1 Let f: Ryg — C be a continuous function such that for every N > 0, y"¥ f(y) — 0 as
y — 00. What is the Mellin transform M(f,s) of f?7 Find the Mellin transform of the function

1/(e¥ —1).
Suppose there is an increasing sequence of real numbers o1 < oo < ... with o; — oo,
and nonzero constants ¢; € C such that for every integer k > 0,

fly) =ay™ + -+ ey +y7*+ gr(y)

where g is continuous on [0,00). Show that M(f,s) has a meromorphic continuation to C,

holomorphic apart from a simple pole at s = —o; with residue ¢; for each j > 1.
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2 Let
Z_ _Z (mz (mz+n)? n)?
m=—oon=—=uoco

where ¥/ denotes that the term (m,n) = (0,0) is omitted.

2
a) Show that Ga(z) = 7T?E’g(z), where

Ey(z) =1-24) oi(n)q"  (q=¢€"").
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b) Let 8 =
) Le qdq 2ridz’

that if f € M}, the space of modular forms of weight k, then

Assuming the relation Fy(—1/2) = 22Fs(2) + 122/27i, show

k
g = (0 - EEz)f € Mk+2

and that g is a cusp form if and only if f is.

¢) Let A =q[[,,>;(1 —¢")* =3, -, 7(n)g" be the normalised cusp form of weight 12.
Use the fact that there is no nonzero cusp form of weight 14 to show that
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