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1 Vector spaces

1.1 Definitions

We start by fixing a [field, F. We say that F is a field if:

o Fis an abelian group under an operation called addition, (+), with additive iden-
tity 0;

o F\{0} is an abelian group under an operation called multiplication, (-), with mul-
tiplicative identity 1;

o Multiplication is distributive over addition; that is, a (b+c¢) = ab + ac for all
a,b,ceF.

Fields we’ve encountered before include the reals R, the complex numbers C, the ring of

integers modulo p, Z/p = F),, the rationals Q, as well as Q(V3) = {a +b/3:a,b€ Q},

Everything we will discuss works over any field, but it’s best to have R and C in mind,
since that’s what we’re most familiar with.

Definition. A wector space over F is a tuple (V,+, ) consisting of a set V', opera-
tions + : V. x V. — V (vector addition) and - : F x V' — V (scalar multiplication)
such that

(i) (V,+) is an abelian group, that is:

o Associative: for all vi,ve,v3 € V, (v1 + v2) + v3 = v1 + (v2 + v3);

e Commutative: for all v1,v9 € V, v1 + v9 = v9 4 v1;

o Identity: there is some (unique) 0 € V' such that, for allv € V, 04+ v =
v =10+ 0;

e Inverse: for all v € V, there is some v € V with u +v=v+u = 0.
This inverse is unique, and often denoted —wv.

(ii) Scalar multipication satisfies
o Associative: for all A, Ao € F, v € V., A1 - (A2-v) = (M A\2) - v;
e Identity: for all v € V, the unit 1 € F acts by 1-v = v;
o - distributes over +vy: forall A € F, vi,v9 € V., A-(v1 4+ v2) = A-v1+A-vg;
o +p distributes over -: forall A\;, Ao € F, v € V., (A1 + A2)-v = A1-v+A2-0;

We usually say “the vector space V7 rather than (V| +,-).
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Let’s look at some examples:

Examples 1.1.

(i) {0} is a vector space.
(ii) Vectors in the plane under vector addition form a vector space.
(iii) The space of n-tuples with entries in F, denoted F" = {(al, coyap) ta; € F}
with component-wise addition

(al,...,an)—i—(bl,...,bn):(al—i—bl,...,an—i—bn)

and scalar multiplication

A(ar,. .. an) = (Aag, ..., \ay)

Proving that this is a vector space is an exercise. It is also a special case of
the next example.

(iv) Let X be any set, and FX = {f : X — F} be the set of all functions X — F.
This is a vector space, with addition defined pointwise:

(f +9)(x) = f(z) + g(x)

and multiplication also defined pointwise:

(A= f)(x) = Af(x)

if \eF, f,gecFX, ze X. If X ={1,...,n}, then F¥ = F" and we have the
previous example.

Proof that FX is a vector space.

e As + in F is commutative, we have

(f +9)(x) = f(z) +9(z) = g(z) + f(z) = (9 + ) (=),

so f+¢g =g+ f. Similarly, f in F associative implies f 4+ (g + h) =
(f +9g)+ h, and that (—f)(x) = —f(x) and 0(z) = 0.

e Axioms for scalar multiplication follow from the relationship between -
and + in F. Check this yourself! O

(v) Cis a vector space over R.

Lemma 1.2. Let V be a vector space over F.

(i) For all \€F, \-0=0, and for allveV,0-v=0.
(ii) Conversely, if \-v =0 and X € F has X\ # 0, then v = 0.
(tit) For allveV, —1-v= —uv.

Proof.

() A0=X-(0+0)=X-0+XA-0 => \-0=0.
0-v=(040)-v=0-v4+0-v = 0-v=0.

(i) As X € F, X # 0, there exists A™! € F such that A™'A =1, s0 v = (A71\) -0 =
AL (A -v), hence if A-v =0, we get v =A"1-0=0 by (i).

(iii) 0=0-v=(14+(-1)-v=1-v4+(-1-v)=v+(-1-v) = —1-v=—v. O

We will write Av rather than A - v from now on, as the lemma means this will not cause
any confusion.



1.2 Subspaces
Definition. Let V' be a vector space over F. A subset U C V is a wector subspace

(or just a subspace), written U < V| if the following holds:

(i) 0 € U;
(ii) If uy,ug € U, then uy + ug € U;
(iii) Ifue U, A € F, then Au e U.

Equivalently, U is a subspace if U C V, U # () (U is non-empty) and for all
u,v e U, \peF, Adu+pv e U.

Lemma 1.3. IfV is a vector space over F and U <V, then U is a vector space over
F under the restriction of the operations + and - on'V to U. (Proof is an exercise.)

Examples 1.4.
(i) {0} and V are always subspaces of V.
(i) {(r1,..-,7mn,0,...,0) : 7; € R} CR"™™ is a subspace of R"*™.

(iii) The following are all subspaces of sets of functions:

CYR) = {f:R— R f continuous and differentiable }
CC(R)={f:R—R]| f continuous}
CRE={f:R—R}.

Proof. f,g continuous implies f+ g is, and Af is, for A € R; the zero function
is continuous, so C(R) is a subspace of R¥, similarly for C'(R). O

(iv) Let X be any set, and write
F[X] = (F¥)g, = {f : X = F| f(z) # 0 for only finitely many x € X} )

This is the set of finitely supported functions, which is is a subspace of FX.

Proof that this is a subspace. f(x) =0 == Xf(z) =0, so if f € (F¥)qn,
then so is Af. Similarly,

(f +9) 7" (F\{0}) € f(F\{0}) U g~ (F\{0})
and if these two are finite, so is the LHS. O

Special case. Consider the case X = N, so
FIN] = (FY)g, = {(X0,A1,...) | only finitely many ); are non-zero} .

We write 2’ for the function which sends i — 1, j + 0 if j # i; that is, for
the tuple (0,...,0,1,0,...) in the ith place. Thus

F[N] = {3" X\ | only finitely many \; non-zero} .


http://en.wikipedia.org/wiki/Linear_subspace
http://en.wikipedia.org/wiki/Linear_subspace
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Note that we can do better than a vector space here; we can define multipli-
cation by

(S 0i) (S5 9) = S
This is still in F[N]. It is more usual to denote this F[x], the polynomials in z
over IF (and this is a formal definition of the polynomial ring).

1.3 Bases

Definition. Suppose V is a vector space over F, and S C V is a subset of V. Then
v is a linear combination of elements of S if there is somen > 0 and A1,..., A\, € F,
V1,...,0, € 8 such that v = A\jv1 +--- + A, or if v = 0.

Write (S) for the ispan of S, the set of all linear combinations of elements of S.

Notice that it is important in the definition to use only finitely many elements — infinite
sums do not make sense in arbitrary vector spaces.

We will see later why it is convenient notation to say that 0 is a linear combination of
n = 0 elements of S.

Example 1.5. (0) = {0}.

Lemma 1.6.

(i) (S) is a subspace of V.
(i) If W <V is a subspace, and S C W, then (S) < W; that is, (S) is the smallest

subset of V' containing S.

Proof. (i) is immediate from the definition. (ii) is immediate, by (i) applied to W. O

Definition. We say that S spans V if (S) = V.

Example 1.7. Theset {(1,0,0), (0,1,0),(1,1,0),(7,8,0)} spans W = {(,y,2) | z =0} <

R3.
Definition. Let vy, ..., v, be a sequence of elements in V. We say they are linearly
dependent if there exist A1,..., A, € IF, not all zero, such that
n
Z )\z (i 0,
i=1
which we call a linear relation among the v;. We say that vy,...,v, are linearly

independent if they are not linearly dependent; that is, if there is no linear relation
among them, or equivalently if

Z)\Z’Uizo — )\iZOfOI" all 1.
=1

We say that a subset S C V is linearly independent if every finite sequence of
distinct elements in S is linearly independent.


http://en.wikipedia.org/wiki/Polynomial_ring
http://en.wikipedia.org/wiki/Linear_combination
http://en.wikipedia.org/wiki/Linear_span

Note that if vy, ..., vy, is linearly independent, then so is every reordering vy (1), . . -, Ur(n)-
e If vy,...,v, are linearly independent, and v;,,...,v;, is a subsequence, then the
subsequence is also linearly independent.
e If some v; = 0, then 1-0 = 0 is a linear relation, so v1,...,v, is not linearly
independent.

o If v; = v; for some i # j, then 1-v; + (—1)v; = 0 is a linear relation, so the
sequence isn’t linearly independent.
o If |S] < o0, say S = {v1,...,v,}, then S is linearly independent if and only if

v1,..., U, are linearly independent.
1 0
Example 1.8. Let V =R3, § = 0],(1 , and then
0 0
1 0 A1
MO+ |1]=1X
0 0 0

is zero if and only if A\ = A2 =0, and so S is linearly independent.

Exercises:

(i) Show that vy,vy € V are linearly dependent if and only if v = 0 or vy = Av; for

some A\ € IF.
1 1 2
(ii) Let S = 0),121],(1 , then

1 0 0
1 1 2 1 1 2 A1

MOl +X 2] +X3(1] =10 2 1 Ao |,
1 0 0 1 00 A3

A

so linear independence of S is the same as AX =0 = X = 0. Show that in this
example, there are no non-zero solutions.

(iii) If S CF", S = {v1,...,vn}, then show that finding a relation of linear dependence
o Ai v is equivalent to solving AX = 0, where A = (v ... vy,) is an n xm
matrix whose columns are the v;.

(iv) Hence show that every collection of four vectors in R has a relation of linear
dependence.

Definition. The set S C V is a basis for V if
(i) S is linearly independent and,;
(ii) S spans V.

Remark. This is slightly the wrong notion. We should order S, but we’ll deal with this
later.


http://en.wikipedia.org/wiki/Basis_(linear_algebra)
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Examples 1.9.

(i) By convention, the vector space {0} has () as a basis.
(ii)) S ={e1,...,en}, where e; is a vector of all zeroes except for a one in the ith
position, is a basis of F" called the standard basis.
(iii) F[z] = F[N] = (FY),, has basis {1,2,2%,...}.
More generally, F[X] has {4, | z € X} as a basis, where

1 ifx=y,
My)z{ Y

0 otherwise,

so F[X] is, formally, the set of linear combinations of elements of X.

For amusement: F[N] < FY, and 1,z,22, ... are linearly independent in
FY as they are linearly independent in F[N], but they do not span FV, as
(1,1,1,...) € F[N].

Show that if a basis of F exists, then it is uncountable.

Lemma 1.10. A set S is a basis of V if and only if every vector v € V' can be written
uniquely as a linear combination of elements of S.

Proof. (<) Writing v as a linear combination of elements of S for every v € V' means
that (S) = V. Uniquely means that, in particular, 0 can be written uniquely, and so S
is linearly independent.

(=)v=>3"" Nvi =Y i uv, wherev; € Sandi =1,...,n,then > " | (A — pi) v; =
0, and since the v; are linearly independent, \; = u; for all 7. O

Observe: if S is a basis of V, |S| = d and |F| = ¢ < oo (for example, F = Z/pZ, and
q = p), then the lemma gives |V| = ¢, which implies that d is the same, regardless of
choice of basis for V, that is every basis of V' has the same size. In fact, this is true
when F = R or indeed when F is arbitrary, which means we must give a proof without
counting. We will now slowly show this, showing that the language of vector spaces
reduces the proof to a statement about matrices — Gaussian elimination (row reduction)
— we're already familiar with.

Definition. V is finite dimensional if there exists a finite set .S which spans V.

Theorem 1.11

Let V be a vector space over F, and let S span V. If S is finite, then S has a subset
which is a basis for V. In particular, if V' is finite dimensional, then V' has a basis.

Proof. If S is linearly independent, then we’re done. Otherwise, there exists a relation
of linear dependence, " ¢;v; = 0, where not all ¢; are zero (for ¢; € F). Sup-
pose ¢, # 0, then we get ¢;,viy = — ;4 ¢jvj, S0 vy = — Y ¢;v;/¢;y, and hence we
claim (v, ..., vp) = <U1, ey Vig—1, Vig41, - - - ,vm> (proof is an exercise). So removing vj,
doesn’t change the span. We repeat this process, continuing to remove elements until
we have a basis. O

Remark. If S = {0}, say with V' = {0}, then the proof says remove 0 from the set S to
get (), which is why it is convenient to say that ) is a basis of {0}.



Theorem 1.12

Let V' be a vector space over I, and V finite dimensional. If vy,...,v, are lin-
early independent vectors, then there exist elements vy41,...,v, € V such that
{V1,.. ., Up, Vpy1,...,0n} is a basis.

That is, any linearly independent set can be extended to a basis of V.

Remark. This theorem is true without the assumption that V is finite dimensional —
any vector space has a basis. The proof is similar to what we give below, plus a bit
of fiddling with the axiom of choice. The interesting theorems in this course are about
finite dimensional vector spaces, so you're not missing much by this omission.

First, we prove a lemma.

Lemma 1.13. Letvy,..., vy, be linearly independent, andv € V.. Thenv & (v1,...,Un)
if and only if v1,...,vm, v are linearly independent.

Proof. (<) Ifv € (v1,...,0p), thenv = >, ¢;v; for some ¢; € F,s0 Y 1" ¢+ (—1)-v
is a non-trivial relation of linear dependence.

(=) Conversely, if v1,...,vn,v are linearly dependent, then there exist ¢;,b such that
> civ; + bv = 0, with not all ¢;,b zero. Then if b = 0, we get > ¢;v; = 0, which is a
non-trivial relation on the linearly independent v;, which is not possible, so b # 0. So

v=—> cv;/band v € (vi,...,Un). O
Proof of theorem . Since V is finite dimensional, there is a finite spanning set S =
{wi,...,wq}. Now, if w; € (v1,...,v,) for all ¢, then V = (wy,...,wq) C (v1,...,0,),
so in this case vy, ..., v, is already a basis.

Otherwise, there is some w; ¢ (v1,...,v,). But then the lemma implies that vq, ..., v, w;

is linearly independent.

We repeat this process, adding elements in S, till we have a basis. ]
Theorem 1.14
Let V be a vector space over F. Let S = {v1,..., v} span V and L = {w1,...,w,}

be linearly independent. Then m > n.

In particular, if B, B, are two bases of V, then [B;| = |Bs|.

Proof. As the vi’s span V, we can write each w; as a linear combination of the wv’s,
w; = ZZL:l Cri Vg, for some cp; € F. Now we know the w;’s are linearly independent,
which means ) . A\;w; =0 = \; =0 for all . But

Sidiwi =N (X crivr) = 2 (00, cri Ai) vk

We write C' = (cy;) for the m x n matrix formed by the coefficients cg;. Observe that
the rules of matrix multiplication are such that the coefficient of vy in > A\; w; is the
kth entry of the column vector C'\.

If m < n, we learned in Vectors € Matrices that there is a non-trivial solution A # 0.
(We have m linear equations in n variables, so a non-zero solution exists; the proof is
by row reduction.) This contradicts the w;’s as linearly independent. So m > n.
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Now, if B; and By are bases, then apply this to S = B, L = B, to get |B;| > |Bo|.
Similarly apply this S = B, L = B to get |Bs| > |B1], and so [B1]| = [B2]. O

Definition. Let V be a vector space over a field F. Then the |dimension of V,
denoted by dim V', is the number of elements in a basis of V.

Example 1.15. dimF" = n, as e1,...,e, is a basis, called the standard basis,
1 0 0
0 1 0

where e; = [ 0 ,€9 = 0 N 0
0 0 1

Corollary 1.16.

(i) If S spans V, then |S| > dim V', with equality if and only if S is a basis.
(ii) If L = {v1,...,vx} is linearly independent, then |L| < dim V', with equality if and
only if L is a basis.

Proof. Immediate. Theorem implies (i) and theorem implies (ii). O

Lemma 1.17. Let W <V, and V be finite dimensional. Then W is finite dimensional,
and dimW < dim V. Moreover, dim W = dimV if and only if W = V.

Proof. The subtle point is to show that W is finite dimensional.

Let wy, ..., w, be linearly independent vectors in W. Then they are linearly independent
when considered as vectors in V, so r < dim V' by our theorem. If (w;....,w,) # W,
then there is some w € W with w & (wy,...,w,), and so by lemma , Wiy evny Wy, W
is linearly independent, and r + 1 < dim V.

Continue in this way finding linearly independent vectors in W, and we must stop after
at most (dim V') steps. When we stop, we have a finite basis of W, so W is finite
dimensional, and the rest of the theorem is immediate. ]

Lemma 1.18. Let V be finite dimensional and S any spanning set. Then there is a
finite subset S’ of S which still spans V', and hence a finite subset of that which is a
basis.

Proof. As V is finite dimensional, there is a finite spanning set {v1,...,v,}. Now, as S
spans V, we can write each v; as a finite linear combination of elements of S.

But when you do this, you use only finitely many elements of S for each i. Hence as there
are only finitely many v; (there are n of them!), this only uses finitely many elements of
S. We call this finite subset S’. By construction, V = (v1,...,v,) C (S7). O

1.4 Linear maps and matrices

Definition. Let V' and W be vector spaces over F, and ¢ : V. — W a map. We
say that ¢ is linear if

(i) ¢ is a homomorphism of abelian groups; that is, ¢(0) = 0 and for all vy, vy €


http://en.wikipedia.org/wiki/Dimension
http://en.wikipedia.org/wiki/Linear_map

11

V', we have p(v1 + v2) = p(v1) + p(v2).
(ii) ¢ respects scalar multiplication; that is, p(Av) = Ap(v) for all A € F,v € V.

Combining these two conditions, we see that a map ¢ is linear if and only if

©(A1v1 + A2 v2) = A1 p(v1) + A2 p(v2)

for all Ay, Ao €F, v1,v9 € V.

Definition. We write £(V, W) to be the set of linear maps from V to W; that is,
LV,W)={¢:V = W | linear}.

A linear map ¢ : V. — W is an {somorphism if there is a linear map ¢ : W — V
such that oy = 1y and Y = 1y.

Notice that if ¢ is an isomorphism, then in particular ¢ is a bijection on sets. The
converse also holds:

Lemma 1.19. A linear map ¢ is an isomorphism if © is a bijection; that is, if !

exists as a map of sets.
Proof. We must show that ¢~! : W — V is linear; that is,
¢ Harwr + azwz) = a1~ H(wi) +azp” (wy). (%)

But we have
@ <a1 o Hwy) + a2 w’l(wg)) = a1 (o N (wy)) + a2 (N ws)) = ay wy + ag wo,

as  is linear. Now apply ¢! to get (x). O
Lemma 1.20. If o : V — W is a vector space isomorphism, then dimV = dim W.

