . D 1314 O for "Every set can be totally ordered”

T 1308 (Derrick, Drake; Héjek, Vopénka [H 31}). Let M o, where M OE .woﬁ "Every partial ordering can be extended to a total ordering”
is a c.s.m. of ZF + V = L, be an infinite ordinal not the BPI for "Every Boolean algebra has a prime ideal" )
;, successor of a 1imit ordinal; then there is.an N2 M with the S for "Every homomorphism of a subalgebra of a Boolean algebra A
m same ordinals and in which V, is well ordered but Vo, IS into a complete Boolean algebra IB can be extended to an homo-
net. morphisn of A into B" ) .
For a detailed discussion of the finite axioms of choice C_, the T 1315 (Sikorski) ZFF AC —»S.

reader is referred to the thesis of Zuckerman; see [*]. The present test
T 1316 (Luxemburg) ZFF S — BPI.

problem is
T 1317 ZFF BPI - OE (via the compactness theorem) .~ .OE = 0.

1309 Axomno:mxwv. Does ZFF nw ~ om ~ nww lnwm..v

"

T 1318 (Cohen) Con{ZF) implies Con(ZF + =30).
Gauntt has shown, though, that :

T 1319 (Mathias) Con(ZF) implies Con(ZF + 0 + —OE).

3

1310 zFF Am, n< eﬁnni: =+C or c, 1, and that ooammpcmsawm

, . . T 1320 (Halpern, Lduchli, Lévy) Con(ZF) implies Con(ZF + BPI + —AC).
T 1311 (Gauntt) ZFF Cga Cg~ Cpg Lowm. . .

, WN "P 1321 Does Con(ZF) imply Con(ZF + OE + =3 BPI)?
P 1309 would be true if the following were:

P 1322 ?
o132 b G e erc. 3 or Con(ZF + BPI + —8)?
m+n m -— n
. . : P 132 ?
P 1313 Find a finitary procedure for deciding of any n, Nyy ey My 33 ’ o Con(ZF + 5+ TAC)?
whether ZFF C_ ~ ... ~C_ =C. P 1324 _ or Con(ZF + BPI + DC” + —vAC)? .

1 By
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Felgner has proved in ZF without the axiom of foundations that il
every total orderinz has a cofinal sub-well-ordering, then the power sei

of & well-ordered set 1is well-orderable; as a corollary,

m/n/c well-ordering, then AC.

T 1326 ZF F BPI — the Hahn Banach theorem.

T 1325 (relgner) IFF 1r every total ordering has & cofinal sub-
T

4
14

)
g

1 provable in ZF + the Hann Banach theorem?

(solovay) Con{ZF) implies Con(ZF + ¢ + every endomerphi

additive subgroup oi' the real line is continuous.

T 1329 (Lévy) <Conf{ZF) implies Con(ZF + om?.._wv = w + the real line is the

u:l

countable union of countable sets + ..JMw AC)

P 1330 Find a modei M such that no extension with the same ordinals

!
ﬂ, satisfies AC. Even better,

i

P 1331 Find a model in which Aa ¢ on (ef(r) = «).

We shall now use German letters m, n, p to denote cardinals, (not
necesgarily alephs). .
g

P1332 Does Amm>wom+ m=m imply AC in 2F?

)

For other procioms of - is sort, sce Lévy

7 1335 (Specker; Lindenbaun, Tarski) 2ZF t > m{m adj i ad mma - 2
is an alevoh].
¥ . 2
P 1336 Does Con{ZF) imply Uon{ZF + Valn® £ "))

P 1337 Does ZFHF m adj M Lom is an aleph?

1338 (Sclovay) Con(ZF + V = L + there is an inaccessible cardinal)

3

implies Con{ZF + /\BAB adj @ and 2" not an aleph)).
P 1339 Is the conclusion of 1338 deducible frem Con(2F)?

P 130 (Conway) Dces Ton/ZF) imply

Con(ZF + — A2 + \»5\??: sm+n-om<na or n<nm))?
D 1341 {Hartogs) ®/m) - the least ordinal a s.t. & ¢ m.

R
T13b2 2ZF + ACH R(2 O) £ % - .

R
T 1343 (Derrick, Drake) Con{ZF) implies Con/ZF + R(2 ©y - xev. In fact,
siven a c.s.m. M of ZF + GCH, and an a >0, a < oxw there is

. R M . ®o
an N DM with Card = Card and zT ZF + ®{2 %) = L

T 130k zrtm adji 2™ ~ 2% not an aleph — X(m) is a limit cardiral in L

R

In the model constructed by Lévy to prove T 1329, R(2 ov = K.

e
P 1345 (Héjek) In Lévy's model, — (R = adj 2 .

: R
HELT . j& not adjacent Lo 2 oxp 2 it Tévy's model.




D 1346 DF(m) for ={m) = L ("Dedekind finite").

P 1347 Does Con(ZF) imply
Con(ZF + V m(DF(m)) + AwAn(DF(m) ~ DF(n) ».m< s or n<m))?

The paper of Ellentuck [2 ] describes researches into the theory of
Dedekind finite cardinals.

Other results for theories negating the axiom of choice are described

in §3.

T 1348 (Derrick, Drake) Con(ZF) implies
R

Con(ZF + =Y AC + >Q?Am o& = zQ+mvv.

R
P 1349 Does ZFb = \JQAZN & xQ+wv.w

We erd with a theorem about the possible patterns of cardinals, and

an answer to a question of Tarski.

T 1350 (Jech [H wm_v. ZFF Let M be a c.s.m. for ZF + AC; A.P.lm.v a
partially ordered set in M. Then there is an N2 M with the

same ordinals and a set B ¢ N of cardinals such that
(A, <) ~ (5, < .
P 1351 Under what conditions on (A, 16 is ﬁ:m~..m a B € N, such that
(&, < = {c, @

where C is the set of cardinals of subsets of ™

o
H
o]

D 1352 (Tarski) m is a strong successor of 1n
av=>>vAvA m->p< M.

25

T 1353

Mﬂmwwur

(Jech [H 40]) Con(ZF) implies Con(ZF + Ye(s bas no strong

successor) ).

Does 2ZF + "Every cardinal has a strong successor™ - AC?

&



Am %. Proving two-quantifier ztatements.

Lévy has classified the sentences AC, GCH, V =L in his hierarchy [ 6 }.
T 00 (Lévy) AC, GCH, V = L are all =m gentences. let & ¢ Mm.
T IWI (Iévy) If ZF + GCHE @ -V = L then ZF + GCHF *v19.
TIN02 (Lévy) If ZF + ACk ¢ -GCH then ZF + ACF = 0.

T 1403 (Lévy) If ZFF & -+ AC then ZFF = o.

]

5» then ZF + ACH = ¢,

Y ok (1évy) If ZFR @ acC

The. proofs are described in Lévy's lecture [#].
wﬂ ' .
O 45 Wi we may consider characterizing

The predicate "x = 2 2

cardginals K by properties expressible in higher order logic, Let

1N
MM.al., refer to this hierarchy. Then the cardinal 2 © can be
ckaracterized by the Mw property that it admits relations giving it the
structure of a complete crdered field.

R
T 1405 (Kunen) Con(ZF) implies .Con(ZF + AC + 2 © < X,
1
X
2° is not mw-o:mwmonmnwumdwmv.

+ the cardinmal

The lecture of Xunen [*#] gives a full discussion.
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N LARGE CARDINALS
\\,

0. Messurability and Compactness

D 2000

K is 2VM iff « 1is a 2-valued measurable cardinal.

kK is RWM iff K is real-valued- but not 2-valued measursble.

K is A-Mahlo (where A& T K) iff every nonempty closed unbounded
subset of « nosnwwnm a member of A and x is tmmww«
inaccessible,

If A= {a<«kla is regular}), (o< «lx is weakly inaccessible),

{a < kla .is strongly inaccessible), then K is Mahlo, weakly

Mahlo, strongly Mahlo, respectively.

i(k,N) iff «k, A are cardinals, and k carries a A-saturated
K~complete nontrivial ideal.

An ideal I on K is normal iff for every function f: K —+«x

such that (o f(@) <a) £ I, there isa B < &k with
{aff{a) =) § 1.
A filter on «k is normal iff its dual ideal is.

A measure on & -.is normal iff the ideal of sets of measure O is.

The following subsumes all. previously popular partition properties.

