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What is scl?

Algebraic definition. Given w ∈ G , set

clG(w) := inf{k ≥ 1 | ∃a1, b1, . . . , ak, bk ∈ G ,
w = [a1, b1] · · · [ak, bk]} ∈ N≥0 ∪ {∞}.

The stable commutator length of w is

sclG(w) := lim
n→∞

clG (w n)
n .

Topological interpretation. Assume that G = π1X . Then

sclG(w) = inf
{
−χ−(Σ)
2n(Σ)

∣∣∣∣ f :(Σ,∂Σ)→(X ,w)
Σ or. comp. surface

[f|∂Σ]=[wn(Σ)]

}
.
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Example. Given a, b ∈ G ,

sclG ([a, b]) ≤ −12χ
−

 [a, b]

a
b

 = 1
2.

In fact, if G = F (a, b), then clG ([a, b]n) =
⌊n
2
⌋

+ 1 (!)

Dual interpretation. A quasimorphism is a map φ : G → R such that
D(φ) := sup

a,b∈G
|φ(ab)− φ(a)− φ(b)| <∞.

We denote by Q(G) the set of quasimorphisms on G , satisfying in addition
φ (w n) = n · φ(w) for all w ∈ G and n ∈ Z.
(Bavard ’91) sclG(w) = sup

{1
2φ(w)/D(φ)

∣∣ φ ∈ Q(G), D(φ) 6= 0
}
.

Scl as a measure of curvature

Definition. A group G is said to have a spectral gap for scl if
∃ε > 0, ∀w ∈ G , sclG(w) ∈ {0} ∪ [ε,∞] .

Theorem. The following groups have spectral gaps:
• (Duncan–Howie ’91) Free groups (with ε = 1

2),
• (Calegari–Fujiwara ’10) Hyperbolic groups,
• (Bestvina–Bromberg–Fujiwara ’16) Mapping class groups,
• (Heuer ’19) Right-angled Artin groups (with ε = 1

2),
• (Chen–Heuer) 3-manifold groups.
Most of the above results were proved by constructing quasimorphisms.
• (M. [3]) A new topological proof of Heuer’s (sharp) spectral gap for RAAGs
by constructing non-positively curved angle structures on surfaces bounding
some power of w .

General philosophy. Non-positively curved groups have large values of scl.

Opposite situation. If G is amenable, then sclG(w) = 0 for all w ∈ [G ,G ].

Computing scl

Theorem. Scl is computable and has rational values in
• (Calegari ’09) Free groups,
• (Chen ’20) Graphs of groups with infinite cyclic vertex and edge groups.

Question. What about closed surface groups?
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Isometric embeddings

Idea. Construct embeddings f : Fr ↪→ π1Sg from free groups to closed surface
groups that are scl-isometric in the sense that

∀w ∈ [Fr , Fr ] , sclπ1Sg (f (w)) = sclFr (w).

Theorem 1 (M. [2])

Let S be an oriented compact surface with ∂S 6= ∅ and let T ⊆ S be a
π1-injective subsurface. Then

π1T ↪→ π1S
is an scl-isometric embedding.

The relative `1-seminorm

Example. If S is closed, Theorem 1 does not hold.

T w S
sclπ1T (w) = −χ−(T )

2 = 3
2.

sclπ1S(w) ≤
−χ−

( )
2 = 1

2.

But there is a way to generalise...

Definition. The relative `1-seminorm on H2(X ,w) is defined by

‖α‖1 := inf
{
−2χ−(Σ)

n(Σ)

∣∣∣∣ f :(Σ,∂Σ)→(X ,w)
Σ or. comp. surface

f∗[Σ]=n(Σ)α

}
.

Observation. 4 sclπ1X (w) = inf {‖α‖1 | α ∈ H2(X ,w), ∂α = [w ]}.

Theorem 2 (M. [2])

Let S be an oriented compact surface, T ⊆ S a π1-injective subsurface. Given
w ∈ π1T ,

H2(T ,w) ↪→ H2(S ,w)

is an `1-isometric embedding.

Finding classes with rational `1-seminorm

Theorem (Calegari ’09). Let S be a compact hyperbolic surface with ∂S 6= ∅.
If a power of w ∈ π1S is bounded by an immersed surface f : (Σ, ∂Σ)→ (S ,w),
then

sclπ1S(w) = −χ
−(Σ)

2n(Σ) = 1
2 rotS(w).

Theorem 3 (M. [1])

Let S be a compact hyperbolic surface, w ∈ π1S. If a multiple of α ∈
H2(S ,w) is represented by an immersed surface Σ, then

‖α‖1 = −2χ
−(Σ)

n(Σ) = −2
〈

euRb (S), α
〉
.
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