Ramsey Theory
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Michaelmas 2000

1 Monochromatic Systems

1.1 Ramsey’s Theorem

We write N for the set {1,2,3,...} of positive integers. For any positive
integer n, we write [n] = {1,2,... ,n}. For any set X, we denote the set
{A C X : |A| =7} of subsets of X of size r by X ).

By a k-colouring of N, we mean a map c¢: N — [k]. We say that a
set M C N is monochromatic for c if |, is constant.

Theorem 1 (Ramsey’s Theorem). Whenever N?) is 2-coloured, there
exists an infinite monochromatic set.

Proof. Pick a; € N. There are infinitely many edges from a;, so we can find
an infinite set By C N — {a;} such that all edges from a; to B; are the same
colour ¢;.

Now choose as € By. There are infinitely many edges from as to points
in By — {ay}, so we can find an infinite set By C B; — {as} such that all
edges from ay to By are the same colour, cs.

Continue inductively. We obtain a sequence aq, as, ag, ... of distinct
elements of N, and a sequence c;, ¢z, c3 of colours such that the edge a;a;
(¢ < j) has colour ¢;. Plainly we must have ¢;, = ¢;, = ¢;; = --- for some
infinite subsequence. Then {a;,, a;,, a;,, ...} is an infinite monochromatic set.
The result follows. m

Remarks. 1. The same proof shows that if N® is k-coloured then we get
an infinite monochromatic set. Alternatively, we could view ‘1’ and ‘2 or
3or...or k" as a 2-colouring of N® | and then apply Theorem 1 and use
induction on k.

2. An infinite monochromatic set is much more than having arbitrarily
large finite monochromatic sets. For example, consider the colouring in which



all edges within each of the sets {1, 2}, {3,4,5}, {6,7,8,9}, {10, 11, 12,13, 14},
{15,16,17,18,19,20}, ... are coloured blue and all other edges are coloured
red. Here there is no infinite blue monochromatic set, but there are arbitrar-
ily large finite monochromatic blue sets.

Ezample. Any sequence (x,)nen in a totally ordered set has a monotone
subsequence: colour N by giving ij (i < j) colour UP if z; < x; and colour
DOWN otherwise; the result follows by Theorem 1.

Theorem 2. Whenever N is 2-coloured, there exists an infinite monochro-
matic set.

Proof. The proof is by induction on r, the case r = 1 being trivial.

Suppose the result holds for 7 — 1. Given ¢: N — [2], pick a; € N.
Define a 2-colouring ¢ of (N — {a;})"™V by ¢(F) = ¢(F U {a;}) for all
F € (N—{a;})"Y. By induction, there exists an infinite monochromatic
set By C N—{a,} for ¢; i.e. there exists a colour ¢; such that ¢(FU{a1}) = ¢,
for all F e B,

Now choose a; € B;. In exactly the same way, we get an infinite set
By C By —{az} and a colour ¢, such that ¢(FU{as}) = o forall F € Bér_l).

Continue inductively: we obtain a sequence aq, as, as, ... of distinct ele-
ments of N and colours ¢y, ¢, 3, ... such that for any iy < iy < --- <1, we
have c({a;,, ai,, ... ,a; }) = ¢;,. But we must have ¢;; = ¢;, = ¢;, = -+ for
some infinite subsequence. Then {a;,,a;,,a;,, ...} is an infinite monochro-
matic set. The result follows. O

Ezample. We saw that, given any (1,z1), (2,22), (3,23), ... in R? we could
pick a subsequence inducing a monotone function. In fact we can insist
that the induced function is convex or concave: colour N® by giving ijk
(i < j < k) the colour convex or concave according as the corresponding
points form a convex or concave triple. The result follows by Theorem 2.

We can deduce the finite form of Ramsey’s Theorem from Theorem 2.

Corollary 3. Let m, r € N. Then there exists n € N such that whenever
[n]") is 2-coloured there is a monochromatic set M € [n]™.

Proof. Suppose not. We construct a 2-colouring of N without a monochro-
matic m-set, contradicting Theorem 2.

For each n > r, we have a colouring ¢, : [n]"” — [2] with no monochro-
matic m-set. There are only finitely many ways to colour [r]™ (two in fact) so
infinitely many of ¢, |[r]™), ¢,41|[r]", cry2|[r]™), ... agree; say c;|[r]™) = d, for
all i lying in some infinite set A;, where d, is some colouring of [r]"”. Among
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the ¢; for i € Ay, infinitely many must agree on [r+1]"); say ¢;|[r+1]") = d, 4
for all i € Ay, where d,y1: [r +1]7) — [2] and Ay C A; is infinite.

Continue inductively: we obtain colourings d,: [n]" — [2] for n = r,
r+1,r+2,...such that

(i) no d,, has a monochromatic m-set (as there is some k such that
dy = ci|[n]"); and

(ii) for all n, dpq1|[n]™) = d,.

Define a colouring ¢: N — [2] by ¢(F) = d,(F) for any n > max F. This
is well-defined by (ii), and has no monochromatic m-set by (i). So we have
our contradiction. The result follows. O

Remarks. 1. This proof gives no information about the minimal possible
n(m,r). There are direct proofs which give upper bounds.

2. The above is a compactness proof: what we did was (essentially) show
that {0, 1} with the product topology (i.e. the topology derived from the

metric d(f,g) = 1/min{n : f(n) # g(n)}) is compact.

Theorem 4 (The Canonical Ramsey Theorem). Whenever we have a

colouring of N® with an arbitrary set of colours, there exists an inginite set
M such that

(i) c is constant on M@ ; or
(ii) c is injective on M®; or

(111) c(ij) = c(kl) iff i =k (for alli, j, k,l € M withi < j and k <1);
or

() c(ij) = c(kl) iff j =1 (for alli, j, k, l € M withi < j and k <1).

Note that this theorem implies Theorem 1: if we have only a finite set of
colours then (ii), (iii) and (iv) are impossible.

Proof. First 2-colour N® by giving ijkl (by which we mean henceforth
i <j<k<l) colour YES if ¢(ij) = ¢(kl) and colour NO if c(ij) # c(kl).
By Ramsey for 4-sets, we have an infinite monochromatic set M. If M is
coloured YES then M is monochromatic for ¢ (for given any ij and kl in M),
choose any m < n in M with m >4, j, k, [; then c(ij) = c¢(mn) = ¢(kl).) So
in this case (i) holds.