MA& D 2001

(Moschovakis) ILet k, A, v be cardinals, i an ordinal.
<) .
K MWArvM iff for every f with domain the set of sequences of
length A of finite subsets of k and nm:mm a subset of v (in
<A ;
symbols, f:([«] pq - V), there is a sequence Axana <A of
subsets of - kK, each of order.type u, (i.e. Ax:. elx )= u),
1
with the property that for every s and t in the domain of f,

if for www n <A, m: < xa. na < x:. and m; = ma. then
(s} = £(t).

28



.. <m
The case A = 1 18 the Erdds- Rado property X - ?vc . The case

W
v =2 will be written K p ()"

kK 1is a Ramsey cardinal iff « - ?GAC. k 1is a Moschovakis cardinal

iff Kk —> (w VAE.
w, 1
1 .
D 2002 We write MC for Vk(x is 2vH)
™Cc for WVk(k is RVM)
scC for Wk(x is strongly compact)

SucC for WVk(x is supercompact).
The next theorems list the basic relations between these properties. -

T 2003 ZF + AC } K supercompact — K strongly compact;
K strongly compact —» K 2VM; K 2VM — K Ramsey;

Beacn k(@ a8 LGN AN >N s i(KGA);

IS R
K RVM - 1(k,0); ik, AN >k is 2w or Kk < 27 K 2VM  iff 1(K,2)
. 1
¥ is weakly compect and strongly inaccessible iff « is :H
1. X :
indescribable; « Ramsey -+ K nw indescribable; K uw indescribable

2

1 indescribable.

-+ Mahlo; k 2VM =k I

L <w .
D 2004 «{a) = the least A s.t. N - (a)", if one exists.

T mo.om (Rowbottom) ZF + AC b lim{(B) ~ Var = AEAJ ~Aa<B ak(a) < «(B).

T 2006 (Siiver) ZF + ACH If «(w) exists then there isa A< x(w) which
cren 1 .
is m” indescribable for all m and n; k(w) itself is zp

describable.

29

N.R T 2007 (Erdss) ZF + AC b If @ is & limit ordinsl and WA = (@)Y

then «{a)} is strongly inaccessible.

T 2008 (Silver) ZF + AC b If lim(a) ana WA(A - (a)%), then for

all cardinals v < «(a), x(a) — AQVMC. In particular, if a is

(M
Ramsey, (i.e. if a = k{a)) then a - AQVM for all v <a.

T 2009 ZF + AC P If Kk is 2VM, there is a A < K which is Remsey.

/
L~ T 2010 ZF + AC T If Kk is weakly compact, there is a A < x which is

Mahlo.

Little is known about the size of Moschovakis cardinals relative to

other large numbers; Silver has made the following simple observation:

#&a 2011 ZF + AC T If there are both Moschovakis and strongly compact
cardinals, then the first Moschovakis cardinal is smaller than

the first strongly compact.

We now ponder particulars.
Kunen has very recently solved the problem of the number of normal

measures admitted by a 2VM cardinal.

T 2012 (Scott) ZF + ACH if « is 2V, then K has at least one

normal measure.

I,WW. T 2013 {(Kunen) ZF + GCHF Let Kk be 2VM, u a normal measure, R
a set of regular infinite cardinals < k with u{(R) = 0, F an
increasing map from R into K such that Va ¢ R(F(X) is a
oEdM:wH>anAQCVQV,m5a 7. mowudwsmww x++5..nv

+ .
nwwrv > K . Then there is a Boolean extension of the universe

preserving cardinals in which

30



+
(1) 2 -« 2° =

Va .« r(E& - Fa)

{iii) « has A distinct normal ultrafilters.

H
i

can a measure on K be defined in V. .,

T 2015 {Solovay) ZF + ACH If k is 2W, there is always at least

one normal u such that w{{a< kla is 2v}) = 0.

. B %3 t
fet # be 2V, u, 'V' normal measures. Denote by L the

universe constructible from «', in the sense of Le¥y: informally
A , : s : .
L is the smallest universe W containing all ordinals and u' 0 W.

ut o ; ' U,
uﬂm:tu;.nb wmw:onamwsmmeHmo:xp: o= M further,

(..
setting v =v' L ,
\

T 2016 (Kunen) u = V3

T 2017 (Silver [¥]) GCH is true in U, and

kS

T 2018 (Kunen) w is the only normdl measure on K in 1.

T 2019 It is alsoc known that X is the only 2VM cardinal in Q».
ard so (by T 2018, which was proved before but follows from

T 2018) k+and u are definable in .

Formally, 72017 states that GCH is a theorem of the theory
\ ZF + AC +<xv w{u is a normal two-valued k-additive measure on K and

Vo= nqu‘ in future this theory will be indicated by ZF + AC + V = bt.

T 2020 (Soivay) ZF + ACH- If K 1is supercompact, then there is a

normal measure n on x with u(f{a< kla is 2w)) = 1.

31

Using this and T 2016, Solovay has proved

T 2021 ZF + AC b If « is supercompact, then K has more than 2°

normal measures.

\/ .
- “m P 2022 Show that the first strongly compact cardinal « has a normal

measure u for which u({a < klad is 2vM}) = 1.

The first indication that the presence of a 2VM cardinal affected

the relationship of L to the universe was
T 2023 (Scott) ZF + AC + MC F V /L.

(Much more startling things are known now - see T 2033.) A related
_result has been obtained assuming a strongly compact cardinal. First, a

definition:

D 2024 An ultrafilter U on A (U not necessarily M additive) is

uniform iff

AxsME<raxfu) .

7 2025 (Vopénka, HrbiSek, [Hb1]) ZF + ACF If there is a uniform uitra-

fal ‘

filter on AN then V 4 L[a]l for any a T M\

This result has two corollaries:

T 2026 (Vopénka, Hrbadek) ZF + AC + SCCF Ay Vxix / Pl

T 2027 {Vop¥nka, Horbidek) Con(ZF + AC + MC) implies
Con(ZF + AC + Vk(x is 2VM and there is no uniform ultrafilter

Ton (297)).
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(VopSnka, Hrbdfex) Show that ZF + AC b If K is 2VM, then T 2033

: K
there is a k-additive uniform ultrafilter on 2.

T 2026 says that if there is a strongly campact cardinal, the universe

constructible from a set. Ilet now Kk be 2VM, u & normal measure

on k. By Silver's work (T 2017), « is 2 in ht. and by T 2026,
g Y = SCC, so that "strongly compact” and "2VM" are not provably
the same. That SCC is stronger than MC was shown recently by Kunen,

who obtained
T 2029 ZF + AC + SCCF Con(ZF + AC + MC)

as a corollary to a much stronger result, T 20k4; he has very recently °

improved T 2029 to

T 2030 2F + AC + scc F AaVYu(M is s transitive model for

2F + AC~a e M ~ME "There are « 2VM cardinals").

The following problem, much milder than P 2022, is still open.

%m 2031 Show ZF + AC + SCC + ._a:m,w:md 2VM is not strongly noavmoﬁ..

consistent, relative to something else.

One of the more interesting features of large cardinals is their
stunning effect on the constructible universe. Gaifman and Rowbottom

independently strengthened Scott's theorem T 2023, showing inter alia that

T 2032 ZF + AC + MC - there are only countably many constructible reals.

(Silver) ZF + AC + Vk({k — ASHVAEV - For every uncountable

cardinal o there is an xQ S« with the properties

(i) Xy is closed and unbounded in «;
(ii) every x ¢ H..Q is definable in th allowing perameters
from xom and
(131) X, is a set of indiscernibles for L.: viz., if
M R t .. v
ne w K < < Kno1? K < < x?w are two sequences
of elements of X ; and oL | Tyr eeer f :L,v is a www
of the language of set theory with precisely the n free
variables shown, then
1
bQToa?o. ooy K ) €= L Pk, .., ki) -
. Vv .
Further, set X = a=a>w va then
(iv) X 1is closed and unbounded and contains every uncountable:
cardinal;
(v) BeXx~p eXa~p<p ..lrw‘ﬁ Ly
(vi) B e X->BNX is a set of indiscernibles for H.mw

(vii) B e xlhmA L; and

(viii) X is a class of indiscernibles for L.

Two striking corollaries;

T 203% (Rowbottom) ZF + AC + <xAxLA€HVAev  If a is a countable

ordinal, then <Q contains only countably many constructible sets.

T.2035 ZF + AC + <x?..$vAev F Let X be as in T 2033. Then the first

We shall now state the Hauptsatz of Silver's doctoral dissertation,
after which we shall note same of the striking consequences and indicate

the advances made by Rowbottom and Gaifman.

