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qro.  Statement of the results

The first partition theorem of Ramsey states that for any
positive integer 2 and for any partition of the set of unorderea'
n~tuples of natural numbers into two, there is an infinite set X .
of natural numbers such that any two n-tuples forméd from elements
of X lie in the same half of the partition; and may be proved
without the axiom of choice.

Ramsey’s theorem has so many applications that it is natural
to hope that it remains true when "n-tuples" ig replaced by
ninfinite subsets", (Let us call that the case n = 060.) An
application of the axiom of choice shows that it does not:
Professor Scott, in his Seminar on partition theorems held at
Stanford in California in the autumn quartexr of 1967, raised the
problem of refuting the case n = es without using choice,

The main purpose of this paper is to show that under a
hypothesis stronger than that of the consiantency of Zermelo-Fraenkel
sat theory but nevertheless widely believed, Scott’s problem is

inscluble.

Throughout this paragraph I use the letters =x, y and 2 &s
variables ranging over the set of infinite subsets of &, the set

of natural numbers.

D 6000 (ZF) A set P of subsets of ¢ 18 a Scott family (SF for
short) iff Axv;sr Ex X@P g ¥ % P,

Thus Remsey’s theorem is true for the case n = oo iff there is

no Secott family: in the partition notation of Erdés and Rado, Ramsey’s
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theorem is /\n(aa-éé(uﬁg) and the case n = 00 is Ou-—*Qﬁ(ﬁngi
I shall now state the theorem that almost anawers Scoti’s

quesiion.

T 6001 The oconsistency of the theory 2ZF + AC + "there is a strongly
inzcoessible cardinal" implies that of the theory ZF ¢ DC «+

"there are no Scott families",

The implication may be proved in elementary arithmetic. Here

DG is Tarski’s principle of dependent choices:

if R is & relation on a non-empty set X such that
Av eKVw e. X vRw then there is a mapping £ wW—3X

such that M <ed[£(1) R f(1+1)']

w
and is equivalent in ZF to the weak axiom of choice, DC , defined
on page 20 of the Survey.

As an intermediate step I show that

T 6002 the consistency of the theory 2F + AC + "there is a strongly
inaccessible cardinal” implies that of the theory ZF 4+ AC ¢
"no Scott femily is definsble, even if parameters for real

and ordinal numbers are allowed¥;

a devica of MoAloon is then used to derive T 6001.
I shall cotment later in this paragraph on the proof of T 6002;

first I shall review the earlier results on SPFs.

D 6003 (2F) x ~ ¥ &> the symmetric difference x Ay ie finite.

Then &~ 1is an equivalence relation; =so define

£

D 6004 ' x,;c .Ey(x«?y},_and let ’}m {x/fixgw}
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4 method of obtaining SFs is given by the next lemma:

T 6005 2ZF ﬁ— If there is a function g:'g-—> S(w) such that

/\u e? g(u) gn, then there is an SF.

Proof: Let- g be such a2 funetion, DPefine
Pg - {x sm\xﬂg(x/f) is even .} .

Then if ngz, x \%_n’;%f’g iff xEP, so that P, is indeed an SF,
q_ue.do

Given a wall-ordering of s(w), such a g may be constructed, 80
T 6006 ZF + AC }* There is an SF.

But it has been shown by Feferman [2] that Con(ZF) implies
Con(ZF + there is no such choice function for ?—), (I know not
whether there is an SPF in Peferman’s model, in which Solovay has
shown DC to hold. I conjecture that there is,) Indeed it may be
shown in ZF that no "simply" definabie get P oan be asn SF., That
statement may be made preci.se by using the projective hierarchy of
sets of reals introduced by Lusin, for the levels of which I shall
use the notation of Shoenfield 64, Chapter 7, page 175] and
Addison. (The projective hierarchy is also defined in Kuratowski’s
book [6, page 361]). Some remarks about the notation are in order,

as I use slight variations of that described in Shoenfield’s book.

The projective hierarchy is most conveniently investigated not
in the real line itself, but in either the Baire space of functions
from €& to ¢ or the Cantor space of functions from tto 2 = 20,1} 3
and of these the first is easier, as there Kleene’s Normal Form
theorem for ‘;l;glg sets holds. Now Shoenfield defines "projeciive" for

the Baire apace, but hig definitions work equally well for the other.
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As I am now concentrating on subsets of ¢3 » I am compelled to
avoid the Baire gpace.

From now on, & ;;gg_:g._. always means a subset of .

