
Modular forms and L-functions (Lent 2017) — example sheet #1

Comments/corrections to a.j.scholl@dpmms.cam.ac.uk

1. Prove that if f(x) = e−πx
2 then f̂(x) = f(x).

2. Let G be a finite abelian group, and χ, χ′ characters of G. Show that

∑
g∈G

χ(g)χ′(g) =

{
0 if χ 6= χ′

#G if χ = χ′

3. Show that every continuous homomorphism χ : R×>0 → C× is of the form χ(x) = xs for
some s ∈ C. [Hint: first describe all continuous homomorphisms R → C.] Show also that
R̂ = {χy : x 7→ e2πixy | y ∈ R}.

4. Show that

−ζ
′(s)

ζ(s)
=

∑
n≥1

Λ(n)n−s

where Λ is the Von Mangoldt function:

Λ(n) =

{
log p if n = pk, k ≥ 1, p prime
0 if n = 1 or n is not a prime power

Show also that
∑

d|n Λ(d) = log n.

5. Evaluate ζ(2k) is terms of Bernoulli numbers. Deduce that (−1)k−1B2k > 0 for every k ≥ 1.
(It is not easy to prove this directly from the generating function definition!)

6. A subgroup Λ ⊂ Rn is discrete if is is discrete as a topological space (i.e. for any ball B ⊂ Rn,
Λ ∩ B is finite). Show that Λ is discrete iff Λ =

∑
Zxi where {xi} ⊂ Rn is an R-linearly

independent set.