33

x e X

is countable; and every «a € X 1is weakly compact and

EvAE i

- { in L.
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Gaifman working in the theory ZF + AC + MC had noticed that if
&, B are uncountable cardinals and « < 8, then ru - ﬁw 4 L. Rowbottom
had realized the significance of the Ramsey properties, had strengthened

Erdds and Hajnal's theorem that & 2VM = k Ramsey to

. w
T 2036 ZF + ACF Let k be 2VM, u a normal measure. Let mumwa - X\,
where A< K, be a partition. Then there is a y € Kk with

u(y) = 1 which is a set of indiscernibles for f.

. , w . .
and had ncted that if /\ xﬁxrxcwvA ), then there is a non-constructible

real. Moreover, he formulated the notion of a remarkable set of sentences,

one of the key concepts in the proof of T 2033 (cf. Silver's thesis).
A model-theoretic property of measurable cardinals established by

Rowbottam is discussed in  §4.
< W .
D 2037 (Solovay [12]) Assume (\xA8¢A€Hv }. Define

)

n<w

O‘VM = the theory of Aﬁx s €y xw“ xmu cony x:.
w

(where Ry = the real zwv.

By T 2033, L, ~' L, and the R, (1 <n<w area set
w o -

of indiscernibles for L: so that 0%. which by suitably Godel-numbering

the languase may be regarded ac a set of integers, is "the theory of L

with w indiscernibles.”

T 2038 (Sclovay) There is a mw predicate A of reals such that

ZF F <x>Axv - <"N>Axv. and such that
ZF + AC + <xquAcwvAr¢ o >Aowv. Furthermore, the assertion that

/hnbmxv is equivalent in ZF to the conclusion of T 2033.

35

Instead of /\bexv, we shall say :o% exists." Thus if o%

exists, there is a class X of ordinals satisfying (i) - (viii) of

T 2033, where X_ =X N a for an uncountable cardinal «a. It follows

a

frem T 2038 that 0", if it exists, is a non-constructible real which
1
HWV
of L may be read off from O

is & and in which every constructible real is recursive. As the theory

, it may be shown that every ordinal

definable in L 1is either finite or isomorphic to a Dw well ordering

#

Fz

of 'w, and so countable. In the theory ZF + "0 exists", one may
prove Rowbottom's theorem T 2034 and that every a ¢ X is strongly Mahlo

in L.

The moral of the next theorem is that two measurable cardinals are

much better than one.

T 2039 (Solovay) ZF + ACl Suppose Kk and A are two measurable )
cardinals with « < A, and let p be a normal measure on K.
Then there is an X Z Kk and a Y € On  such that
(i) X is closed and unbounded in «
(i) Y is closed and unbounded, and & < min(Y)
(111} X U Y contains every uncountable cardinal except «

(iv) if Odaxw. cers Xy Vis eeny wav is any formula of the

n
language of set theory (with predicates €, =) enriched
by a name for K and a name for H, with

. precisely the free varisbles shown, and if
Qw. ceey Q:_ al, e.., Qm are in X, with QH < ens & Qs
Qw < oo & Qmu and mwu ooy ma. mw. veey m% are in Y,

with By <-e- < B» mw < ee < m%« then

. 36
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> U Eotleg, ..., a, 81, -y B1) .

(v) every element of 1 is definable in H..tu allowing

parameters from X U Y,

. Properties akin to the more precise clauses of T 2033 may be

established for ht

"’ where & 1is an uncountable cardinal. In part-

icular, we may use the analogue for (vii) to formalize the following in

set theory:

D 2040 oF = the theory of (1", ¢, &, u, LI PR A S ot

"

is the theory of L with w indiscernibles from X and ®

indiscernibles from Y.

T 2041 (Solovay) There is a :“mr predicate of reals B such that

ZF = Vx8(x) » V1x3(x) and such that ZF + ACH If X is
oW and k< A and A is 2w, then B(01) where of is

defined by D 2040. We shall write /\xmﬁxv as "0T exists."

D 20k2 & = the filter generated by the closed unbounded subsets of «.

% N
&
n :
cQ :ﬂQ H.

T 2043 (Solovay) ZFE Suppose o1 exists. Then for every uncountable

aleph a, cQ is a normal ultrafilter on a¢ in L Qn _so that
L U, . :
a is 2V in L . L %, Further ot is strongly inaccessible
3
a

in 'L ~, so that the existence of a standard model of

ZF + AC + MC may be proved.

37

T 2044 (Kunen) ZF + AC + scc b of exists.

T 2029 is an lmmediate conseguence of T 2043 and T 204k.
Chang has investigated large cardinal axioms using infinitary

languages. L may be defined hierarchically using the ordinary language

of set theory, L, .. Let zw « denote the Qn: level of the corre-
2 b A

sponding hierarchy for H..x pe The bQ Bmanwosmawdoe.mwmu:wvwmsmt
> .

e o] R Loo_ U
notation zeue. Write xw“x xu Then

- aeln RnR-

T 2045 (Solovay; Lévy; Silver) ZF + AC FK 2VM - M0n F V.

«t et
T 2046 (Chang) ZF + AC + <i,x..AEPVA€v b Let A, u, v be infinite
. X v
regular cardinals with A< u < v. Then zeue.&vt N zess.
b

P 2047 (Chang) Show 2F + AC + Ve(x{)<“F Y um .
. 1771

T 2047 {Silver) Con{ZF+AC+MC) implies

Em o:

Con(ZF+ACHICH WM~ ~< M, " ).

1’71 171
Further results and problems are given in Chang's lecture notes [*].
We now discuss real-valued measurable cardinals. Inspired by the

work of Hanf [3] on weakly compact cardinals, Keisler and Tarski [4])

proved

T 2048 ZF + ACH If K is 2VM, then K. is strongly Mahlo,
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% L2052 k¢

12053 ‘Lévy) ZF + AC v K sirongl inaccessible and k{x) .- X not
sY A

nsistency resuits ard proof's {rom large cardinals are both interestin..

Three pecple independently adapted the methods of Keisler and

Tarski to show that RWM's cijoy a similar remoteness:

%9 ‘Solovay; Jensen; Fremlin) ZF + ACF Let K be RVM. Then

% has a normal measure, and is weakly Mahloc.

Solovay, irdeed, obtained these results in a more general setting.

2050 {Solovay) ZF + AC - Suppose i{x,k). Then X has a normal

K-complete r-saturated ideal I, and for any B ok, B{I,
{a < «Ja is not B-Mahle} ¢ T .

Further, V ¢ L. Mcreover, if i{«k,\) for scme X < #, then
I

.

< has a normal ~<-ccmplete A-saturated ideal, I, say. L

satisfies GIH above N, and I LY is a A-saturated ideal

T
i

deed, ruren's result T 2015 shows that I f1 L1 is g normal prime

N N R NN s I
deal, and so the full GCH  is true in L.

51 Wnat are the possibic cardinalities of minimal generatinz sets
for the measure mwmmwwm of a real-valued measurable cardinal,

or {or an “,-saturated Boolean-valued measurable cardinal? °

i W =29 is RVM, then every minimal generating set

‘a is of cardinality > «.

«mexuvv,.vv.

compacy.

It is readily seen that Kk/«) =& > w. For the next two questicns,
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P 205k

P 2055

P 2056

P 2057

Is there a & such that k{«)?

Is there a strongly inaccessible &k such that k{x)?
Loes ZF + 6CH F =1 Vi x(x)

Prove momANm¥>o+‘u has an €w-ooswwmnm ideal I (even better:
W,-saturated) witn mﬂrwv\m complete), assuming . -

Con(ZF+AC+ some large cardinal).

Part of T 2050 was vroved in Solovay's second lecture [*}; in

his last, ne applied properties of saturated ideals to solve a problem

of Fodor and Hajnal:

D 2058

T 2059

P 2060

Let Kk be a cardinal. 3

(R}

is stationary iff it inter-

sects every closed and unbounded subset of «,

{Solovay [*] ZF + ACH lLet « be an urccuntable cardinal.
Then every stationary subset of « is the union of « dis-

Joint stationary subsets of «.°
(Erdds) 1s tiere a stationary subset «f xw which is the
’ ®
s IR § . .
urnion of 2 stationary subsets the irtersection of any

two of which is not stationary?

Lastly, a problem about a simplified form of the Moschovakis

P 2061

Does w, — (2)

property.

4o
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ﬂw. Relative Consistency Resultis.

2100 (Silver) . Con{ZF + AC + <xnx - T&AEV implies

~3

Con{ZF + V = L + <xAx - AEVAGVV.

This undoes one weakening of the hypothesis of T 2033 and is a
corollary of

T 2101 (Silver) ZF + AC+ If k = ()< then it is true in L that

K - AEVAB.

w2102 ZF + AC+ If K is weakly compact, then in L it is true

that Kk 1is weakly compact.

