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The fursher development of the general theory of BVMs is given
in the appendix BVM. Scott uses AC, but only, as far as we are
concernad, to prove on the one hand that ,}: &QG ﬂRn ﬂ » and on the
other the following very unseful rule which he calls the Maximum

Prineiple (page 24):

T 6108 %P ~i§=-!i0‘=— For any OL(%) of iigg there is a v ¢ B

such that
WO P-T Ve (B

Some remarks about Boolean reasoning: often a proof that
[[(5‘1]){&-_-1 for some (§\, and 8 will fall into two parts. Firat
it is shown that E‘g\"\]w’, 7 by arguing from the peculiar
properties of 'IE . ¢ for socme other sentence 'ﬁ{,a and thereafter the
argument is purely set-theoretical in that it can be shown that
ZF ‘— ﬁ'b — 6L, 8o that Eﬁi@m:’j}, then follows by the genersl
theorem T 6102. When a piece of reasoning is purely set-~theorstical

3

in this sense, I shall say: "Reason in V' : ....."; and give an

informal proof in the traditional mathemazical style, with free
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variableés abounding. It is to be understood that these statements
are to be translated into sentences (with E.? frae variables) of 58,, _
and then my argument to be construed as the assertion .th.at each of'
these has ']Bmvalue ﬂ,o When rea.séning informally, I continue to
write 9\2,1% etc for the elements in ‘U-!B ;s but write = for =
and & instead of © . Thus if I say " In TE,, X = 3;" I mean
that Ex’ = fr’Dma 13 the twe Boolesn-valued functions % and :} nay
well not be the same in V. (Gf BYM page 5, half way downh It is
indeed posgible to factor the model ‘\f&so that ﬁ?‘:; :}‘Dzﬁ—»x = Vy,
but then the inelusion‘\r %,C_.\J-m in T 6106 becomes an em=

bedding , which is less convenient,

I AT wm\'&u chu\'hu \')v&%v:"\ﬂbﬂ. L\’s& MAB, t\‘{uoi
m@/‘om)mﬂ\ A J?a../ir\'d b\ﬁ%’ v el ok a
3\9.0&%1’ Joman kv il vl ‘JM‘Y \#LM La ﬂ: Gvﬂ,ﬁ)g_
ord  dowe e wonimal elements , Mew convimAtong  aat premvoneh
s-lw\%ﬁ.

D 61oq (zr)  leAr ‘-‘—<\1PL:§?> ke o fq%’a}. M&Jj},
Aok % c Pl & deme G P <>
NpelPl Ve X p/ey % ¢ < -ded e
Npe X Ap’e |P) bR —sp X b, 7 eltr)
o compaible e Vp" "y np" <], (Rente
&WM] .
‘\? 2 b/ Y many b rey&\‘,i.:., Kommgne [z, 7 7 B Ao Q,M-\:d
adeving, emcovdBed,  with miney axephom Lot puspak, Fok
/\PVP’,V"(\‘J;:‘SP A K’Hifi n ?) o ?h O’ i'howaA’ﬂO(L) .
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D 6111 In the situation of T 6110, @ is said to be a regular

- /
minimal completion (r.m.c. for short) of (I: and, as will
be geen later, is characterised up to isomorphism by the

propertiss

N
{,is & densge subalgebra of @

Gis complete.

The importance of paritial orderings is that in practice TB is
only indirectly defined. Consider the originél proof by Cohen of the
independence of V = L. He wished to construct a real x €0, and
did so by considering conditions on x. A condition was a finite
set of statements of the form e® or - % ¢ ¥ (where ¥
is 8 neme for ¥y Gad n em) s and no condition P contained both

W4X and —T ¢ ¥. P was defined to be a sironger condition than

Q (abbreviated to P Q) if @ CP, T;hué the set hP' of conditions -
was partislly ordered by _~\<’ p and the empiy set was the maximum
element.

