
Algebraic Number Theory — problem sheet #2

Examples marked (∗) might be harder.

1. (i) Prove Krasner’s lemma: let K be a complete nonarchimedean field, K its separable closure. Let x,
y ∈ K, and let y = y1, y2, . . . , yn ∈ K the the conjugates of y over K. Show that if |x− y| < |x− yj |
for every j 6= 1, then K(x) ⊃ K(y). [Hint: suppose that y /∈ K(x). Show that there exists σ ∈
Gal(K/K(x)) with σ(y) = yj for some j 6= 1. Then use the uniqueness of the extension of the absolute
value.]

(ii) Let ym =
∑m

i=0 p
iζpi ∈ Qp, where ζpi is a primitive pi-th root of unity. Show that if x ∈ Qp with

|ym − x|p ≤ p−m−1 then Qp(x) ⊃ Qp(ym). Deduce that Qp is not complete.

2. (i) Let R be the valuation ring of K, f = Xn +
∑n−1

i=0 aiX
i ∈ R[X] irreducible and monic, and α ∈ K

a root. Use Krasner’s lemma (previous problem) to show that there exists ε > 0 with the following
property: if g = Xn +

∑n−1
i=0 biX

i ∈ R[X] where for all i, |ai − bi| < ε, then g is irreducible and
K(α) = K(β) for some root β of g.

(ii) Now suppose that K ⊂ Qp is a finite extension of Qp. Show that there are only finitely many totally
ramified extensions of K contained in Qp of given degree. (Consider the Eisenstein polynomial defining
such an extension, and apply (i)). Deduce that Qp has only finitely many extensions of given degree
contained in Qp.

* (iii) Does Fp((T )) have only finitely many extensions of given degree?

3. (i) Let K/Qp be a finite extension, f = f(K/Qp). Show that K contains all (pf − 1)-th roots of unity.

(ii) Show that if e(K/Qp) < p− 1 then these are all the roots of unity in K.

4. Let L/K be a finite extension of fields complete with respect to a non-discrete absolute value. Show that
mL = mKoL. Deduce that in general oL is not a finitely generated oK-module.

5. Let K be a finite extension of Qp.

(i) Suppose that M/L/K are finite extensions. Show that M/K is unramified iff both M/L and L/K
are unramified. Show that M/L is totally ramified iff both M/L and L/K are totally ramified.

Now suppose that L1/K, L2/K are finite extensions, contained inside some common extension M/K.

(ii) Show that if L1/K and L2/K are unramified, then so is their compositum L1L2/K.

(iii) Suppose that if Li/K are both totally ramified. Show that if the degrees [Li : K] are coprime, then
L1L2/K is ramified, but that it need not be in general. (Hint: show that for suitable integers ci, πc1L1

πc2L2

is a uniformiser of L1L2.)

6. (i) Compute the ramification groups of Q3(ζ3,
3
√
2)/Q3.

(ii) Show that Q2 has a unique Galois extension with Galois group (Z/2Z)3. Compute its valuation ring
and ramification groups.

7. (i) Let K = Qp(ζp) with p > 2. Show that (1− ζip)/(1− ζp) ≡ i (mod πK), and that (1− ζp)p−1 = −pu
for some u ∈ 1 + πKoK .

(ii) Use Hensel’s lemma to show that if u ∈ 1 + πKoK , then there exists v ∈ o∗K with vp−1 = u.

(iii) Deduce that Qp(ζp) = Qp(
p−1
√
−p).

8. * Let L/K be a finite Galois extension which is totally ramified. Let δ(L/K) = vL(DL/K). Show that

δ(L/K) =
∑

1 6=σ∈Gal(L/K)

iL/K(σ) =
∑
i≥0

(
#Gi(L/K)− 1

)
where for 1 6= σ ∈ Gal(L/K), iL/K(σ) = vL(σ(πL)− πL).



9. (i) Let K be any algebraic extension of Qp, and let vp be the unique extension of the p-adic valuation on
Qp to K (so that vp(p) = 1). Show that the series

log(1 +X) =
∞∑
n=1

(−1)n−1

n
Xn

converges for x ∈ K iff vp(x) > 0. Show also that the series

exp(X) =
∞∑
n=0

Xn

n!

converges for x ∈ K iff vp(x) > 1/(p− 1).

(ii) Show that log and exp give isomorphisms between the additive group pZp and the multiplicative
group 1 + pZp, for every p > 2, and between 4Z2 and 1 + 4Z2.

(iii) Let p be odd. Show that 1 + pZp is the set of elements of Q∗p which are prime-to-p-diviible (they
have n-th roots for every n with (n, p) = 1.)

(iv) Show that any field automorphism of Qp maps 1 + pZp to itself. Deduce that Qp has no nontrivial
automorphisms.

10. * Let K be a complete discretely valued field of characteristic 0, with kK perfect of characteristic p
(i.e. every element of kK is a p-th power), valuation ring R, uniformiser π.

(i) Show that if x, y ∈ R and x− y ≡ 0 (mod π) then for any n ≥ 1, xp
n ≡ ypn (mod π???).

(ii) If x ∈ kK let x̂ denote any element of R which lifts x. Show that if x ∈ kK then the sequence

(yn) given by yn = (x̂1/pn)p
n

converges to an element [x] ∈ R, which does not depend on the choice of
liftings. Show that [0] = 0 and [xy] = [x][y]. ([x] is called the Teichmüller representative of x.)

(iii) Show that every a ∈ R has a unique representation as a convergent series

a = [x0] + π[x1] + π2[x2] + · · · , xi ∈ kK .

11. Let L/K be a finite separable extension of complete discrete valued fields, whose residue field extension
is separable. Let L0 be the maximal unramified subfield of L over K, and suppose that oL0 = oK [x]
(Proposition 3.6). Show that for any uniformiser π of L, oL = oK [x+ π].

12. Define the topology on the adeles AK by declaring that the set∏
v|∞

Kv ×
∏
v 6|∞

Ov

has the product topology and is open.

(i) Show that K ⊂ AK is discrete.

(ii) Let (pi)i∈N be a sequence of prime numbers with pi →∞. Let x(i) = (x(i)v) be the idele x(i)v = pi
if pi = v, 1 otherwise. Show that x(i) → 1 in AQ but x(i) 6→ 1 in JQ. Conclude that in the inclusion
JK ⊂ AK , the restriction of the topology on AK to JK is not the idelic topology on JK .

(iii) Show that the idelic topology is the restriction of the topology on A2
K via the inclusion JK → A2

K ,
x 7→ (x, x−1).

(iv) Show that
∏
vKv with the product topology is not locally compact (i.e. that 0 does not have a

compact neighbourhood.)