Suppose then that M is coloured NO. Now 2-colour M®) by giving ijkl
colour YES if ¢(il) = c¢(jk) and colour NO if c¢(il) # c(jk). Again by



Ramsey, there exists an infinite M’ C M monochromatic for this colour-
ing. If M’ is YES, choose 1 < 29 < x3 < x4 < x5 < xg in M'; then
c(xox3) = c(x176) = c(T475), a contradiction.

So M’ is colour NO. Now 2-colour M'® by giving ijkl colour YES if
c(ik) = ¢(jl) and colour NO is c(ik) # c(jl). By Ramsey, we have an
infinite monochromatic set M” < M'. If M" is colour YES then choose
Ty < Ty <y <y < x5 <xg in M"; then c(z123) = c(xews) = c(z476), a
contradiction.

So M" is colour NO. Now 2-colour M"®) by giving ijk colour LEFT-
SAME if c(ij) = c(ik) and colour LEFT-DIFF if ¢(ij) # c(ik). We get an
infinite M”" C M" monochromatic for this colouring. Then 2-colour M"'3)
by giving ijk colour RIGHT-SAME if ¢(ik) = ¢(jk) and colour RIGHT-DIFF
if ¢(ik) # c(jk). We get an infinite monochromatic M C M"'. Finally, 2-
colour M"3) by giving ijk colour MID-SAME if ¢(ij) = ¢(jk) and colour
MID-DIFF if ¢(ij) # c(jk). We get an infinite monochromatic M"" C M"".

If M is colour MID-SAME, choose x1 < x9 < x3 < x4 in M""; then
c(x1mg) = c(x2x3) = c(x324), a contradiction. So M is MID-DIFF.

If M"" is LEFT-SAME and RIGHT-SAME then it would also be MID-
SAME, a contradiction.

If M is LEFT-SAME and RIGHT-DIFF then (iii) holds.

If M"" is LEFT-DIFF and RIGHT-SAME then (iv) holds.

If M"" is LEFT-DIFF and RIGHT-DIFF then (ii) holds. O

Remark. We could do it all in one colouring of N® by colouring 1222524
with the partition of [4]®®) induced by ¢ on {x1, 22,23, 24}. The number of
colours would be the number of partitions of a set of size (;1) In the same
way, we can show that if we arbitrarily colour N we get an infinite M C N
and a set I C [r] such that for any 1, zo, ..., T, Y1, Y2, ..., yr € M) we
have

c(xy,xo, ... xp) =c(y1, Y2y .- ,Yr) < x; =vy; forallie l.
So in Theorem 4, I =0 is (i), I = {1,2} is (ii), / = {1} is (iii) and I = {2}

is (iv). These 2" colourings are called the canonical colourings of N,

1.2 Van der Waerden’s Theorem

In this theorem we shall show:

whenever N is 2-coloured, for all m € N there exists a monochro-
matic arithmetic progression of length m (i.e. a, a + d, a + 2d,
..., a+ (m —1)d all the same colour).
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By the familiar compactness argument, this is the same as:

for all m € N, there exists n € N such that whenever [n] is 2-
coloured, there exists a monochromatic arithmetic progression of
length m.

In our proof (of the second form above), we use the following key idea: we
show more generally that for all k&, m € N, there exists n such that when-
ever [n] is k-coloured, there exists a monochromatic arithmetic progression
of length m. We write W(m, k) for the smallest n if it exists. Note that
proving a more general result by induction can actually be easier, because
the induction hypothesis is correspondingly stronger.

Another idea we use is the following: let Ay, Ay, ..., A, be arithmetic
progressions of length I—say A; = {a;,a; + d;, ... ,a; + (I — 1)d;}. We say
that Ay, As, ..., A, are focussed at f if a; + ld; = f for all 7; for example,

{1,4} and {5,6} are focussed at 7. If in addition each A; is monochromatic
and no two are the same colour then we say that they are colour-focussed at
f (for the given colouring).

Proposition 5. Let k € N. Then there exists n € N such that whenever [n]

s k-coloured, there exists a monochromatic arithmetic progression of length
3.

Proof. We make the following claim:

For all r < k, there exists n such that whenever [n] is k-coloured,
EITHER there exists a monochromatic arithmetic progression of
length 3 OR there exist r colour-focussed arithmetic progressions
of length 2.

The result will follow immediately from this claim—just take r = k; then
whatever colour the focus is, we get a monochromatic arithmetic progression
of length 3.

We prove the claim by induction on r. Note that the case r = 1 is trivial—
we may simply take n = k + 1. So assume that we are given n suitable for
r — 1; we will show that (k%" + 1)2n is suitable for 7.

Given a k-colouring of [(k*" + 1)2n| not containing a monochromatic
arithmetic progression of length 3, break up [(k*"+1)2n] into blocks of length
2n, namely B; = [2n(i — 1) + 1,2nid] for i = 1, 2, ..., k*" + 1. Inside each
block, there are r — 1 colour-focussed arithmetic progressions of length 2 (by
our choice of n), together with their focus (as the length of each block is 2n).
Now there are k%" possible ways to colour a block, so some two blocks, say B
and By, are coloured identically. Say By contains {a;, a;+d;}, 1 <i <r—1,
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colour-focussed at f. Then By, contains {a;+2nt, a;+d;+2nt}, 1 <i < r—1,
colour-focussed at f + 2nt, with corresponding colours the same. But now
{a;,a; +d; +2nt}, 1 < i <r—1, are arithmetic progressions colour-focussed
at f+ 4nt. Also, {f, f 4+ 2nt} is monochromatic of a different colour; so we
have r arithmetic progressions of length 2 colour-focussed at f + 4nt. This
completes the induction; the claim, and hence the result, follow. O

Remarks. 1. The idea of looking at the number of ways to colour a block is
called a product argument.

Ak4k
2. The above proof gives W (3, k) < k" }(kl), a ‘tower-type’ bound.

Theorem 6 (Van der Waerden’s Theorem). Let m, k € N. Then there
exists n € N such that whenever [n| is k-coloured, there exists a monochro-
matic arithmetic progression of length m.

Proof. The proof is by induction on m. The case m = 1 is trivial (for all k).
Now given m, we can assume as our induction hypothesis that W(m—1, k)
exists for all k. We make the following claim:

For all r < k, there exists n such that whenever [n] is k-coloured,
there exists either a monochromatic arithmetic progression of
length m or r colour-focussed arithmetic progressions of length
m — 1.

