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Abstract

We prove a theorem that implies:

Let G1 = 〈G1, ·,≤〉 and G2 = 〈G2, ·,≤〉 be ordered groups with
subgroups H1 and H2, respectively. If ϕ : H1

∼= H2 is an order-
preserving isomorphism, then the free product of G1 and G2 with
H1 and H2 amalgamated via ϕ is right orderable.

This solves Problem 15.34 from the Kourovka Notebook.
We extend this result to an arbitrary family of ordered groups

with order-preserving-isomorphic subgroups amalgamated.
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1 Introduction

The class of groups is closed under amalgamation. That is, if H, G1, G2 are
groups with embeddings σj : H → Gj (j = 1, 2), then there is a group L and
embeddings τj : Gj → L (j = 1, 2) such that hσ1τ1 = hσ2τ2 for all h ∈ H.
Indeed, a much stronger property is true: the group L can be chosen so that
G1τ1 ∪ G2τ2 generates L and g1τ1 = g2τ2 in L (with gj ∈ Gj (j = 1, 2)) iff
there is h ∈ H such that hσj = gj (j = 1, 2). An example of such a group is
the free product of G1 and G2 with H amalgamated (i.e., the free product of
G1 and G2 with Hσ1 and Hσ2 amalgamated via σ−1

1 σ2); all other such groups
L are homomorphic images of it.

In contrast, we have shown that the classes of orderable, ordered, right
orderable and right ordered groups all fail to be closed under amalgamation
(see, e.g., [7] Theorem 11.M and Theorem 2.E), though the free product of
orderable groups is orderable [15] and the free product of right orderable groups
is right orderable [8]. However, in [2] we showed that the free product of right
orderable groups with amalgamated subgroup H is right orderable whenever
H is a cyclic group.

We again use infinite permutation groups, now in conjunction with a result
of G. M. Bergman [1], to solve Problem 15.34 from the Kourovka Notebook
and prove

Theorem A Let G1 = 〈G1, ·,≤〉 and G2 = 〈G2, ·,≤〉 be ordered groups with
subgroups H1 and H2, respectively. If ϕ : H1

∼= H2 is an order-preserving iso-
morphism, then the free product of G1 and G2 (with H1 and H2 amalgamated
via ϕ) is right orderable with a right order extending that of G1 and G2.

2 Background

A group G is said to be right orderable if there is a total order ≤ on G such that
fh ≤ gh whenever f ≤ g (f, g, h ∈ G). A subgroup H of a right orderable
group G is called right relatively convex if there is a right order on G with
respect to which H is convex (i.e., g ∈ G belongs to H whenever there are
h1, h2 ∈ H with h1 ≤ g ≤ h2).

A lattice-ordered group G is a lattice and a group such that h(f ∨ g)k =
hfk ∨ hgk and h(f ∧ g)k = hfk ∧ hgk (f, g, h, k ∈ G). We denote by G+ the
set {g ∈ G : g > 1} where g ≥ f is a shorthand for g ∨ f = g. G+ is called the
set of strictly positive elements of G. If g 6≥ f and g 6≤ f we say that g and f
are incomparable. If there are no elements incomparable to the identity, then
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the order is total and we say that the group is (two-sided) ordered; i.e., it is
right ordered and left ordered with respect to the same order. A group which
can be made into an ordered group is called orderable.

Throughout, embeddings will be in context. For totally ordered sets they
will preserve the order, for right orderable groups they will preserve the group
operation, for right ordered groups they will preserve the group and order
structure, and for lattice-ordered groups they will preserve the group and
lattice operations.

If (Ω,≤) is a totally ordered set, then A(Ω) := Aut(Ω,≤) is a lattice-
ordered group under composition and the pointwise lattice ordering (α(f∨g) =
max{αf, αg} and α(f ∧ g) = min{αf, αg}). Indeed, W. C. Holland [9] has
proved that every lattice-ordered group can be embedded in A(Ω) for some
totally ordered set (Ω,≤).

Note that A(Ω) is right orderable ([4] or [6] Appendix I Corollary 10): well
order the set Ω (by a well ordering that is unrelated to ≤); this induces a right
ordering of A(Ω): f ≺ g in A(Ω) iff βf < βg, where β is the least element
(under the well-ordering of Ω) of {α ∈ Ω : αf 6= αg}. This right ordering
on A(Ω) extends the lattice ordering on A(Ω); i.e., if f < g in the lattice
ordering, then f ≺ g in this right ordering (but not necessarily conversely).
So by Holland’s Theorem, every lattice-ordered group is right orderable. Using
the right regular representation, if ≤ is a right order on a group G, then G can
be embedded (as a group) in A(G). Hence every right orderable group can be
embedded in a right orderable group that is lattice-orderable. We will exploit
these observations to establish Corollary 4.7.