That situation is perfectly general, there being a natural
correspondence between cBAs B and POs TP » Which I shall now

discuss.,

T 6112 ZF \-—— Let 96 - <)1(,*r> be a topological space, and let '@}
be the collection of all reguler open subsets of ¥ : that
is, Y e\{?,\ iff ¥ = int ¢l Y, for Y CX. Endow \'@] with
the coperations defined by

- ¥ = int(X\Y)
Y ¢ 2 = int o1 (¥ \Z)

Then i% <|\'B§g 4y c=~> is a oBA.

For if 2xi ! i e I’)) is a set of elements of ‘ﬁ%] » the set int el ,%Ki
lLe
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a

is € ‘1%\ and is the supremunm of {Xil ié€ I} in the Boolean sense.

ﬁ is the regular open algehra of}.o A little elemeniary topology

shows that
P 6113 YoZ « YRZ, and 80 YEZ >Y 32

Let now fw - <\ﬁ’}3<> be & partially ordered set., For p eP set

D 6114 foiz - gp”e\“’l]p%p.},

® '  F L
Th iy . 1 th 1t p
en O o Op is either empty or egqual %o U! Oq 'qe Op“ Op }f,
and so we may define a topology 'Tﬁ on IW} by taking the family
YOE‘ pe\wp) as 4 basis. Associate with 'W the regular open algebra

T of the space <\\P\,¢W> . 01; will also be written 0};5 or plain O .

TB is the algebra over 'EP Remaxrk that

E'E;%mg | A< PV gp” VaePk o ga
—(5%%) = Sp |<Vo xpVae X psqﬂ,

T 6415 ZF}—' (1) set P¥* fo | pci)] and Wﬁi (P*)g;) . Then
’[P*N']P as POs, and W* is dense in T3 (qu PO).
(1i) Conversely iet € be a BA, and set P = <Q:\9Qﬂ £

E)the algebra over TP is an r.m.c. of (E . and the mapping

bk—%OE (belCl)

is & regular embedding of C in '[B 0
(111) If in (i1) @ is complete then that mapping is onto,
and so the two cBAs are isomorphic.

(iv) 1f ’(Pi ig dense in W‘L’ then %he algebra over TPQ i

isomorphic to the algebra over dﬁ?;,.'

All these, save(i) which is immediate from the definitions and T 6113,

will be proved as corollsries to T 61i7.
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Consider Cohen’s original argument again, or the version of
forcing expounded by Jensen in [43 » There is a set of conditions I]H
with a partial ordering { , and associated with it is a ramified
language fo y and a forcing relation , ““’ between the conditions

and sentences of ﬁ , with the properties:

F 1 Aeefinferge 2o or # l—“l(ﬂ.
¥ 2 Ar el elpt A 6\,(?“«&- and PP P’ ‘(-Gb)
es  Avelligblor —-lke))

where (ﬂ, ranges ‘over sentences of é . Usually the elements of
are conditions on a new object to be added to the universe, and
has a name for this new object, and a name for each element of the
universe., Thus in Cchen’s original consiruction, the conditions are
finite sets of statements about a new subset of (v , for whiché has
the name QJ, Jensen shows in [4] that from the properties F 1 - 3
the fundamental theorem of forcing may be established in the form "If
m.is an axiom of ZF, then ﬂ_,u’ O'L ”, where 1 is the maximal
element ofP o

It is a nuisance though to deal with ramified languages. Instead,
let TP be the partially ordered set of conditions, ami\B the algebra
over ﬂ).. Form’\rTB andZ']B t now the language zmis not ramified.
For P ¢|P|ana (oﬂ_c.fﬂg ,» define

D 6116 “.76\_ e R[]k

Then n,— satisgfies the three axioms P 1 8243
Tn showing that [&ﬂ j] it is only necessary to

Shows . gﬁ?iPn’&L} is dense in {B. I shall often argue e,hou‘#;‘\fu?>
and useZ e And ﬂ) but not mention TE . Note that by definition of

B,
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