The result will follow immediately from this claim—just put r = k£ and look
at the focus.

The proof of the claim is by induction on r. For r = 1 we may simply
take n = W(m — 1,k). So suppose r > 1. If n is suitable for r — 1, we will
show that W (m — 1, k*")2n is suitable for r.

Given a k-colouring of [W(m — 1, k*")2n] with no monochromatic arith-
metic progression of length m, we can break up [W(m — 1,k%")2n] into
W(m — 1,k*") blocks of length 2n, namely Bi, Bs, ..., By/(m—142n) where
B; = [2n(i — 1) + 1, 2ni]. By definition of W (m — 1, k%"), we can find blocks
B, Byyt, ..., Bsp(m—2) identically coloured.

Now Bj contains r — 1 colour-focussed arithmetic progressions of length
m — 1, together with their focus, say A;, As, ..., A,_1 colour-focussed at
f, where A; ={a;,a; +d;, ... ,a; + (m —2)d;}. Now look at the arithmetic
progression A, = {a;,a; + (d; +2nt),... ,a; + (m — 2)(d; + 2nt)} for i = 1,
2,...,7—1. Then A}, A}, ..., Al_, are colour-focussed at f + (m — 1)2nt.
But {f, f+2nt,..., f4+(m—2)2nt} is monochromatic and a different colour.

This completes the induction. The claim, and hence the result, follow. [



We define the Ackermann (or Grzegorczyk) hierarchy to be the sequence
of functions f1, fo,... : N — N defined by

filz) = 2z
fopr(z) = fPQ1) (n=1),

SO
f2(x) = 2:]67

fg(g;) _ 222... }I7
[i(1) = 2, f2(2) =22 =4, f4(3) = 2% = 65536, ... .

We say that a function f: N — N is of type n if there exist ¢ and d with
flex) < fo(x) < f(dx) for all . Our proof above gives a bound of type m
on W(m,k), so our bound on W(m) = W(m,2) grows faster than f, for

all n—this is often a feature of such double inductions. Shelah showed that
22°

W(m, k) < fi(m+k). Gowers showed that W (m) < 22" The best lower
bound known is W (m) > 2™ /8m.

Corollary 7. Whenever N s k-coloured, some colour class contains arbi-
trarily long arithmetic progressions.

Remark. We cannot guarantee an infinitely long arithmetic progression. Ei-
ther

(i) colour N by colouring 1 red, then 2 and 3 blue, then 4, 5 and 6 red
then 7, 8, 9 and 10 blue, and so on; or

(ii) enumerate the infinitely long arithmetic progressions as A, Ay, As, ...
(noting that there are only countably many). Choose z;, y; € A; with

x; #y; for all ¢ and x;, y; < x;41, yir1. Colour each x; red and each y;
blue.

Theorem 8 (Strengthened Van der Waerden). Let m, k € N. When-
ever N is k-coloured, there is an arithmetic progression of length m that, to-
gether with its common difference, is monochromatic(i.e. there ezist a, a+d,
a+2d, ..., a+ (n—1)d and d all the same colour).

Proof. The proof is by induction on k; the case k = 1 is trivial.

Given n suitable for k£ — 1 (i.e. such that whenever [n] is (k — 1)-coloured
there exists a monochromatic arithmetic-progression-with-common-difference
of length n), we will show that W(n(m — 1) + k) is suitable for k. Indeed,
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given a k-colouring of [W(n(m — 1) + 1, k)], there exists a monochromatic
arithmetic progression of length n(m — 1) + 1, say a, a + d, a + 2d, ...,

a+n(m—1)d. If d or 2d or ... or nd is the same colour as this arithmetic
progression we are done. If not, we have {d,2d, ... ,nd} (k—1)-coloured, so
we are done by induction. O

Remark. The case m = 2 is known as Schur’s Theorem: whenever N is
k-coloured, we can solve x + y = z in one colour class. We can also prove
Schur’s Theorem from Ramsey’s Theorem: given a k-colouring ¢ of N, de-
fine a k-colouring ¢’ of [n]® (n large) by ¢(ij) = c(|j — i|). By Ramsey,
there exists a monochromatic triangle; i.e. there exist u < v < w with
d(uwv) = d(vw) = d(wu). So ¢(v —u) = c(w —v) = ¢(w — u), and since
(v—u)+ (w—v) = (w—u) we are done.

1.3 The Hales-Jewett Theorem

Let X be a finite set. A subset L of X™ (‘the n-dimensional cube on alphabet
X7) is called a line (or combinatorial line) if there exists a non-empty set
I ={i1,i9,...,i,} C[n] and a; € X for each i ¢ I such that

L={zxeX":z;=q;forigland z;, =z, = =x;}.

We call I the set of active coordinates for L. For example, in [3]? the lines
are:

° «[[_(1, ?1,}(2, 1),(3,1)},{(1,2),(2,2),(3,2)},and {(1,3),(2,3), (3,3)} with

e {(1,1),(1,2),(1,3)},{(2,1),(2,2),(2,3)} and {(3,1), (3,2),(3,3)} with
I ={2}; and

e {(1,1),(2,2),(3,3)} with I = {1,2}.
Note that the definition of a line does not depend on the ground set X.

Theorem 9 (The Hales-Jewett Theorem). Let m, k € N. Then there
exists n € N such that whenever [m|" is k-coloured there exists a monochro-
matic line.

Remarks. 1. The smallest such n is denoted by HJ(m, k).

2. The Hales-Jewett Theorem implies Van der Waerden’s Theorem—
we need only embed a Hales-Jewett cube of sufficiently high dimension lin-
early into N, and so that the embedding is injective on lines. For exam-
ple, given a k-colouring ¢ of N, induce a k-colouring ¢ of [m]™ (n large)
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by ((z1,x9,... ,2,)) = ¢(x1 + x9 + -+ - + x,). By Hales-Jewett, there is
a monochromatic line, and this corresponds to a monochromatic arithmetic
progression of length m in N. So we should regard the Hales-Jewett theorem
as an abstract version of Van der Waerden’s Theorem.

If L is a line in [m]™ write L~ and LT for its first and last points (in the
ordering on [m]|" given by x < y if x; < y; for all i). Lines Ly, Lo, ..., Lg
are focussed at f if L7 = f for all i. They are colour-focussed (for a given
colouring) if in addition each L; — {L;"} is monochromatic, no two the same
colour.