Let (Ω,≤) be an ordered set and G ≤ A(Ω) be a group of order-preserving
permutations of Ω. If g ∈ G ≤ A(Ω) and α ∈ Ω, we say that g is positive at α
if αg > α, and negative at α if αg < α. We will say that an element g ∈ G is
strongly positive on Ω if it is positive at all points of Ω, and strongly negative
on Ω if it is negative at all points of Ω. The set of elements of G that are
strongly positive or strongly negative on Ω will be called strong on Ω. So g is
strong on Ω if it is fixed-point free and

(∃α ∈ Ω)(α < αg) =⇒ (∀β ∈ Ω)(β < βg).

For a right ordered group G, we say that g ∈ G \ {1} is strong on G if
h < hg for some h ∈ G implies f < fg for all f ∈ G. This is the above
definition if we regard G as acting by right regular translations on the totally
ordered set (G,≤). We also say that a subgroup H of a right ordered group
G ≤ A(Ω) is strong on Ω (or on G) if all non-identity elements of H are strong
on Ω (respectively on G).
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Remark 2.1 If G ≤ A(Ω) and g ∈ G is strong on Ω, then its conjugate
gh := h−1gh (h ∈ G) is also strong on Ω. Indeed, if α < αg for some α ∈ Ω
and g ∈ G is strong on Ω, then βf < (βf)g for all β ∈ Ω, f ∈ G; so
β < β(fgf−1) for all β ∈ Ω, f ∈ G. In particular, for Ω = G and g ∈ G with
g > 1, we have that g is strong on G iff f−1gf > 1 for all f ∈ G; so G is strong
on G iff G is two-sided ordered.

As is standard, if Gj is a group with subgroup Hj (j = 1, 2), we will write

G1 ∗G2 (H1

ϕ∼= H2) for the free product of G1 and G2 with subgroups H1 and
H2 amalgamated by the isomorphism ϕ. If G1 = G2 = G and H1 = H2 = H
with ϕ the identity isomorphism, we will simply write G ∗ G (H = H) for
this group. In the general case when the groups Gi (i ∈ I) have isomorphic

subgroups Hi ≤ Gi, say ϕi : Hi
∼= H, we write ∗i∈I Gi (Hi

ϕi∼= H) for the free
product of {Gi : i ∈ I} with amalgamated subgroups {Hi : i ∈ I}.

3 Amalgamation in orderable and right or-

derable groups

As we have already noted, neither the class of orderable groups nor the class of
right orderable groups is closed under amalgamation in general but the latter
class is closed under free products with amalgamated cyclic subgroups. In this
section we give conditions that imply that the free product with amalgamated
subgroup remains in the class considered. We begin by obtaining consequences
of Bergman’s results from [1]. Recall first

Proposition 3.1 (Bergman [1], Theorem 35) Let {Gi : i ∈ I} be a family of
right orderable groups having a common subgroup H. Suppose that there is a
right orderable group U and embeddings ϕi : Gi → U with hϕi = hϕj for all
h ∈ H and i, j ∈ I. Then the free product of {Gi : i ∈ I} with H amalgamated
is right orderable.

One can obtain the following strengthening of the proposition to the right
ordered case:

Proposition 3.2 Let {(Gi,≤i) : i ∈ I} be a family of right ordered groups
having a common subgroup H with the restrictions of ≤i and ≤j to H being
the same for all i, j ∈ I. Suppose that there is a right ordered group U and
order-preserving embeddings ϕi : Gi → U with hϕi = hϕj for all h ∈ H and
i, j ∈ I. Then L := ∗i∈I Gi (H = H) is right orderable with a right order

4



that extends that of each Gi. We can choose such a right order on L with the
following property: if g ∈ Gi is strong on Gi and gϕi is strong on U , then g
is strong on L.

Proof: By hypothesis, the right order on U extends that of each Gi (i ∈ I).
By Proposition 3.1, L is right orderable. Let ≤0 be any right ordering on L.
The injections ϕi : Gi → U extend to a homomorphism ϕ : L → U (see [13]).
Since U is right ordered, ker(ϕ) is right relatively convex in L. Thus we can
“lift” the right order on U to one on L as follows: if x ∈ L, define x > 1 iff
either xϕ > 1 in U or (xϕ = 1 and 1 <0 x); this order extends the initial order
from each Gi. If g ∈ Gi where 1 < g is strong on Gi and gϕi is strong on U ,
then fϕ < (fϕ)(gϕi) = (fg)ϕ in U for all f ∈ L. Thus f < fg in L for all
f ∈ L. Hence g is strong on L. //

Corollary 3.3 (cf. Bergman [1], Corollary 37) If G is a right ordered group
with subgroup H, then G∗G (H = H) is right orderable with a right order that
extends that of G, with any element of G that is strong on G having both its
canonical images strong on G ∗G (H = H).

