Modular forms (Lent 2016) — example sheet #2
. (Double cosets). Let G = GLy(Q)™, T' = SLy(Z). By a double coset of T in G we mean a subset of G
of the form I'gT" (equivalently, an orbit of G under the action of I' x T given by (7/,7)g = g7~ 1.)
Show that every double coset I'gI" is a finite disjoint union of single cosets I'h;. Show also thatif g € G
has integer entries, then
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where 72 /972 ~ 7./mZ x 7/nZ. Write down the decomposition into single cosets when det(g) = p is
prime.

Let I'gI' = [JT'h; be a double coset as above, and f € M. Define f|,[I'gl'] = 3, f[xh;. Show that
flx[TgT] belongs to My, and that it depends only on the double coset; and that if g has integer entries
and determinant p, then f|;[T'gT’] is a constant multiple of T}, f.

. Say that a lattice A C R¥ is even if ||||* € 27 for every = € A, and that A is self-dual if A = A’. Show
that if A C R” is an even self-dual lattice, then the theta series © 5 (7) is a modular form of weight /2.

. Let k be a positive integer divisible by 4. Let A be the set of all z = (z1 ..., ;) € RF satisfying
1 k
QxiEZ, (xi—xj)EZ, 2;$Z’EZ.
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Show that A is a lattice, and that ||z||? is always an integer for € A. [A is usually denoted E,.]
(ii) Suppose further that & is divisible by 8. Show that A is even.

(iii) Finally let £ = 8. Show that A is self-dual, and that © (1) = E4(7). Hence (or directly) show that
there are exactly 240 elements x € A with ||z||* = 2.

. (i) Show that {(s) = 1/(s — 1) +v+ O(s — 1) at s = 1. (Hint: write down a real integral which

approximates the sum defining ((s).) Here -y is the Euler—Mascheroni constant

1 1
v = lim <1+7+--'+——10gn>.
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(ii) Show that the functional equation for ((s) can be rewritten as
C(s) = 2°n* Lsin %m —8)C(1— ).

(You will need to look up some identities for the Gamma function.)

(iii) Use this, and the Weierstrass product for I'(s), to show that ¢'(0) = —3 log 2.

. Show that at s = 1 the Kronecker Limit Formula takes the form

G(r,s) = s—Ll + (2my — wlog 4y ]A(T)\I/G) +0(s—1).

. Show that
1
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is well-defined, and is modular of weight 2.

...continued overleaf



7. Show that G (7) has Fourier expansion

2 9 > n T
3~ 8 7§Ul(n)q —
and deduce that (cf. Sheet 1, Q.9)
Go(—1/7) = 72Gy(7) — 2miT.

Use this and the result of the previous questions to prove that

1 d d 3 =
— —1og A(T) = ¢— log A(T) = — =1-24 n,
57 4, 08 A(T) =4 dq %% (T) = —5Ga(7) > oug

Hence show that
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8. (Rankin-Selberg integral) Let f, g € Sk(SL2(Z)), with g-expansions »_ a,q™ and > b, ¢" respectively.
By writing the strip {z +iy € H | —1/2 < = < 1/2} as a union of translates of the fundamental domain
D, show that
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Deduce that the Dirichlet series

> anE
D(f,g,s) = Z ns
n=1

has a meromorphic continuation to the s-plane and satisfies a functional equation.