Proof (of Theorem 9). By induction on m; the case m = 1 is trivial.
Given m > 1, we may assume that H.J(m — 1,k) exists for all k. We
make the following claim:

For all r < k, there exists n such that whenever [m]" is k-coloured,
there exists FITHER a monochromatic line OR r colour-focussed
lines.

The result will follow immediately from this claim—put » = k£ and look at
the focus.

The proof of the claim is by induction on r. For r = 1 we may take
n=HJ(m-—1,k).

Given n suitable for r, we shall show that n+ HJ(m — 1,k™") is suitable
for r + 1. Write ' = HJ(m — 1,k™").

Given a k-colouring of [m]"*™ with no monochromatic line, identify m"*+"
with [m]™ x [m]™. There are k™" ways to colour a copy of [m]". So by our
choice of n’, we have a line L in [m]"', say with active coordinate set I, such
that for all a € [m]™ and all b, ¥ € L—{L*}, we have ¢(a,b) = c(a,b') = (a),
say. Now by definition of n, there exist r colour-focussed lines for ¢, say L1,

Lo, ..., L,, with acrive coordinate sets I, Is, ..., I, respectively, and focus f.
But now let L} be the line through the point (L;, L~) with active coordinate
set L, UI (i =1,2,...,r). Then L}, L}, ..., L are colour-focussed at

(f,L™). And the line through (f, L™) with active coordinate set I gives us
r + 1 colour-focussed lines. Thus our induction is complete and the claim,
and hence the result, follow. O

A d-dimensional subspace or d-parameter set S in X" is a set of the
following form: there exist disjoint non-empty sets Iy, Io, ..., Iy C [n| and
a; € X for each i € [n| — ([; Ul U---UI,) such that

. n . JZZ:CszOIallZE[n]—(]lU]QUU]d)
S_{xEX " x; = x; whenever ¢, j € I; for some [ '
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For example in X3, {(a,0,2) : a,b € X} and {(a,a,b) : a,b € X} are 2-
parameter sets.

Theorem 10 (The Extended Hales-Jewett Theorem). Let m, k, d € N.
Then there exists n € N such that whenever [m|™ is k-coloured, there exists
a monochromatic d-parameter set.

Proof. Regard X as (X?)"—a cube on alphabet X?. Clearly any line in
this (on alphabet X?) is a d-parameter set on alphabet X, so we can take
n=dHJ(n% k). O

1.4 Gallai’s Theorem

Let S C N? be a finite set. A homothetic copy of S is any set of the form
a4+ A\S where a € N? and A € N. For example, in N', a homothetic copy of
{1,2,...,m} is precisely an arithmetic progression of length m.

Theorem 11 (Gallai’s Theorem). For any finite S C N and any k-
colouring of N%, there exists a monochromatic homothetic copy of S.

Proof. Let S = {S(1),5(2),...,S(m)}. Given a k-colouring ¢ of N?, define
a k-colouring ¢ of [m]™ (n large) by ¢/(x) = ¢(>_, S(z;)). By Hales-Jewett,
there is a monochromatic line, giving a monochromatic homothetic copy of
S (with A the number of active coordinates). O

Remarks. 1. Or by a product argument and focussing.

2. For S = {(x,y) : x,y € {0,1}}, Gallai’s Theorem tells us that there
exists a monochromatic square. Could we have used 2-parameter Hales-
Jewett instead?—No, this would only give us a rectangle.

2 Partition Regular Equations

2.1 Partition Regularity

Let A be an m x n matrix with rational entries. We say that A is partition
reqular (PR) (over N) if whenever N is finitely coloured, there is always a
monochromatic x € N” with Ax = 0.

Examples. 1. Schur states that the matrix (1 1 —1) is PR.
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2. Strengthened Van der Waerden states that the matrix

1 1
12 0 -1 ... O

is PR.

We also talk about ‘the equation Ax = 0’ being PR.

Not every matrix is PR: for example, (2 —1) is not PR; for we can 2-
colour = € N by the parity of max{i : 2|z}. Note that A is PR if and only if
AA is PR for any A € Q — {0}, so we could restrict our attention to integer
matrices if we wished.

Let A have columns ¢, ¢®, ..., c¢™ € Q™, so
T 1 T
A= c® c® . c0
Lo !

We say that A has the columns property if there is a partition ByUByU- - -UB,
of [n] such that

(i) ZieBl c® = 0; and
(ii) ZieBsc(i) € <c(j) 2 J EBluBQU--~UBS,1> fors=2,3,...,r

where () denotes linear span over R. (Note that we could have equally said
‘over Q" here: if a rational vector is a real linear combination of some rational
vectors then it is also a rational combination of them.)

Ezxamples. 1. The matrix (1 1 —1) has the columns property: take B; = {1, 3}
and BQ = {2}
2. The matrix

1 -1 3
2 =2 a
4 —4 b

has the columns property if and only if (a,b) = (6, 12).
3. The matrix A = (aj as ... a,) has the columns property if and only if
either A = 0 or some non-empty subset of the non-zero a; sums to zero.

We shall prove:
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Rado’s Theorem. A rational matrix A is PR if and only if A has the
columns property.

One strength of this result is that it shows that partition regularity, which
does not at first appear to be checkable in finite time, in fact s checkable in
finite time.

First we show that Rado’s Theorem is true for one equation. We may
assume without loss of generality that aq, ao, ..., a, # 0; then we must show

(ayay ... a,)is PR <= Zai = 0 for some non-empty I C [n].
i€l
Let p be prime. For x € N, let d”(x) be the last non-zero digit in the base
p expansion of z, i.e. if e =d.p" +dp_1p" 4+ Fdipt+dy, 0<d; <p—1
for all 4, then dP(x) = dp(y) where L(x) = min{i : d; # 0}. For example, if
x = 1002047000 in base p then L(z) =3 and dP(z) = 7.

Proposition 12. Let ay, as, ..., a, be non-zero rationals such that the
matriz (ai az ... ay) is PR. Then ) .., a; = 0 for some non-empty I C [n].

Proof. We may assume without loss of generality that aq, as, ..., a, € Z. Fix
a prime p with p > > |a;|, and define a (p — 1)-colouring of N by giving
x the colour d’(x). We know that )., a;x; = 0 for some xy, 2o, ..., z,

all of the same colour, d, say. Let L = min{L(z;) : 1 < i < n} and let
I = {i: L(z;) = L}. Considering ), ,; a;x; = 0 performed in base p, we
have .., da; = 0 (mod p) and so Y., a; = 0 (mod p). But p > >"" | |a|
and so Y .., a; = 0. O

Remark. Or: for each prime p we get a set I with >
so some fixed set I has >

Zie[ a; = 0.