Proposition 3.4 (Bergman [1], from Theorems 21 and 28) If G is an order-
able group with subgroup H, then the following are equivalent:

(i) G ∗G (H = H) is orderable;
(ii) for every set I, the free product of {G : i ∈ I} with H amalgamated

is orderable;
(iii) H is right relatively convex in G;
(iv) there is an orderable group M ≥ G and x ∈ M such that H = CG(x),

the centraliser of x in G.

The following is only implicit in [1] so we provide a proof.

Proposition 3.5 (Bergman [1]) Let {Gi : i ∈ I} be a family of orderable
groups having a common subgroup H. Suppose that there is an orderable group
U and embeddings ϕi : Gi → U with hϕi = hϕj (for all h ∈ H, i, j ∈ I) such
that the common value of Hϕi (i ∈ I) is a right relatively convex subgroup of
U . Then the free product of {Gi : i ∈ I} with H amalgamated is orderable.

Proof: Let U be an orderable group and ϕi : Gi → U (i ∈ I) be embeddings
with hϕi = hϕj and Hϕi a right relatively convex subgroup of U (h ∈ H, i, j ∈
I). Let L be the free product of {U : i ∈ I} with {Hϕi : i ∈ I} amalgamated.
By Theorem 21 of [1], L is orderable. But L contains an isomorphic copy
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of the free product of {Gi : i ∈ I} with H amalgamated. The proposition
follows. //

These results give interesting consequences. The first was derived in [3] to
obtain the existence of a right orderable finitely presented group with insoluble
word problem. We give a shorter proof here that the HNN-extension used is
right orderable.

Corollary 3.6 If G is a right orderable group with subgroup H, then the group
〈G, t : [t, h] = 1 (h ∈ H)〉 is right orderable.

Proof: There are embeddings G → G×〈t〉 and H×〈t〉 → G×〈t〉. The corol-
lary follows immediately from this by Proposition 3.1 because 〈G, t : [t, h] =
1 (h ∈ H)〉 = G ∗ (H × 〈t〉) (H = H). //

In the two-sided case we obtain

Corollary 3.7 If G is an orderable group with subgroup H, then
〈G, t : [h, t] = 1, h ∈ H〉 is orderable iff H is right relatively convex.

Proof: If H is right relatively convex, then by Proposition 3.4 with the same
embeddings, 〈G, t : [h, t] = 1, h ∈ H〉 = G ∗ (H × 〈t〉) (H = H) is orderable.
The converse is true by Proposition 3.5 because H is the centraliser in G of
〈t〉 ≤ 〈G, t : [h, t] = 1, h ∈ H〉. //

4 Free Products of Ordered Groups with

Amalgamated Subgroups

The classes of orderable groups and right orderable groups do not satisfy the
amalgamation property ([10] and [11], or [7], Theorems 2.E and 2.F). The class
of lattice-ordered groups also does not satisfy the amalgamation property ([14]
or [7], Theorem 7.C). However, we can give a positive answer to Question 15.34
of [12]:

Is the free product of ordered groups with an amalgamated subgroup always
right orderable?

Bergman gave an affirmative answer in the special case that the amalga-
mating automorphism is the identity (see Corollary 3.3). Our purpose here is
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to answer the question more generally. Of course, if the amalgamating isomor-
phism ϕ does not preserve the orders on the totally ordered groups G1, G2,

then G1 ∗ G2 (H1

ϕ∼= H2) may or may not be right orderable (see Examples 1
and 2 in the final section). So it is natural to require that the amalgamating
isomorphism ϕ : H1

∼= H2 preserves the order; i.e.,

h1 < h2 in H1 ⇐⇒ h1ϕ < h2ϕ in H2. (1)

So we shall prove Theorem A (see Section 1). Actually, we will prove a gener-
alisation which implies Theorem A (since every (two-sided) ordered group is
strong on itself).

Theorem B Let Gj be a right ordered group with subgroup Hj (j = 1, 2) and
ϕ : H1

∼= H2 be an order-preserving isomorphism. Assume further that Hj is

strong on Gj (j = 1, 2). Then A := G1 ∗G2 (H1

ϕ∼= H2) is right orderable with
a right order extending that of Gj such that all strong elements on Gj remain
strong on A (j = 1, 2).