T 2103 Con{ZF + AC + there is a weakly compact cardinal) implies

con{ZF + V = L + there is a weakly compact cardinal).

The problem of the relative consistency of CH to MC has been

settled by Lévy and Solovay [ 7 ]: the results

T 210% Con(ZF + AC + MC) implies Con{ZF + AC + MC + CH)
and

T 2105 Con{ZF + AC + MC) implies Con(ZF + AC + MC + —CH).

follow from their basic lewmma that measurable cardinals remain

measurable under small extensions by forcing:

T 2106 (Lévy; Solovay) ZF + ACt+ Let K be 2V¥ and B a complete

Eooiean algebra of cardinality < «. Then

41

Thus for example both SH and its negation are consistent relative to -

ZF + AC + MC. The following theorems give similar results for the appropriate

theories:

T 2107

T 21C8

(McAloon) ZF + AC |- Let « Dbe strongly compact, and B a

complete Boolean mwmmcmm of cardinality < «; then
TY o ot B8
L K is strongly compact j = dv

ZF + ACF Let & be a limit ordinal for waich VA(A = (&)%),

and I8 a complete Boolean algebra of cardinality < «x = k(). Then
I @“I®-1.

In particular, if « is a Ramsey cardinal, then « = a and

~

L& 1is a Ramsey cardinal aw -1.

.

T 2108 is proved by applying T 2008 with v = B.

The theorem

T 2109 (Jensen; Silver) Con(ZF + AC + MC) implies Con{ZF + GCH + MC)

is a consequence of both T 2017 and T 2110. Silver's method is to

contract the universe: Jensen expands it.

L2
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T 2110 {Jensen) ZFF Every c.s.m. M of 2ZF + AC can be extended to

a c.s.m, N of Z¢ + GCH which has thé further properties

(1) if « 4is 2W in M, then K is 2VM in N;
(iii) if A is a limit ordinal, « an ordinal and
K «WArvAru in M, then « |.A>VAE in N;
in particular,
(iv) « Ramsey in M 4implies K Ramsey in N;

(v) if & = AnqvAe in M, then « |.AcwvAF, in =.

Clause {v) holds because EH is preserved in the extension. tandard

techniques translate the proof of T 2110 into proofs of

T 2111 Auwsmmuv Con{ZF + AC + there is a Ramsey cardinal) implies

Conf{ZF + GCH + there is a Ramsey cardinal)

A

. <Ww : N
T 2112 (Jensen) Con{ZF + AC + Vk(x = f.wv )) implies

o
con{ZF + GCE + Viik = (@)

A/_P 2113 TLces cCon(ZF + AC + SCC) imply Con(ZF + GCH + SCC)?
kol

L*Am 2114 poes Con{ZF + AC + SuCC) imply Con(ZF + GCH + Suce)?

A + K .
T 2115 (Scott) ZF + ACH < 2w ~ An <k 2™ = AT o 2 2kt

vore¢ generally, if k is 2VM, « a normal measure and

dherin=FA2" A" 21 then 2° = &t

A number of results of the following type may &also be proved.

43

T 2116 ({Vopénka [H27]) ZF + ACk Let k be 2VM. Then
R
!/

(i) if 7y <« and >QAmeAz

o, then 2 ¢ R
= ; =

K+y’
R

s . a K
(ii) if >QAxm < Rer?® then 2 SRt

T 2115 and T 2116 relate to the following important questions.

b\,m\ P 2117 Does ZF + AC b k 2V - 25 = «T9

Y .

T 2118 (Prikry) ZF+ Let M be a c.s.m. of ZF + AC + MC, and let
kK be 2VM in M; then there is a c.s.m. N of ZF + AC
extending M, such that

N

(i) omucm.

(11) card" = card? ;

(iii) for all cardinals A < K, mzArv = mzAVVm and

(iv) k) = w.

To prove mxwm we use forcing to add an ascending w-sequence of
ordinals, f, with f"« cofinal in K. A condition is a pair, the
first element of which is a finite ascending sequence of ordinals
F, < ere <O, < K5 the second is a set A T Kk, with n(A) = 1, where
4 is some fixed normal measure on K, and AN+« A —a < X. The intended
interpretation is "r{0) = AN e A f{n) = A~ An > n F(m) € A", ang
the set of conditions is partially ordered accordingly. Evidently in the
extension f is an w-sequence cofinal in K3 that no new subsets of

earlier ordinals are introduced follows from the lemma:

4y



T 2119 An.mww%v 1ot OU te a sentence of the forcing language, and

) o e
»/Qo. ey Quuub. a conii-

“ven there is an A' & A of

HF Otor

.\
u-measure 1 such that \\a_,...%
-

AAQo,.._Qa.\.Ly.:T -1 0,

which is proved using the Ramsey properties of K.

T 2118 gives a partial solution to P 1207 and, if the answer to

P 2117 is negative, may lead to a solution of the singular cardinals

oroblem. Prikry has proved the following by related methods:

T 2120 ZFr Let M be a c.s.m. of ZF + AC + SCC. Let K Dbe strongly
compact in 4, and let AN ¢ M Dbe a regular cardinal greater
than «. Then there is an oxﬁm:mwo: N of M with the same
ordinals such that

i) u is a model of ZF + AC;

(11) Aac imug = mzavf

v) \) 5 >N /3 acardinal in M -5 a cardinal in N).

Thus a negative answer to the following would be useful:

mmwmwwommNw+>nrxmmwoan<oosww0ﬁl \;7 V xAMV n 7+vw

tw%w 2122 Does ZF + AC — # weakly compact 225 2k ?
N

* R
emwmwAmc:muvbmwndmm<uwdsm:HQAxnm QVzu Smwumom

a+l
uwm normal measure 1.

For by T 2013 (iii) « may have two normal measures u and v; apply

s
nmmm. T 2013 {ii) with an R for wkic® .(R) - 0, v(R) » 1.
55

By T 2049 and T 2003 we know that GCH implies that there are no

RVM cardinals: but

¢ 2124  (Solovay) Con{ZF + AC + MC) implies and is implied by
R

con(zF + AC + 2 © is RVM).

We give a sketch of the argument. Silver's proof of T 2017 is
the paradigm for one direction: if u is a normal real-valued measure
on «, form 1¥. The theorem of Rowbocttom used in Silver's proof,

. B
1 4009, can be adapted to show that GCH holds in L ; or we can use
Kunen's remark following T 2050 that u 0 1" is a two-valued messure
in I”. The method for the other direction parallels an earlier

.

proof of wﬂm%w% where Kk generic reals were added to a model in

R
which K was 2VM: in the extemsion 2 © = K, wa.svv“ vcnxtwmnoo

RVM. Thus

T 2125 (Prikry) Con{ZF + AC + MC) implies
R
Con(ZF + AC + = RMC + i(2 ©, X))

T 2124 is proved by adding « random reals: then in the extension

2°. X and K 1s RVM.
T 2126 (lMcAloon) Con{ZF + AC + MC) implies Con{ZF + GCH + MC + V = K).

T 2127 (McAloon) Con(ZF + AC + MC) implies Con(ZF + GCH + MC + V £ K).

(K is the universe of hereditarily ordinal definable sets).

P 2128 Does Con{ZF + AC + SCC) imply Con{ZF + V = K + SCC)?

L6
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i£ STRUCTURE OF THE REAL LINE

Iy ZF is consistent, then it is impossible to prove that ever
* >

real is constructitle. Tt is natural to seek the "level of complexity"

non-constructible reals may first occur. Similarly, one may

Partial

plest Lebesgue non-measurable set of reals?"
answers to these and related questions have been obtained, when "level of

an level of *he analytical or projective

complexity” is taxen tom

hierarchy: scme are ceductions from large cardinal axioms, like "If there

is a measurable cardinal, then every £

set of reals is Lebesgue

v r

measurable”; some are relative nsistency results. These results are

¢

C the projective hierarchy is discussed,
ané recent applications of the axiom of determinacy reported; in JMW.
answers are given to the guesticn "What reals are constructible?". AW
expeunds the work cf Mansfield and Solovay on perfect subsets of sets of

reals. Mw deals with Lebesgue measure and the property of Baire, and wnJma,

some problems raised by Hausdorff are treated.

Co..

piR ITre Projective Hierarchy.