Lemma 13. Let A\ € Q. Then whenever N 1is finitely coloured, there exist
monochromatic x, y and z with x + Ay = z.

ie7 @ = 0 (mod p),

er @ = 0 (mod p) for infinitely many p, whence

Proof. (cf the proof of Theorem 8.) If A = 0 we are done; if A < 0 we may
rewrite our equation as z — Ay = z. So we may assume without loss of
generality that A > 0; say A =r/s with r, s € N.

So we need to prove that for all £, there exists an n such that, whenever
[n] is k-coloured, there exist monochromatic x, y and z with =+ (r/s)y = z.
We shall prove this by induction on k.

For k =1, take n = max{s,r + 1} and (z,y,2) = (1,s,7 + 1).

Suppose k > 1. Given n suitable for k—1, we shall show that W (nr+1, k)
is suitable for k. Indeed, given a k-colouring of [W(nr + 1,k)] we have
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a monochromatic arithmetic progression of length nr + 1, say a, a +d, ...,
a—+nrd, all of colour c¢. Look at ds, 2ds, ..., nds. If, say, ids has colour ¢ then
we are done, as a+ (1/s)ids = a+idr and (a, ids, a+1idr) is a monochromatic
triple with colour ¢. So we may assume the set {ds, 2ds, ... ,nds} is (k —1)-
coloured, and we are done by induction. The claim, and hence the result,
follow. [

Theorem 14 (Rado’s Theorem for single equations). Letay, as, ..., a,
be non-zero rationals. Then (aiay ... a,) is PR if and only in Y. ., a; =0
for some non-empty I C [n].

Proof. = is Proposition 12.
< Given a finite colouring of N, fix iqg € I. For suitable monochromatic
x, y and z, we shall set
=< y ifigl
2 ifiel—{i}

We require that Y a;xz; = 0, i.e. that

i, T + ( > az-)z—i— (Zai)yzo,

iel—{io} 11
i.e.
@iy T — AjpZ + (Z ai)y =0,
igI
i.e.
(Zigl ai)
T4+ ———=y—2=0,
(lio
and such z, y and 2z do indeed exist by Lemma 13. [

Proposition 15. Let A be any matriz with entries in Q. If A is PR then it
must have the columns property.

Proof. We may assume without loss of generality that all the entries of A
are integers. Let the columns of A be ¢V, ¢®, ... ¢™. For any prime p,
colour N with the d? colouring. By assumption, there exists a monochromatic
x € 7" with Ax = 0, i.e. 21 4+ 25¢® + ... + 2,c™ = 0. Say all the x;
have colour d.

13



We have a partition By U By U -+ U B, of [n] given by
L(z;) = L(z;) = i,j € B, for some s;
L(x;) < L(z;) == i€ Bs,j € B, for some s < t.
For infinitely many primes p, say all p € P, we get the same By, Bs, ..., B,.
Considering >_ 2;¢) = 0 performed in base p, we have

(i) Yiep, dc = 0 (mod p), where by u = v (mod p) with u, v € Z"
we mean u; = v; (mod p) for all j; and

(i) forall s > 2, 5. p p'dcW +3". p s, 2 =0 (mod p™*!) for
some ¢t.

From (i), and as d is invertible, we have »_, 5 c® = 0 (mod p) for
infinitely many p, and so ), c® =0.

From (ii), for all s > 2 we have

p' Z c® 4 Z y,c =0 (mod p't?h)
1€ Bg 1€B1U---UBs_1
(where y; = d~'z; (mod p'*t)).

We now show that » . c® ¢ (c :‘z' € BiUByU---UB,_1). Suppose
not. Then there exists u € Z™ with u-c¢® =0 for alli € ByUByU---UB,_;
but with u- (3,5 ¢@) # 0. So pu- (3,5 ) = 0 (mod p'™), ie.
LENODI cW) =0 (mod p) for infinitely many p, a contradiction. O

Let m, p, c € N. A set S C N is an (m,p,c)-set with generators
Ty, T, ,IL‘mGle

i=1
So S consists of all numbers in the lists:

cxy 4+ Aoxo + A3z3+ -+ Ay (N < p Vi > 2
cxo+Nx3+ -+ Az (N <pVi>3

~— —

Clm—1 + /\mxm (|/\m| S p)
Clpm,.

Ezamples. 1. A (2,p,1)-set is an arithmetic progression of length 2p + 1
together with its common difference.

2. A (2,2,3)-set is an arithmetic progression of length 5, with middle
term divisible by 3, together with thrice its common difference.

14



Theorem 16. Let m, p, ¢ € N and suppose N s finitely coloured. Then
there exists a monochromatic (m, p, c)-set.

Proof. Let = k(m —1)+ 1.
Given a k-colouring of By = [n] with n large, look at

A = {6,20,... , L%J c}l.

By Van der Waerden, there is a monochromatic arithmetic progression inside
A, say

P1 = {C.’El — nldl,cwl — (m — 1)d1, ., CT1,... ,C1q + nldl}

where n; is large and P; has colour ky, say. Now we restrict attention to

n
Bl - {d1,2d17... ,mdl} .

Note that for any integers Ao, A3, ..., A\, € [—p,p] and by, b3, ..., b, € By,
we have
cxy + Aoby + Agbs + - - - + )‘ubu e P,

so in particular all sums of this form have colour k.
Now look at

A2 = {Cdl,QCdl, e ,ﬁdl} .

By Van der Waerden, there is a monochromatic arithmetic progression inside
A27 say

P2 = {C.’L’Q — ngdg, Croy — (712 — 1)d2, oo, CT2,... ,CI2 + n2d2},

where ns is large and P, has colour k5, say. Now we restrict attention to

n
BQ == {d2,2d2, o ,mdz} .

Note that for any integers A3, A4, ..., A, € [p, —pl, and b3, by, ..., b, € Bs,
we have
cxo + A3bg + A\gby + -+ + )‘ubu e b,

so in particular all sums of this form have colour k.

"Henceforth we shall omit the symbols ‘|” and ‘|’ in expressions such as this; they
should be understood where necessary.
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Now look at A3 = ....