Proof. Let by,...,b, be a basis of V. We claim that ¢(by),...,(b,) is a basis of W. 12 Oct
First we check linear independence: Suppose

0= Z)\lgo(bl) =@ Z)\Zb@
i=1 =1

As ¢ is injective, so > A\;b; = 0, and hence as the b; are linearly independent, \; = 0
fori=1,...,n. So ¢(b;) are linearly independent.

Then we check they span: since ¢ is surjective, for all w € W, we have w = ¢(v)
for some v € V. But v = > \;b; for some \; € F, as the b; span V. But then
w =) => \ip(b), and the ¢(b;) span W.

Since they both have a basis of the same size, it follows that dim V' = dim W. U

Definition. If by,...,b, are a basis of V, and v =), A\; v;, we say Aq,...,\, are
the coordinates of v with respect to the basis b1, ..., by,.

Here is another view of what the coordinates of a vector mean:

Proposition 1.21. Let V be a finite-dimensional vector space over F, with dimV = n.
Then there is a bijection

{ordered bases by, ... b, of V} = {90 N V} '


http://en.wikipedia.org/wiki/Isomorphism
http://en.wikipedia.org/wiki/Coordinates

12 | Linear Algebra

The idea of the proposition is that coordinates of a vector with respect to a basis define
a point in F", and hence a choice of a basis is a choice of an isomorphism of our vector
space V with F".

Proof. Given an ordered basis by, ...,b, of V, call it B, we can write every vector v € V
as v =Y A\; b; for unique \;, ..., A, € F. Define ag : V. — F" by
A1 n
ag(v)=1[ 1 | = Z)‘i €
A i=1

where {e;} is the standard basis of F".

It is clear that asg is well-defined, linear and an isomorphism, and the inverse sends
()\17”-7)\71) — Z)\zbz

This defines a map {ordered bases B} — {a VS IF”} taking B — asg.

To see that this map is a bijection, suppose we are given « : V' — F" an isomorphism.
Then o~ ! : F" — V is also an isomorphism, and we define b; = a~!(e;). The proof

of the previous lemma showed that by,...,b, is a basis of V. It is clear that for this
ordered basis B, ayp = a. ]
Let V and W be finite dimensional vector spaces over F, and choose bases v, ..., v,
and wy, ..., wy of V and W, respectively. Then we have the diagram:

F™ F™

V——"oW

Now, suppose o : V — W is a linear map. As « is linear, and every v € V can be

written as v = > \; v; for some Aq, ..., \,, we have
n n
av) =« Z)‘i v | = Z)\ia(vi),
i=1 i=1
so « is determined by its values «(vy),...,a(v,). But then write each a(v;) as a sum
of basis elements w1, ..., Wy,

m
a(vj):Zaijwi jzl,...,m
i=1

for some a;; € F.

Hence, if (A1,...,A,) are the coordinates of v € V, with respect to a basis vy, ..., vp;
that is, if v = > A; v;, then

av) =« Z)\jvj :Zaij)\jwi;
Jj=1 i,
that is,
Do a1j A A1
> a2j A A2

Z a,mj /\j )\n
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are the coordinates of a(v) with respect to wi,. .., wn.

That is, by choosing bases v1,...,v, and wi,...,wy, of V and W, respectively, every
linear map « : V' — W determines a matrix A € Mat,, ,(F).

Conversely, given A € Mat,, ,,(F), we can define

n n m
(6 E )\1 (Y = E E CLZ'j )‘j ws,
=1

i=1 j=1

which is a well-defined linear map « : V — W, and these constructions are inverse, and
so we’ve proved the following theorem:

Theorem 1.22

A choice of bases v1,...,v, and wq,...,w,, of vector spaces V and W defines an
isomorphism £(V, W) = Mat,, ,(F).

Remark. Actually, £(V,W) is a vector space. The vector space structure is given by
defining, for a,b € F, o, 8 € L(V, W),

(ac +bB) (v) = aa(v) + b A(v).

Also, Mat,, ,,(F) is a vector space over I, and these maps L(V,W) = Mat,, ,(F) are
vector space isomorphisms.

The choice of bases for V' and W define isomorphisms with F" and F™ respectively so
that the following diagram commutes:

We say a diagram commutes if every directed path through the diagram with the same
start and end vertices leads to the same result by composition. This is convenient short
hand language for a bunch of linear equations — that the coordinates of the different
maps that you get by composing maps in the different manners agree.

Corollary 1.23. dim £(V, W) = dim Mat,, »(F) = nm = dim V dim W.
Lemma 1.24. Let a:V = W, 8: W — U be linear maps of vector spaces U, V, W

(i) Ba:V —= U is linear.
(ii) If v1,...,v, is a basis of V,
Wi, ..., Wy 1S a basis of W,
U, ..., U 95 a basis of U,
and A € Mat,, »(F) is the matriz of o with respect to the v;, w; bases, and
B € Mat,.,,(F) is the matriz of B with respect to the wj, uy bases,
then the matrix of Ba 'V — U with respect to the v;, u bases is BA.

Proof.

(i) Exercise.
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(ii) We have from our earlier work
a(v) = agwi  and  Blwi) =Y briug.
i=1 k=1

Now we have

(Ba)(vj) =B Zaij wi | = Z Zaij bri uk,
i=1 k=1 i=1
and so the coefficient of uy is Y, | byi aij = (BA)y,;- O

Definition. A linear map ¢ : V — V' is an automorphism if it is an isomorphism.
The set of automorphisms forms a group, and is denoted

GL(V) = {¢:V = V | ¢ a linear isomorphism }
= {¢ € L(V,V) | ¢ an isomorphism }

Example 1.25. We write GL,,(F) = {¢ : F" — F", ¢ isomorphism} = GL(F").
Exercise: Show that if ¢ : V' = W is an isomorphism, then it induces an isomorphism
of groups GL(V) = GL(W), so GL(V) = GLgim v (F).

Lemma 1.26. Let vy,...,v, be a basis of V and ¢ : V. — V be an isomorphism; that
is, let o € GL(V'). Then we showed that ¢(vi),...,¢(vy) is also a basis of V' and hence

(i) If vi = o(v1),...,vn = p(vyn), then ¢ = idy. In other words, we get the same
ordered basis if and only if © is the identity map.
(ii) If v{,...,v) is another basis of V, then the linear map ¢ : V — V defined by

n
e (X Nivi) =2 Niv/
(that is, the map sending v; — v/) is an isomorphism.
Proof. Define its inverse ¢ : V. — V by v/ — v;; that is,
Y (CAivf) =X Aivi
Then it is clear pp =Ypp =idy : V = V. O
So (i) and (ii) say that:

Proposition 1.27. GL(V) acts simply and transitively on the set of bases; that is, given
v{,...,v,, a basis, there is a unique p € GL(V') such that o(vi) =v{,...,¢(vy) =v,.

Corollary 1.28. |GL,(Fp)| = (p" — 1) (p" —p)--- (p" —p"1).
Proof. It is enough to count ordered bases of IF)), which is done by proceeding as follows:

Choose vy, which can be any non-zero element, so we have p"™ — 1 choices.
Choose v2, any non-zero element not a multiple of v, so p" — p choices.

Choose v3, any non-zero element not in (vy,v2), so p" — p? choices.

Choose vy, any non-zero element not in (v1,...,v,_1), so p™ — p"~! choices. [


http://en.wikipedia.org/wiki/Automorphism
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Example 1.29. ’GLQ(Fp)| =plp—1°(p+1).

Remark. We could express the same proof by saying that a matrix A € Mat,,(IF,) is
invertible if and only if all of its columns are linearly independent, and the proof works
by picking each column in turn.

Let v1,...,v, be a basis of V, and ¢ € GL(V). Then v/ = ¢(v;) is a new basis of V.
Let A be the matrix of ¢ with respect to the original basis v1,...,v, for both source
and target ¢ : V — V. Then

p(vi) =v/ = aj;v;,
j

so the columns of A are the coordinates of the new basis in terms of the old.

We can also express this by saying the following diagram commutes:

Fn —V e; — v;
A J@
3
F™ T> %4 €e; — v;
Conversely, if vy,...,v, is a basis of V, and v{,...,v), is another basis, then we can

define ¢ : V. — V by p(v;) = v, and we can express this by saying the following
diagram commutes.

Fn4>: V e ——v;
NP \ 1
174 v!

)

This is just language meant to clarify the relation between changing bases, and bases as
giving isomorphisms with a fixed F". If it instead confuses you, feel free to ignore it. In
contrast, here is a practical and important question about bases and linear maps, which
you can’t ignore:

Consider a linear map « : V. — W. Let v1,...,v, be a basis of V, w1,...,w, of W,
and A be the matrix of «. If we have new bases v{,...,v, and wy,...,w,, then we get
a new matrix of o with respect to this basis. What is the matriz with respect to these

new bases? We write
v = E :pﬂvj w; = E :qﬂwj'
J J

gxer(cis? 1.30. Show that w/ = > ¢j; w; if and only if w; = 3~ (Q71)ji w], where
= \Gab)-

Then we have

a(v)) = pualv) =Y piakjws =Y pjiak (Q Dww/ =Y (QAP);w/,
i ik

j7k7l l
and we see that the matrix is Q' AP.

Finally, a definition.
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Definition. (i) Two matrices A, B € Mat,, ,(F) are said to be equivalent if they
represent the same linear map F" — F™ with respect to different bases, that is
there exist P € GL,(F),Q € GL,,(F) such that

B=Q 'AP.

(ii) The linear maps o : V. — W and 8 : V. — W are equivalent if their matrices look
the same after an appropriate choice of bases; that is, if there exists an isomorphism
p € GL(V), ¢ € GL(W) such that the following diagram commutes:

VW

1

That is to say, if ¢” ap = 8.

1.5 Conservation of dimension: the Rank-nullity theorem

Definition. For a linear map o : V. — W, we define the kernel to be the set of all
elements that are mapped to zero

kera={z€V:ax)=0} =K<V
and the gmage to be the points in W which we can reach from V'
Ima=a(V)={al):veV}<W.

Proving that these are subspaces is left as an exercise.

We then say that r(a) = dimIm « is the rank and n(a) = dim ker « is the nullity.

Theorem 1.31: Rank-nullity theorem

For a linear map o : V — W, where V is finite dimensional, we have

r(a) + n(a) = dimIma + dimker o« = dim V.

Proof. Let vy, ...,vq be a basis of ker o, and extend it to a basis of V, say, v1, ..., v4, Vg+1, - - -

We show the following claim, which implies the theorem immediately:

Claim. a(vgi1),...,a(vy,) is a basis of Im «.
Proof of claim. Span: if w € Ima, then w = «a(v) for some v € V. But vy,...,v, is a
basis, so there are some A1,..., A, € F with v = )" A\;v;. Then
n
av) =« (Z i vi> = Z i a(v;)

1=d+1

as a(vy) =--- = a(vg) = 0; that is, a(v4t1),- .., a(v,) span Ima.


http://en.wikipedia.org/wiki/Kernel_(mathematics)
http://en.wikipedia.org/wiki/Image_(mathematics)
http://en.wikipedia.org/wiki/Rank_(linear_algebra)
http://en.wikipedia.org/wiki/Nullity
http://en.wikipedia.org/wiki/Rank%E2%80%93nullity_theorem
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Linear independence: we have

n n
Z Aia(v) =0 = « Z Nvi | =0
i=d+1 i=d+1
And hence Z?:dH A;iv; € kera. But kera has basis vq,...,v4, and so there are

Uiy, g € F such that
n d
Z Ai vy = vai-
i=d+1 i=1
But this is a relation of linear dependence on v, ..., v,, which is a basis of V', so we

must have
_,U’IZ_IU’QZ‘.':_MCI: )\dJrl:”.:)\n :0_ D

hence linearly independent

Corollary 1.32. Let a: V. — W be a linear map between finite dimensional spaces V
and W. If dimV = dim W, then o : V. — W s an isomorphism if and only if « is
injective, and if and only if a is surjective.

Proof. The map « is injective if and only if dimkera = 0, and so dimIma = dimV
(which is dim W here), which is true if and only if « is surjective. O

Remark. If vq,...,v, is a basis for V, w1y, ..., w,, is a basis for W and A is the matrix of
the linear map o : V — W, then Im o = (column space of A), ker o = ker A, and the
isomorphism is induced by the choice of bases for V and W, that is by the isomorphisms
W =S F™, V& Fm.

Remark. You'll notice that the rank-nullity theorem follows easily from our basic results
about how linearly independent sets extend to bases. You'll recall that these results in
turn depended on row and column reduction of matrices. We’ll now show that in turn
they imply the basic results about row and column reduction — the first third of this
course is really just learning fancy language in which to rephrase Gaussian elimination.

The language will be useful in future years, especially when you learn geometry. However
it doesn’t really help when you are trying to solve linear equations — that is, finding the
kernel of a linear transformation. For that, there’s not much you can say other than:
write the linear map in terms of a basis, as a matrix, and row and column reduce!

Theorem 1.33

(i) Let A € Mat,, ,,(F). Then A is equivalent to

1 0 oo oo oo 0
0 . o0 - . :
B 0o 1 0
0
0 -+ cov eee e 0

that is, there exist invertible P € GL,,(F), @ € GL,(F) such that B =
Q LAP.

(ii) The matrix B is well defined. That is, if A is equivalent to another matrix
B’ of the same form, then B’ = B.

17 Oct
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Part (ii) of the theorem is clunkily phrased. We’ll phrase it better in a moment by
saying that the number of ones is the rank of A, and equivalent matrices have the same
rank.

Proof 1 of theorem .

(i) Let V.= F*", W = F™ and a : V — W be the linear map taking = — Ax.
Define d = dim ker . Choose a basis y1, ..., yq of ker , and extend this to a basis

Vls oy UnedsYls---,Yq Of V.

Then by the proof of the rank-nullity theorem, «o(v;) = wj;, for 1 < i <n —d, are

linearly independent in W, and we can extend this to a basis wq, ..., w,, of W.
But then with respect to these new bases of V' and W, the matrix of « is just B,
as desired.

(ii) The number of one’s (n—d here) in this matrix equals the rank of B. By definition,

r(A) = column rank of A
=dimIma

= dim(subspace spanned by columns)
So to finish the proof, we need a lemma.
Lemma 1.34. Ifa,3:V — W are equivalent linear maps, then
dim ker o = dim ker 8 dimIma = dimIm 8

Proof of lemma. Recall o, 8 : V' — W are equivalent if there are some p,q € GL(V) x
GL(W) such that 8 = ¢ lap.
|

w
P Tq
Vv —5 w
Claim. z € ker f <= px € kera.

Proof. B(z) = q lap(z). As g is an isomorphism, ¢ ! (a(p(z))) =0 <= a(p(x)) = 0;
that is, the restriction of p to ker 8 maps ker 3 to ker a; that is, p : ker 8 = ker o, and
this is an isomorphism, as p~! exists on V. (So p~ly € ker 3 <= y € kera.)

Similarly, you can show that ¢ induces an isomorphism ¢ : Im 8 = Im a. ]

Note that the rank-nullity theorem implies that in the lemma, if we know dimker a =
dim ker 8, then you know dimIm o = dim Im 3, but we didn’t need to use this.

Theorem 1.35: Previous theorem restated
The GL(V) x GL(W) orbits on L(V, W) are in bijection with
{r:0<r < min(dimV,dim W)}

under the map taking o : V' — W to rank(o) = dimIma.

Here GL(V) x GL(W) acts on £(V, W) by (q,p) - 8 = ¢Bp~".
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Hard exercise.

(i) What are the orbits of GL(V') x GL(W) x GL(U) on the set L(V, W) x LIW,U) =
{a:V=>W,8: W — V linear}?
(ii) What are the orbits of GL(V) x GL(W) on L(V,W) x L(W,V)?

You won’t be able to do part (ii) of the exercise before the next chapter, when you learn
Jordan normal form. It’s worthwhile trying to do them then.

Proof 2 of theorem .

(ii) As before, no theorems were used.

(i) We'll write an algorithm to find P and @ explicitly:
Step 1: If top left a;1 # 0, then we can clear all of the first column by row
operations, and all of the first row by column operations.
Let’s remember what this means.
Let E;j be the matrix with a 1 in the (¢, j)’th position, and zeros elsewhere. Recall
that for ¢ # 7, (I + aEij) A is a new matrix, whose ith row is the ith row of A +
« - (ith row of A). This is an elementary row operation.
Similarly A (I + aEij) is an elementary column operation. As an exercise, state
this precisely, as we did for the rows.
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We have
ail 0
E,%E/nl'“EfAEl'”En=<0 A’)
where o s
El =T-"LE,  EB=I-"E;
a1 ail

Step 2: if a;;1 = 0, either A = 0, in which case we are done, or there is some
¢%7] 75 0.
Consider the matrix s;;, which is the identity matrix with the ith row and the jth

10
Exercise. s;; A is the matrix A with the ith row and the jth row swapped, As;;
is the matrix A with the ith and the jth column swapped.

Hence s;1 Asji has (1,1) entry a;; # 0.
Now go back to step 1 with this matrix instead of A.

0 1
row swapped, for example sij5 = .

Step 3: multiply by the diagonal matrix with ones along the diagonal except for
the (1,), position, where it is al_ll.
Note it doesn’t matter whether we multiply on the left or the right, we get a matrix

of the form
1 0
0 A//

Step 4: Repeat this algorithm for A”.

When the algorithm finishes, we end up with a diagonal matrix B with some ones
on the diagonal, then zeros, and we have written it as a product

row opps\ =~ (Towopps\ ., | TOWOpps | | TOW Opps
for col n for col 1 for row 1 for row n

Q P

where each * is either s;; or 1 times an invertible diagonal matrix (which is mostly
ones, but in the i’th place is a;l).
But this is precisely writing this as a product Q tAP. O

Corollary 1.36. Another direct proof of the rank-nullity theorem.