Proof: Let {Hn : n ∈ Z} be a set of isomorphic copies of H1; say Hn = H1εn

(n ∈ Z) with ε1 the identity and ε2 = ϕ, the order on each Hn being carried
over from H1. Let ϕn = ε−1

n εn+1 : Hn
∼= Hn+1 (n ∈ Z). Thus ϕ1 = ϕ. These

isomorphisms induce an automorphism ϕ̄ of the direct sum S :=
∑

i∈ZHi, and
ϕ̄ preserves the lexicographical order on S. Let U :=

∑
i≤0 Hi ⊕ G1 ⊕G2 ⊕∑

i>2 Hi. Then U is right ordered under the lexicographical order, and strong
elements on Gj (j = 1, 2) are strong on U . Therefore S is strong on U . There

is an embedding of G1 ∗G2 (H1

ϕ∼= H2) into B := U ∗ U (S
ϕ̄∼= S). So to prove

Theorem B, it is sufficient to prove

Lemma 4.1 Let G = 〈G, ·,≤〉 be a right ordered group with a subgroup H
and ϕ : H ∼= H be an order-preserving automorphism. Assume that H is

strong on G. Then A := G ∗ G (H
ϕ∼= H) is right orderable with a right order

extending that of G such that both canonical images of any strong element on
G are strong on A.

We will construct a right ordered group Ĝ generated by G and an element
t so that

t−1ht = hϕ for all h ∈ H, (2)

and all strong elements on G are strong on Ĝ. This suffices: by Corollary 3.3,
L = Ĝ ∗ Ĝ (H = H) is right orderable, the order of Ĝ extends to a right order
of L, all strong elements on G remain strong on L, and A (given above) is
embeddable in L. So, to establish Lemma 4.1 and hence Theorem B, we need
only prove

7



Proposition 4.2 Let G = 〈G, ·,≤〉 be a right ordered group with subgroup H
and let ϕ : H ∼= H be an order-preserving automorphism. Suppose that H is
strong on G. Then there is an order-preserving embedding of G into a right
ordered group Ĝ such that all strong elements on G remain strong on Ĝ and
Ĝ contains an element t satisfying (2).

To prove Proposition 4.2, we will need a permutation lemma and two
consequences.

As is standard, a cut in a totally ordered set (Ω,≤) is a disjoint pair
(∆−, ∆+) of subsets of Ω with ∆− ∪ ∆+ = Ω and δ− < δ+ for all δ− ∈ ∆−

and δ+ ∈ ∆+. We allow one of these subsets to be empty. If A,B are initial
segments of a totally ordered set, then A ⊂ B iff there is β0 ∈ B such that
A < β0.

Lemma 4.3 Let Ω be a totally ordered set and G be a right ordered group that
is a subgroup of the group A(Ω). Assume further that H ≤ G is strong on Ω.

Let (∆−,∆+) be a cut in Ω. Then there is a totally ordered extension Ω̃
of Ω and a group embedding of G into A(Ω̃) such that the action of G on Ω̃
extends its action on Ω and there is a point α̃ ∈ Ω̃ \ Ω such that

(i) ∆− < α̃ < ∆+,
(ii) Ω̃ = Ω ∪ α̃G,
(iii) the action of G on α̃G is fixed-point free, and
(iv) if g ∈ G is strong on Ω, then g is strong on Ω̃.

Proof: Let K be the setwise stabiliser of ∆− in G (so K = G if ∆− = ∅).
We put a new right order ≤1 on G under which K is convex, namely:

1 ≤1 g if
g 6∈ K and ∆− ⊂ ∆−g, or
g ∈ K and 1 ≤ g under the original right order ≤ on G.

Remark: If g ∈ G is strong on Ω, then

1 <1 g ⇐⇒ 1 < g. (3)

For if g ∈ K, then (3) is obviously true. If g 6∈ K, let 1 <1 g. Then ∆− ⊂ ∆−g;
so α < αg for some α ∈ ∆−. Since g is strong on Ω, we obtain 1 < g. Hence
(3) is true for all strong g ∈ G.

Let α̃ be a new symbol (not in Ω). We can use ≤1 on G to induce an order
on the (formal) orbit α̃G: α̃g1 ≤ α̃g2 iff g1 ≤1 g2.
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Since K is convex, α̃G is a union of disjoint intervals α̃Kgi, where {gi :
i ∈ I} is a right transversal for K in G (i.e., g1 = 1, Kgi ∩Kgj = ∅ if i 6= j
and G =

⋃
i∈I Kgi).