Keep going p times: we obtain zy, s, ..., x, such that each row of
the (i, p, c)-set generated by zy, o, ..., x, is monochromatic. But since
i = k(m —1) + 1, some m of these rows are the same colour, and we are

done. O

Remark. For xq, x5, ..., x,, € N, let

FS(z1, g, ... L) = {in:(b?élc [m]}.

il
Then Theorem 16 for (m, 1, 1)-sets implies:

Whenever N is finitely coloured, there exist xq, xo, ..., x,, with
FS(zq, s, ... ,x,) monochromatic.

This result is variously known as the finite sums theorem, Folkman’s Theorem
or Sanders’s Theorem.
Similarly, we can guarantee a monochromatic

FP(z1, %9, ..., &m) = {Hxi:(l)#fc [m]}

iel
by looking at {2" : n € N}.
Lemma 17. If A has the columns property then there exist m, p, ¢ € N

such that every (m, p,c)-set contains a solution to Ax = 0, i.e. we can solve
Ax = 0 with all x; in the (m, p, c)-set.

Proof. Let A have columns ¢, ¢®, ... ¢(. As A has the columns prop-

erty, we have a partition By U Bo U ---U B, of [n] such that

(1) Xien, ¢ = 0; and

(ii) ZiGBS c e <c(j) jEBUBU---U BS_1> for all s > 2.

Suppose
e = % ginc
i€Bs i€B1UBsU--UB,_1
Then for each s we have
Z disc® =0
i€[n]
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where
0 ifiZ BiUByU---U B,

dis: 1 leGBS
—(;s ifi€B1UB2U"'UBS_1

Given x1, za, ..., z, € N, put y; = > . djsxs for i =1, 2, ..., n. Then

n

iylc(l) = Z zr: diszsc(i) = i T zn: disc(i) =0.
i=1 s=1 i=1

i=1 s=1

So Ay = 0. Now we are done, for we may take m = r, take ¢ to be the least
common multiple of the denominators of the ¢;, and take p to be ¢ times
the maximum of the numerators of the ¢;. Then cy is in the (m,p,c)-set
generated by x1, 9, ..., z, and A(cy) = 0. O]

Theorem 18 (Rado’s Theorem). Let A be a rational matriz. Then A is
partition reqular if and only if A has the columns property.

Proof. < is Proposition 15.
= follows from Theorem 16 and Lemma 17. O

Corollary 19 (The Consistency Theorem). If A and B are partition
reqular then the matriz (64;) is also partition reqular. In other words, if we
can guarantee to solve Ax = 0 in some colour class and By = 0 in some

colour class then we can guarantee to solve both in the same colour class.
Remark. This is not obvious by considerations of partition regularity alone.

Corollary 20. Whenever N is finitely coloured, some colour class contains
solutions to all PR equations.

Proof. Suppose not. Then we have N = Dy U Dy U --- U Dy, and, for each i,
a PR matrix A; such that D, does not contain a solution of A;x = 0. Then
consider the matrix

A
As

Ak

This is PR, by the Consistency Theorem, but no D; contains a solution to
it, a contradiction. O

We say that D; C N is partition regular if it contains a solution to every
PR equation. So Corollary 20 says that if N = D; U Dy U --- U Dy then
some D; is PR. Rado conjectured, and Deuber proved, that if D is PR and
D=D;UDyU---U D, then some D, is PR.
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2.2 Filters and Ultrafilters
A filter on N is a non-empty collection F C P(N) such that
(i) 0¢7F;
(ii) if Ae F and B D A then B € F (‘F is an up-set’); and
(iii) if A, B € F then AN B € F (‘F is closed under finite intersections’).

Intuitively, we think of the sets of our filter as being the ‘large’ subsets of N.

Examples. The following are filters
i) {ACN:1,2€ A};
(ii)) {A C N: A° finite}, ‘the cofinite filter’;
(iii) {A C N: E — A finite} where E is the set of even numbers.

An ultrafilter is a maximal filter. For any € N, the set {A C N: 2z € A} is
an ultrafilter, the principal ultrafilter at x.

Proposition 21. A filter F is an ultrafilter if and only if for all A C N,
either A € F or A° € F.

Proof. < This is obvious since we cannot add A to F if we already have A°.

= Suppose F is an ultrafilter and A, A° € F. Then we must have B € F
with BN A = 0 (for otherwise 7' = {C' C N: C D AN B for some B € F}
is a filter containing F). Similarly, we must have C' € F with C' N A° = (.
But then BN C = (), a contradiction. ]

Note. If A € U, an ultrafilter, and A = BUC, then B € Y or C € U
(for otherwise B¢, C° € U by Proposition 21 whence A° = B°NC° € U, a
contradiction).

Proposition 22. Fvery filter is contained in an ultrafilter.

Proof. By Zorn’s Lemma, it is sufficient to check that every non-empty chain
{F; :i € I} has an upper bound. Indeed, put F = U;c;F;. Then

(i) 0 e F;

(ii) if A € F and B D A then A € F; for some i, so B € F; and so
BeF;
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(iii) if A, B € F then A, B € F; for some i (as the F; form a chain), so
ANBe€ F,andso ANB e F.

]

Remarks. 1. Any ultrafilter extending the cofinite filter is non-principal.
Also, if U is non-principal then U contains all cofinite sets; for if A € U for
some finite A then {x} € U for some x € A by our note above.

2. The Axiom of Choice is needed in some form to get non-principal
ultrafilters.

The set of all ultrafilters on N is denoted SN. We define a topology on SN
by taking as a base all sets of the form

Ch={UepN:AeclU}, ACN.

This is a base: it is sufficient to check that |JC4 = ON and that the in-
tersection of any two of the C'4 is another set of the putative base. Plainly
UCs=pPN,and CaNCp = Cynpas A, Be U if and only if ANB € U.
Thus open sets are of the form

UCAi ={U : A; € U for some i € T}.

i€l
Note that SN — C'y = C4e. So closed sets are of the form

(Ca, ={U: A €U forallicl}.

el

We have N inside N (identifying n € N with the principal ultrafilter 7 at
n). Bach point of N is isolated: Cy,; = {n}. Also, N is dense in fN—every
non-empty open set in SN meets N as n € Cy whenever n € A.

Theorem 23. (N is a compact Hausdorff space.

Proof. Hausdorff: Given U # V, we have some A € U with A ¢ V. But then
AeVandsold € C'yp and V € Cye.