For rictation see Addiscn [+].
© An important problem is the patters of the separation principles for
the .projective hierarchy. We write Scp(€), "Bed! #)) for '"¢° has the

for "every set in &

first sevparation “the reduction) property"; Unifi{®)

e

formized by a set in o ." it

can be s easily seern that in ZF, for

every n < u, that for any class mwv

wed!E) implies Sep(Z7Y,

i

b
—
-

the classes £ implies Fed ¥).

n’ n

b7

1

3000 (Kondo-Addison) ZF F cswmmmwv" hence .
“ 1, 1 . ;
3c01 zF - fep(Z]) ~ Sep(3)- ‘
e PN . n \) R § v
3002 {Addison) ZF + V = L} n>?2 c:wm,msv.
W1

3003 {(GOdel) ZF + V = L+ There is a &5 well ordering of the reals

of order type rw.

The well ordering < 5del to prove T 3003 has the

useful property that the guantifier \)«.m x {for any x < w) when applied

toa o

L

formula yields a formula: this fact is used to prove T 30C2,

2

of which an immediate corollary is

T

discussed in Solovay's lecture [*].

3004 {Addison) ZF + V = L+ \)3 > 2 mmwﬁmwv.

o

By AL’ we mean the axiom cof determinacy, of Mycielski and Steinhaus,

Addison and Moschovakis and,

independently, Martin have recently shown

T

"

A

=]

3005 2F + AD F >imm&mw:v ~ Fed

3006 ZF + A * \):AmmbAww:v ~ Sep! L

mm:+wvv. '

Let us pause to note some other consequences of AL,
3007 (Mycielski, Swierczkowski) ZF + Al F All sets of reals are
Lebeszue measurable,

3008 A set cf reals has the property of Baire iff it is equal to an open

set up to Iirst category.

Now every Borel set has the property of BRaire: hence

48



T 3009 A set of reals has the property of Baire iff it is equal to a Borel

set up to first category.

T 3010 A set of reals is Lebesgue measurable iff it is equal to a Borel

set up to a set of measure O.

Henceforth we shall write "IM" for "Lebesgue measurable" and "is PB"

for "has the property of Baire." The duality suggested by T 3009, 3010

will be brought out in €3.

T 3011 AzQawow.mwwv ZF + AD - Every uncountable subset of the reals is
' R

. - . 5 O
PB and has a perfect subset; hence xo adj 2 .

T 3012 (Solovay [*]) 2F + ADlF Every subset of xw is constructible

from a real, whence every subset of & contains or is disjoint

1

ied subset, and so

from a closed unbdi

T 3013 ({Sclovay) 2F + AD % 7..H is 2.

A simpler proof by Martin of T 3013 is based on

v+ ADF Let £ S X, the set of all degrees of

irnsolubility. There¢ is a degree ao such that either

\/m_Wao\,a mv or \/@Wnommkmv.

m defines a ame: I wins if the play has degree in m\. , 11

otherwisc. Let ao be the degree of a winning strategy: if I wins, then

N >d.d €); otnerwise A >4 (ay £). et «(€) -1 in the

first case, = 0 in the seccnd. Then u is a measure on O : it is

countably additive because o w-sequence of degrees can be cofinal in .@

T 3014 also leads tc a reascnably short proof of
/W,.F.ﬁ 3015 {cSolovay) ZF + ALt X, 1is 2M; as a corollary,
\

k9

T 3016 ZF + AD b Con(ZF + AC + MC).

Using T 3015 and the methods of T 2041, we can show that the class

t
of cardinals « > xw forms a class of indiscernibles for I , where u'

is the canonical measure on zw obtained from the u above.

D 3017 We write ADD for the assertion that every set of reals ordinal

definable from a real is determinate.

The interest in ADD is that T 3005 and T 3006 may be proved in

ZF + ADD, and that ADD is not known to violate AC. Indeed

T 3018 {Solovay) Con(ZF + AD + Unev implies and is implied by

Con{ZF + ADD + AC).
T 3019 Con{ZF + AD) implies and is implied by Con{ZF + ALD).
P 3020 Prove that Con(ZF + AD) implies Con{(ZF + AD + Uaev.

It is known that all open games, and more generally, all .m.am games

are determined.

P 3021 Does ZF + et Every Borel game is determined?

Martin has recently made important progress by showing that
T 3022 7ZF + AC + MC I+ Every mw came is determined.

In fact can be weakened to V (K o {w VAF.V

1 3 and

T 3023 ZF + ATt If <A>Q < EH? - \QVA.}M then every FRorel game is

determined.




"every Borel game is

1t is worth remarking here that the statement

determ relativizes to L by Shoenfield's theorem T 310C; and
"V ¥ fer every countable «)" is true in L if true in V

: s s <
by Silver's result tb if & 1is constructibly countable and « - (@),

then in L, ~«

Friedm has shown that set theoretical arguments are necessary to

or

prove f cvery Borel camc is determinate. Let us call second order

arithmecic with the full comprehension schema analysis. The assertion
that every PRorel game has a strategy may be formulated as a schema in

ev. Friedman's theorem states that

analysis.

T 302k If araiysis is comsistent, then so is analysis + "there is a
b

+

minate “orel set,’

ZF + AC ~ If there is a Moschovakis

game is determined,

L

L, where u is a normal measure

implies Con/ZF + AC + MC + not evéry

5 o it .
? 3026 T ¢w:+~v .
T 3027 Z2F+ V =L+ uni
iyt N sl R .
Red mwv and z mw\ cannot hold together; sc T 3027 shows that

Sep(Z, cannot be proved i ZF + AC + MC.
-2

) . S . | NN cored
P 302%  Show AF + AC + some large cardinal b Unifl: 7.

,.lw

anything.

¥ 3030 Show Con'lr ¢ AC + = SeplZi) 5 - mmowa_vv. assuming anythins.

€ 1. constructibility of Reals.

-

T 310G (Mostowski) ZFF If M 1is a transitive model of ZF, %hen any
1 Sy N .
MP statement, allowing real parameters from M, is true in M
iff it is true in the universe.
T 3101 (Shoenfield) 2ZF i+, If M is a transitive model containing all

1

countable ordinals, then any Mm statement, with real parameters

from M, is true in M iff it holds in the universe.

T 3100, 31Cl hold also when [} is a class term defining an inner

model containing all ordinals. In particular, taking M = L, in T3102,

and ¥ = L{b] in 7T 3103, we have

T 3102 (Shoenfield) Zr bk Every MW or nw real is con$tructible;
. ' 1
T 3103 ‘Shoenfield) Zrk a IwabY wAa Mm ir b .o a Mr b.

are transitive models of
1

Moschovakis has remarked that if M o N

ZF with the same vrdinals, and if both M and N satisfy "kvery &
e e ket i g 1 .
came 1s determined” then every Mw or ;w sentence with parameters from
M is true in M iff it is true in and has raised the general
problem of finding conditions on ¥ and N that would cnsure that MH
n
1 -
and s sentences relativize from N to M.
In §2 we remarked Solovay's theorem that F + AU + MC ™  there
s A1 .
is a 4yw non-constructible real; Solovay has recently shown by a relative

consistency result that Shoenfield's theorem T 3102 is best possible.

The scquence of events is this:

i
29}




T 3104 (Kripke, Martin, Sacks) Con(ZF) implies Con(ZF + =yAC +

there is a non-constructible DW real).

T 3105 (Solovay) Con(ZF) implies

con{ZF + AC + V'x < wix £ LAV =L{x] ~xc¢ Dw ~ r% =W A~

x is the unique solution of a nw predicate)).

{Jensen) Con{ZF) implies
. Con(2F + AC + Yx T wx f LAV = L{x] ~x¢ Dw A~ X 1is the
unigue solution of a uw predicate ~ r% = rwvv.

T 3107 {Jensen) Con(ZF) implies
1

Con{ZF + AC + V= Zwx fLAV=Lx]~xc¢ Dr ~ x is the unique
solution of & .‘.w predicate) ~ >v.< CulyeLoyce DMVV.

Jensen obtained T 3105 in ignorance of Solovay's result 3105, and
about a week later. Jensen's method for 3106 is to construct a model

in which the L-degrees form a pattern with w + 1 levels; each level has

either a single point +« or a triangle kﬂhv.u thus:

e e

o onds o toedan e

o ey o e

53

The model contains a real t, of the maximum L-degree, with

t = {n: the :ﬁ: level of type u\//.u. This is done by iteration of

Sacks forcing. (Martin showed that models with L-degree patterns

” and .\\ //. could be constructed by appropriate iterations.)