Proof. (ii) showed that dimker A = dimker B and dimIm A = dimIm B if A and B
are equivalent, by (i) of the theorem, it is enough to the show rank/nullity for B in the
special form above. But here is it obvious. O

Remark. Notice that this proof really is just the Gaussian elimination argument you
learned last year. We used this to prove the theorem 7 on bases. So now that we’ve
written the proof here, the course really is self contained. It’s better to think that
everything we’ve been doing as dressing up this algorithm in coordinate independent
language.

In particular, we have given coordinate independent meaning to the kernel and column
space of a matrix, and hence to its column rank. We should also give a coordinate
independent meaning for the row space and row rank, for the transposed matrix AT,
and show that column rank equals row rank. This will happen in chapter 4.
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1.6 Sums and intersections of subspaces

Lemma 1.37. Let V be a vector space over F, and U; <V subspaces. Then U = (U;
is a subspace.

Proof. Since 0 € U; for all 4, certainly 0 € (U;. And if u,v € U, then u,v € U; for all 19 Oct
1, 50 Au + pv € U; for all 4, and hence A\u+ pv € U. O

By contrast, the union Uy U Us is not a subspace unless U; C Uy or Uy C Us.

Definition. Let Uy,...,U,. <V be subspaces. The sum of the U; is the subspace
denoted

ZUi:U1+"'+Ur
i=1 :{U1+U2+"'+Ur’ui€Ui}
=(Uy,...,U,),

which is the span of | J;_; U;.
Exercise: prove the two equalities in the definition.

Definition. The set of d-dimensional subspaces of V, {U |U < V,dimU = d} is
called the Grassmannian of d-planes in V/, denoted Grq(V).

Example 1.38. We have
Gri(F?) = {hnes L in IF2} = FU {0},

as L = (\eq + peg). If A # 0, we get L = (e1 + yes), where v = /A € F. If A =0,
then L = (e2), which we think of as co.

If F = R, then this is R U {oco}, the circle. If F = C then this is C U {co}, the
Riemann sphere.

Theorem 1.39
Suppose Uy, Us <V and U; finite dimensional. Then

dim(U1 N Ug) + dim(U1 + UQ) =dim U7 + dim Us.

Proof 1. Pick a basis v, ...,vq of U NUs. Extend it to a basis vy, ..., vq, w1, ..., w; of
Uy and a basis v1,...,vq,Y1,-..,Yys of Us.
Claim. {vi,...,vg,W1,...,Wr,Y1,...,Ys} is a basis of U; + Us. The claim implies the

theorem immediately.

Proof of claim. Span: an element of Uy + Uy can be written = + y for x € Uy, y € Us,

and so
T =Y Nvi+ Y pjw; y=> a;vi+Y Bryk

Combining these two, we have

:U—I—y:Z()\i—l—ai)vi—l—zujwj—l—zmyk


http://en.wikipedia.org/wiki/Grassmannian
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Linear independence is obvious, but messy to write: if

Yooivi+ > Biwi + > yyr = 0,

then
Do v+ Y Bjwg = =3 kY,
——

cU; cUs

hence > v yr € Up N Uz, and hence Y vy yr = > 0;v; for some 6;, as vi,...,vq is a
basis of U; N Us. But v;, yi are linearly independent, so v, = 6; = 0 for all ¢, k. Thus
Y oivi+ Y Bjw; =0, but as v;, w; are linearly independent, we have o; = 3; = 0 for
all 4, 7. O

We can rephrase this by introducing more notation. Suppose U; < V, and we say that
U =)> U is a direct sum if every u € U can be written uniquely as u = uj + - - - + uy,
for some u; € U.

Lemma 1.40. U; + Us is a direct sum if and only if Uy N Uz = {0}.

Proof. (=) Suppose v € U; N Us. Then

v= v +0=04+ v
el €Uz

)

which is two ways of writing v, so uniqueness gives that v = 0.

(<) If ug + ug = u{ + uy, for u;, u; € Uj, then uy — uj = ug — ug.
el €Uz

This is in Uy N Uz = {0}, and so u; = u{ and us = u4, and sums are unique. O

Definition. Let U < V. A complement to U is a subspace W < V such that
W +U=V and WNU = {0}.

Example 1.41. Let V = R?, and U be the line spanned by e;. Any line different
from U is a complement to U; that is, W = (e + Aej) is a complement to U, for
any A € F.

In particular, complements are not unique. But they always exist:

Lemma 1.42. Let U <V and U finite dimensional. Then a complement to U exists.

Proof. We’ve seen that U is finite dimensional. Choose vy, ...,v4 as a basis of V, and
extend it by wy,...,w, to a basis vi,...,vg, w1,...,w, of V.
Then W = (wy,...,w,) is a complement. O

Exercise 1.43. Show that if W' is another complement to U, then there exists a
unique ¢ : W — U linear, such that W’ = {w + ¢(w) | w € W}, and conversely.
In other words, show that there is a bijection from the set of complements of U to

L(W,U).

Lemma 1.44. If Uy,...U, < U are such that Uy + ... U, is a direct sum, show that
dim(Uy + -4+ U,) =dimUy + -+ - + dim U,.

Proof. Exercise. Show that a union of bases for U; is a basis for ) U;.


http://en.wikipedia.org/wiki/Direct_sum
http://en.wikipedia.org/wiki/Direct_sum_of_modules#Internal_direct_sum
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Now let Uy, Us < V be finite dimensional subspaces of V. Choose W7 < U; a complement
to Uy NUsy in Uy, and Wy < Us a complement to U; N Us in Us. Then

Corollary 1.45.
U1+U2:(U1QU2)+W1+W2

s a direct sum, and the previous lemma gives another proof that

dim(U1 +Us) + dim(U1 N UQ) = dim U7 + dim Us.

Once more, let’s look at this:

Definition. Let Vi, V5 be two vector spaces over F. Then define V3 @ Vs, the direct
sum of Vi and V5 to be the product set V7 x V,, with vector space structure

(v1,v2) + (w1, w2) = (v1 + w1, v2 + w2) A (v1,v2) = (Avy, Avg) .

Exercises 1.46.
(i) Show that Vi @ V4 is a vector space. Consider the linear maps
i1 : V1 = Vi @V, taking vy — (v1,0)
io 1 Vo = Vi @V, taking vg — (0,v3)

These makes V7 = (V7)) and Vo = i(Va) subspaces of Vi @ Va such that
iVi NiVy = {0}, and so Vi @ Vo = iVj + V4, so it is a direct sum.

(ii) Show that F&--- @ F =F".
—_———

n times

Once more let Uy, Us < V be subspaces of V. Consider Uy, Us as vector spaces in their
own right, and form U; @ Us, a new vector space. (This is no longer a subspace of V.)

Lemma 1.47. Consider the linear map Uy ® Uy = V taking (ug,ug) — ug + us.
(i) This is linear.
(ii) kerm = {(—w,w) | w € Uy NUs}.

(iii)) Inm = Uy + Us < V.

Proof. Exercise.

Corollary 1.48. Show that the rank-nullity theorem implies

dimkerm + dimIm7nm = dim(U; ® Us) = dim U; 4 dim Us.
=dim U1NU3 =dim(U1+Uz)

This is our slickest proof yet. All three proofs are really the same — they ended up
reducing to Gaussian elimination — but the advantage of this formulation is we never
have to mention bases. Not only is it the cleanest proof, it actually makes it easier to
calculate. It is certainly helpful for part (ii) of the following exercise.

Exercise 1.49. Let V = R"™ and Uy, Us < R™. Let U; have a basis vq,...,v, and
Us have a basis wyq, ..., ws.

(i) Find a basis for Uy 4 Us.
(ii) Find a basis for Uy N Us.


http://en.wikipedia.org/wiki/Direct_sum_of_modules
http://en.wikipedia.org/wiki/Direct_sum_of_modules
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2 Endomorphisms

In this chapter, unless stated otherwise, we take V' to be a vector space over a field F,
and a: V — V to be a linear map.

Definition. An endomorphism of V is a linear map from V to V. We write
End(V) = L(V,V) to denote the set of endomorphisms of V:

End(V) ={a:V — V,« linear} .

The set End(V') is an algebra: as well as being a vector space over I, we can also multiply
elements of it — if «, 5 € End(V), then af € End(V), i.e. product is composition of
linear maps.

Recall we have also defined
GL(V) = {a € End(V) : « invertible} .

Fix a basis b1,...,b, of V and use it as the basis for both the source and target of
a:V — V. Then «a defines a matrix A € Mat,,(F), by a(b;) = >, a;; b;. If by,...,b) is
another basis, with change of basis matrix P, then the matrix of a with respect to the
new basis is PAP™!.

V2V

S

n n
FTF

Hence the properties of a : V' — V which don’t depend on choice of basis are the
properties of the matrix A which are also the properties of all conjugate matrices PAP~!,

These are the properties of the set of GL(V') orbits on End(V') = L(V, V), where GL(V')

acts on End(V), by (g, a) — gag™".

In the next two chapters we will determine the set of orbits. This is called the theory
of Jordan normal forms, and is quite involved.

Contrast this with the properties of a linear map o : V' — W which don’t depend on
the choice of basis of both V' and W; that is, the determination of the GL(V') x GL(W)
orbits on L(V, W). In chapter 1, we’ve seen that the only property of a linear map which
doesn’t depend on the choices of a basis is its rank — equivalently that the set of orbits
is isomorphic to {i | 0 < i < min(dim V,dim W)}.

We begin by defining the determinant, which is a property of an endomorphism which
doesn’t depend on the choice of a basis.

2.1 Determinants

Definition. We define the map det : Mat,,(F) — F by

det A = Z e(o) A1,0(1) -+ - Anyo(n)-
O’GSn

Recall that S, is the group of permutations of {1,...,n}. Any o € S,, can be written
as a product of transpositions (7).
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Then € : S,, — {£1} is a group homomorphism taking

(o) =

+1 if number of permutations is even,

—1 if number of permutations is odd.
In class, we had a nice interlude here on drawing pictures for symmetric group elements
as braids, composition as concatenating pictures of braids, and how e(w) is the parity
of the number of crossings in any picture of w. This was just too unpleasant to type up;
sorry!

Example 2.1. We can calculate det by hand for small values of n:
det (a11) = a11

ail a2
det = ai1a22 — a12a21
a1 a2
a1 a2 a3
det | a21 a2 a3 | =
azp asz ass

(11022033 + 012023031 + 013021032
—a13a220a31 — 012021033 — 11023032

The complexity of these expressions grows nastily; when calculating determinants it’s
usually better to use a different technique rather than directly using the definition.

Lemma 2.2. If A is upper triangular, that is, if a;; = 0 for all i > j, then det A =

a1l ... Qpn-

Proof. From the definition of determinant:

det A = Z a1 o(1) - ama(n).

o€Sn
If a product contributes, then we must have o(i) < iforalli=1,...,n. Hence o(1) =1,
0(2) = 2, and so on until o(n) = n. Thus the only term that contrlbutes is the identity,
o=1id, and det A = a1y ... anp. O

Lemma 2.3. det AT = det A, where (AT);; = Aj; is the transpose.

Proof. From the definition of determinant, we have

det AT = Z 6(0') As(1),1 - - Qo(n),n

oESH
n
=2 @],
ocESy i=1

Now [, Ag(i)i = I, a; »-1(;), since they contain the same factors but in a different
order. We relabel the indices accordingly:

=) o H U3
UESn

Now since ¢ is a group homomorphism, we have e(o - 071) = €(1) = 1, and thus €(c0) =
e(c~1). We also note that just as o runs through {1,...,n}, so does 0~1. We thus have

Z Hako = det A. L]

O'ESn
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Writing v; for the ith column of A, we can consider A as an n-tuple of column vectors,
A= (v1,...,0,). Then Mat, (F) =2 F" x---xF", and det is a function F" x - - - x F" — F.

Proposition 2.4. The function det : Mat, (F) — F is multilinear; that is, it is linear

in each column of the matrixz separately, so:

det(vi, ..., Aiviy ... 0n) = N det(v1, ..., V4., U)
"

det(vy,...,vi+ 0! ... v,) =det(vy, ..., v, ... vn) +det(vg, ..., 0] .o o).
We can combine this into the single condition
det(vy, ..., N o) + N0/ .. vn) = N det(vr,. .., 0], ... o)
+ A det(vy,...,v/ ... v).

)

Proof. Immediate from the definition: det A is a sum of terms ay (1), - - -, @y o (n), €ach of
which contains only one factor from the ith column: a,-1(; ;. If this term is A ag-1(3),i +
A all Ly then the determinant expands as claims. O]

Example 2.5. If we split a matrix along a single column, such as below, then
det(A) = det A’ + det A”.

det = det + det

[NCRNJURIT
[SSIETSNEEN|
S = =
DN W
=N W
O =
DN W
DO DN >
O =

Observe how the first and third columns remain the same, and only the second
column changes. (Don’t get confused: note that det(A + B) # det A + det B for
general A and B.)

Corollary 2.6. det(AA) = \"A.

Proof. This follows immediately from the definition, or from applying the result of
proposition @ multiple times. O

Proposition 2.7. If two columns of A are the same, then det A = 0.

Proof. Suppose v; and v; are the same. Let 7 = (i j) be the transposition in S, which
swaps ¢ and j. Then S,, = A, [[ An7, where A,, = kere: S, — {£1}. We will prove the
result by splitting the sum

n

det A = Z (o) H Ao (3),i

oc€Sh i=1

into a sum over these two cosets for A,,, observing that for all o € A,,, ¢(0) = 1 and
elor) = —1.

Now, for all o € A,, we have

A1o(1) - Ono(n) = O170(1) - - - Onro(n)s
as if o(k) & {i,7}, then 7o(k) = o(k), and if (k) = ¢, then

A ro(k) = Qk,r(i) = Ok,j = Ak = Ak o(k)>
and similarly if o(k) = j. Hence

det A = Z ﬁag(i)d — ﬁag.r(i)ﬂv = 0. ]

oeA, \i=1 i=1
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Proposition 2.8. If I is the identity matriz, then det I =1

Proof. Immediate.

Theorem 2.9

These three properties characterise the function det.

Before proving this, we need some language.

Definition. A function f :F" x --- x F* — F is a volume form on F" if

(i) It is multilinear, that is, if

f(vl,...,/\ivi,...,vn):)\if(vl,...,vi,...,vn)
/

!/
for,...;vi+v),...,00) = f(or, .o, 0iy oo ) + f01, 000,000y ).
We saw earlier that we can write this in a single condition:

flor, oo v+ M v/ o) =N for, .00, 0p)
+ A f(or, .0 o).

(ii) It is alternating; that is, whenever i # j and v; = vj, then f(vi,...,v,) = 0.

Example 2.10. We have seen that det : F™" x --- x F” — F is a volume form. It is
a volume form f with f(eq,...,e,) =1 (that is, det I = 1).

Remark. Let’s explain the name ‘volume form’. Let F = R, and consider the volume of a
rectangular box with a corner at 0 and sides defined by vy, ..., v, in R™. The volume of
this box is a function of v, ..., v, that almost satisfies the properties above. It doesnt
quite satisfy linearity, as the volume of a box with sides defined by —wv1,ve,..., v, is the
same as that of the box with sides defined by v1,...,v,, but this is the only problem.
(Exercise: check that the other properties of a volume form are immediate for voluems of
rectangular boxes.) You should think of this as saying that a volume form gives a signed
version of the volume of a rectangular box (and the actual volume is the absoulute
value). In any case, this explains the name. You've also seen this in multi-variable
calculus, in the way that the determinant enters into the formula for what happens to
integrals when you change coordinates.

Theorem 2.11: Precise form

The set of volume forms forms a vector space of dimension 1. This line is called
the determinant line.

Proof. 1t is immediate from the definition that volume forms are a vector space. Let
€1,...,en be a basis of V with n = dim V. Every element of V" is of the form

(§ ai1€i7§ ai2€i7"',§ ain€i>a
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with a;; € F (that is, we have an isomorphism of sets V" = Mat,(F)). So if f is a
volume form, then

n n n n n
f E ailleil,...,g Aj,n €, = E aillf eil,g ai21€¢2,...,5 Aj,n €,

i1=1 in=1 i1=1 io=1 in=1

== Z aill...ainnf(eil,...,ein),

1<it,ein<n

by linearity in each variable. But as f is alternating, f(ei,,...,e;,) = 0 unless i1, ... i,
is 1,...,n in some order; that is,

(its- - in) = (o(1),...,0(n))

for some o € S,,.

Claim. f(ey(1);---s€qmn)) = €(0) fle1,...,en).

Given the claim, we get that the sum above simplifies to
Z aa(1)71 e aa(n)m e(w) f(el, v ,en),
oESh

and so the volume form is determined by f(ey,...,e,); that is, dim({vol forms}) <
1. But det : Mat,(F) — F is a well-defined non-zero volume form, so we must have
dim({vol forms}) = 1.

Note that we have just shown that for any volume form

flor, .o ) =det(ve, ..., v,) fler, ... en).

So to finish our proof, we just have to prove our claim.

Proof of claim. First, for any vq,...,v, € V, we show that

f(...,vi,...,vj,...):—f(...,vj,...,vi,...),

that is, swapping the ith and jth entries changes the sign. Applying multilinearity is
enough to see this:

f(...,vi—I—Uj,...,vi—l—vj,...):f(...,v,-,...,vl-,...)—I—f(...,vj,...,vj,...)

=0 as alternating =0 as alternating =0 as alternating
—i—f(...,’l)i,...,’l)j,...)—i—f(...,vj,...,?}i,...).

Now the claim follows, as an arbitrary permutation can be written as a product of
transpositions, and e(w) = (—1)# of transpositions O
Remark. Notice that if Z/2 ¢ F is not a subfield (that is, if 1 + 1 # 0), then for a
multilinear form f(z,y) to be alternating, it suffices that f(z,y) = —f(y,x). This is
because we have f(z,z) = —f(z,2), so 2f(z,z) = 0, but 2 # 0 and so 27! exists, giving
f(z,x) = 0. If 2 = 0, then f(x,y) = —f(y,z) for any f and the correct definition of
alternating is f(x,z) = 0.

If that didn’t make too much sense, don’t worry: this is included for mathematical
interest, and isn’t essential to understand anything else in the course.

Remark. If o € Sy, then we can attach to it a matrix P(o) € GL,, by

1 ifo~li=j,
P(o)ij = {

0 otherwise.