We insert α̃Kgi between ∆−gi and ∆+gi and so obtain Ω̃ = Ω ∪ α̃G
ordered as follows: α1 ≤ α2 in Ω̃ if and only if





α1 ≤ α2 in Ω if α1, α2 ∈ Ω;
α1 ≤ α2 in α̃G if α1, α2 ∈ α̃G;
α2 ∈ α̃Kgi for some i ∈ I and α1 ∈ ∆−gi,
α1 ∈ α̃Kgi for some i ∈ I and α2 ∈ ∆+gi.

(4)

Clearly, the action is order-preserving and Conditions (i) – (iii) hold.
Let f ∈ G be strong on Ω and 1 < f in G. We need only verify that β < βf

for all β ∈ α̃G. In this case, β = α̃kgi for a unique k ∈ K and i ∈ I. So
β < βf is equivalent to α̃ < α̃kgif(kgi)−1. Since f is strong on Ω (and hence
on G), kgif(kgi)−1 is strong on Ω (see Remark 2.1) and 1 < kgif(kgi)−1.
Therefore 1 <1 kgif(kgi)−1 using (3). By the definition of ≤1, we obtain
α̃ < α̃kgif(kgi)−1. Thus Condition (iv) holds and the lemma is proved. //

To prove Proposition 4.2, we will need the following consequence of the
previous lemma.

Lemma 4.4 Let Ω be a totally ordered set and G be a right orderable group
that is a subgroup of A(Ω). Assume further that H ≤ G is strong on Ω and
ϕ : H ∼= H is an order-preserving automorphism. Let Γ ⊆ Ω and ΓH = Γ. If
f : Γ → Ω is an order-preserving map satisfying

(αh)f = (αf)(hϕ) for all h ∈ H, α ∈ Γ, (5)

then for any γ ∈ Ω, there is a totally ordered extension Ω̃ of Ω and an embed-
ding of G into A(Ω̃) such that the action of G on Ω̃ extends its action on Ω
and f extends to an order-preserving map f : Γ ∪ γH → Ω̃ satisfying (5) for
all α ∈ Γ ∪ γH. Moreover, all elements of G which are strong on Ω remain
strong on Ω̃.

Proof: If γ ∈ Γ, we can simply take Ω̃ = Ω. So assume that γ 6∈ Γ.
Consider the cut (∆−, ∆+) of Γ ⊆ Ω determined by γ; that is,

∆− = {β ∈ Γ : β < γ}, ∆+ = {β ∈ Γ : β > γ}.

So ∆− < γ < ∆+.
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Since ∆− ∪ ∆+ = Γ and f is an order-preserving map defined on Γ, it
follows that (∆−f, ∆+f) is also a cut, but now in Γf . Thus there is a cut
(Σ−, Σ+) in Ω such that Σ− ∩ Γf = ∆−f and Σ+ ∩ Γf = ∆+f . We apply
Lemma 4.3 to the cut (Σ−, Σ+), and extend Ω to Ω̃ := Ω∪ α̃G. Now Ω̃G = Ω̃
and all strong elements from G are strong on Ω̃. We enlarge the domain of f
from Γ to Γ ∪ γH by setting

(γh)f := α̃(hϕ) for all h ∈ H. (6)

Thus f satisfies (5) for all α ∈ Γ ∪ γH.

To show that f is order-preserving, let α < β with α, β ∈ Γ ∪ γH.
If α, β ∈ Γ, then αf < βf by the hypotheses of the lemma.
If α ∈ Γ and β = γh for some h ∈ H, then αh−1 < γ. Hence αh−1 ∈

∆− ⊆ Γ. It follows that

(αf)(h−1ϕ) = (αh−1)f ∈ ∆−f < α̃.

So αf < α̃(hϕ) = βf.
A similar argument shows that αf < βf when α = γh (h ∈ H) and β ∈ Γ.
For α = γh1, β = γh2 (h1, h2 ∈ H), we have γ < γh2h

−1
1 . Since h2h

−1
1

is strong on Ω, we get h2h
−1
1 > 1 in G. Now (h2h

−1
1 )ϕ = (h2ϕ)(h1ϕ)−1 > 1

in G since ϕ is order-preserving automorphism of H. But (h2ϕ)(h1ϕ)−1 ∈
H and (h2ϕ)(h1ϕ)−1 is strong on Ω and so strong on Ω̃. Therefore α̃ <
α̃(h2ϕ)(h1ϕ)−1. Hence α̃(h1ϕ) < α̃(h2ϕ). By (6), we get αf < βf . Conse-
quently, f is order-preserving map defined on Γ∪γH and the lemma is proved.
//