Let 2"“ be the set of all reals, The topology on oW g

defined by taking as a basis allsets of the form
N, = {K guwlin<n (ngX iff u(m) = ‘1)}

where n gw and u: n—~y 2. (Remember that n = %0,1,,.,n~»1}).
The letters X, Y, and 2 will now be used as variables for
arbitrary subsets of oj. A Trecursive predicate of reals and numbers
i® one built up from the predicates m+ n = k, men = k, ngi,

m <N, and the functions f,, ‘f2 defined by

f1(m) = the highest power of 2 dividing m,

fz(m) = the highest power of 3 dividing m,

by composition and the lsast-number operator Fg(cf Shoenfield’s
book, page 109).
An arithmetical predicate of say X and n is one which is

equivalent in set theory %o one of the form
Am,.i sz o--aR(m,lgngoa-QXgn)

where R is recursive and all the quantifiers are of number veriables.
Then as in Shoenfield page 174 a Z:; predicate of say X, m

is defined as oneeguivalent in set theory to one of the form

Ve, Ay, oo A Y, R(Y,4Yp000,Y, oX,m)

where R ip arithmetical and the gquantifiers alternate, If a real

parameter is allowed in R, then the predicate is %; (bold face.)
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A set J€ of resls is 3| 1if the predicate X& K is 2 , &0
a Tf1 set is the complemensyof a E: set, and & L&l set one
which is botth-1 andg - Then t‘:; A1 sets are p‘::zcisely the
Borel sets, 21 the analytic sets ( A sets in Kuratowski); "j’l’,i - CAj
22 = PCA, and so on. (cf Shoenfield EM,, page 185])
~ In qF 5 the projective hierarchy on the Baire space wwwiil also
be used; I shall then write TT 1(;., ete for distinctness.

Pwo remarkst

6007 These definitions can and are assumed to be formalised in set
theory, by setting up an sppropriate language and defining o satis=-

faction relation between the formulae of the language and the

strusture <2“,m, s 49 °» <y f1, fz, 0> .

6008 I heve used the phrase “equivalent in set theory" above, I
shall usually work in ZF ¢ some form of the axiom of choice, {at
least DC)s now if DC is assumed, more predicates become expressible

in (aay) 2:: form, Shoenfield (loc cit page 173 (4),{i1),(141i)) gives

& number g\;‘ invaluable rules (which I shall c211 Shoenfield’s rules,
not that they are his invention) for coaxing predicates ‘into the
right shape, which work also for 2%’ It should be stressed that itwo
of his rules in {iii) p. 173 require some form of the axiom of choice

(e.g. DC) in their proof: in his notation they are

Vx et p(ot,x) ¢ ReP(() o)
ng ol P(dpx) é—@%‘gxl:((ﬁi)xsx)'

The orux of the proof runs: if ngq& P(gg,x), then to_each x pick an

ol ; code these together as 2 funotion?, and then VXP((€)XQx)¢ Thus

in my notation, & set of the form
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6009 {x | AaVY R(n,Y,2,X)}

where R is arithmetical is, assuming DC, E::v I emphasize
o
therefore that assertions about 2:; sete proved in ZF are
il
understood to be about those sets for which a EZ; definition
Ay

has been exhibited.

I shall now gtate the known facts about SFs.
Four péople have independently proved theorems which all are

more or less the assertion that
T 6090 P F‘ No SF is an open subset of the space 2w°

The first of thege was Wash-Willianma ﬁé:}; the others Ehrenfeucht,
Cohen and Galvin [5]%§11 done at Stanford or Berkeley in 1967/8°

Cohen proved T 6010 preliminary to showing that

T 6011 ZF ‘v- there is an x not recursive in any y £ x with

X %Yy infinite,

a result obtained independently by Soare Eﬁﬁ] .

s
Then in early February of thie year, Prikry (at Berkeley)

improved T 6010 to
rFd
T 6012 (P¥ikry) 2P f-no 8P is Borel;

NZA
finally Silver (also at Berkeley) » using Prikrysé result, established

the following:
T 6013 {Silver) ZF i-»No SF is s
2
. :
™ 6014 (Silver) ZP + MC %" No SF 18 2, end
P

T 6015 (Silver) ZF + (&) \-—No SF is 2;
' Fiad
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T 6013 and T 6014 are best possible for their theories: for by
T 3005 and T 6005, ZF + V = L |-there is & Alsr, and by 7 6005
and T 3226, ZF + V = Lrl-there is & A'BSFo

Here MC says there is an ordinal XK »(y with an ultrafilter D
on it (that is, D & S{k)) containing no one.point sets and such that
‘$he intersection of fewer than Kk sets in D is always in D. (%)
and V snljh are the axioms given in the survey at D 1236 and after

T 20%9.

1 shall now comment on the proof of T 6002, and on the plan

of the paper.

D 6016 (ZF) A transitive model of a set of sentences % is a
collection M of sets such that uegveM->u g M, and

all sentences in % are true in <M, €>=_=

I shall use the notion of a transitive model in two distinot
wayg: first in which ¥ is a set_, in which case there is no
difficulty in forxﬁa]ising D 6016 in ZF; but I shall also, in dis-
cusgsions of a traneitive model M include the possibility that M is

a proper class, when I shall call M an jnner model. (Caution: in the

survey I use "model" to mean only the first case.) I mean then -
either that M is defined by a ZP-formula M(€) with one free
variable such that it ie provable in ZF that all seﬁ;’tences of

are true when all their quantifiers and terms are relativised to M:
that is, ZF}-GLM N for each QL in % 3 or that a predicate letter
M ('e) with one free variable has been added to the language of ZF,
and all the relativised sentences GLM ( GOLe ) have been added as
axioms.,

(If M is an inner model, I shall write w &M for M(u). mg
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is obtained (when M is a set or an inner model) by replacing
[\x'& by /\xerLM H Vxﬂ\' by Vxe M(&M), Exf by Ex [x éMA-&f‘J
in 6L, I often write *@lis true in M" Fmr Gﬂ? . |

When necessary, I shall distinguish the two cases by saying
¥eVor M f’ Vs, but in general an assertion "ZF i—"oooﬂ about
transitive models is to be understood as being both a theorem of
ZF (in the case M gV; when M is & bound variable) and a schema
for predicates M(%).