30 | Linear Algebra

Exercises 2.12. Show that:

(i) P(w) has exactly one non-zero entry in each row and column, and that entry
is a 1. Such a matrix is called a permutation matriz.

(ii) P(w)e; = ej, hence
(iii) P : S, = GL, is a group homomorphism;
(iv) e(w) = det P(w).

Theorem 2.13

Let A, B € Mat,(F). Then det AB = det Adet B.
Slick proof. Fix A € Mat,(F), and consider f : Mat, (F) — F taking f(B) = det AB.
We observe that f is a volume form. (Exercise: check this!!) But then
f(B)=detB- f(e1,...,ep).

But by the definition,
fler, ... en) = f(I) = det A. O

Corollary 2.14. If A € Mat,,(F) is invertible, then det A=! = 1/ det A.
Proof. Since AA~! = I, we have
det Adet A7! = det AA™  =det I =1,
by the theorem, and rearranging gives the result. O
Corollary 2.15. If P € GL,, then

det(PAP™!) = det Pdet Adet P~! = det A.

Definition. Let o : V — V be a linear map. Define det o € F as follows: choose
any basis by,...,b, of V, and let A be the matrix of o with respect to the basis.
Set det a« = det A, which is well-defined by the corollary.

Remark. Here is a coordinate free definition of det a.
Pick f any volume form for V', f # 0. Then
(1, xn) = flaxy, ..., axy) = (fa) (@1, ..., zp)

is also a volume form. But the space of volume forms is one-dimensional, so there is
some A € F with fa = Af, and we define

A =deta

(Though this definition is independent of a basis, we haven’t gained much, as we needed
to choose a basis to say anything about it.)

Proof 2 of det AB = det Adet B. We first observe that it’s true if B is an elementary
column operation; that is, B = I 4+ aE;;. Then det B = 1. But

det AB = det A + det A’,
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where A’ is A except that the ith and jth column of A" are the same as the jth column
of A. But then det A’ = 0 as two columns are the same.

Next, if B is the permutation matrix P((i j)) = s;j;, that is, the matrix obtained from
the identity matrix by swapping the ith and jth columns, then det B = —1, but A s;; is
A with its ith and jth columns swapped, so det AB = det A det B.

Finally, if B is a matrix of zeroes with r ones along the leading diagonal, then if r = n,
then B =1 and det B = 1. If r < n, then det B = 0. But then if r < n, AB has some
columns which are zero, so det AB = 0, and so the theorem is true for these B also.

Now any B € Mat,,(F) can be written as a product of these three types of matrices. So
if B= X1---X, is a product of these three types of matrices, then

det AB = det ((AX1 -+ Xp_1) Xpm)
= det(AXy -+ Xpp—1) det X,
= ... =det Adet X; - --det X,,
=-.-=det Adet (X1 Xin)
— det Adet B. -

Remark. That determinants behave well with respect to row and column operations is
also a useful way for humans (as opposed to machines!) to compute determinants.

Proposition 2.16. Let A € Mat,,(IF). Then the following are equivalent:

(i) A is invertible;
(7i) det A # 0;
(iii) r(A) = n.

Proof. (i) == (ii). Follows since det A= = 1/ det A.
(ili) = (i). From the rank-nullity theorem, we have
r(A) =n <= kera ={0} <= A invertible.

Finally we must show (ii) = (iii). If 7(A) < n, then kera # {0}, so there is some
A= (\,... ,)\n)T € F™ such that AA =0, and \x # 0 for some k. Now put

1 A1
1 A2

Ak

An 1
Then det B = A\ # 0, but AB is a matrix whose kth column is 0, so det AB = 0; that
is, det A = 0, since A\ # 0. O

This is a horrible and unenlightening proof that det A # 0 implies the existence of A7,
A good proof would write the matrix coefficients of A~! in terms of (det A)~" and the
matrix coefficients of A. We will now do this, after some showing some further properties
of the determinant.

We can compute det A by expanding along any column or row.
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Definition. Let AY be the matrix obtained from A by deleting the ith row and
the jth column.

Theorem 2.17

(i) Expand along the jth column:
det A = (=1)"" ay; det AY + (1)1 ag; det A% + - + (=1)7"" q,,; det A™
= (—1)’*! [alj det AY — ag;det A% + az;det A — - 4 (=1)"" q,,; det A™

(the thing to observe here is that the signs alternate!)

(ii) Expanding along the ith row:

det A = Z (—=1)7 a;j det AV

The proof is boring book keeping.

Proof. Put in the definition of A¥ as a sum over w € S,_1, and expand. We can tidy
this up slightly, by writing it as follows: write A = (v --- v,), so vj = Y . aj;j ;. Then

n

det A = det(vy,...,v,) = Zaij det(v1,...,vj-1,€i,Vj41,...,Vp)
=1

—Z J 1det ez,vl,...,vj,l,vjﬂ,...,vn).
as €(12 ... j) = (=1)771 (in class we drew a picture of this symmetric group element,

and observed it had j — 1 crossings.) Now e; = (0,...,0,1,0,... ,0)T, so we pick up
(=1)""! as the sign of the permutation (12 ... i) that rotates the 1st through ith rows,

and so get
S (=12 det (é L) = 37 (~1)" det A7, 0

% %

Definition. For A € Mat,(F), the adjugate matriz, denoted by adj A, is the
matrix with

(adj A);; = (—1)"* det A7,

Example 2.18.

11 2 4 -2 -3
adj (“ Z>_<_dc Cf), adj [0 2 1 =1 0 -1
10 2 2 1 2

Theorem 2.19: Cramer’s rule

(adjA)-A=A-(adjA) = (det A) - I


http://en.wikipedia.org/wiki/Adjugate_matrix
http://en.wikipedia.org/wiki/Cramer's_rule
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Proof. We have

n

((adj A) A)jk = Z (adj A);; aix = Z (=1)" det AV ay,

=1 =1

Now, if we have a diagonal entry j = k then this is exactly the formula for det A in (i)
above. If j # k, then by the same formula, this is det A’, where A’ is obtained from
A by replacing its jth column with the kth column of A; that is A’ has the j and kth
columns the same, so det A’ = 0, and so this term is zero. U

Corollary 2.20. A~ = L adj A if det A # 0.

det A
The proof of Cramer’s rule only involved multiplying and adding, and the fact that they
satisfy the usual distributive rules and that multiplication and addition are commutative.
A set in which you can do this is called a commutative ring. Examples include the
integers Z, or polynomials F[z].

So we’ve shown that if A € Mat,,(R), where R is any commutative ring, then there
exists an inverse A~ € Mat,,(R) if and only if det A has an inverse in R: (det A)~" € R.
For example, an integer matrix A € Mat,(Z) has an inverse with integer coefficients if
and only if det A = +1.

Moreover, the matrix coefficients of adj A are polynomials in the matrix coefficients of
A, so the matrix coefficients of A~! are polynomials in the matrix coefficients of A and
the inverse of the function det A (which is itself a polynomial function of the matrix
coefficients of A).

That’s very nice to know.
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3 Jordan normal form

In this chapter, unless stated otherwise, we take V to be a finite dimensional vector
space over a field F, and a : V — V to be a linear map. We're going to look at what
matrices look like up to conjugacy; that is, what the map « looks like, given the freedom
to choose a basis for V.

3.1 Eigenvectors and eigenvalues

Definition. A non-zero vector v € V' is an eigenvector for a: V- — V if a(v) = v,
for some A € F. Then A is called the eigenvalue associated with v, and the set

Vi={veV:al) =}
is called the eigenspace of A for «, which is a subspace of V.
We observe that if I : V' — V is the identity map, then
W=ker(A] —a:V = V).

So if v € Vj, then v is a non-zero vector if and only if ker(A\ — «) # {0}, which is
equivalent saying that Al — « is not invertible. Thus

det(A — a) =0,
by the results of the previous chapter.
Definition. If by, ..., b, is a basis of V, and A € Mat,,(F) is a matrix of a, then
chy(z) = det(z] — o) = det(xl — A)
is the characteristic polynomial of a.

The following properties follow from the definition:

(i) The general form is

xr — a1l —a12 s —Q1n
cho(z) = cha(z) =det | 2 792 € Fla).
_anl PR DR l’ —_— ann

Observe that cha(z) € Flz] is a polynomial in z, equal to 2™ plus terms of smaller
degree, and the coefficients are polynomials in the matrix coefficients a;;.

For example, if A = G123 e
a1 a2

cha(z) = 22 — x (a11 + as) + (a11a22 — ajzas)
= 2% — z.tr A + det A.
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(ii) Conjugate matrices have the same characteristic polynomials. Explicitly:
chpap-1(x) = det (m[ - PAP71>
= det (P (zI — A) P—l)
= det(z] — A)
= chy(x).

(iii) For A € F, cha(X) = 0 if and only if V) = {v € V : a(v) = Av} # {0}; that is, if A
is an eigenvalue of . This gives us a way to find the eigenvalues of a linear map.

Example 3.1. If A is upper-triangular with a;; in the ith diagonal entry, then
cha(z) =(x—a11) - (x — ann) -

It follows that the diagonal terms of an upper triangular matrix are its eigenvalues.

Definition. We say that ch4(z) factors if it factors into linear factors; that is, if
cha(z) = [Tizy (== 2)™,
for some n; € N, \; € F and A\; # \; for i # j.

Examples 3.2. If we take ' = C, then the fundamental theorem of algebra says
that every polynomial f € Clz] factors into linear terms.

In R, consider the rotation matrix
A < co§0 sin9> 7
—sinf cosf
then we have characteristic polynomial

cha(x) = 2% — 2z cosd + 1,

which factors if and only if A= 4+17 and 6 =0 or 7.

Definition. If F is any field, then there is some bigger field F, the algebraic closure
of F, such that F C F and every polynomial in F'[x] factors into linear factors. This
is proved next year in the Galois theory course.

Theorem 3.3

If A is an n x n matrix over F, then ch4(z) factors if and only if A is conjugate to
an upper triangular matrix.

In particular, this means that if F = F, such as F = C, then every matrix is
conjugate to an upper triangular matrix.

We can give a coordinate free formulation of the theorem: if o : V' — V is a linear map,
then ch, (z) factors if and only if there is some basis by, . .., b, of V such that the matrix
of o with respect to the basis is upper triangular.
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Proof. (<) If A is upper triangular, then chs(z) = [[(z — a4i), so done.

(=) Otherwise, set V =F", and a(z) = Az. We induct on dim V. If dimV =n = 1,
then we have nothing to prove.

As chq(x) factors, there is some A € F such that chy(A) = 0, so there is some A\ € F
with a non-zero eigenvector b;. Extend this to a basis by,...,b, of V.

Now conjugate A by the change of basis matrix. (In other words, write the linear map
a, © — Az with respect to this basis b; rather than the standard basis e;).

~ Ak
=0 &)

and it has characteristic polynomial

We get a new matrix

chz(x) = (x — A) cha/(7).

So chy () factors implies that cha/(z) factors.

Now, by induction, there is some matrix P € GL,_1(F) such that PA’P~! is upper

triangular. But now
1 i 1 (A
P pt) PA'PY)”

proving the theorem. O

Aside: what is the meaning of the matrix A’? We can ask this question more generally.
Let a: V — V be linear, and W < V a subspace. Choose a basis by, ..., b, of W, extend
it to be a basis of V' (add byy1,...,by).

Then o(W) C W if and only if the matrix of & with respect to this basis looks like

X Z

0 Y)’
where X is r x r and Y is (n —r) X (n —r), and it is clear that a‘W : W — W has
matrix X, with respect to a basis by,...,b, of W.

Then our question is: What is the meaning of the matrix Y?

The answer requires a new concept, the quotient vector space.

Exercise 3.4. Consider V as an abelian group, and consider the coset group
V/W ={v+ W :v € V}. Show that this is a vector space, that b, 1+W, ... by+W
is a basis for it, and « : V' — V induces a linear map a : V/W — V/W by
a(v+ W) = a(v) + W (you need to check this is well-defined and linear), and that
with respect to this basis, Y is the matrix of a.

Remark. Let V.=W'@&W"; that is, W/ NW" = {0}, W'+ W" =V, and suppose that
a(W')y C W' and a(W") C W". We write this as a = o/ ® o, where o/ : W' — W/,
a” :W" — W' are the restrictions of «.

In this special case the matrix of a looks even more special then the above for any basis
bi,...,b, of W' and b,41,...,b, of W” — we have Z = 0 also.
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Definition. The trace of a matrix A = (a;;), denoted tr(A), is given by
tI‘(A) = Z Qg

Lemma 3.5. tr(AB) = tr(BA).
P?"OOf. tI‘(AB) = EZ(AB)M = Ei,j aijbji = Z](BA)JJ = tI‘(BA) ]
Corollary 3.6. tr(PAP™1) = tr(P~1PA) = tr(A).

So we define, if a : V' — V is linear, tr(a) = tr(A), where A is a matrix of « with respect
to some basis by, ..., b,, and this doesn’t depend on the choice of a basis.

Proposition 3.7. If ch,(z) factors as (x — A1) --- (x — A\p) (repetition allowed), then

(1) tra =), \i;
(it) deta =[], \i.

Proof. As ch, factors, there is some basis b1,...,b, of V such that the matrix of A is
upper triangular, the diagonal entries are Aq,..., \,, and we’re done. ]

Remark. This is true whatever F is. Embed F C F (for example, R C C), and chy
factors as (x — A1) -+ (z — Ap). Now Aq,..., A, € F, not necessarily in F.

Regard A € Mat,,(IF), which doesn’t change tr A or det A, and we get the same result.
Note that ). \; and [, A; are in F even though \; ¢ F.

cosf sinf
—sinf cos6

0 _—if

Example 3.8. Take A = < ) Eigenvalues are €%, e=% so

trA=e" + e =2cosh det A =e?.e7 =1,
Note that
cha(z) =(x— A1)+ (z — A\p)
=" — Z/\i " 4 Z/\i)\j x”_z—--~+(—1)”()\1...)\n)

i<j
=" —tr(A) 2" et — 4 (=) e 4 (—1)" det A,

where the coefficients ey = tr A, es,...,en_1, €, = det A are functions of A\i,..., A\,
called elementary symmetric functions (which we see more of in Galois theory).

Each of these e; depend only on the conjugacy class of A, as

chpap-1(x) = chy(x).

Note that A and B conjugate implies cha(z) = chp(z), but the converse is false. Con-
sider, for example, the matrices

() oY)

and ch(z) = chp(z) = 22, but A and B are not conjugate.
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For an upper triangular matrix, the diagonal entries are the eigenvalues. What is the
meaning of the upper triangular coefficients?

This example shows there is some information in the upper triangular entries of an upper-
triangular matrix, but the question is how much? We would like to always diagonalise
A, but this example shows that it isn’t always possible. Let’s understand when it is
possible.

Proposition 3.9. Ifvy, ..., v, are eigenvectors with eigenvalues A1, ..., A\, and X\; # \;
if i # j, then vy, ..., v are linearly independent.

Proof 1. Induct on k. This is clearly true when k = 1. Now if the result is false, then
there are a; € F s.t. Ele a; v; = 0, with some a; # 0, and without loss of generality,
a; # 0. (In fact, all a; # 0, as if not, we have a relation of linearly dependence among
(k — 1) eigenvectors, contradicting our inductive assumption.)

Apply « to Zle a;v; = 0, to get

k
Z )\z‘ a; UV = 0.
=1

Now multiply Zle a; v; by A1, and we get

k
Z )\1 a; V; = 0.
=1

Subtract these two, and we get

k
Z ()\Z — /\1)ai v; = 0,
iZQ;\"—/
#0

a relation of linear dependence among vs, . .., vk, so a; = 0 for all ¢, by induction. O

Proof 2. Suppose Y a;v; = 0. Apply a, we get S \;a;v; = 0; apply o2, we get
> )\? a; v; = 0, and so on, so Zle A7 a;v; =0 for all » > 0. In particular,

1 1 ai v1
Ao Ak :
: : =0.
k:.—l k.—l :

)\1 )\k ag Uk

Lemma 3.10 (The Vandermonde determinant). The determinant of the above matriz
is Tlic; (A = Aa).-

Proof. Exercise! O
By the lemma, if \; # A;, this matrix is invertible, and so (aq v1,...,ax vk)T = 0; that
is, a; = 0 for all 1. O

Note these two proofs are the same: the first version of the proof was surreptitiously
showing that the Vandermonde determinant was non-zero. It looks like the first proof
is easier to understand, but the second proof makes clear what’s actually going on.

31 Oct
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Definition. A map « is diagonalisable if there is some basis for V' such that the
matrix of @ : V — V is diagonal.

Corollary 3.11. The map « is diagonalisable if and only if chq(x) factors into [[;_; (x — Xi)™,
and dim Vy, = n; for alli.

Proof. (=) « is diagonalisable means that in some basis it is diagonal, with n; copies
of \; in the diagonal entries, hence the characteristic polynomial is as claimed.

(<) >, Vy, is a direct sum, by the proposition, so

dim (Zl V,\Z.) = Zdim V)\i = Zni,

and by our assumption, n = dim V. Now in any basis which is the union of basis for the
Vy,, the matrix of a is diagonal. O

Corollary 3.12. If A is conjugate to an upper triangular matriz with \; as the diagonal
entries, and the \; are distinct, then A is conjugate to the diagonal matrix with A; in
the entries.

1 7y, . 10
Example 3.13. <O 2) is conjugate to (O 2).

The upper triangular entries “contain no information”. That is, they are an artefact
of the choice of basis.

Remark. If F = C, then the diagonalisable A are dense in Mat, (C) = C" (exercise).
In general, if F = F, then diagonalisable A are dense in Mat,, (F) = F", in the sense of
algebraic geometry.

Mo ap
Exercise 3.14. If A = ..t |, then Ae; = Ae; + ZJQ. aji€;j.
0 An
Show that if A1,..., A, are distinct, then you can “correct” each e; to an eigenvalue

v; just by adding smaller terms; that is, there are p;; € F such that

V; = €e; + E Dji€;j has Av; = A\jv;,
j<i

which gives yet another proof of our proposition.
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3.2 Cayley-Hamilton theorem

Let a: V — V be a linear map, and V a finite dimensional vector space over F.

