
Representation Theory Sheet 3

G is a finite group and vector spaces are finite-dimensional overC.

3.1 Question

Let G = A5. Let χ be the character of one of the 3 dimensional irreducible representations,χ′ the character of the
4 dimensional irreducible representation.
Decomposeχ⊗ χ, χ⊗ χ′, andχ′ ⊗ χ′ into irreducible representations.
Decompose

∧2
χ, S2χ into irreducible represntations.

You will need to know the character table ofA5 to do this question!

3.2 Question

(i) For each irreducible representationρ of A4, determine the character ofIndS4
A4

ρ and decompose this into irre-
ducible representations.
(ii) Now do this forA5 ≤ S5, andS3 ≤ S4.
(iii) For each irreducible representatioñρ of S4, decomposeResS4

A4
ρ̃ into irreducible representations. Check your

answer is compatible with Frobenius reciprocity.

3.3 Question

Determine the character table of the dihedral groupD2n of symmetries of then-gon. For each irreducible repre-
sentation ofZ/n, decompose the induced representation ofD2n. Note: It matters whethern is even or odd.

3.4 Question

Show that the subgroup ofA5 generated by(12345) and(25)(34) is isomorphic toD10, and describe the induction
of irreducible representations from thisD10 to A5.

3.5 Question

Let V be a representation of a groupG.
(i) Computedim SnV , dim

∧n
V .

(ii) Let g ∈ G. Supposeg has eigenvaluesλ1, . . . , λd onV . What are the eigenvalues ofg onSnV ,
∧n

V ?
(iii) Supposef(x) = det(g − xI) is the characteristic polynomial ofg. Describe how to readtr(g,

∧n
V ) from

the coefficients off(x).
(iv) Find a relation betweentr(g, SnV ) and the polynomialf(x). (First do the casedim V = 1.)

3.6 Question

Prove that there is a natural isomorphism (not requiring any choices)Hom(V,W ) ∼= V ∗ ⊗W .

3.7 Question

Let V be a finite dimensional representation ofG and letWk, k = 1, . . . , r be a complete set of irreducible reps
up to isomorphism. Define a natural morphism ofG-representations⊕

k
HomG(Wk, V )⊗Wk → V

and show it is an isomorphism. This showsHomG(Wk, V ) ⊗ Wk is naturally isomorphic to theWk-isotypical
component ofV .
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3.8 Question

Let ρ andσ be representations of two finite groupsG andH on complex vector spacesV andW . Define a
representationρ ⊗ σ of the product groupG × H on V ⊗ W by (ρ ⊗ σ)(g, h) := ρ(g) ⊗ σ(h). Determine
the character ofρ ⊗ σ and, using this, show that it is irreducible ifρ andσ are so. Show that every irreducible
representation ofG×H is of this form.
How do you reconcile this with the example in class that the tensor squareG-representationW ⊗ W can be
reducible, even ifW was irreducible?

3.9 Question

The groupG × G acts onG by (g, h) · x = gxh−1, and so the regular representationC[G] is a representation of
G×G. Until now, we’ve only consideredC[G] as a representation of the groupG× {1} ≤ G×G.
i) Determine its character.
ii) For each irreducible representationV ⊗W of G ×G, determine the inner product of its character with that of
C[G].
iii) Hence decomposeC[G] as a representation ofG×G.

3.10 Question

Prove that the decomposition ofC[G] you’ve just found is canonical, by showing that the map

C[G] →
⊕
V

End(V )

defined by sendingeg to the element whoseV ’th entry isρV (g) is aG × G-map which has as inverse the map
which sendsφ ∈ End(V ) to the element

∑
g

1
dim V TrV (φρV (g−1))eg.

Notice that this explains why every irreducible representationV of G× {1} occursdim V times.

3.11 Question

Prove the transitivity of induction: ifK ⊂ H ⊂ G are subgroups, thenIndG
HIndH

K = IndG
K .

3.12 Question

i) Carefully prove the Mackey formula forResG
KIndG

HV by completing the proof sketched in class.
ii) Give another proof by computing characters.
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