Modular forms and L-functions (Lent 2017) — example sheet #2

Comments/corrections to a . j.scholl@dpmms.cam.ac.uk

1. (i) The Bernoulli polynomials B,,(X) are defined by the formula
tetX

ZBk(X)g =57
k=0

Let ¢): Z/N7Z — C be any periodic function. Use the analytic continuation to write the values
at negative integers of the L-series L(v), s) in terms of the values By (j/N).

(i1) Consider the (inverse) Fourier transform

N-1

Bun(Q) =Y ¢Bu(i/N) (V=1

j=0

Show that if ¢ # 1, then B,(¢) & N'""B, x(¢) = P.(¢)/(¢ — 1)" for some polynomial P,

which does not depend on N. (The substitution u = e/~ may be useful.)

(iii) Obtain for D > 1 the distribution relation: if (N = 1 then

Z En(n) = Dnén(()
P=¢

2. Fix a positive real number D. Let X' be the set of real symmetric 2 X 2 matrices of determinant
D. Let SLy(R) act on Xp by g: X — gXg' (¢" = transpose of g). Describe the orbits of this
action, and identify one of them with the upper halfplane.

3. Write Eg(2)A(2) = >.°7  ¢,q". Show that ¢,, = 017(n) (mod 43867). Obtain similar congru-

n=1

ences for the coefficients of E4A, Ex/A, E1g/A and Ej4A.
[NB: Big = —3617/510, Byg = 43867/798, Byy = —174611/330, Bas = 854513/138, Byg =
8553103/6.]

4. (i) Let f be a modular function (= a weakly modular form of weight 0). Show thatord,—_; f =0
(mod 2) and ord,—, f =0 (mod 3).
(ii) Let f € My. Show that if £ # 0 (mod 4) then f(i) = 0, and that if £ # 0 (mod 3) then
f(p) =0, where p = e™/3,

5. Let f € M, and g € M, be modular forms. Show that [f'g — kfg € My ;,o.

6. Let f: H — C satisty f|y = f forall ¥ € I'(1). Show that 3*/2 | f(z + iy)| is invariant under
z = x + iy — 7(z). Show that if moreover f is holomorphic on A and k£ > 0, then f is a cusp
form if and only if y/*/2 | f| is bounded on # (or equivalently, is bounded on D).

7. Define

oy 00 1
Go(z) = Z (Z m)

m=—0Q n=—oo

where the inner sum is over all integers n, except where m = 0, in which case the term n = 0
is omitted. By rewriting the inner sum, show that the series converges to

%2 (1 — 24201(n)q"> .

Explain why G(z) is not a modular form of weight 2. (Later we will prove that GG, satisfies a
somewhat more complicated transformation law for z — —1/2.)