Theorem 3.15: Cayley-Hamilton theorem

Every square matrix over a commutative ring (such as R or C) satisfies ch4(A) = 0.

Example 3.16. A = <2 3) and cha(r) = 22 —4x+1, s0 cha(A) = A2 —4A+ 1.

1 2
Then
9o [T 12
e= (3 %)

which does equal 44 — 1.

Remark. We have
rT—ayx - —ain
cha(z) = det(zl — A) = det : : =a" —ez" L+ Ly,
_a/nl o« e a‘;’ —_— ann

so we don’t get a proof by saying chy(a) = det(aw — ) = 0. This just doesn’t make
sense. However, you can make it make sense, and our second proof will do this.

A1 *
Proof 1. If A = , then cha(z) = (. — A1) -+ (& — A\p).
0 An

Now if A were in fact diagonal, then

cha(A)=(A=X\I)--- (A=) = -0
0 * 0 * 0 0

But even when A is upper triangular, this is zero.

0 * * * %k *
Example 3.17. For example, x ok 0 = * x| is still zero.
0

Here is a nice way of writing this:

Let Wy = {0}, W; = (e1,...,¢e;) < V. Then if A is upper trianglar, then AW; C W,
and even (A — N I)W; CW;_1. So (A— N\, 1) W,, CW,,_1, and so

(A - )\n—lj) (A - )\nI) Wn C (A - )\n—II) Wn—l - Wn—27

and so on, until

(A= NI) W, C Wy = {0};
1

n
1=

that is, cha(A) = 0.
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Now if F = T, then we can choose a basis for V such that o : V — V has an upper-
triangular matrix with respect to this basis, and hence the above shows chy(z) = 0;
that is, cha(A) = 0 for all A € Mat,,(F).

Now, if F C F, then as Cayley-Hamilton is true for all A € Mat,,(F), then it is certainly
still true for A € Mat,,(F) C Mat, (F). O

Definition. The generalised eigenspace with eigenvalue X is given by
VA = {u eV :(a— ANV (p) = o} —ker (A — )™V v SV

Note that V) C V2.

Example 3.18. Let A = .
0 A
Then (M — A)e; has stuff involving eq,...,e;-1, so (A — A)dimv e; = 0 for all 4,
as in our proof of Cayley-Hamilton (or indeed, by Cayley-Hamilton).
Further, if u # A, then

w— A *

and so

(n—=A)" *
(nl — A)" =
0 (h=A)"

has non-zero diagonal terms, so zero kernel. Thus in this case, V} =V, V# = 0 if
u # A, and in general V# = 0 if ch,(u) # 0, that is, ker (A — ,uI)N = {0} for all
N > 0.

2 Nov
Theorem 3.19

If cha(z) = [[i_; (x — \)™, with the \; distinct, then

V= @ v,
i=1

and dim V* = n;. In other word, choose any basis of V which is the union of the
bases of the V. Then the matrix of « is block diagonal. Moreover, we can choose
the basis of each V* so that each diagonal block is upper triangular, with only one
eigenvalue— A\-on its diagonals.

We say “different eigenvalues don’t interact”.

Remark. If ny = ng = --- =n, = 1 (and so r = n), then this is our previous theorem
that matrices with distinct eigenvalues are diagonalisable.
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Proof. Consider
s chy(x
ha () =[] (= x)" = (x_i;n

J#i ‘

Then define
W =1Tm (hy,(A): V = V) < V.
Now Cayley-Hamilton implies that
(A= XNI)" hy,(A) =0,

= ChA(A)

that is,
Wi C ker (A — \I)™ C ker (A — NI)™ = V.

We want to show that
(i) Wi =V;
(ii) This sum is direct.

Now, the hy, are coprime polynomials, so Euclid’s algorithm implies that there are
polynomials f; € F[x] such that
T
Z fl h’)\i = ]-a
i=1

and so

> ha(4) fi(A) =1 C End(V).
=1

Now, if v € V, then this gives

-

V= Zh&(A) fi(A)v,
i=1 —’_ew%'

that is, > ;_, W* = V. This is (i).

To see the sum is direct: if 0 = Y\, w;, w; € Wi then we want to show that each

w; = 0. But hy,(w;) =0, i # j as w; € ker (A — N\I)™, so (i) gives

wi =Y b (A) fi(A) wi = fi(A) by, (A) (wy),
i=1

so apply fi(A) hy,(A4) to > ;_; w; =0 and get w; = 0. O
Define
mi = fi(A) by, (A) = hy (A) fi(A).
We showed that m; : V — V has
Imm; = W C VAN and m;|[Wh = identity, and so 72 = 7,

that is, m; is the projection to W™i. Compare with hy,(A) = h;, which has h;(V) =
Wi C VA h; | VY an isomorphism, but not the identity; that is, f; | V* = hi_1 | V2,

This tells us to understand what matrices look like up to conjugacy, it is enough to
understand matrices with a single eigenvalue A, and by subtracting Al from our matrix
we may as well assume that eigenvalue is zero.

Before we continue investigating this, we digress and give another proof of Cayley-
Hamilton.
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Proof 2 of Cayley-Hamilton. Let ¢ : V — V be linear, V finite dimensional over F. Pick

a basis eq,...,e, of V., so p(e;) = Z]- aji €5, and we have the matrix A = (a;;). Consider
$Y—air - —Gn1
ol — AT = : : € Mat,(End(V)),
—Aln Tt Y — OGpp

where a;; € F < End(V) by regarding an element A as the operation of scalar mul-
tiplication V' — V| v +— Av. The elements of Mat,,(End(V)) act on V™ by the usual

formulas. So
€1 0

(pr-aT) | : ] =
en 0

by the definition of A.

The problem is, it isn’t clear how to define det : Mat, (End(V)) — End(V), as the
matrix coefficients (that is, elements of End(V')) do not commute in general. But the
matrix elements of the above matrix do commute, so this shouldn’t be a problem.

To make it not a problem, consider I — AT € Mat,,(F[p]); that is, F[¢] are polynomials
in the symbol ¢. This is a commutative ring and now det behaves as always:

(i) det(pl — AT) = cha(p) € F[g] (by definition);
(ii) adj(pl — AT) - (oI — AT) =det(pl — AT) - I € Mat,(F|yp]), as we’ve shown.

This is true for any B € Mat, (R), where R is a commutative ring. Here R = Flyp],
B =l - AT,

Make F[p] act on V, by > a; o't v+ > a; ¢'(v), so

€1 0
(I—=AT) [ 1] =
en 0
Thus
€1 el ChA((p) el
0=adj(pl —AT) (I —AT) [ : | =det(pI —AT) | : | = :
€n én cha(p) ey
=0

So this says that cha(A)e; = cha(y)e; = 0 for all 4, so cha(A) : V — V is the zero
map, as ej,..., e, is a basis of V; that is, ch4(A4) = 0. O

This correct proof is as close to the nonsense tautological “proof” (just set x equal to
A) as you can hope for. You will meet it again several times in later life, where it is
called Nakayama’s lemma.
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3.3 Combinatorics of nilpotent matrices

5 Nov
Definition. If ¢ : V — V can be written in block diagonal form; that is, if there

are some W', W" <V such that
CWHCW' oW cW' V=W aw"
then we say that ¢ is decomposable and write
p=p'®@0" o' =9y, W W' "=, W' W
We say that ¢ is the direct sum of ¢’ and ”.

Otherwise, we say that ¢ is decomposable.

Examples 3.20.

(i) o= <8 8> —(0:F=F)®(0:F—F)

(ii) ¢ = (8 (1)> : F? — F? is indecomposable, because there is a unique ¢-stable
line (ey).
(iii) If ¢ : V = V, then chy(z) = [[;_; (. — \)™, for X; # A if i # j.

Then V =@._, Vi decomposes ¢ into pieces ©x = 90‘\/%' : VX — VA such
that each ¢, has only one eigenvalue, A.

This decomposition is precisely the amount of information in chy(x). So
to further understand what matrices are up to conjugacy, we will need new
information.

Observe that ¢, is decomposable if and only if ¢y — Al is, and @y — Al has
zero as its only eigenvalue.

Definition. The map ¢ is nilpotent if @™V = 0 if and only if ker 3™V =V if
and only if V= V if and only if ch,(z) = 4™V, (The only eigenvalue is zero.)

Theorem 3.21

Let ¢ be nilpotent. Then ¢ is indecomposable if and only if there is a basis
v1, ..., U, such that
0 ife=1,
Vi) =
90( Z) {’Uz'—l if ¢ > 1,

that is, if the matrix of ¢ is

0 1 0
JIn =

1

0 0

This is the Jordan block of size n with eigenvalue 0.
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Definition. The Jordan block of size n, eigenvalue A, is given by

Jn(A) = A + J,,.

Theorem 3.22: Jordan normal form

Every matrix is conjugate to a direct sum of Jordan blocks. Morever, these are
unique up to rearranging their order.

Proof. Observe that theorem = theorem , if we show that J, is indecom-
posable (and theorem = theorem , existence).

[Proof of Theorem , <] Put W; = (v1,...,0;).

Then W; is the only subspace W of dimi such that (W) C W, and W,,_; is not a
complement to it, as W; N Wy,—; = Winin(in—i)- 0

Proof of Theorem , uniqueness. Suppose a: V' — V, a nilpotent and o = @;_, J, .
Rearrange their order so that k; > k; for ¢ > j, and group them together, so @;_, m;J;.

There are m; blocks of size 7, and

mz:#{ka|ka:@} (*)

Example 3.23. If (ki,k2,...) = (3,3,2,1,1,1), then n = 11, and m; = 3,mg =
1,m3 = 2, and m, = 0 for a > 3. (It is customary to omit the zero entries when
listing these numbers).

Definition. Let P, = {(kl,k‘g,...,kn) c N ‘ ki >ko > >k, > O,Eki = n}
be the set of partitions of n. This is isomorphic to the set {m : N — N | >~ im(i) =
n} as above.

We represent k € P, by a picture, with a row of length k; for each j (equivalently, with
m; rows of length 7). For example, the above partition (3,3,2,1,1,1) has picture

X X X

X X X

X X
k=¥

X

X,

Now define k', if k € P,,, the dual partition, to be the partition attached to the trans-
posed diagram.

In the above example kT = (6,3, 2).

It is clear that k determines k'. In formulas:

k' = (my+mo+mg+ - +mp,mo+mz+ - +mp,...,my)
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Now, let a: V =V, and oo = @;_; Ji, = D;_, m;J; as before. Observe that

dimker o« = # of Jordan blocks = r = Z m; = (k")
i=1

dimker a? = # of Jordan blocks of sizes 1 and 2 = Z m; + Zmz = (kT)1 + (kT)g

i=1 i=2
n n n
dimker o™ = # of Jordan blocks of sizes 1,...,n = Z Zmz = Z(kT)i.
k=1 i=k i=1
That is, dimker o, . . . ,dim ker o™ determine the dual partition to the partition of n into
Jordan blocks, and hence determine it.
It follows that the decomposition v = @;" | m;J; is unique. O

Remark. This is a practical way to compute JNF of a matrix A. First computer chg(z) =

[T:—, (& — X\)™, then compute eigenvalues with ker(A—\;I), ker (A — NI)?, ... ker (A — \I)™.

i=1
Corollary 3.24. The number of nilpotent conjugacy classes is equal to the size of P,,.

Exercises 3.25.

(i) List all the partitions of {1,2,3,4,5}; show there are 7 of them.
(ii) Show that the size of P, is the coefficient of z™ in

1
11 =(1+z+a?+2+ )1+ +at +28+ )1+ a8 27+

1 — gt

k>1 i=0

Theorem 3.26: Jordan Normal Form

Every matrix is conjugate to a direct sum of Jordan blocks

A1 0
Jn(>‘) = )
0 A

Proof. 1t is enough to show this when ¢ : V' — V has a single generalised eigenspace
with eigenvalue A, and now replacing ¢ by ¢ — AI, we can assume that ¢ is nilpotent.

Induct on n = dim V. The case n = 1 is clear.

Consider V! =Imp = ¢(V). Then V' # V, as ¢ is nilpotent, and p(V') C (V) =V,
and ¢ | V' : V' — V' is obviously nilpotent, so induction gives the existence of a basis

€ly---sChy Delpya1, ey Clytky D D €l 1k,
-~ —_———
Jkl JkQ Jkr

such that ¢ | V'’ is in JNF with respect to this basis.

7 Nov



48 | Linear Algebra

Because V' = Im ¢, it must be that the tail end of these strings is in Im ; that is, there
exist by,...,b, € VAV’ such that o(b;) = ey 4.4k, 88 €gy4tk; € (V). Notice these
are linearly independent, as if > A; b; = 0, then

D> Xiobi) =D Aiegysotr, = 0.

But ex,,..., €k +..+k. are linearly independent, hence A\; = --- = A, = 0. Even better:
{ej,bi | 7 <ki+...4+ k-, 1 <i<r} are linearly independent. (Proof: exercise.)

Finally, extend e1, €k, +1,. .., €k, +. +k._,+1 to a basis of ker ¢, by adding basis vectors.

basis of ker ¢ N Im ¢

Denote these by q1,...,qs. Exercise. Show {e;, b;, qx} are linearly independent.

Now, the rank-nullity theorem shows that dim Im ¢ + dimker ¢ = dim V. But dimIm ¢
is the number of the e;, that is k1 + --- + k., and dimKker ¢ is the number of Jordan
blocks, which is r + s, (r is the number of blocks of size greater than one, s the number
of size one), which is the number of b; plus the number of g.

So this shows that e;, b;, q; are a basis of V', and hence with respect to this basis,

o=Juy1® DI 1D BB J) O
————

s times

3.4 Applications of JNF

Definition. Suppose a : V. — V. The minimum polynomial of « is a monic
polynomial p(z) of smallest degree such that p(a) = 0.

Lemma 3.27. If q(x) € F[z] and q(a) =0, then p | q.
Proof. Write ¢ = pa + r, with a,r € F[z] and degr < degp. Then
0= q(a) = p(e) aa) +r(a) = r(e) = r(a) =0,
which contradicts deg p as minimal unless r = 0. ]
As cho(a) = 0, p(z) | che(x), and in particular, it exists. (And by our lemma, is

unique.) Here is a cheap proof that the minimum polynomial exists, which doesn’t use
Cayley Hamilton.

n

2 . . . . .
Proof. I,a,02,..., o™ are n?+1 linear functions in End V', a vector space of dimension

n?. Hence there must be a relation of linear dependence, 282 a; o = 0, so q(z) =

282 a; x' is a polynomial with ¢(a) = 0. O

Now, lets use JNF to determine the minimial polynomial.
Exercise 3.28. Let A € Mat,(F), cha(x) = (x — A\)™ -+ (x — \p)". Suppose
that the maximal size of a Jordan block with eigenvalue A; is k;. (So k; < n; for all

i). Show that the minimum polynomial of A is (z — A\)* - (z — \,.)F.

So the minimum polynomial forgets most of the structure of the Jordan normal form.

Another application of JNF is we can use it to compute powers B™ of a matrix B for
any n > 0. First observe that (PAP~1)" = PA"P~! Now write B = PAP~! with A
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in Jordan normal form. So to finish we must compute what the powers of elements in
JNF look like. But

0 1 0 001 0 0
0 1 0 1
Jn: 5 ng ) ’ Jg_lz
0 1
0 1 0
0 0 0 0 0

and

Now assume F = C.

ATL
Definition. exp A = Z o A € Mat,(C).
n>0

This is an infinite sum, and we must show it converges. This means that each matrix
coefficient converges. This is very easy, but we omit here for lack of time.

Example 3.29. For a diagonal matrix:

M 0 eM 0
exp =

0 An 0 ern

and convergence is usual convergence of exp.

Exercises 3.30.
(i) If AB = BA, then exp(A + B) = exp Aexp B.
(ii) Hence exp(J, + M) = e* exp(J,,)
(iii) P -exp(A)- P~! = exp(PAP™Y)

So now you know how to compute exp(A), for A € Mat,,(C).
We can use this to solve linear ODEs with constant coeflicients:

Consider the linear ODE
y _ 4
dar Yy,

for A € Mat,,(C), y = (y1(t), v2(t), ..., yn(t)”, %i(t) € C=(C).
Example 3.31. Consider

d™z dn—1lz
— +Cp—1

R Rl (+)
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This is a particular case of the above, where A is the matrix

0 1
0 1
0 1
—Ccp —C1 ... —Cn—1

To see this, consider what Ay = y’ means. Set z = w1, then yo = y{ = 2/,

ys=vyg =2", o yn =y, 1 = d:niilz and (k) is the last equation.

There is a unique solution of % = Ay with fixed initial conditions y(0), by a theorem
of analysis. On the other hand:

Exercise 3.32. exp(At)y(0) is a solution, that is

% (exp(At) y(0)) = A exp(At) y(0)

Hence it is the unique solution with value y(0).

Compute this when A = A\l + J,, is a Jordan block of size n.
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4 Duals

This chapter really belongs after chapter 1 — it’s just definitions and intepretations of
row reduction.

Definition. Let V be a vector space over a field F. Then
V* = L(V,F) = {linear functions V" — F}

is the dual space of V.

Examples 4.1.

(i) Let V =R3. Then (z,y,2) — x —y is in V*.
(ii) If V. = C([0,1]) = {continuous functions [0,1] — R), then f fol f(t)dt is
in C([0,1])*.

Definition. Let V be a finite dimensional vector space over F, and vy,...,v, be
a basis of V. Then define v; € V* by

0 ifi#j,
1 ifi=j,

v; (vj) = 6ij = {

and extend linearly. That is, v} (Z] Aj vj> =\

Lemma 4.2. The setv],..., v}, is a basis for V*, called the basis dual to or dual basis

for v1,...,v,. In particular, dim V* = dim V.
Proof. Linear independence: if Y- A;vf =0, then 0 = (3 A\ v}) (vj) = A;, so A; =0 for
all j. Span: if ¢ € V*, then we claim

n

=2 ¢v;)- v}
j=1
As o is linear, it is enough to check that the right hand side applied to vy is ¢(vg). But

225 () Vi (vr) = 325 0(v;) Gk = p(vr)- O
Remarks.
(i) We know in general that dim £(V, W) = dim V dim W'.

(ii) If V is finite dimensional, then this shows that V = V* as any two vector spaces
of dimension n are isomorphic. But they are not canonically isomorphic (there is
no natural choice of isomorphism).