Compact: Given closed sets (F;);e; with the finite intersections property
(i-e. all finite intersections are non-empty), we need to show that (., F; # 0.
Assume without loss of generality that each Fj is basic, i.e. that F; = C, for
some A; C N.

We first observe that the sets (A;);c; also have the finite intersections
property. For we have Cy, N Cy, N---NCy = Ca; nayna, and so
A, NA,N---NA;, #0.
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So we can define a filter F generated by the A;:
F={ACN:AD A, NA,N---NA; for some iy,is,... i, € 1}

Let U be an ultrafilter extending F. Then A; € U for all i, so u € Cjy, for
all i, and so N;e;Ca, # 0 as desired. O

Remarks. 1. If we view an ultrafilter as a function from P(N) — {0,1}
then we have SN C {0,1}7®™. We can check that the topology on 3N is the
restriction of the product topology, and also that ON is a closed subset of
{0,1}7™—s0 compact by Tychonov.

2. 0N is the largest compact Hausdorff space in which N is dense—it is
called the Stone-Cech compactification of N.

Let U be an ultrafilter and p a statement. We write Vyxz p(x) to mean
{z :p(x)} €U, and say that p(z) holds ‘for most x’ or ‘for U-most z’. For
example,

(i) for U non-principal, Vyx z > 4;
(ii) for U = n we have Vyx p(x) <= p(n).
Proposition 24. Let U be an ultrafilter and p and q statements. Then
(i) Yuz (p(z) AND ¢(z)) <= (Vyz p(z)) AND (Vyz q(z))
(i) Vuz (p(X) OR q(z)) <= (Vyz p(x)) OR (Vyz q(z))
(111) if Yy p(x) does not hold then Yyx (NOT p(z)).
Proof. Let A ={z:p(x)} and let B = {x: q¢(x)}. Then
(i) AnB e U if and only if A € U and B € U;
(i) AUB €U if and only if A € U or B € U;
(iii) if Yy p(x) is false then A ¢ U and so A° € U.
O]

Note. Yyz Yyy p(x,y) need not be the same as Vyy Vyx p(z,y)—even if
U =Y. For example, if U is non principal then Vyx Vyy z < y is true, but
Yuy Yyx x < y is false.

For U, V € (N, define

U+V = {ACN: Vyx Vyyx+y e A}
= {AcCN:{zeN:{y:x+yec A} eV} elU}.
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Proposition 25. So defined, + is a well-defined map from OGN x SN — SN.
It 1s associative and left-continuous.

Proof. First, we show that U +V is an ultrafilter. Clearly § € U + V), and if
AeU+V and B D Athen B el + V. Suppose now that A, BelU +V,
ie.

(Vyx Vyy v +y € A) AND (Vyz Vyy x +y € B).

Then by proposition 24 (i),
Vyz (Vyy z+y € A) AND (Yyy x +y € B))
whence in turn
Vyx Yyy (r+y € A AND =+ y € B),
le.
Vyz Yyy (z+y € AN B),

1.e.

ANBeU+YV
as required. Finally, suppose that A € U + V. Then
{r :Yywyo+ye At U

so by Proposition 24 (iii),

Vyuzr (NOT (Vyy x +y € A))
whence in turn

Vyx Yyy (NOT z+y € A),
le.

Yuz Yyy (x +y € A°)

and so
AelUU + V.

So we have shown that &/ + V is an ultrafilter.
We next observe that 4+: SN x SN — (N is associative. Indeed, for any
Uu, vV, we pgN,
U+V+W) = {ACN:Vyz Vynt z+te A}

= {ACN:Vyz {t:z+t€ A} eV+ W}
= {ACN: Yy Yoy Vpzy+ze{t:z+te A}}
= {ACN:VyxVyyVwzz+y+ 2z € A}
= U+V)+W.
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Finally, we show that + is left-continuous, i.e. that for fixed V', the map
U — U+ YV is continuous. So fix V' and an open set C'4 in our base for SN.
Then

U+vely <— AcU+V
— {x:VYoyx+yeAteld
— UE¢c C{x:VVy x+ycAl},

so + is indeed left-continuous. O

Fact. The operation + is neither commutative nor right-continuous.

We seek an idempotent ultrafilter, i.e. some U € BN such that U +U = U.
(Note that any such & must be non-principal, as i + 1 = 2n.)

Lemma 26 (The Idempotent Lemma). Suppose X is a non-empty com-
pact Hausdorff topological space and +: X x X — X 1is an associative and
left-continuous binary operation. Then there is an element x € X such that
r+x=uwx.

Proof. Consider S = {Y C X : Y compact and nonempty, Y +Y C Y}
(where by Y +Y we mean {y +v' : y, v € Y}).

We first show that S has a minimal element. Clearly X € S, so S # 0,
so by Zorn’s Lemma it is sufficient to show that if {Y; : i € I'} is a chain in S
then Y = N;c;Y; € S. Since in a compact Hausdorff space a set is compact
precisely if it is closed, we see that Y is compact; also Y # () since the Y; are
closed sets having the finite intersection property in the compact space X.
Also, fory, vy € Y we have y, vy € Y; for all i, so y +vy € Y; +Y; C Y; for all
iand soy+9 €Y. Thus Y € S, proving our claim.

Let Y be a minimal element of S and fix x € Y. We will show that
r+x=ux.

We begin by showing that Y +x € S. We see that Y +x is non-empty and
compact, since it is the continuous image of a compact set by left-continuity
of +. Also, by associativity of +, (Y +z)+ (Y +z) = (Y+z+Y)+x C YV +z.
This shows that Y +z C Y.

Now, we know Y + x C Y, so we must have Y + 2z =Y by minimality of
Y. Hence there exists y € Y withy+x=2. Pt Z={y €Y :y+x =uz}.

We now show that Z € S. By our remarks above, Z is non-empty. Note
that {x} is compact, and so closed in the compact Hausdorff subspace Y of
X. So Z, which is the inverse image in Y of the set {x} under the continuous
map y — y + x is closed, and so compact. Also, for y, ¢y € Z, we have by
associativity of + that (y +vy)+2xz =y + (¥ +2) = y+ 2 = x, and so
y+ vy € Z. This shows that Z € S.
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But Z C Y and so Z =Y. In particular, x € Z and so x +x = z as
desired. O

Remark. Hence Y + 2 = {z} and so Y = {z}.
Corollary 27. There exists U € BN such thatU +U =U.

