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Probability and Measure 2

1. Suppose that a simple function f has two representations f = > ;' axla, = Z;‘Zl bjlp;. For
e = (e1,...,em) € {0,1}"™, define A, = AT* N...N A5 where A% = Af and Ai = Aj. Define
similarly By for 6 € {0,1}". Then set f.5 =Y, crar if A- N Bs # 0 and f. s = 0 otherwise.

(i) Show that, for any measure p1, > 3" apu(Ag) = >__ 5 fe sp(Ae N Bs).

(ii) Conclude that >3 appu(Ax) = >7_ bju(Bj).

2. Let p and v be finite Borel measures on R. Let f be a continuous bounded function on R. Show
that f is integrable with respect to p and v. Show further that, if u(f) = v(f) for all such f, then

w=v.

3. (i) Consider the measure space (N, P(N)) equipped with the counting measure #. Given f :
N — [0, +o00] measurable, show that [ fd# = >.1%0 f(n).

(ii) Let wp,n be a sequence of non negative terms such that Vn > 0, the sequence m — tyy, 5, is non
decreasing. Show that limy,— 100 D50 Ummn < D >0 iMm—s 400 Um,n-

4. Let (fi)r>0 be a sequence of functions from R to R, integrable and such that 3"/ °5 [i | fxldz <
~+00.

(i) For n > 1, let A, = N;>1{z € R;3k >4, |fx(z)| > 1}. Show that A, is negligible.

(ii) Show that limy_ 1o fx(z) =0 a.e.

5. (i) Compute lim,, 1o fooo sin(e®)/(1 + na?)dz.
ii) Compute lim,, fo ncosz)/(1 +n2x%)d:v.

iii) Compute lim, 400 ;' (1 — £) e3dzx.

(
(
(iv) Compute limy 400 [y (cosz)™ (1 — £)" da.

(v) Let f € LY(R), compute limp,— 400 [p 1+f(z) dx.

TlSlIl xT

6. Let u and v be differentiable functions on R with continuous derivatives v’ and v’. Suppose that
uv’ and v'v are integrable on R and u(x)v(z) — 0 as |z| — oo. Show that

/R w(z)' (z)de = — /]R o (2)v(z)de.

7. Show that the function sinz/x is not Lebesgue integrable over [1,00) but that the integral
le(sin x/x)dx converges as N — o0.
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8. Let a > 0. Let B = {z € R?, |z| <1} where |z| = (2% +--- 4 22)2. Study the integrability in
L'(B) and L'(RA\B) of f(z) = =

= Jaf

9. Let (fn)n>0 be a sequence of measurable functions on X that converges a.e to a measurable
function f.

(i) We assume f, > 0 ae. and lim, o [ fnde = ¢ < oo. Show that f is integrable and
limy s 400 || fn — fllpr = £ — [y fdz. Show that [ fdx = ¢ may fail.

(ii) Assume f is integrable and lim, o || fullz2 = || f|/z:. Show that f, — f in L'.

10. (Brezis-Lieb lemma) Let p > 1, f € LP(R?) and (f,)n>0 a sequence of measurable functions
from RY — R such that lim,— o0 fn(z) = f(z) a.e z € R? and sup,>1 [ga | fn(2)[Pdz < +o00. We
aim at proving

in_| [ oPds = [ 17~ fu@lrds] = [ 17@pas.

n—+oo

(i) Prove the claim for p = 1.

(ii) Assume p > 1. Show that Ve > 0, 3C(e) > 0 such that V(z,y) € R? |z + yP — |z|P <
elzlP + C(e)lylP.

(iii) Pick e > 0 and let F, = [||fu|? — | fn — fIP — | fIP| — €| fn — fIP]T. Compute limy, oo [ga Fn(2)dz
and conclude.

11. Let f, g be two measurable functions on R

(i) Show that the integral f* g(x) = [pa f(x —y)g(y)dy is defined for a.e. x and that the function
f % g defined in this way belongs to L'(R%) with || f % g[|;1 < £l eyl gl 1 ey

(i) We assume in addition that g € C*°(R?) and has compact support. Show that fxg € C>®(R%).
(iii) Assume f is continuous with compact support. Let { be a non negative C* function with
compact support and [ {(z)dz = 1. Let (. = 8%( (%), show that f* (. — f in L' as e — 0.

(iv) Conclude that the space of C> compactly supported functions is dense in L'(R%).

12. (Riemann-Lebesgue lemma) For f € L'(R%), we recall the definition of the Fourier transform
F) = [gae ™4 f()da,

(i) Show that f is a continuous function.

(ii) Let f be twice differentiable with compact support, compute the Fourier transform of 0,, f in
terms of f .

(iii) Prove that for all f € L'(R%), lime_, 4o () = 0.

13. Let (E, A, ) be a measure space. We let A = o(AUN) where N is the set of negligible sets.
(i) Let C = {A C E,3B,B' € A with B C A C B',u(B'\B) = 0}. Show that C is a o-algebra.
Conclude that C = A. L

(ii) Show that for the Lebesgue measure on R, B(R) = M(X\*).

(iii) Show that if f,g: R — R are Borelian with f = g A-a.e, then g is measurable for B(R).