If the vector space V' has more structure (for example, a group G acts upon it),
then V and V* are not usually isomorphic in a way that respects this structure.

(iit) If V = F[z], then V* = FN by the isomorphism 6 € V* — (0(1),60(x),0(22),...),
and conversely, if \; € F, i = 0,1,2,... is any sequence of elements of F, we get

an element of V* by sending > a; x' — 3" a; \; (notice this is a finite sum).

Thus V and V* are not isomorphic, since dim V is countable, but dimF" is un-
countable.

9 Nov
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Definition. Let V and W be vector space over IF, and « a linear map V — W,
a € L(V,W). Then we define o* : W* — V* € LI(W*,V*), by setting o*() = o :
V = F.

(Note: « linear, 6 linear implies f« linear, and so a*f € V* as claimed, if § € W*.)

Lemma 4.3. Let V,W be finite dimensional vector spaces, with

Vi,...,Uy @ basis of V, and w1, ..., wy, a basis for W ;

vl, ..., v the dual basis of V*, and w7, ..., w}, the dual basis for W*;

If o« is a linear map V. — W, and A is the matriz of o with respect to v;, w;, then AT
s the matriz of o : W* — V* with respect to w;f,v;‘.

Proof. Write a*(w]) = >""_; ¢j; %, 80 ¢ is a matrix of a*. Apply this to vy:
LHS = (o (w})) (vx) = wi (a(vy)) = w] (X, amwe) = a
RHS = ¢,
that is, ¢;; = a;; for all i, j. ]
This was the promised interpretation of AT.
Corollary 4.4.

(i) (aB)* = B*a*;
(i) (a+ B)* = a* + B7;
(iii) det o = det «
Proof. (i) and (ii) are immediate from the definition, or use the result (AB)T = BTAT.

(iii) we proved in the section on determinants where we showed that det AT = det A. O

Now observe that (AT)T = A. What does this mean?

Proposition 4.5.

(i) Consider the map V- — V** = (V*)* taking v — b, where 0(0) = 0(v) if € V*.
Then © € V**, and the map V — V** is linear and injective.

(i) Hence if V' is a finite dimensional vector space over F, then this map is an iso-
morphism, so V.= V** canonically.

Proof.

(i) We first show 0 € V**, that is 0 : V* — F, is linear:

0(a161 + aghh) = (a10; + asfs)
= a1 22}(91) + as

v) = a1 601 (v) + ag 62(v)

Next, the map V' — V** is linear. This is because

()\11}1 + )\2112) (9) =0 ()\11}1 + )\2’02)
=\ 0(1)1) + Ao (9(1}2)

- (mﬁ + sz) ).

Finally, if v # 0, then there exists a linear function 6 : V' — F such that 6(v) # 0.
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(Proof: extend v to a basis, and then define 6 on this basis. We’ve only proved
that this is okay when V is finite dimensional, but it’s always okay.)

Thus 6() # 0, so © # 0, and V — V** is injective.

(ii) Immediate. O

Definition.

(i) If U <V, then define
Uoz{GEV*W(U):O}:{QEV*|0(u):0Vu€U}§V*.
This is the annihilator of U, a subspace of V*, often denoted U-.
(ii) If W < V*, then define

W={veV]plv)=0VpecW} <V.

This is often denoted +WV.

Example 4.6. If V =R® U = ((1,2,1)), then

3 —2 0
U° = Zaiefev*\a1+2ag+a3:0 :< 11,11 >
i=1 0 -2

Remark. If V is finite dimensional, and W < V*, then under the canonical isomorphism
V — V** we have °W — W°, where °W < V and (W°) < (V*)*. Proof is an exercise.

Lemma 4.7. Let V be a finite dimensional vector space with U < V. Then
dimU + dimU° = dim V.

Proof. Consider the restriction map Res : V* — U* taking ¢ — ¢|y. (Note that
Res = *, where ¢ : U < V is the inclusion.)

Then ker Res = U°, by definition, and Res is surjective (why?).
So the rank-nullity theorem implies the result, as dim V* = dim V. O

Proposition 4.8. Let V,W be a finite dimensional vector space over F, with a €
L(V,W). Then

(i) ker(a* : W* - V*) = (Im«)® (< W*);

(i) rank(a*) = rank(a); that is, rank AT = rank A, as promised;

(iii) Tma* = (ker o)°.

Proof.
(i) Let 6 € W*. Then 0 € kera* <= fa =0 <= Oa(v) =0V eV < 0¢c

(Im «r)°.
(ii) By rank-nullity, we have
rank o = dim W — dim ker o*
= dim W — dim(Im «)°, by (i),
= dim Im «, by the previous lemma,

= rank o, by definition.
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(iii) Let ¢ € Ima*, and then ¢ = 0 o o for some 6 € W*. Now, let v € ker . Then
o(v) = 0a(v) =0, so p € (ker )°; that is, Im a* C (ker a)°.
But by (ii),
dimIm o* = rank(a™) = rank o = dim V' — dim ker «
= dim (ker )

by the previous lemma; that is, they both have the same dimension, so they are
equal. ]

Lemma 4.9. Let Uy, Us <V, and V finite dimensional. Then

(i) U = AU?) = Uy under the isomorphism V = V**.
(i) (U +Uz)° =U7y NU;.
(iii) (UyNUs)° =U; + Us.

Proof. Exercise! O
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5 Bilinear forms

Definition. Let V be a vector space over F. A bilinear form on V is a multilinear
form V x V — F; that is, ¢ : V x V — F such that

(v, aywy + agwa) = a1 Y (v, wr) + az Y(v,ws)
Y(a1v1 + agve, w) = ay Y(vy, w) + az P (v2, w).

Examples 5.1.

(i) V=F" ¢ ((:cl, cesTn)s (Y1, - - ,yn)) = > ", %; Y, which is the dot product
of F = R".

(ii) V =F", A € Mat,(F). Define ¢(v,w) = v Aw. This is bilinear.

(i) is the special case when A = I. Another special case is A = 0, which is
also a bilinear form.

(iii) Take V = C(]0,1]), the set of continuous functions on [0, 1]. Then

1
(f.9) /0 £() g(t) dt

is bilinear.

Definition. The set of bilinear forms of V is denoted

Bil(V) = {¢: V x V — F bilinear}

Exercise 5.2. If g € GL(V), ¥ € Bil(V), then g¢ : (v,w) — ¥ (g v, g7 w) is a
bilinear form. Show this defines a group action of GL(V') on Bil(V). In particular,
show that h(gy) = (hg)y, and you’ll see why the inverse is in the definition of gi.

Definition. We say that v, ¢ € Bil(V') are isomorphic if there is some g € GL(V)
such that ¢ = gv; that is, if they are in the same orbit.

Q: What are the orbits of GL(V') on Bil(V); that is, what is the isomorphism classes of
bilinear forms?
Compare with:

« L(V,W)/GL(V) x GL(W) < {i€N|0<i<min(dimV,dimW)} with ¢ ~

rank . Here (g,h) o o = hpg™!.

e L(V,V)/GL(V) ¢+ JNF. Here gop = gog~! and we require F algebraically closed.
e Bil(V)/GL(V) +7??, with (g o v)(v,w) = ¥(g v, g~ w).

First, let’s express this in matrix form. Let v1,...,v, be a basis for V', where V is a
finite dimensional vector space over F, and ¢ € Bil(V'). Then

() <Z,~ T Viy )5 Y Uj) =2, iy ¥(vi,v))

So if we define a matrix A by A = (ai;), aij = ¥ (vs, v;), then we say that A is the matrix
of the bilinear form with respect to the basis vq,..., vy,.

12 Nov
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In other words, the isomorphism V' % F™ induces an isomorphism Bil(V) = Mat,, F,
¥ = aij = p(vi, v5).
Now, let v{,...,v, be another basis, with vj( =Y, Pijv;. Then

Y(vg,vp) = (Zipm iy D5 Dib Uj) = > Pia ¥(vi, v5) pjp = (PTAP>

ab

So if P is the matrix of the linear map ¢~! : V — V, then the matrix of gy =
U(g'(),97"()) is PTAP.

So the concrete version of our question “what are the orbits Bil(V')/ GL(V)
are the orbits of GL,, on Mat,(F) for this action?”

”

is “what

Definition. Suppose Q acts on A by QAQT. We say that A and B are congruent
if B=QAQ" for some Q € GL,,.

We want to understand when two matrices are congruent.

Recall that if P,Q € GL,, then rank(PAQ) = rank(A). Hence taking Q = PT, we get
rank(PAPT) = rank A, and so the following definition makes sense:

Definition. If ¢) € Bil(V'), then the rank of ¢, denoted rank ) or rk) is the rank
of the matrix of ¢ with respect to some (and hence any) basis of V.

We will see later how to give a basis independent definition of the rank.

Definition. A form 1 € Bil(V) is

o symmetric if (v, w) = Y (w,v) for all v,w € V. In terms of the matrix A of
1, this is requiring AT = A.

o anti-symmetric if 1 (v,v) = 0 for all v € V', which implies (v, w) = —¢(w, v)
for all v,w € V. In terms of the matrix, AT = —A.

From now on, we assume that charF # 2, so 14+ 1 =2 # 0 and 1/2 exists.

Given 9, put

NN

o (v, w)
(Ch (U7 ’LU) =

[4(v,w) +(w, v)]
[1/1(% 'lU) - Ip(w? U)] P
which splits a form into symmetric and anti-symmetric components, and ¢ = T + 1)~

Observe that if 1) is symmetric or anti-symmetric, then so is gy = ¥(g(-),g(:)), or in
matrix form, A is symmetric or anti-symmetric if and only if PAPT is, since (PAPT)T =
PATPT.

So to understand Bil(V')/ GL(V'), we will first understand the simpler question of clas-
sifying symmetric and anti-symmetric forms. Set

Bil*(V) = {¢ € Bil(V) | (v, w) = e (v, w) Yo,w € V} e==+1
So Bil™ (V) is the symmetric forms, and Bil~ is the antisymmetric forms.

So our simpler question is to ask, “What is Bil*(V)/ GL(V)?”

Hard exercise: Once you've finished revising the course, go and classify Bil(V')/GL(V).
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5.1 Symmetric forms

Let V be a finite dimensional vector space over F and charF # 2. If ¢y € BilT(V) is a
symmetric form, then define Q : V' — F as

Qv) = Qy(v) = ¥(v,0).

We have

Qu+v)=9Y(u+v,u+wv)
P(u, ) + (v, 0) + (u,v) + P (v, u)
Q(u) + Q(v) + ¥(u,v) + ¥ (v,u)
Q(\u) = Y(Au, Au)
M ah(u, u)
M Q(u).

Definition. A quadratic form on V is a function @) : V' — F such that

(i) QW) = *Q(v);
(i) Set ¥q(u,v) = 3 [Q(u+v) — Q(u) — Q(v)]; then g : V x V — F is bilinear.

Lemma 5.3. The map Bilt(V) — {quadratic forms on V}, ¢ — Qy is a bijection;
Q — g is its inverse.

Proof. Clear. We just note that

Yq(v,v) = 5 (Q(2v) —2Q(v))
=3 (4Q(v) —2Q(v)) = Q(v),
as Q(A\u) = A?Q(u). O
Remark. If vy, ..., v, is a basis of V' with ¢(v;, v;) = a;j;, then

Q (Z :L’Z'Ui) = Zaisz‘xj = .TTALU,
that is, a quadratic form is a homogeneous polynomial of degree 2 in the variables
T1y.enyTp.

Theorem 5.4

Let V be a finite dimensional vector space over F and v € Bil* (V) a symmetric
bilinear form. Then there is some basis v1, ..., v, of V such that ¢ (v;,v;) = 0 if
1 # j. That is, we can choose a basis so that the matrix of ¢ is diagonal.

Proof. Induct on dimV. Now dimV = 1 is clear. It is also clear if ¢(v,w) = 0 for all
v,w e V.

So assume otherwise. Then there exists a w € V such that ¢(w,w) # 0. (As if
Y(w,w) = 0 for all w € V; that is, Q(w) = 0 for all w € V, then by the lemma,
Y(v,w) =0 for all v,w € V.)

To continue, we need some notation. For an arbitrary ¢ € Bil(V), U <V, define

Ul:{vEV:¢(u,v):0forallu€U}.
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L =V is a direct sum.

Claim. (w) @ (w)
[Proof of claim] As ¢(w,w) # 0, w & (w)™, so (w) N (w)™ =0, and the sum is direct.
Now we must show (w) + (w)* = V.

Let v € V. Consider v — Aw. We want to find a A such that v — Aw € (w)™, as then

v =Aw+ (v — Aw) shows v € (w) + (w)*.

But v — Aw € ()" <= Y(w,v—Iw) =0 < p(w,v) = A(w,w); that is, set

_ (ww)

P(w, w)
Now let W = <w>J‘, and ' =1 |y: W x W — F the restriction of ¢). This is symmetric
bilinear, so by induction there is some basis vs, ..., v, of W such that ¥ (v;, vj) = A 0ij

for \; € F.

Hence, as ¢(w,v;) = ¥ (v;,w) = 0 if i > 2, put v; = w and we get that with respect to
the basis vy, ..., v,, the matrix of v is

Y (w,w) 0
A2

0 An

Warning. The diagonal entries are not determined by v, for example, consider
T

aq A1 aq CL% A1
A 2\
an n anp, Ay, An
that is, rescaling the basis element v; to av; changes Q(a;v;) = a® Q(v;).

Also, we can reorder our basis — equivalently, take P = P(w), the permutation matrix
of w € Sy, and note PT = P(w™1), so

P(w) AP(w)T = P(w) A P(w)™t.
Furthermore, it’s not obvious that more complicated things can’t happen, for example,
P<2 3) PT = (5 30> if P= G _23>
Corollary 5.5. Let V be a finite dimensional vector space over F, and suppose F is
algebraically closed (such as F = C). Then
Bilt (V) & {i:0<i<dimV},
under the isomorphism taking ¢ — rank .

Proof. By the above, we can reorder and rescale so the matrix looks like

1

as v/ \; is always in .
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That is, there exists a basis of ) such that

n T

2

Q E T; v; :E x5,
—1 i=1

where r = rank Q < n.
Now let F =R, and ¥ : V x V — R be bilinear symmetric.

By the theorem, there is some basis v1,...,v, such that ¢(v;,v;) = A;d;5. Replace v;
by vi/+/|Ai| if A; # 0 and reorder the baasis, we get v is represented by the matrix

Ip
—I, ,
0
for p, ¢ > 0, that is, with respect to this basis
n P p+q
QD mivi | =) 27— > 2.
i=1 i=1 i=p+1

Note that ranky = p + q.
Definition. The signature of ¢ is signy = p — q.

We need to show this is well defined, and not an artefact of the basis chosen.
Theorem 5.6: Sylvester’s law of inertia

The signature does not depend on the choice of basis; that is, if ¥ is represented
by
I I,
I, wrt vy, ...,v, and by I, wrt wi, ..., Wy,
0 0

then p=p’ and q = ¢’.

Warning: tr(PTAP) # tr(A), so we can’t prove it that way.
Definition. Let @ : V — R be a quadratic form on V', where V is a vector space
over R,and U < V.

We say @ is positive semi-definite on U if for all w € U, Q(u) > 0. Further, if
Q(u) =0 <= u =0, then we say that @ is positive definite on U.

If U =V, then we just say that @ is positive (semi) definite.

We define negative (semi) definite to mean —() is positive (semi) definite.
Proof of theorem. Let P = <v1, .. ,vp>. Soifv=">" Nv; € P, Qv) = ,A2 >0,
and Q(v) =0 <= v =0, so Q is positive definite on P.

Let U = <vp+1, ey Upggs e s Un>, so @ is negative semi-definite on U. And now let P’
be any positive definite subspace.
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Claim. P'NnU = {0}.

Proof of claim. If v € P’  then Q(v) > 0;ifv € U, Q(u) <0. soifv e P'NU, Q(v) = 0.
But if P’ is positive definite, so v = 0. Hence

dim P’ +dimU = dim(P' + U) < dimV =n,
and so
dim P’ <dimV —dimU = dim P,

that is, p is the maximum dimension of any positive definite subspace, and hence p’ = p.
Similarly, ¢ is the maximum dimension of any negative definite subspace, so ¢’ = ¢q. [

Note that (p,q) determine (rank,sign), and conversely, p = %(rank—i—sign) and ¢ =

3 (rank —sign). So we now have

Bil*(R")/ GL,(R) = {(p.q) : p.¢ > 0,p+ ¢ < n} = {(rank,sgn)}.

Example 5.7. Let V = R?, and Q<m1> =22 — i
T2

Consider the line Ly = (e; + Aea), Q(/l\) = 1 — A2, so this is positive definite if
|A| <1, and negative definite if || > 1.

In particular, p = ¢ = 1, but there are many choices of positive and negative definite
subspaces of maximal dimension. (Recall that lines in R? are parameterised by
points on the circle R U {c0}).
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Example 5.8. Compute the rank and signature of
Q(z,y,2) = 2* +y* + 222 + 2xy + 222 — 2y2.

Note the matrix A of Q is

1 1 1 T T
1 1 —=1],thatis@Q|y]| = (:U Y z) Aly
1 -1 2 z z

(Recall that we for an arbitrary quadratic form @, its matrix A is given by

Q (Zz .Z‘Z"UZ') = Zi,j Qjj Ty Tj = Zl Qi .%ZQ + Zi<j 2aij TiTj.
which is why the off-diagonal terms halved!)

We could apply the method in the proof of the theorem: begin by finding w € R3
such that Q(w) # 0. Take w = e; = (1,0,0). Now find (w)™. To do this, we seck
A such that es + Aej € <61>J_. But Q(e1,e2 + Aep) = 0 implies A = —1. Similarly
we find e3 —e; € (e1), s0 (e1)" = (e3 — 1, e3 — e1). Now continue with Q | (e)*
and so on.

