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Probability and Measure 2

1. Suppose that a simple function f has two representations f =
∑m

k=1 ak1Ak
=
∑n

j=1 bj1Bj . For

ε = (ε1, . . . , εm) ∈ {0, 1}m, define Aε = Aε11 ∩ . . . ∩ Aεmm where A0
k = Ack and A1

k = Ak. Define
similarly Bδ for δ ∈ {0, 1}n. Then set fε,δ =

∑m
k=1 εkak if Aε ∩Bδ 6= ∅ and fε,δ = 0 otherwise.

(i) Show that, for any measure µ,
∑m

k=1 akµ(Ak) =
∑

ε,δ fε,δµ(Aε ∩Bδ).
(ii) Conclude that

∑m
k=1 akµ(Ak) =

∑n
j=1 bjµ(Bj).

2. Let µ and ν be finite Borel measures on R. Let f be a continuous bounded function on R. Show
that f is integrable with respect to µ and ν. Show further that, if µ(f) = ν(f) for all such f , then
µ = ν.

3. (i) Consider the measure space (N, P (N)) equipped with the counting measure #. Given f :
N→ [0,+∞] measurable, show that

∫
N fd# =

∑+∞
n=0 f(n).

(ii) Let um,n be a sequence of non negative terms such that ∀n ≥ 0, the sequence m→ um,n is non
decreasing. Show that limm→+∞

∑
n≥0 um,n ≤

∑
n≥0 limm→+∞ um,n.

4. Let (fk)k≥0 be a sequence of functions from R to R, integrable and such that
∑+∞

k=0

∫
R |fk|dx <

+∞.
(i) For n ≥ 1, let An = ∩i≥1{x ∈ R; ∃k ≥ i, |fk(x)| ≥ 1

n}. Show that An is negligible.
(ii) Show that limk→+∞ fk(x) = 0 a.e.

5. (i) Compute limn→+∞
∫∞
0 sin(ex)/(1 + nx2)dx.

(ii) Compute limn→+∞
∫ 1
0 (n cosx)/(1 + n2x

3
2 )dx.

(iii) Compute limn→+∞
∫ n
0

(
1− x

n

)n
e

x
2 dx.

(iv) Compute limn→+∞
∫ n
0 (cosx)n

(
1− x

n

)n
dx.

(v) Let f ∈ L1(R), compute limn→+∞
∫
R

f(x)

1+n sin2 x
dx.

6. Let u and v be differentiable functions on R with continuous derivatives u′ and v′. Suppose that
uv′ and u′v are integrable on R and u(x)v(x)→ 0 as |x| → ∞. Show that∫

R
u(x)v′(x)dx = −

∫
R
u′(x)v(x)dx.

7. Show that the function sinx/x is not Lebesgue integrable over [1,∞) but that the integral∫ N
1 (sinx/x)dx converges as N →∞.
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8. Let a > 0. Let B = {x ∈ Rd, |x| ≤ 1} where |x| =
(
x21 + · · ·+ x2d

) 1
2 . Study the integrability in

L1(B) and L1(Rd\B) of f(x) = 1
|x|a .

9. Let (fn)n≥0 be a sequence of measurable functions on X that converges a.e to a measurable
function f .
(i) We assume fn ≥ 0 a.e. and limn→∞

∫
fndx = ` < ∞. Show that f is integrable and

limn→+∞ ‖fn − f‖L1 = `−
∫
X fdx. Show that

∫
fdx = ` may fail.

(ii) Assume f is integrable and limn→+∞ ‖fn‖L1 = ‖f‖L1 . Show that fn → f in L1.

10. (Brezis-Lieb lemma) Let p ≥ 1, f ∈ Lp(Rd) and (fn)n≥0 a sequence of measurable functions
from Rd → R such that limn→+∞ fn(x) = f(x) a.e x ∈ Rd and supn≥1

∫
Rd |fn(x)|pdx < +∞. We

aim at proving

lim
n→+∞

[∫
Rd

|fn(x)|pdx−
∫
Rd

|f(x)− fn(x)|pdx
]

=

∫
Rd

|f(x)|pdx.

(i) Prove the claim for p = 1.
(ii) Assume p > 1. Show that ∀ε > 0, ∃C(ε) > 0 such that ∀(x, y) ∈ R2, |x + y|p − |x|p ≤
ε|x|p + C(ε)|y|p.
(iii) Pick ε > 0 and let Fn = [||fn|p − |fn − f |p − |f |p| − ε|fn − f |p]+. Compute limn→+∞

∫
Rd Fn(x)dx

and conclude.

11. Let f, g be two measurable functions on Rd.
(i) Show that the integral f ? g(x) =

∫
Rd f(x− y)g(y)dy is defined for a.e. x and that the function

f ? g defined in this way belongs to L1(Rd) with ‖f ? g‖L1 ≤ ‖f‖L1(Rd)‖g‖L1(Rd).

(ii) We assume in addition that g ∈ C∞(Rd) and has compact support. Show that f ? g ∈ C∞(Rd).
(iii) Assume f is continuous with compact support. Let ζ be a non negative C∞ function with
compact support and

∫
ζ(x)dx = 1. Let ζε = 1

εd
ζ
(
x
ε

)
, show that f ? ζε → f in L1 as ε→ 0.

(iv) Conclude that the space of C∞ compactly supported functions is dense in L1(Rd).

12. (Riemann-Lebesgue lemma) For f ∈ L1(Rd), we recall the definition of the Fourier transform

f̂(ξ) =
∫
Rd e

−ix·ξf(x)dx.

(i) Show that f̂ is a continuous function.
(ii) Let f be twice differentiable with compact support, compute the Fourier transform of ∂xif in

terms of f̂ .
(iii) Prove that for all f ∈ L1(Rd), limξ→+∞ f̂(ξ) = 0.

13. Let (E,A, µ) be a measure space. We let Ā = σ(A ∪N ) where N is the set of negligible sets.
(i) Let C = {A ⊂ E,∃B,B′ ∈ A with B ⊂ A ⊂ B′, µ(B′\B) = 0}. Show that C is a σ-algebra.
Conclude that C = Ā.
(ii) Show that for the Lebesgue measure on R, B(R) =M(λ∗).

(iii) Show that if f, g : R→ R are Borelian with f = g λ-a.e, then g is measurable for B(R).