Corollary 4.5 Let Ω be a totally ordered set and G be a right orderable group
that is a subgroup of A(Ω). Assume further that H ≤ G is strong on Ω and
ϕ : H ∼= H is an order-preserving automorphism. Let Γ ⊆ Ω and ΓH = Γ. If
f ∈ A(Γ) satisfies (5), then for any γ ∈ Ω, there is a totally ordered extension
Ω′ of Ω and an embedding of G into A(Ω′) such that

(i) the action of G on Ω′ extends its action on Ω,
(ii) |Ω′| ≤ max{|Ω|, |G|,ℵ0},
(iii) there is Γ′ ⊆ Ω′ with Γ ∪ {γ} ⊆ Γ′ = Γ′H, and
(iv) f extends to an element f ′ ∈ A(Γ′) satisfying

(αh)f ′ = (αf ′)(hϕ) for all h ∈ H, α ∈ Γ′.

Moreover, all elements of G which are strong on Ω remain strong on Ω′.
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Proof: Let γ(0) := γ and apply Lemma 4.4 to get f : Γ ∪ γ(0)H →
Γ ∪ γ(1)H satisfying (5) where γ(1) = γ(0)f . Let Γ(0) := Γ ∪ γ(0)H, Γ(1) :=
Γ(0) ∪ γ(1)H and Ω(1) := Ω̃. We apply Lemma 4.4 again, this time with
(γ, Γ, Ω) replaced by (γ(1),Γ(1),Ω(1)) to extend f to domain Γ(1) satisfying
(5) on Γ(1). Let γ(2) := γ(1)f , Γ(2) := Γ(1)∪ γ(2)H and Ω(2) be the new Ω̃.
Continuing in this way we obtain a sequence γ(0), γ(1), γ(2), . . . and Γ(N) :=⋃{Γ(m) : m ∈ N} a subset of Ω(N) :=

⋃{Ω(m) : m ∈ N}. We now apply
Lemma 4.4 to (γ(0), Γ(N), Ω(N)) but now with f replaced by f−1 to obtain
γ(−1), Γ(N ∪ {−1}) and Ω(N ∪ {−1}). Continuing constructing successively
γ(−1), γ(−2), γ(−3), . . ., we obtain Γ′ := Γ(Z) a subset of Ω′ := Ω(Z). By
construction, (i) - (iv) hold. //

We now use Corollary 4.5 to establish Proposition 4.2 and hence Theo-
rem B.

Proof of Proposition 4.2:

By a standard consequence of the Compactness Theorem (see, e.g., Corol-
lary VI.2.9 of [5]), it is enough to prove the proposition for countable groups.

Let (Λ0,≤) be the ordered set (G,≤) and represent G in A(Λ0) by the right
regular representation. By the hypotheses of the proposition, H is strong on
Λ0. Fix λ0 := 1 ∈ G (viewed as a point of Λ0) and let Υ0 be the H-orbit of
λ0:

Υ0 := {λ0h : h ∈ H} = H.

Then H acts by right translations on Υ0 and Λ0, but G acts only on Λ0. The
order-preserving automorphism ϕ of H induces an order-preserving permuta-
tion t0 ∈ A(Υ0) given by

(λ0h)t0 = λ0(hϕ) (h ∈ H). (7)

Note that t0 is only defined on the subset Υ0 of Λ0. We will enlarge Λ0 to
a totally ordered set Λ on which H, G and t act, where t is an extension of
t0 to Λ and satisfies (2); that is, ht = t(hϕ) for all h ∈ H. To achieve this,
we will construct (by induction) two chains of countable totally ordered sets
{Υn : n ∈ N} and {Λn : n ∈ N} satisfying

Υ0 ⊆ Λ0 ⊆ Υ1 ⊆ Λ1 ⊆ . . . ⊆ Υn ⊆ Λn ⊆ . . . (8)

and for all n ∈ N,

ΥnH = Υn, ΛnG = Λn, H is strong on Υn, (9)
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all elements of G that are strong on G are strong on Λn, and (10)

there is tn+1 ∈ A(Υn+1) satisfying (5) for f = tn+1 and extending tn. (11)

We will perform this construction inductively using Corollary 4.5 to build
such increasing sequences of totally ordered sets Υn ⊆ Λn and elements tn ∈
A(Υn) (n ∈ N). Λ will be the union of each of the sequences {Υn : n ∈ N} and
{Λn : n ∈ N}. This will establish the proposition: since Λn ⊆ Υn+1 ⊆ Λn+1 =
Λn+1G for all n, it follows that if we define

⋃{Υn : n ∈ N} =
⋃{Λn : n ∈ N} =

Λ, then ΛG = Λ, H will be strong on Λ and elements of G that are strong on
G will remain strong on Λ; if t is the union of the sequence {tn : n ∈ N}, then
t ∈ A(Λ) and (2) will also hold; moreover, if we well order Λ so that λ0 = 1G is
the least point and right order A(Λ) as described in the Background Section,
the group embedding of G into A(Λ) is also order preserving.