)

Here is a nicer way of writing this same compuation: row and column reduce A:

First, R2 — R2 — R1 and C2+— C2 — C1. In matrix form:

1 0 1
(I-FEn)A(I—FEp)=|0 0 -2
1 -2 2
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Next R3 — R3 — R1 and C3 — C3 — C1, giving

Then R3 +— R3 + 2 R2 and C3 — C3 + 2 (2, giving

1
1
—4
Finally, rescale the last basis vector, giving
1
1
-1

That is, if we put

P=(I-Ep)(I-Es3)P(23)(I-2E3) | 1 |,

D=

then

PTAP = 1
-1

Method 2: we could just try to complete the square
Qr,y,2)=(x4+y+2)72+22—dyz = (x+y+ 2>+ (2 — 29 — 49

Remark. We will see in Chapter 6 that sign(A4) is the number of positive eigenvalues
minus the number of negative eigenvalues, so we could also compute it by computing
the characteristic polynomial of A.

5.2 Anti-symmetric forms

We begin with a basis independant meaning of the rank of an arbitrary bilinear form.
Proposition 5.9. Let V be a finite dimensional vector space over F. Then

rankey = dimV —dimV+ = dim V — dim 1V,
where V= {v e V:¢(V,0) =0} and *V = {v € V : ¢(v,V) = 0}.

Proof. Define a linear map Bil(V) — L(V, V™), ¥ — ¢, with ¢ (v)(w) = (v, w). First
we check that this is well-defined: (v, -) linear implies 1 (v) € V*, and (-, w) linear
implies 7, (Av + Xv’) = X (v) + A ¢ (v'); that is, ¢r, is linear, and ¢, € L(V,V*).
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It is clear that the map is injective (as ¢» # 0 implies there are some v, w such that
Y(v,w) # 0, and so ¥ (v)(w) # 0) and hence an isomorphism, as Bil(V) and £(V,V*)
are both vector spaces of dimension (dim V)2,

Let v1,...,v, be a basis of V, and v}, ..., v}, be the dual basis of V*; that is, v} (v;) = d;;.
Let A = (ai;) be the matrix of ¢y, with respect to these bases; that is,

Yr(v) =Y ai v} (*)

Apply both sides of (x), to v;, and we have
Y(vj,v;) = Yr(vs,v;) = agj.

So the matrix of 1) with respect to the basis v; is just AT.

Exercise 5.10. Define yp € L(V,V*) by ¢¥r(v)(w) = ¢(w,v). Show the matrix of
1R is the matrix of ¢ (which we’ve just seen is the transpose of the matrix of ¢p).

Now we have

rank A = dimIm(¢r : V — V*) = dim V — dimker ¢,

and
kerypy = {v €V :9(v,V) =0} =+V.
But also
rank A = rank AT = dimIm(yg : V — V*) = dim V — dim ker ¢,
and ker g = V1. O

Definition. A form ¢ € Bil(V') is non-degenerate if any of the following equivalent
conditions hold:

e Vi=1V={0}

e ranky = dimV;

o tp : V — V* taking v +— (v, -) is an isomorphism;

o Yp:V — V* taking v — (-, v) is an isomorphism;

o for all v € V\{0}, there is some w € V such that (v, w) # 0; that is, a
non-degenerate bilinear form gives an isomorphism between V and V*.

Proposition 5.11. Let W <V and ¢ € Bil(V'). Then
dim W + dim W+ — dim(W N +V) = dim V.

Proof. Consider the map V' — W* taking v +— 9 (-,v). (When we write ¢(-,v) : W — F,
we mean the map w — ¥ (w,v).) The kernel is

ker:{UGV:dJ(v,w):OVwEW}:Wl,

so rank-nullity gives
dimV = dim W+ + dimIm .

So what is the image? Recall that

dimIm(f: V — W*) =dimIm(6* : W =W - V*) = dim W — dim ker 6*.
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But
0" (w) = Y(w,) : V=T,

and so 6*(w) = 0 if and only if w € +V; that is, ker§* = W N +V, proving the
proposition. O

Remark. 1If you are comfortable with the notion of a quotient vector space, consider
instead the map V — (W/W N+V)* v+ (-, v) and show it is well-defined, surjective
and has W+ as the kernel.

Example 5.12. If V = R? and Q @1) = 22 — 22, then A = (1 1>.
2 J—

1

Or if we let V = C?, Q<i1) =af 45,50 A= <1 1>, and set W = <<1)>
2

then W = W+,

Then if W = <<1> >, W+ = W and the proposition says 1 +1 — 0 = 2.

Corollary 5.13. 1/1|W : W x W — T is non-degenerate if and only if V=W & W=,

Proof. (<) mw is non-degenerate means that for all w € W\{0}, there is some w’ € W
such that ¥(w,w’) # 0, so if w € W+ NW, w # 0, then for all w’ € W, ¢(w,w’) = 0,
a contradiction, and so W N W+ = {0}. Now

dim(W + W) = dim W + dim W+ > dimV,

by the proposition, so W 4+ W+ =V (and also 1 is non-degenerate on all of V clearly).

=) Clear by our earlier remarks that WNW+ = 0 if and only if v|.,, is non-degenerate.
W
O

Theorem 5.14

Let ¢ € Bil™ (V) be an anti-symmetric bilinear form. Then there is some basis
V1,...,0, of V such that the matrix of v is

0 0
In particular, rank ¢ is even! (F is arbitrary.)

Remark. If 4 € Bil*(V), then W+ = LW for all W < V.
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Proof. We induct on rank ), if rank ¢ = 0, then ¢) = 0 and we’re done.

Otherwise, there are some vi,vo € V such that ¢ (vi,va) # 0. If va = Avy then
(v, Avg) = A(vi,v1) = 0, as ¢ is anti-symmetric; so vq, v are linearly independent.
Change vy to va/1(v1,v2).

So now ¥ (vi,v2) = 1. Put W = (vq,v9), then w‘w has matrix _01 (1) , which is
non-degenerate, so the corollary gives V.= W @ W+. And now induction gives the basis
of W+, vs, ..., v, of the correct form, and vy, ..., v, is our basis. ]

So we’ve shown that there is an isomorphism
Bil~(V)/GL(V) & {% 0<i< %dimV} .

taking v +— rank .

Remark. A non-degenerate anti-symmetric form v is usually called a symplectic form.

Let ¢ € Bil™ (V') be non-degenerate, rank ) = n = dim V' (even!). Put L = (vy,v3,vs, .. .),
with vq,...,v, as above, and then L+ = L. Such a subspace is called Lagrangian.

If U < L, then Ut > L+ = L, and so U C U*. Such a subspace is called isotropic.
Definition. If ¢ € Bil(V'), the isometries of ¢ are

Isomt = {g € GL(V) : g = ¢}
= {g € GL(V) : ¥(9 v, g7 w) = ¥(v, w) Vv, w € V}

= {X € GL,(F) : XAXT = A} it A is a matrix of 9.

This is a group.

Exercise 5.15. Show that Isom(g1)) = gIsom(1)g~!, and so isomorphism bilinear
forms have isomorphic isometry groups.

If ¢ € BilT(V), ¢ is non-degenerate, we often write O(¢), the orthogonal group of 1 for
the isometry group of .

Example 5.16. Suppose F = C. If ¢ € Bil"(V), and 1 is non-degenerate, then v

is isomorphic to the standard quadratic form, whose matrix A = I, and so Isom v
is conjugate to the group

Tsom(A = I) = {X € GLA(C) : XXT = 1} = 0,(C),

which is what we usually call the orthogonal group.

If F =R, then
Opq(R):{X|X<I” )XT:(IP >}
’ —1I —1I

are the possible isometry groups of non-degenerate symmetric forms.
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For any field F, if ¢» € Bil™ (F) is non-degenerate, then Isom v is called the symplectic
group, and it is conjugate to the group

Spy, (F) = {X  XJXT = J} :

where J is the matrix given by
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6 Hermitian forms

A non-degenerate quadratic form on a vector space over C doesn’t behave like an inner
product on R?. For example,

1
ifQ(m) Zx%—i—x% then we have Q() =14+42=0.
Z2 1

We don’t have a notion of positive definite, but there is a modification of a notion of a
bilinear form which does.

Definition. Let V be a vector space over C; then a function ¢ : V x V — C is
called sesquilinear if

(i) For allv € V, 9(-,v), u — (u,v) is linear; that is
(A ur + Aguz,v) = Arh(u, v) + Aot (uz, v)
(ii) For all u,v1,v2 € V, A1, Ay € C,
Pu, Aror + A2 v2) = A (u, v1) 4+ A (u, v2),
where Z is the complex conjugate of z.
It is called Hermitian if it also satisfies
(iii) (v, w) = Y(w,v) for all v,w € V.
Note that (i) and (iii) imply (ii).

Let V be a vector space over C, and ¢ : V x V — C a Hermitian form. Define

Qv) = ¥(v,v) = ¢(v,v)

by (iii), so Q : V= R.
Lemma 6.1. We have Q(v) = 0 for allv € V if and only if (v, w) = 0 for allv,w € V.
Proof. We have.
Qutv) =¢Y(utv,utv)=1p(u,u)+1v,v)+(u,v) £ (v,u)
= Q(u) + Q(v) £2R¢P(u,v),
as z +z = 2R(z). Thus
Qu+v) = Qu—v) =4R¢P(u,v),

Q(u+iv) — Q(u —iv) =4T¢Y(u,v),

that is, @ : V — R determines ¢ : V x V — C if @ is Hermitian:

Y(u,v) = 1 [Qu+v) +iQu+iv) — Q(u—1v) —iQ(u —iv)]. O
Note that B
QW) = (M, Av) = A (v,v) = A Q(v).
If ¢ : V x V — C is Hermitian, and vy, ..., v, is a basis of V, then we write A = (a;;),
a;j = ¥ (v;,vj), and we call this the matriz of ¢ with respect to v1,. .., vp.

Observe that AT = A: that is, A is a Hermitian matrix.

19 Nov
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Exercise 6.2. Show that if we change basis, v; = Y . pijvi, P = (pij), then
A PTAP.

Theorem 6.3

If V is a finite dimensional vector space over C, and ¢ : V x V — C is Hermitian,
then there is a basis for V' such that the matrix A of v is

Iy
~1,
0

for some p, ¢ > 0. Moreover, p and q are uniquely determined by : p is the maxi-
mum dimension of a positive definite subspace P, and ¢ is the maximal dimension
of a negative definite subspace.

Here P < V is positive definite if Q(v) > 0 for all v € P, and Q(v) = 0 when v € P
implies v = 0; P is negative definite —(Q) is positive definite on P.
Proof. Exactly as for real symmetric forms, using the Hermitian ingredients before the

theorem instead of their bilinear counterparts.

Definition. If W <V, then the orthogonal complement to W is given by
Wt ={veV|pWv) =y W)=0} =W

We say that v is non-degenerate if V- = 0, equivalenyly if p+¢ = dim V. We also
define the unitary group

U(p, q) = Isom (Ip >
_Iq

- {X € GLy(C) | XT (Ip —Iq> X= (Iég —%)}

= {stabﬂizers of the form (Ip > with respect to GL,(C) action} ,

—I,
where the action takes ¢ — gv, with (gv)(z,y) = ¥ (9w, g~ y). Again, note g~!
here so that (gh)y = g(ht)).

In the special case where the form 1 is positive definite, that is, conjugate to I,

we call this the unitary group

U(n) = U(n,0) = {X € GL,(C) | XTX = I} .

Proposition 6.4. Let V be a vector space over C (orR), andp: V xV — C (orR) a
Hermitian (respectively, symmetric) form, so Q : V — R.

Let vy,...,v, be a basis of V, and A € Mat,(C) the matriz of ¢, so AT = A. Then
Q : V — R is positive definite if and only if, for all k, 1 < k < n, the top left k x k
submatriz of A (called Ay) has det Ax, € R and det Ay, > 0.
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Proof. (=) If Q is positive definite, then A = PTIP = PTP for some P € GL,(C), and
SO
det A = det PT det P = |det P|* > 0. (%)

But if U < V, as @ is positive definite on V, it is positive definite on U. Take U =
(v1,...,vE), then Q | U is positive definite, Ay is the matrix of @ | U, and by (%),
det Ay > 0.

(<) Induct on n = dim V. The case n =1 is clear. Now the induction hypothesis tells
us that ¢ | (v1,...,v,-1) is positive definite, and hence the dimension of a maximum
positive definite subspace is p > n — 1.

So by classification of Hermitian forms, there is some P € GL,(C) such that

A=pT (I"—l 0) 2l
0 c

where ¢ = 0,1 or —1. But det A = |det P|2 ¢ > 0 by assumption, so ¢ = 1,and A = PTP;
that is, @) is positive definite. O

Definition. If V is a vector space over F = R or F = C, then an inner product on
V is a positive definite symmetric bilinear /Hermitian form (-,-) : V" x V — F, and
we say that V is an inner product space.

Example 6.5. Consider R" or C", and the dot product (x,y) = > x;y;. These
forms behave exactly as our intuition tells us in R2.

6.1 Inner product spaces

Definition. Let V be an inner product space over F with (-,-) : V' xV — C. Then
Q(v) € R>p, and so we can define

[v] = v@Q(v)

to be the length or norm of v. Note that |v| =0 if and only if v = 0.

Lemma 6.6 (Cauchy-Schwarz inequality). |(v, w)| < |v||w|.
Proof. As you’ve seen many times before:

0 < (=X +w,—Av+w)
= AP (v,0) + (w,w) — A (v, w) — X (v, w).

The result is clear if v = 0, otherwise suppose |v| # 0, and put A = (v, w)/ (v,w). We
get

‘(U,w>‘2_2‘(v,w>‘2 _
0< 0.0) 0.0 + (w, w),

that is, }(v,w>|2 < (v,v) (w, w). O

Note that if F = R, then (v, w) /|w||v| € [-1,1] so there is some 6 € [0, 7) such that
cos = (v,w) / |v||w|. We call 8 the angle between v and w.
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Corollary 6.7 (Triangle inequality). For all v,w € V, |[v 4+ w| < |v| + |w].
Proof. As you’ve seen many times before:

v+ w|* = (v 4 w,v + w)
= [0f* + 2R (v, w) + Jw?
< ‘02‘ + 2 || |w| + ‘wQ‘ (by lemma)

2
= (lvl +[w])”. O
Given v1,...,v, with <vi,vj> = 0 if ¢ # j, we say that vi,...,v, are orthogonal. If
<vi, vj> = 0;j, then we say that vy,...,v, are orthonormal.
So vy, ...,v, orthogonal and v; # 0 for all 7 implies that o1,...,0, are orthonormal,
where 0; = v;/ |v;|.
Lemma 6.8. If vy,...,v, are non-zero and orthogonal, and if v = Y 1" | \jv;, then
Ai = (v,v5) / il
Proof. (v,vg) = > 11 i (v, vg) = Ak, (Vg, Ug), hence the result. O
In particular, distinct orthonormal vectors wvi,...,v, are linearly independent, since
> Aiv; = 0 implies \; = 0.
As (-, -) is Hermitian, we know there is a basis vy, ..., v, such that the matrix of (-,-) is
Ip
—I,
0

As (-,-) is positive definite, we know that p = n, ¢ = 0, rank = dim V; that is, this
matrix is I,. So we know there exists an orthonormal basis vy, ..., v,; that is V =2 R",

Here is another constructive proof that orthonormal bases exist.
Theorem 6.9: Gram-Schmidt orthogonalisation

Let V have a basis v1,...,v,. Then there exists an orthonormal basis e1,...,e,
such that (vq,...,vg) = (e1,...,ex) forall 1 <k < mn.

Proof. Induct on k. For k =1, set e; = v/ |v1].

Suppose we've found ey, ..., ex such that (e,...,ex) = (v1,...,vg). Define

€kl = V41 — Z (i1, €3) €.

1<i<k
Thus
(Ekt1,€i) = (Upg1,€i) — (Vpg1,6) = 0if ¢ < k.
Also €41 # 0, as if éx41 = 0, then viy1 € (e1,...,ex) = (v1,...,vx) which contradicts
V1, ..., Vp+1 linearly independent.
So put €41 = €x+1/ |€k+1], and then ey, ..., exy1 are orthonormal, and (ey, ..., ex41)

<U1,...,Uk+1>. O
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Corollary 6.10. Any orthonormal set can be extended to an orthonormal basis.

Proof. Extend the orthonormal set to a basis; now the Gram-Schmidt algorithm doesn’t
change vy, ..., v if they are already orthonormal. O

Recall that if W <V, Wt =W ={veV | (v,w)=0vwe W}
Proposition 6.11. If W <V, V an inner product space, then W @ W+ = V.

Proof 1. If (-,-) is positive definite on V, then it is also positive definite on W, and
thus (-, )| is non-degenerate. If F = R, then (:,-) is bilinear, and we’ve shown that
W @ W+ = V when the form (-,-) |y is non-degenerate. If F = C, then exactly the

same proof for sesquilinear forms shows the result. O
Proof 2. Pick an orthonormal basis wy,...,w, for W, and extend it to an orthonormal
basis for V, wq, ..., wn,.

Now observe that (wy41,...,w,) = WL, Proof (C) is done. For (2): if >0 | A w; €
W+, then take (-,w;), i <, and we get \; =0 for i <r. So V=W @ W+, O

Geometric interpretation of the key step in the Gram-Schmidt algorithm

Let V be an inner product space, with W < V and V = W @ W+. Define a map
7wV — W, the orthogonal projection onto W, defined as follows: if v € V| then write
v=w+w’, where w € W and w’ € W+ uniquely, and set 7(v) = w.

This satisfies 7|y, = id : W — W, 72 = m and 7 linear.

Proposition 6.12. If W has an orthonormal basis e, ...,ex and w:V — W as above,
then

. k
(1) m(v) = X iey (v, €i) €;
(ii) 7(v) is the vector in W closest to v; that is, {v - 7T(v)| < |v—w| for allw e W,
with equality if and only if w = w(v).

Proof.

(i) If v € V, then put w = Zle (v,e;) e, and w' = v —w. Sow € W, and we want
w’ € W+, But

(w',e;) = (v,e;) — (v,e;) =0 for all i, 1 < i <k,
so indeed we have w’ € W+, and 7(v) = w by definition.
(ii) We have v — w(v) € W, and if w € W, w(v) —w € W, then
2
v —w|? = ‘(U —7m(v)) + (7(v) — w)‘

=|v— 71'(1))‘2 + |7(v) — w‘z +2R (v — 7(v), 7(v) — w),
ewt ew

=0

and so |v — w|2 > ’v — 71'(’[))’2, with equality if and only if ’7‘(‘(1}) — w’ = 0; that is,
if w(v) = w. O
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6.2 Hermitian adjoints for inner products

Let V and W be inner product spaces over F' and a: V — W a linear map.