. N4

3107 is proved similarly, but the pattern is drawn in the degrees

: : . . . L .
of collapsing functions , viz, functions mapping w onto rﬁ. The notion

used here, that of minimal collapsing function, is due to P¥ikry.
3105 is proved by a different method. First Solovay shows

that ww predicates mw of reals can be defined such that for each

i<w, ZF+ V=1L FaVx cw mMAxv. Now let M be a c.s.m. of
ZF + V = L: then a sequence Acwmw < w; of reals is added to M to form
a model N of ZF + AC, and such that for each i, wMAdwv holds in Nj;

but if N, = z_:cua £ 1)), then N E— Vx i wp(x). Thus the

predicates mw give w "independent" notions of genericity over L.

Now following McAloon's methods for obtaining models of V = K, a set

tcw is constructed such that ;NAUW. < nvM =., M' 1is the desired

]

[}
model: t codes the construction of ZMAcwhw « t)} from M, and in

1

M', t will be a non-constructible Dw real; Mitl.

=
i

fi
‘E,
®
~
&
E]
o]
y

P 3108 Find a model in which V - L{x], some x

J
minimal L-degree and x ¢ Dm. some n.

T 3109 (Jensen) Con(ZF) implies Con{ZF + AC + every constructible

: . 1 . . .
real is & + there'is a non-constructible tw

3 3

real).
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P 3110 Find a model in which the constructible reals are precisely

1
the Dw reals, {or the D:~ some fixed n; or precisely the

3

second~crder definable reals).

1,
mwwywm»:awaoamwommm+>o+ > xgwm EAx AH %x.x Dw pnwv.

P 3112 Find a mcdel of 2ZF + AC + the set of seccnd-order definable

reals is second-crder definable.

T 3113 (Addison) ZF + V = L+ The set of second-order definablc reals

is not second order definable.

wawwAbnawmo:vﬁﬁmmwmawomdm:xM<=Mw MW.

Thus the set of constructible reals is Mww by T 3101, if it is

also mw, then every real is constructible.

Am 2. Perfect Sets.

There is a method of coding Mw sets by reals (see Solovay ﬁwo‘ 11}

for a description) which is useful in stating criteria for a set of

reals to contain a perfect subset.
T 3200 ZF ik A MW set with an element not DW in its code contains
R
a perfect subset, and is therefore of power 2 ©.

As particular cases of T 3200 we have the classical results that
every Borel or analytic AMWV set of reals is either countable or con-

R
tains a perfect subset, and then is of cardinality 2 ©. The same need

N

not be true for mH sets.,

T 3201 {Gudel) ZF + V = L % There.is an uncountable nw set with no

perfect subset,

More geunerally, by T 3000 and T 3114 (ecf. [H 13])
L " 1
Wmm.ﬁ 3202 wa-.rw ‘:M)w °s cw.a.d:mnmwmm:wmmﬁonownaw:mwwow

zw. with therefore no perfect subset.

.1
C.dr .u'

®
cardinality < X, or is of cardinality 2 ©,

Bvery set is the union of R Borel sets, and therefore has

T 3203 [Lévy) Let K be a cos.m. of 2ZF « V . L; let =« . M, cffix) > w,

R

. . . : " : N .
Then there is an extension N of i with OhH = s, and in i,
. ~ ) L
ZF + AC . are true, 2 O = x, W= e

1* and every set of reals
which is ordinally definable from a real ‘in particular, covery

projective set of reals) has cardinality - or < o
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T 3205 /Lévy) Let M be a c.s.m. of 2ZF + V = L + there is an ' /»\. T 3207 (Mansfield; Solovay) ZF ! The following are equivalent:
inaccessible cardinal. Let K <« M be a cardinal of cofinality .“ ﬂ (i) every uncountable aMm set has a perfect subset;

where & is the first inaccessible in M. Then (ii) every uncountable mw set has a perfect subset;
Y i H

at least ¢ ,

which is a model of ZF + AC, (iii) for each real t only countably many reals are constructible

R

in which 2 9 = «

there is an extension N of [

with the same ordinals as M and every set from ¢t.

cof reals ordinally definable from a real has cardinality «

Condition (iii) is a consequence of AC + <>Ax - AF,HVAEV" thus
or < W, ' .
m 7 Y o . . <w i
. T 3208 {(Solovay) ZF + AC + Yk(k = (w, )¢ Every uncountable I}
Note that the hypothesis of an inaccessible cannot be dropped, for + -
set has a perfect subset.
¢ FN . . R
‘. T 3205 2F + ACF IT every mw, set of reals has cardinality 2 © or
s % . . P 3209 (Solovay) Show that ZF + AC + SuCCh Every projective set of reals
~ < and w <209, then w is inaccessible in L.
; has a perfect subset.
Proof: W is regular in L, being wmwﬁmﬁ. Suppose in L,
N Let us contrast Mansfield's result with the following theorem of
Ew = XN : there is a real a which cpdes a well-ordering of w of
Lia] Friedman:
type M. In L[a], X is countable, and w o= w' . The set of
A 1 . - :
reals in Lla] is I in a, and so L., but is of cardinality T 321C ZF bk There is an infinite W set of reals, every member of which
xwmmu = xw. Using T 3G0C, we obtain a uw set of reals of cardinality except one is - W
Solovay points out in his paper .:: on Mw sets of reals that using
The next thecrem ‘mcst of which was proved independently by Solovay) T 2017, one can show
parallels T 3250, ) : R
T 3211 Con(ZF + AC + NC) implies Con{iF + MC + AC + 2 © - K, + there
T 3206 Mansfiels) LF - Let A be a nw set with code t: if A has k is a w set of reals with no perfect subset) &nd
& member not constructible from t, then A contains a perfect . omiwm + MC + there is a W set of reals of
subset with code W in t. cardinality
T 3212 (Lévy) Corn’ZF) implies Jonl{Vi + U5 + every well orderin.: of reals

whici is oriinal definable witiout real parameters is denumerable

or finite).
57
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T 3213 (Lévy) Con{ZF + V = L + there is an inaccessible cardinal) implies P 3223 (Mansfield) Show that Con{ZF) implies Con{ZF + AC + the

Con{ZF + GCH + every projective well ordering (more generally, universal analytic set is not in the o-field gzenerated by all

f every well ordering ordinal definable from a real) of reals is rectangles).

finite or denumersble)). . .

s : T 3224 (Martin, Solovay) ZF + AC + (\xAR ‘«Ava¢q = Every MW set of
LY

R

. . . . o . . at 1 t
P 3214 Find a model of ZF + AC in which 2 © > ww and there is a reals has a &), element.

projective well ordering of the continuum. .
. T 3225 (Solovay) ZF + 4C + (¥} - Every set of reals of power at most

. . - . 1
: ﬂ T 3215 ({Mansfield) ZF+ Let A be a mw well ordering. Then every real : FyoIsouy.

/ in the domain of A is constructible from a code for A. . .
T 3225 is proved by using Solovay's trick.

I 321¢ write P(») for "Every subset of K X & is in the o-fieid et &~ be 2VM, o« a normal neasure.

generated by all rectangles.” - " P |
T 3226 [Silver) UF + V = L & There is a ‘w well ordering = of the
T 3217 {(Kunen; Silver) 2ZF + AC+ Plw.) continuum, which has the property that the quantifier \) Yy x
[ r) Z (w,). -
1 A1

applied to a >w formula yields a ;w formula.

T

3212 (Silver) ZF + AC + {*) + p{2 ©),

»3

T 3027 is au immediate corollary; more Sererally,

R
T 3219 (Kunen) IIF + A0~ Ple) = % <2 © \x qpot RVM.

-3

3227 7k 4 v - Ut An >3 c:wmmmwv.

T 3220 Kunen; Silver) Con{ZF + Al + NC) implies

T 3221

. .. P . . N By
T 3222 'nansfielsd) F + AJ F The universal analytic subset of z, > N

v aoes not iie in the J-field generated by the analytic rectansles,

T 3222 answers a provlem of Ulam.

[y

29 . .
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4@ 3. weagurability and the Property of Eaire.

We begin by stating what is known about the set of constructible

1 reals S' for short) in various models.
T 3300 (aAddison) ZF - 8 < MW. If there are two L-degrees, then by T 311k,
" 1 )
S < r,w, for then S w\§ = (xla erv < mm. where a 1is any

. non-constructible real.

1 1

T 3301 (PYikry) In Sack's model D 1109, S ¢ I; nn and is neither

Lo
¥ nor P3.
The next two theorems were proved independently by Kunen; see also
Bukovsky [4 26] and Vop¥nka, Hrbi¥ek [i 47]. Recall D.1101, D 1102, and

the remark after T 3010.

T 3302 {Solovay) In S is of measure O and does not have the

property of Baire.