If Λ0 = Υ0, let Υn := Υ0, Λn := Λ0 and tn := t0 for all n ∈ N. Then (8)–
(11) hold. So assume that Λ0 6= Υ0. Let {γj : j ∈ Z+} be an enumeration
of Λ0 \ Υ0. We now employ Corollary 4.5 with f = t0, γ = γ1, Γ = Υ0 and
Ω = Λ0 to get (countable) totally ordered sets Λ′0 ⊇ Υ′

0 ⊇ Υ0 ∪ {γ1} and
t′0 ∈ A(Υ′

0) satisfying (5) on Υ′
0.

We repeat this for γ2 with (Υ′
0,Λ

′
0, t

′
0) in place of (Υ0,Λ0, t0) to form

(Υ
′′
0 , Λ

′′
0 , t

′′
0). Continuing in this way, we form Λ1 as the union of Λ′0,Λ

′′
0 , . . .,

Υ1 as the union of Υ′
0,Υ

′′
0 , . . ., and t1 as the union of t′0, t

′′
0 , . . .. Note that

Λ1 ⊇ Υ1 ⊇ Λ0 are countable and that (9) and (10) hold for n = 1 and (11)
holds for n = 0.

If Υ1 = Λ1, let Υn := Υ1, Λn := Λ1 and tn = t1 for all n ∈ Z+. Otherwise,
enumerate Λ1\Υ1 and obtain (Υ2,Λ2, t2) from (Υ1, Λ1, t1) in exactly the same
way as we obtained (Υ1, Λ1, t1) from (Υ0, Λ0, t0) so that (9) and (10) hold for
n = 2 and (11) holds for n = 1.

Continuing in this way, we obtain the entire sequence {(Υn,Λn, tn) : n ∈
N} satisfying (8) – (11). This completes the proof of Proposition 4.2. //

Theorem B can be further extended.

Corollary 4.6 Let {Gj : j ∈ J} be a family of right ordered groups and for
each j ∈ J , let Hj be a subgroup of Gj. Suppose that there is a group H and
a family {ϕj : H ∼= Hj : j ∈ J} of order-preserving isomorphisms. Assume

further that Hj is strong on Gj for all j ∈ J . Then A := ∗j∈J Gj (H
ϕj∼= Hj)

is right orderable with a right order extending that of each Gj (j ∈ J) so that
H is strong on A.
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Proof: If A′ := ∗j∈J ′Gj (H
ϕj∼= Hj) is right orderable with a right order

extending that of each Gj (j ∈ J ′) so that H is strong on A′, we will say that
A′ has a good {Gj : j ∈ J ′}-right order. Well order J ; so assume that J is an

ordinal. Let A2 := G0 ∗G1 (H
ϕj∼= Hj)j=0,1. Then A2 has a good {Gj : j < 2}-

right order by Theorem B. For i ≥ 2, let Ai := ∗j<iGj (H
ϕj∼= Hj). Assume

that the set of right ordered groups {Aj : j < i} forms an inductive system;
that is, for each j < i, there is a {Gk : k < j}-right order on Aj such that the
good {Gk : k < j′}-right order on Aj′ extends the given good {Gk : k < j}-
right order on Aj whenever j < j′ < i. If i is a successor ordinal, say i = i′+1,

then by Theorem B, Ai′+1 = Ai′ ∗ Gi′ (H
ϕj∼= Hj)j≤i has a good {Gj : j ≤ i}-

right order extending that on Ai
′. Clearly, if i is a limit ordinal and Ak has

such a good {Gj : j < k}-right order for all k < i, then Ai has such a good
{Gj : j < i}-right order. Corollary 4.6 follows by transfinite induction. //

We apply Theorem B to get a corresponding result for lattice-ordered
groups. Note that we do not claim that the (group) free product of ordered
groups with amalgamated subgroups is lattice orderable.

Corollary 4.7 Let Gj be a two-sided ordered group with subgroup Hj (j =
1, 2). If ϕ : H1

∼= H2 is order-preserving, then there is a lattice-ordered group
L and `-embeddings τj : Gj → L such that h1ϕτ2 = h1τ1 for all h1 ∈ H1.
That is, amalgamation of ordered groups in the class of lattice-ordered groups
is always possible.