Proposition 6.13. There is a unique linear map o : W — V' such that for allv € V,
w e W, <a(v),w> = <v, a*(w)>. This map is called the Hermitian adjoint.

Moreover, if e1, ..., e, is an orthonormal basis of V, and fi1,..., fm is an orthonormal
basis for W, and A = (a;;) is the matriz of o with respect to these bases, then AT is the
matriz of .

Proof. If §: W — V is a linear map with matrix B = (b;;), then

(a(v),w) = (v, B(w)) for all v,w

if and only if

(a(e)), fru) = {ej, B(fr)) forall 0 < j <n,0 <k <m.
But we have
ar; = (X aij fi, fr) = (ale;), fi) = (ej, B(fr)) = (€. > biw €i) = bjp,
that is, B = AT. Now define a* to be the map with matrix AT, O
Exercise 6.14. If F = R, identify V' = V* by v > (v,-), W = W* by w + (w, ),
and then show that a* is just the dual map.

More generally, if o : V' — W defines a linear map over F, ¢ € Bil(V), ¢ € Bil(W),
both non-degenerate, then you can define the adjoint by ¢'(a(v), w) = ¥(v, a*(w))
for all v € V, w € W, and show that it is the dual map.

Lemma 6.15.

(i) If a,8:V — W, then (a + B)* = o* + 8*.
(ii) (\a)* = Aa*.
(ii7) o = a.

Proof. Immediate from the properties of A — AT,

Definition. A map a : V — V is self-adjoint if o = a*.

If v1,...,v, is an orthonormal basis for V', and A is the matrix of «, then « is self-adjoint
. . —T
ifand only if A=A .

In short, if F = R, then A is symmetric, and if F = C, then A is Hermitian.

Theorem 6.16

Let a: V — V be self-adjoint. Then

(i) All the eigenvalues of « are real.
(ii) Eigenvectors with distinct eigenvalues are orthogonal.

(iii) There exists an orthogonal basis of eigenvectors for «. In particular, « is
diagonalisable.
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Proof.

(i) First assume F = C. If av = Av for a non-zero vector v and A € C, then
A v, v) = (Av,v) = (v,a*v) = (v,av) = (v, \v) = A (v, ),

as «a is self-adjoint. Since v # 0, we have (v,v) # 0 and thus \ = \.

If F =R, then let A = AT be the matrix of a; regard it as a matrix over C, which
is obviously Hermitian, and then the above shows that the eigenvalue for A is real.

Remark. This shows that we should introduce some notation so that we can phrase
this argument without choosing a basis. Here is one way: let V be a vector
space over R. Define a new vector space, V¢ = V @ iV, a new vector space
over R of twice the dimension, and make it a complex vector space by saying
that i (v +iw) = (—w + iv), so dimgr V = dimc V¢. Now suppose the matrix
of « : V — V is A. Then show the matrix of ac : Vo — V¢ is also A, where
ac(v+iw) = a(v) + i a(w).

Now we can phrase (i) of the proof using V¢: show A € R implies that we can
choose a A-eigenvector v € V¢ to be in V' C V.

(i) If a(v;) = Nj vy, @ = 1,2, where v; # 0 and A; # Ag, then
A1 (v1,v2) = (aur,v2) = (1, ava) = Ao (v1,v2),

as o = a*, so if (v, v2) # 0, then A\; = Ay = A9, a contradiction.

(iii) Induct on dimV. The case dimV = 1 is clear, so assume n = dimV > 1. By
(i), there is a real eigenvalue A, and an eigenvector v; € V' such that a(vi) = Av;.
Thus V = (v1) @ (v1)* as V is an inner product space. Now put W = (v;)*.

Claim. (W) C W; that is, if (z,v1) = 0, then {a(z),v1) = 0.
Proof. We have
<a(a:),v1> = <a:,a*(v1)> = <33,a(v1)> = X(z,v1) = 0.
Also, a|y, : W — W is self-adjoint, as <a(v),w> = <v, a(w)> for all v,w € V, and

so this is also true for all v,w € W. Hence by induction W has an orthonormal
basis vs, ..., v,, and so 01, vs, ..., v, is an orthonormal basis for V. U

Definition. Let V' be an inner product space over C. Then the group of isometries
of the form (-, -), denoted U(V'), is defined to be

U(V) =TIsom(V) = {a V=V {aw),a(w)) = (v,w) Yo,w e V}

- {a € GL(V) | {a(v),w’) = <u,a—1w'> Vo, w' € v},

putting w’ = a(w). Now we note that a: V' — V an isometry implies that « is an
isomorphism. This is because v # 0 if and only if |v| # 0, and « is an isometry, so
we have |av| = |v| # 0, and so « is injective.

- {a € GL(V) |at = a*}.

This is called the unitary group.
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If V.=C", and () is the standard inner product (z,y) = >, ; y;, then we write
n =T
Un = U(n) = U(C") = {XGGLn(CHX -X:I}.

So an orthonormal basis (that is, a choice of isomorphism V = C") gives us an isomor-
phism U(V) = U,.

Theorem 6.17

Let V be an inner product space over C, and « : V — V an isometry; that is,
a* =a~! and a € U(V). Then

(i) All eigenvalues A of « have |A| = 1; that is, they lie on the unit circle.
(ii) Eigenvectors with distinct eigenvalues are orthogonal.

(iii) There exists an orthonormal basis of eigenvectors for «; in particular « is
diagonalisable.

Remark. If V' is an inner product space over R, then Isom (-,-) = O(V), the usual
orthogonal group, also denoted O, (R). If we choose an orthonormal basis for V', then
a € O(V) if A, the matrix of o, has ATA = 1.

Then this theorem applied to A considered as a complex matrix shows that A is diag-
onalisable over C, but as all the eigenvalues of A have |[A\| = 1, it is not diagonalisable
over R unles the only eigenvalues are +1.

Example 6.18. The matrix

cosf sinf
—sinf cos6

>:A€O(2)

is diagonalisable over C, and conjugate to

eie
e—i@ )

but not over R, unless sinf = 0.

Proof.

(i) If a(v) = Aw, for v non-zero, then
A v, v) = (A, v) = (a(v),v) = (v,a*(v)) = <v,a*1(v)> = <v, )flv> =3 (v,v),

and so A = A and A\ = 1.
(ii) If a(v;) = As vy, for v non-zero and A; # A;:

/\z' <’Ui,Uj> = <a(vi),vj> = <Ui,a_1('l}j)> = Xj ! <'I}i,’l)j> = )\j <vi,vj> N
and so \; # A; implies <vi,vj> = 0.

(iii) Induct on n = dim V. If V is a vector space over C, then a non-zero eigenvector
v1 exists with some eigenvalue A, so a(vy) = Avy.

Put W = (v))*, s0 V = (1)) @ W, as V is an inner product space.
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Claim. (W) C W; that is, (z,v1) implies (a(z),v1) = 0.
Proof. We have

{a(z),v1) = <:L‘,a_1(U1)> = <$,/\_1(v1)> = A1z, 0)=0.

Also, <a(v), a(w)> = (v,w) for all v,w € V implies that this is true for all v,w €
W, so alyy, is unitary; that is (aly,)* = (aly,) ™!, so induction gives an orthonormal
basis of W, namely vs,...,v, of eigenvectors for «, and so 01,vo,...,v, is an
orthonormal basis for V. O

Remark. The previous two theorems admit the following generalisation: define a: V —
V to be normal if aa® = a*«; that is, if a and a* commute.

Theorem 6.19

If o is normal, then there is an orthonormal basis consisting of eigenvalues for a.

Proof. Exercise! O

Recall that
(i) GL,(C) acts on Mat,,(C) taking (P, A) — PAP~L.

Interpretation: a choice of basis of a vector space V identifies Mat,, (C) = L(V, V),
and a change of basis changes A to PAP™!.

(ii) GLy(C) acts on Mat,(C) taking (P, A) — PAP' .

Interpretation: a choice of basis of a vector space V identifies Mat, (C) with
sesquilinear forms.

A change of basis changes A to PAP' (where P is @_1, if Q) is the change of basis
matrix).

These are genuinely different; that is, the theory of linear maps and sesquilinear forms
are different.

. 5T =T .
But we have P € U, if and only if P' P = I, and P~! = P, and then these two actions
coincide! This occurs if and only if the columns of P are an orthonormal basis with
respect to usual inner product on C".

Proposition 6.20.

(i) Let A € Mat,(C) be Hermitian, so A" = A. Then there ewists a P € U, such that
PAP~' = PAP' is real and diagonal.

(i) Let A € Mat,(R) be symmetric, with AT = A. Then there evists a P € O,(R)
such that PAP~' = PAPT is real and diagonal.

Proof. Given A € Mat,(F) (for F = C or R), the map o : F* — F” taking z — Az is
self-adjoint with respect to the standard inner product. By theorem there is an
orthonormal basis of eigenvectors for e : F* — F", that is, there are some A, ..., A\, € R
such that Av; = \;v;. Then

A(v1 Un)=(>\1vl"'>\nvn)=(v1 Un)

26 Nov
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If we set Q@ = (vy---vyp) € Mat,(F), then

A1
AQ =Q ;
An

. AT
and v1,...,v, are an orthonormal basis if and only if @ = Q~!, so we put P = Q!
and get the result. O

Corollary 6.21. If ¢ is a Hermitian form on V with matriz A, then the signature
sign(v) is the number of positive eigenvalues of A less the number of negative eigenvalues.

Proof. If the matrix A is diagonal, then this is clear: rescale the basis vectors v; —
v;/ |vi|, and the signature is the number of original diagonal entries which are positive,
less the number which are negative.

Now for general A, the proposition shows that we can choose P € U, such that PAP™! =

=T . .. . . .
PAP  is diagonal, and this represents the same form with respect to the new basis, but
also has the same eigenvalues. O

Corollary 6.22. Both rank(vy)) and sign(y) can be read off the characteristic polyno-
mialomial of any matriz A for 1.

Exercise 6.23. Let ¢ : R” x R — R be ¢(z,y) = ' Ay, where

01 1

1 0 1 1
A= 1

11 .- 1 0

Show that cha(z) = (z +1)" " (z — (n — 1)), so the signature is 2—n and the rank
is n.

Another consequence of the proposition is the simultaneous diagonalisation of some
bilinear forms.

Theorem 6.24

Let V be a finite dimensional vector space over C (or R), and ¢,9 : V x V — F be
two Hermitian (symmetric) bilinear forms.

If ¢ is positive definite, then there is some basis vy, ..., v, of V such that with re-
spect to this basis, both forms ¢ and 1) are diagonal; that is, 1 (v;, vj) = ¢(vi, v5) =
0if i # j.
Proof. As ¢ is positive definite, there exists an orthonormal basis for ; that is, some
wi, ..., wy such that p(w;, wj) = 6;;.

Now let B be the matrix of ¢ with respect to this basis; that is, b;; = 1(w;, w;) = bj; =
(wj, w;), as ¢ is Hermitian.
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By the proposition, there is some P € U, (or O,(R), if V' is over R) such that

. A1 0
P BP=D= e
0 An
is diagonal, for A\; € R, and now the matrix of ¢ with respect to our new basis, is
PIP=1 , also diagonal. O
Now we ask what is the “meaning” of the diagonal entries Ay,...,\,7?

If o, : V xV — F are any two bilinear/sesquilinear forms, then they determine (anti)-
linear maps V' — V* taking v — ¢(-,v) and v — ¥(-,v), and if ¢ is a non-degenerate
form, then the map V' — V* taking v — ¢(-,v) is an (anti)-linear isomorphism. So we
can take its inverse, and compose with the map V' — V* v — ¢(-,v) to get a (linear!)
map V — V. Then Aq,..., A, are the eigenvalues of this map.

Exercise 6.25. If ¢,1) are both not positive definite, then need they be simulta-
neously diagonalisable?

Remark. In coordinates: if we choose any basis for V, let the matrix of ¢ be A and that
for 1) be B, with respect to this basis. Then A = QTQ for some Q € GL,(C) as ¢ is
positive definite, and then the above proof shows that

B=Q 'P 'DPQ,
since P~ = FT. Then
mxu)—ai):cmuQ—T(P‘TDFﬁ—xQTQ)Q‘U
= det Adet(B — zA),

and the diagonal entries are the roots of the polynomial det(B — zA); that is, the roots
of det(BA™! — xI), as claimed.

Consider the relationship between O, (R) — GL,(R), U, — GL,(C).
Example 6.26. Take n = 1. We have
GL,(C) =C* and Uy={xeC:|]A\|=1}=5"
We have C* = St x Rsq, with Ar <= (\, 7).

In R, we have GL1(R) = R*, O1(R) = {£1} and R* = {£1} x R.

For n > 1, Gram-Schmidt orthonormalisation tells us the relation: define

)\1 O 1 *
A= - |Ai €Rso ¢, N(F) = - |*x€F o,
0 An 0 1

where F = R or C. Then A as a set, is homeomorphic to R, and N(F) as a set

(not a group) is isomorphic to F%(”_l)”, so RMn=1)/2 op cr(n—1)/2,

28 Nov
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Exercise 6.27. Show that
A-N(F) = | Xi € Rsp,x €F
0 An
is a group, N(F) is a normal subgroup and AN N(F) = {I}.
Theorem 6.28

Any A € GL,,(C) can be written uniquely as A = QR, with Q € U,,, R € A-N(C).

Similarly, any A € GL,(R) can be written uniquely as A = QR, with @ € O, (R),
Re A-N(R).

Example 6.29. n =1 is above.

Proof. This is just Gram-Schmidt.

Write A = (v1 NN vn), v; € F* so vy, ..., v, is a basis for F". Now the Gram-Schmidt
algorithm gives an orthonormal basis ey, ..., e,. Recall how it went: set
€1 = vy,
_ (v2,€1)
€y = V2 — ~——= - €1,
(€1,€1)
. (vs,€2) _  (v3,€1) .
€3 = V3 — ~=— = 2 T T = 1
<62, 62) (61, €1>
n—1 ~
~ <'Una €i> ~
€n = Un — =~ =~ i3
= €€
so that éj,...,¢é, are orthogonal, and if we set e; = ¢&;/|é;|, then ej,... e, are an

orthonormal basis. So

€; = v; + correction terms

=v; + <é1, .. -,éi71>
= v + (v1,...,vi-1),
S0 we can write
€1 = V1,

€9 = vy + (%) vy,
€3 = v3 + (%) v + (%) v1,

that is,

(61 -+ &) =(v1 - vn) , with x € F,
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and
A1 0
(él én) = (81 en) 5
0 An
with \; = 1/1&]. Soif Q = (e1 en), this is
1 * )\1 0
Q=A
1 0 An
call this R~

Thus QR = A, with R € A- N(F), and ey, ..., e, is an orthonormal basis if and only if
Q € Uy; that is, if Q' Q = I.

For uniqueness: if QR = Q’R’, then

-1 I p—1
=R'R .
(Qe)Un Q €A-N(F)

So it is enough to show that if X = (z;;) € A- N(F) N Uy, then X = I. But

11 *
X pu—
0 Tnn

and both the columns and the rows are orthonormal bases since X € U,. Since the
columns are an orthonormal basis, |z11| = 1 implies x12 = 213 = -+ = 1, = 0, as

Sy el = 1.
Then x11 € Ryg N {)\ eCl|N= 1} implies z11 = 1, so

1 0

0 X/ )

with X/ € U,_1 N A- N(F), so induction gives X' = I.

Warning. Notice that U, is a group, A- N(C) is a group, and if you want you can make
U, x A- N(C) into a group by the direct product. But if you do this, then the map in
the theorem is not a group homomorphism.

The theorem says the map

¢ : Upx A N(C) — GL,(C)
(@ R) — QR

is a bijection of sets, not an isomorphism of groups.

This theorem tells us that the ‘shape’ of the group GL,(C) and the shape of the group
U, are the “same” — one differs from another by the product of a space of the form C¥,
a vector space. You will learn in topology the precise words for this — these two groups
are homotopic — and you will learn later on that this means that many of their essential
features are the same.
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Finally (1), let’s give another proof that every element of the unitary group is diagonal-
isable. We already know a very strong form of this. The following proof gives a weaker
result, but gives it for a wider class of groups. It uses the same ideas as in in the above
(probably cryptic) remark.

Consider the map

0 : Mat,(C) — Mat,(C)
=Cn?=R2n? =Cn?=R2"*
A — A'A
This is a continuous map, and §~1({I}) = U,, so as this is the inverse image of a

closed set, it is a closed subset of C™. We also observe that > j ‘aijf = 1 implies
U, C {(aij) | ’aij‘ < 1} is a bounded set, so U, is a closed bounded subset of C™. Thus
U, is a compact topological space, and a group (a compact group). ]

Proposition 6.30. Let G < GL,(C) be a subgroup such that G is also a closed bounded
subset, that is, a compact subgroup of GL,(C). Then if g € G, then g is diagonalisable
as an element of GL,(C). That is, there is some P € GL,(C) such that PgP~! is
diagonal.

Example 6.31. Any g € U, is diagonalisable.

Proof. Consider the sequence of elements 1, g, g2, ¢%,... in G. As G is a closed bounded
subset, it must have a convergent subsequence.

Let P € GL,(C) such that PgP~! is in JNF.

Claim. The sequence ag, as, . .., a, in GL,, converges if and only if Pa; P~!, Pas P71, ...
converges.

Proof of claim. For fixed P, the map A — PAP~! is a continuous map on C". This

implies the claim, as the matrix coefficients are linear functions of the matrix coefficients
on A.

If PgP~! has a Jordan block of size a > 1,

A 10
1| =AM+ o), A£O,
0 A

then
N
A+ )N = AT+ NANL, + <2>AN2‘J3 4o

AV NAN-L

N)\N_l
)\N

If |A\| > 1, this has unbounded coefficients on the diagonal as N — oo; if |A| < 1, this
has unbounded coefficients on the diagonal as N — —oo, contradicting the existance of
a convergent subsequence.

So it must be that |[A\| = 1. But now examine the entries just above the diagonal, and
observe these are unbounded as N — oo, contradicting the existance of a convergent
subsequence. ]
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