I shall make much use of the method of foreing, invented by
Cohen to solve the independence of the Continuum Hypothesis: its
fundamentalfeon@ept is (probably) that of a partially ordered set;
that of the associated model theory a complete Boolean algebra,
oBA for short. [&he theory of Boolean-valued models, which I shall
use, is developed in the appended lecture notes (cited as BVM) by
Scotfl In ﬁTa, the principal definitions are repeated, the relations
between partial orderings and ¢BAs derived from & technical lemma
which has a further application in@ﬂ:7._and'two standard resﬁlta
on cardinalities in Boolean-valued mocdels given. The theory of
generic filters and complete homomorphisms is treated in ﬁfz, where
two theorems taken from notes of Jensen and first used in 1{?, on
sub- and éuetient algebras,are provedoﬁﬂ" 53 establishes a
combinatorial lemma, of which T 6010 is an immediate corollary. In
4l 4 a notion ¥ of forcing is introdwoed, and is shown, using the

methods of qIB, to have the following property:

6017 ZF |- Let M be a transitive model of ZF + DC, and let x be
1P~generic over M. Then every infinite subset of x is also

¥ -generio over M.

T 6017 is the step-ladder from which all the plums are picked.
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The next two paragraphs digress from the road to P 6002, qTS
continues the investigation of the properties of “)wgeneric reals.
First T 6017 is applied to yield a very short proof of T 6014; the
observation that M need only agtisfy a certain finite subset of the
axioms of ZF for T 6017 to hold leads to almost as short a proof
of T 6013, which yields an improvement of T 6011, which in its
turn shows that an x ’“’-generic over L is not of minimal Le
degree (D 1105). 1[6 discusses briefly two other notions of foreing,
one used by Silver, I gather, in showing hias theorems TT 6013%,4,5,
and shows that [P-generic reals are not (Cohen) generic, random
Sacks or Silver. (of DD 1103,4,9 and 1111).

The laat three paragraphs establish T 6002 and T 6001. A theoresn
of Jensen is proved in ‘“7, which is then employed to investigate the
appropriate oBA., I prove T 6002 in qre using T 6047 and the resulte
of qF7 s~ MoAloon’s observation that the definable class of sets
hereditarily definable-with-ordinal-and-reel-parameters is an inner
model of ZF + DC then yields T 6001, in,ﬂ?, which oloszes with further
comments on the methods used, and a list of open problems. The diagram

illustrates the logical relationships of the paragraphs.

N e

e
NN

Yoo

(4§74 uses only the most standard results from §[2.)
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The model used to prove T 6001 is McAloon’s simplification of
Solovay’s model in which all sets of reals eare Lebesgue measurable
(T 3307). Sclovaey has never released his account of his work, promisedl
for some years with the title "The measure problem I: a modal'bf set
theory in which all sets of reals are Lebesgue measurable"” and I am
indebted to Prof, Silver of Berkeley for describing Solovay’s argument
to me. Conversations sbout Silver’s sketch with Dr. Jenasen have been
most helpful, as will be apparent: in particular, Jensen remarked that
Solovay’s analysis of the first model (for T 6002; actually first
constructed by L%vy) coulé be more readily presented using his own
lemmats on Boolean algebras which collapse cardinals. Persons familiar
with Soldvay’s proof of T 3307 will recognise that in 8 I do with
ﬂ)-generic reals, using 7 6017, what he did with random reals. Thus

ﬂ‘ﬂi,2 and 7 are largely devoted to expounding Solovay’s work.

Interest in this problem was widely encouraged by Prof. Friedman
who lectured at Berkeley on his attempts to define an SF; the work of
Ehrenfeueht, Cchen and P;{krf, and my lemma T 6005, are all the result
of his enthusiasm. My own stimulwg - was the proofs of T 6010 and
T 60014 I realised that Cohen’s method could be generalised, and in
February obtained the weaker results of |5. At the same time P;gkr§
proved T 6012, Silver stated his theorems in a letter to me in February.
I returned to the provlem in June s when I noticed that “)e
generic reals are not of minimal L-degree, and Dr, Jensen told me
about his own observations, stated in ﬂ‘[4 and 5., I then realised
that a conaiatency_proof for "no SFs" could be obtained from Solovay’s
model were P 6017 true: I proved T 6017 on July 7th and noticed that
it gave easy proofs of two of Silver’s theorems., Thus the original

parts of this paper are ﬂ§75,4,5,6,8 and 9 (except where stated); though
the basic methods are not mine, I think I can reasowably c¢laim %o have
gbt more from them than other workers. The heart of the argument is
qr-qr 3 and 4artoute lé regte est littérature.