1
7 3303 {Solovay) In V =, S is of inner measure O, outer measure H.

and is of first category.

' T 3304 2ZF + Every MW or mw set is IM and PB.
T 3305 AmmamHVA YF 4+ V= L~ There is a bm set of reals which is neither

T 3306 . L1 + trere is a strongly inaccessible cardinal)

A2 + GO+ every uncountable set of reals which

is ordinally defirable from a real is IM, PB and contairs a

perfect subset).

61

T 3307 (Solovay) Con{ZF + AC + there is a strongly inaccessible cardinal)
implies Con{ZF + wns + every uncountable set of reals is 1M and
o3 and contains a perfect subset).

-

Solovay proved T 3306 by examining the model constructed by Lévy to
prove T 3204. T 3307 follows by considering the submodel of all sets

hereditarily ordinally-definable-from-a-real.

T 3308 (Hajek [i! 39]) Con(ZF + AC + there is a strongly inaccessible
cardinal) implies Con{ZF + there is no choice set for the Lebesgue
decomposition of the real line + ew is regular + there is an

uncountable set of reals without a perfect subset).

P 3309 The nhypothesis of T 3307 cannot be weakened to Con{(ZF): but
does Con(ZF) imply Con(ZF + e’ + every uncountable set of
reals is ILM)?
w R
P 331C Does Wﬁ + 1T + every set of reals is LM*© ® adj 2 i

T 3311 (Solovay) <Con{ZF) implies Con(ZF + GCH + there is a translation
invariant extension of Lebesgue measure defired (at least) on all

sets of reals ordinal definable from a real).

T 3312 (Solovay) <con{Z¥) implies Conf{ZF + \“&n; + not every set of
reals is Lebesgue measurable but there is a translation invariant
extension of Lebesgue measure defined on all sets of reals).

. ®
T 3313 (Solovay) Con(ZF) implies <Jon{ZF + 40 + 2 %> X + the real

line is the union of xw sets of measure J).

For the next three theorems, let M be a c.s.m. of Y“F 4+ V . L; and

Hmﬂ ~ be an infinite rejular cardinal in® . {Theorems of this sort have

also been proved by Kunen; for T 3316 see Bukovsky

26] and Vopenka,

Hrbdcek [ b7}).
62



£l

: . <w, ~1
T 3314 There is an extension N of M with T 3320 (Solovay) ZF + AC + Vx{x - ( Hv ) F EBvery £, set of reals
®
ich ZF + AT is true, 2 © = Kk, the ideal of is it and PEm.
sets of reals of rmeasure O 1is x-complete and the ideal of sets AN
T 3321 (ef T 3314) 2ZF + AC + (¥) - 'The ideal of sets of measure O and
of reals of 1lst category is «x-complete.
the ideal of sets of first category are both Ry - additive; con-
. . . 1 s
T 3315 ’'Solovay ere is an extension of M with the same cardinals sequently every I set of reals is IM and PBE.
. 345 ¥ -2
s P 7
~ as MW in which 2 © = K, every 1
T 3322 (Tanaka [13]) ZF® The Lebeszue measure of a Mw set of reals
set of reals of cardinality < » 1is of 1st category, but there is 1
: is a Mw real,
a non-measurable set of cardinality xw.
. N )
he following answers a question of Prikry:
T 3315 {Solovay) There is an extension of M with the same cardinals
TR
z$ M which is a model of ZF + AC in which 2 2 = x, every T 3323 {Kunen; Solovay) Let M, « be as in T 3314. Extend M by tne
. | 4 . .
set of reals of cardinality < < is of measure O, but there is regular open algebra of 2 (viz, add « generic reals). Then
L 1
a set of reals of cardinality ww which is not PB. in the extension 2 = & and there is a Sy nonmeasurable set.
D 3317 A set A of reals has strongly measure O iff for any sequence P 3324 (Solovay) Show that ZF + AC + SucC - Every rojective set of
SLY Y ¢
of positive reals (a “: w there is a sequence of open intervals reals is [M.
nons
{I1 such that A 2 UI and 4{I) < a .
n n n We end this paragrapn with some results.on RVM's.
P 331t Find a c.s.m. of ZF + AC + "every set of reals strongly of measure
) y . .
\ ] e T 3325 (Kuner) ZF + AC k™ Let « be RVM. Then
G is countatle {lurel's conjecture)”, given a model of ZF + V = L.
J . . (i) there is a set of reals of power < k which is not 1
53del's theorem T 33.% should be contrasted with {i1) every set of reals of power < « is of first category;
Lix) (iii) the real line is the union of fewer than « sets of first
T 3319 :Sclovay) Zr + A2 ™ Let «x T w and @ < @. Then every ’
] category; but
set of reals Mm in x is LM and PB ,
{1v) the real line is not the union of fewer than : sets of

which is proved using Shoenfield's thecrem T 3101 and some very fortunate

properties of random reals, and has the immediate corollary

Lebes:zue measure 0,
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LR 47} Let M be as in T 3401, and let I

-

Scme Provlerms

= - « gereric reals, where ecf{k) > u,
D 3800 write H(#) for "There is a family F, F = K , of functions
Then there is in ! a set with LP.
f1 ¥« =& such thav given any g: K =K there is an f ¢ F

HER

c . I3 + .
such that > < % og{v) < £(v). Jensen noticed that models for ZF + AC + 2 > x4 H(kx) where «
is inaccessible in ¥ (or K = w), could be constructed using

Sacks forecing. Silver then remarked that by collapsing cardinals

it would still be possible to prove
. underneath the inaccessible K one could get (say) a model of

- V= ) x
ZFF E(u) > Vr & M...yﬁ. - Ry and >w e /\m ¢ F ZF4+ACH 2T > Ry + mﬁxwv. Hence
m s Jn (g f : .
Vi < u As > m(g(n) > £(m))) T 3404 (Jensen, Silver) Con{(ZF + V = L + /e\,‘ K inaccessible) implies
R
PRiat

. Hn
that is, H(w) holds iff there is a family of functions of cardinality ConiZi + AC + 2 7 > Ry + ;,:.vv.

, ‘.n,ﬁ. .ﬂ... w ..admmcsﬁu«wo:w: . ,.
Ky such that every function is eventually majorized by - P 3405 Does the conclusion of 340k follow from Con(ZF)?

the family.
There is some relation between H and the property F discussed

{Solovay M . 4 = L. N . - :
T 3401 (Solovay) Let ¥ be a c.s.m. of ZF+ V = L. Let Ny be earlier (I 1126): by using Sacks' forcing one may show

then

obtained by adding xm generic reals to

T 3406 Con{ZF) implies Con(ZF + AC + —<CH + Fx ).

»
.,,..NT AC ~2 % =¥, ~=—HE(W). Let N, be obtained by adding «

dom 3 re in M, w < kK = & ~ cf{«) > w. Then " - . ,
rancon N.mm:wmw where in M, 1 (<) ror wwm N7, define f -4 g to hold iff Vm An > mif(n) < g{n)).
o ; .
N A2 = # > o~ H{w), I the set of constructible . . .
mT Al A K>Ry H{w). Indeed, tn o ~ has been investigated by Hechler [*] who shows .
functions -« will serve as the required g .
. T 3407 (Hechler) Let M be a c.s.m. of 7F + AC and let s, Amw.
4 A o P e .; 3rt ‘1 ifse . ®
D 3402 & mp«x X of reals has Lusin's property (LP) iff . be a partially ordered set in M with S< 290 in VM; then
° R e s
.2 -~ T oo : i b . . . . . . . . N
=2 and X7 7 g for every ' Y of first category there is an K D M which is a model of ZF + AC, Card" . ,.mnmx‘

o ’ -—
o et
: for all cardinals 2y @M is emved
e existence of a se¢t with LP implies (in ZF) that H(w) is * na “ o2 ()7 ana s, Amv is emieddatle

.
: ,.\.:}v *\- 0

false. The first part of T 340l has been strensthened to

[N
[52Y



wsdorlly LY + AT b The unit interval is the union of a

3 {nested) seguence of 0@ sets of lenagth

R., but is not the union of a properly increasing sequence of

. w

: ey s . N . "o " ..
4 T 3523 (Solovay) Con{iF) implies Con{ZF + &C + 2 ¥ > R, + the unit

interval is the union of a properly increasing nested sequence

r = t T length R
o of ¥, sets of leng wv
®
- . o _ .
{The last property is trivially true if 2 ° = Rys as every
couitable set is an mmv.
R
o

T 3410 ({(Solovay) <con/ir implies Con{ZF + AC + 2

> R, + the unit.
1
interval is not the union of a properly increasing sequence of

¥ mmﬁmowwma,

- P 3411 (Keisler) Let &« be an uncountable cardinal. Does there exist
an ultrafilter D on the set « such that
(i} every x ¢ D is of power K,
I4 -

ii) for every set E S T of power «, some element of

< belongs to infinitely many elements of E?

case o= xw is particularly interesting. Silver has shown
that the answer is yes if « is RVI4.