Proof: As noted before, since each Gj is a two-sided ordered group (j =
1, 2), all its non-trivial elements are strong. By Theorem B, we have U :=

G1 ∗ G2 (H1

ϕ∼= H2) can be right ordered, with the original orders of G1, G2

extending to a right order on U so that all non-trivial elements from G1 ∪G2

are strong on U . Take the right regular representation of U in A(U). As we
observed in the Background Section, A(U) can be made into a lattice-ordered
group under the pointwise ordering. Since all non-trivial elements of G1 ∪G2

are strong on U , the initial orders on G1 and G2 extend to this lattice ordering
of A(U). //

We seek necessary and sufficient conditions for the right orderability of free
products of right ordered groups with order-isomorphic amalgamated sub-
groups without the added assumption that the amalgamated subgroups be
strong. We expect to provide such a theorem in a forthcoming paper.
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5 Closing Remarks

In Theorems A and B, we required that ϕ be order-preserving. We now give
two examples in which ϕ is not order-preserving. In the first we show that
the conclusion of Theorem A can be true and in the second false. In both
examples, the subgroup H has the additional property that for j = 1, 2, there
is a right ordering on Gj such that h ∈ H+ implies hg ∈ (Gj)+ for all g ∈ Gj

but no such right orderings on G1 and G2 induce the same right ordering on
H. In the first example, we can nevertheless right order the free product of G1

and G2 with H amalgamated, but in the second example we cannot. In the
first example, the proofs rely on the fact that an extension of a right orderable
group by a right orderable group is right orderable.

Example 5.1 Let H be the additive group of the field Q(
√

2). So H ∼=
Q⊕Q = Q2, and we can consider H as the additive group of the vector space
Q2. Let a = (1, 0), b = (0, 1) be a basis of Q2, and τ : Q → Q be the linear
transformation defined by

aτ = b, bτ = 2a. (12)

Consider the split extension G := H o 〈τ〉. Since the action of τ is multiplica-
tion by the positive real number

√
2, it is clear that G is an orderable group

and, under any two-sided total ordering of G, H is convex and strong on G.
Further,

|a| < |b| < 2|a|. (13)

Let ϕ : H → H defined by

aϕ = b, bϕ = a. (14)

So ϕ does not preserve any total order on H induced by any two-sided total

order on G. Let L = G ∗G (H
ϕ∼= H). Now H is a normal convex subgroup of

G and L/H ∼= G/H ∗G/H. Hence L is right orderable.

Alternatively, let G be as above and G1 be the free nilpotent class 2 group
generated by a1, a2. Let H1 = 〈a1, b1 = [a1, a2]〉. So H ∼= H1. In any (two-
sided) ordered group [x, y]n < max{|x|, |y|} for all x, y and integers n where
|z| = max{z, z−1} ([10], Chapter II Section 2 Theorem 2). Hence there are
no isomorphisms between H and H1 which preserve any total order on H
(respectively H1) inherited from any order on G (respectively G1). However

G ∗G1 (H
ϕ∼= H1) is right orderable for every ϕ because H and H1 are normal

relatively convex subgroups in these groups.
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Example 5.2 Let F = F (x1, x2) be the free group of rank 2. The elements
h1 = x3

1, h2 = x3
2, h3 = (x1x2)3 and h4 = (x1x

−1
2 )3 are reduced and so generate

a free subgroup H = 〈h1, h2, h3, h4〉 of F of rank 4 (see [13], Proposition 2.5).
Let ϕ : H ∼= H be defined by:

h1ϕ = h1, h2ϕ = h2, h3ϕ = h−1
3 , h4ϕ = h−1

4 .

Then G = F ∗F (H
ϕ∼= H) is not right orderable. Indeed, assume without loss

of generality that we have an ordering with h1 > 1. If also h2 > 1, then we see
that h3 > 1; but, for the same reason, we get h3ϕ > 1, a contradiction. If, on
the other hand, h2 < 1, then we similarly obtain the contradictory conclusions
that h4 > 1 and h4ϕ > 1.

The group 〈a〉 ∗ 〈b〉 (a2 = b2) is right orderable but not lattice orderable as
is easily verified. It is a free product of (ordered) infinite cyclic groups with
amalgamated subgroups 〈a2〉 and 〈b2〉, the amalgamation preserving order. So
the free product of ordered groups with amalgamated subgroup need not be
lattice-orderable even when the amalgamation preserves order.

Can the free product of ordered groups with order-isomorphic amalgamated
subgroups ever be lattice orderable if it is not orderable?
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