. , w, w
,,vwvwmv et mw Swos(2). s

P 3412 (meyes) et R R is

tn

invariant iff for every permutation 5 of w, Amkv.t.v i 8

"

. /e . . - . .
7 . 10 (n"F L, .e..) 5. Is there an invariant S © R which is

neither meagre nor comeagre in the product topology?

W

he answer is yes if 2 ° = R, or (remarxed by Solovay) if

CONJECTURE AND RESULTS IN MODEL THECEY.

f Xurepa and Chang.

. xQ has Kurepa's property {writ-en iff there
is a family & with § = 7Q+m of subsets of wQ+p such that
for any B < S w1’ (X N3y« s) < Ko .
L ROQL (ZF + AC)  {x,A) = (K',A'} iff any theory with a model of

. B ’ \ . e
type {#,%} hnas a model of type K',N'J, where Kk, A, Ky A
.

are infinite cardinals, « > A\, k' > A, and "type (K,\)" ig

as defined in Vaught [ ].

K,N) => {Kk',A')  iff any relational structure {A,U,R}

o~

D %002 (ZF + AC) .

where A =K, U=X, UZ A and R S A has an elementary substruct.re

(5,v,8) where B = k', V = A', V< B, and S < B.

T 4003 (Lévy, Rowbottom; Bukovsky [H45]) Con(ZF +'V = L + there is an

inaccessible cardinal) implies Con{ZF + GUH + xﬁzov.

T Look (Silver {*]) <Con(ZF + V = L + there is an inaccessible cardinal)
A}

implies Con{ZF + GCH + IJm«xov + xAxwvv.

faush ~ ! h O ®
T 4005 (Vaught) ZF + AC - \_QZQL;Q. s ,3,:03
T LOGK har an(x =z . X 7 o=>. o »
wmm T 4004 \AOvaWV \zuﬁﬁ7m regular -, AxQ+H~ o T m+wvwm\v.

Now in [14], which discusses the property HVm in greater detail, Vaugat
remarks that there is a sentence A in the {irst-order language with a dis-
tinguished urary predicate such that for all o, / has a model of type

(x ® ) iff xAxQV. For further theorems ardi provlems see Silver [*].

as
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(=]

3

U

[

= .Vx X _\,.
lVH /.wﬂ.,xo.

~

2"y

Let us denote by Q the zssertion that there is a family ¥ of functions

2 = R xva

n
n<ew

AS- CC oV £ L.

‘Keisler, Rowbottom) ZF + AC + CCF  "There are several weakly

rue in L.

ot

) implies Con{Z¥ + GCH + CC).

(Silver, using T 2118) Con{ZF + AC + MC) implies

is irdependent of something not very bis?

&2

is an end extension of |

roper e.cmentary extension and DFa ~ a ¢ Y
Pror

(Keisier) Is trere an inaccessible 7 such that (V_,e: ©as

an end extension but no well-founded end extension?

s R . ~1. v . .
(Keisler) Let « be the first i indescribable cardinal. Has

A<w,mv end extensions of arbitrarily large cardinality, cor even

. . ++
of cardinality # 7
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#5.  UIUER SYSTLUS.
A.H 0. ariatlions ui Sel Theory.

NEG we mean the axioms of blocks A to D of Gddel's

mono: ranh. .

T 5008 o

implies =nd is implied by
T 5001 Any thecrzm of -3  in which only set variables occur is a theorem
of ZF, and vice versa.

Let us note two facts about axiom E, the class form of AC:

3
3
e
by
b
“
ct
3
5
2

GCH + M E).

T 5003 {Solovay) Any theorem of NBG + ©

fos

n which only set variables

occur is provablz in ZF + AC.

ragion indeed siowed more than T 5002, namely that if N3G is consistent,
then so is N®3 + 30 - “"There is no class selecting one element from every

unordered ierse.”

Let 2FU be the usual mcdification of 2F allowing individuals.
The article of Lévy [ 5] rives all but the most recent results. A theorem

of Gau:

3], Theorem 11.5.9) establishes the existence of a group of

the scri needed to answer affirmatively the problem mentioned on the last

page of [ 5].

. i Fol . . o .
o 5004 {8)) for tne conjunction of the axioms ¢
n
N« §, where
70005 Tisuntt) Ton'ZF) implies .

71

o oy WO\ | > RS
T 500t (Sauntt) ZFU - >?a . C.o~cCl7 Ninym ¢ w{C
i a0 n
WO WO
C v OO,
n m
. {Gany IUJ.F\/.‘ Wi ~ ?
P 5007 (Gauntt) Does Z:U! L, m e E?:?ﬂ -y oav
et m«¢ w and S a finite subset of w.

wO

o b then ZFUF C(8) -cC .

. WO
T 5008 (Gauntt) If ZFUF ¢7O(s) -

_ :o. . N
(Gauntt) 2F0 = C"9(s) l_uw iff for every subzroup G of

+3
wn
<
(@}
O

Sym{m) without fixed poinis there exist finitely many proper

of 3 such that [5: mwT see 4

T 5006 zives a decision procedure for the relative consistency of

ZFJ - nsoAmv + - a procedure for ZFU + C(S) +.Jo: has yet to be

found.

There is no feneral method for converting a proof of independerce from
ZFJ to onme from ZIF, for consider the axiom of foundations itself, or
less trivially the assertion X that every set which can be linearly

ordered can also te well-ordered: ZFF X —AC, but if Con(ZFU) then

Con(ZFU + X + = Al). However, some independence proofs are convertible:

T 5010 (Jech, Sochor [#37, K38]). Let a .sentence A have one of the

followin: forms:

/\m>x < aB(x,a)
Vallx « s{a)i{x,a)

VaAx « g{s{a))B(x,a), etec.,

where * is a resiricted Q.\,ov Tormula. Then

Con{ZFU + A) implies Co




a sent

A

et

'
e

\n
Q
et
V)

{Lévy)
Alx,y)

cperation

. s1. If A{x,y)

s2.
contain th

Call
ZF {that

but not of

T 5013 (Hdjek

Tr.en tiere

sistent and has among its theorems all the axioms of ZF - L.

\

1o set thecry, D the axiom of foundations.

such that Z - D+ A 1s con-

ence A of set thecry

T bve the theory ZF - D+ AC. For each formula

of set tieory {without parameters) add -a new unary

£

4 and the following axiom schemata:

symbol

is an equivalence relation, then for all

o
by
A

(x) = £, () <> AxY) -

411 instances ow the axiom schema of replacement which
e new symbols.

the extended theory S. Is there a sentence A of
is, without the new symbols) which is a theorem of §

T?

- L+~ Let R Yve a regular extensional relation.
is @ model rélation S 2 R such that
s"{xi = R'{x} for all x in the field of R;

= 8"(2)).

¥

.,

73

JH 1. Variations cn Quine's Set Theory.
Let FJ be the system NF with extensiornality repiaced by
<mmx>>nﬁ.mxA|V Z<Yy) X =Y .
Let T be ordinary type theory with w levels. Let

axiom of infinity form "There is an ordering which is not a

well-orderizng,” and the axiom of choice in the form "“Every

disjoint set of nonempty sets has a choice set.”

T 5100 (Jensen) <Jon{7) implies Con(NFU)
T 5101 {Jensen) Con{T + Inf + AC) dimplies Con(KFU + Inf + AC)
T 5102 (Jensen) Con!T + Inf + —AC) implies <Zon(iFU + Inf + -mACl).

These results and the consistency of T can be proved.in elementary

number theory. Hence
T 5104 (Jensen) ENT F Con(NFU). .
Since NFU + Inf ~ Con(ENT), Inf is independent of MNFU, in

contradistinction to the following result:

T 5105 (Specker) v+ Inf ~ =1AC.

WFU augmented by the following induction sciiema:

) a0) - Anamm) satmen)) oo As

where the variable n ranges over the fini‘e numbers, woicl: are

as eguivalence classes of {Russell) finite sets.

7o



indeperdent of

P

-n
i

An extension of Ha

5107 {Jensen) il

5103 [Jensen)

equiconsistency

number theory?

5103 {Jensen) IF -

T 5109 is a

theorem.

L]

511G [Jenser)

N

containing
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