Theorem 28 (Hindman’s Theorem). Whenever N is finitely coloured,
there exist xq1, xo, 3, ... with FS(x1, x9, x3,...) monochromatic.

Proof. Given N = A;UAsU---UAy, choose an idempotent U € SN. We have
A; € U for some i; write A = A;. (Intuitively, we think of A as the largest
colour class.) So Yy y € A. Also, as U is idempotent, VyzVyy x +y € A.
So VyaVyuy FS(x,y) C A by Proposition 24. Pick x; with Yy FS(x1,y) C A.

Now suppose inductively that we have found xy, xs, ..., z, such that
Vuy FS(xy,29,... ,2,,y) C A. For each z € FS(xy,z9,... ,2,,y) we have
Vuy z+vy € A and so VyaVyy 2+ +y € A. Thus by Proposition 24,
VuxVyy FS(zy, xo, ..., 2y, x,y) C A. Let 2,41 be such an z.

The result follows by induction. O

3 Infinite Ramsey Theory

For infinite M C N, write M“) for the collection {L C M : L infinite} of all
infinite subsets of M. Motivated by Theorem 2, we ask: if we finitely colour
N®) is there an infinite monochromatic set (i.e. does there exist M € N®)
such that all L € M® have the same colour)?

Proposition 29. There is a 2-colouring of N without an infinite monochro-
matic set.

Proof. We construct a 2-colouring ¢ such that for all M € N and all
x € M we have ¢(M — {x}) # ¢(M)—this is clearly sufficient to prove the
proposition.

Define a relation ~ on N@) by L ~ M <= |LAM]| < co. This is clearly
an equivalence relation. Let the equivalence classes be {F; : i € I}, and for
each i choose M; € E;. Now define ¢(M) to be RED if |MAM;| is even for
some i € I and to be BLUE if |[MAM;| is odd for some i € I. It is easy to
check that this colouring has the required property. O]

Note that in the above proof we used AC.
A 2-colouring of N corresponds to a partition N“ =Y U Y* for some
Y € N®_ A collection Y € N® is called Ramsey if there exists M € N«
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with M@ C Y or M« c Y°. So Proposition 29 says that ‘not all sets are
Ramsey’.

We can induce the subspace topology on N ¢ P(N), where we identify
P(N) with {0, 1} with the product topology. So a basic open neighbourhood
of M € N@ is {L e N® : LN [n] = M N[n]} for some n. Writing M(<%) for
the collection {A C M : A finite} of finite subsets of M, we have a base of
open sets for N«):

{M € N : A an initial segment of M}, A e N,
Equivalently, we have a metric

0 it L= M
d(L’M):{ 1/ min(LAM) if L% M °

We call this the 7-topology or usual topology or product topology on N,
For A € N(<) and M e N@ | write

(A, M)® = {L € N®) : A is an initial segment of L and L — A C M}.
(We think of this as the collection of sets which ‘start as A and carry on
inside M”.)

For fixed Y € N, we say that M accepts A (into Y ) if (A, M) C Y,
and that M rejects A if no L € M“) accepts A.

Notes. 1. If M accepts A then every L € M“) accepts A as well.

2. If M rejects A then every L € M) rejects A as well.

3. If M accepts A and A C B C AU M, then M accepts B as long as
max A < min M.

4. M need not accept or reject A.

Lemma 30 (The Galvin-Prikry Lemma). Given Y C N, there exists
a set M € N such that either

(i) M accepts () into Y ; or
(1) M rejects all of its finite subsets.

Proof. Suppose no M € N® accepts ), i.e. that N rejects (). We shall

inductively construct infinite subsets M; D My, D Mz D --- of N and
ai, as, as, ... € N with a; € M; for all 7 and such that M; rejects all subsets
of {a1,aq,... ,a;_1}. Then we shall be done, for {a;,as,as, ...} rejects all

its finite subsets.
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Take M; = N. Having chosen M; D My D --- D My and ay, ag, ..., ax_1
as above, we seek a € My and My, C My such that My, rejects all finite
subsets of {ay,as, ... ,ax}.

Suppose this is impossible. Fix by € M, with by > a; for 1 <i <k — 1.
We cannot take ap = by and My, = Mg so some N; € M,gw) accepts some
subset S of {ay,a9,... ,a5-1,01}. And S must be of the form E; U {b;}
as My, rejects all subsets of {aj,as,...,ax_1}. Now pick by € N; with
by > by and try ap = by and My + N;. We get Ny € Nl(w) accepting a
subset of {ai,as,... ,a;_1,bo}—say Ny = E5 U {by}. Keep going: we get
My DNy DNy D+ and by < by < b3 < --- (by € N;_1), together with
Ey, Ey, Es, ... C{ay,a9,... ,a5_1} such that E, U {b,} is accepted by N,
for all n. Passing to a subsequence if necessary, we may assume without loss
of generality that E,, = E for all n. Then E is accepted by {b1, b, b3, ...},
contradicting the definition of M. O]

Theorem 31. IfY is open then Y is Ramsey.

Proof. By Galvin-Prikry, there exists M € N&) with either
(i) M accepting 0); or
(ii) M rejecting all its finite subsets.

If (i) then we have M C Y.

If (i) then we will show M) C Y*. Indeed, suppose we have L € M)
with L € Y. Since Y is open, we must have (4,N)®) C Y for some initial
segment A of L. So in particular, we have (A, M) C Y, i.e. M accepts A,
a contradiction. O

Remark. A collection Y is Ramsey if and only if Y¢ is Ramsey, so Theorem
31 also says that ‘closed sets are Ramsey’.

The +-topology or Ellentuck topology or Mathias topology on N has basic
open sets (A, M)« for A € N<) and M € N®). This is a base for a
topology on N):

o N = ((), N)) 5o the union of our putative basic sets is indeed N“);

o if (A, M)“ and (A, M")®) are basic sets then (A, M)©@) N (A", M')«)
is either (AU A", M N M) or §).

Note that the x-topology is stronger (i.e. has more open sets) than the usual
topology.

Theorem 32. IfY is x-open then'Y is Ramsey.
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Proof. Choose M € N as given by Galvin-Prikry.

(i) If M accepts () then M) C Y.

(ii) If M rejects all its finite subsets then we shall show that M) c Y*.
Indeed, suppose L € M“ with L € Y. Since Y is x-open, we must have
(A, L)“) C Y for some initial segment A of L. So L accepts A, contradicting
‘M rejects A’ O

We say Y C N is completely Ramsey if for all A € N(<*) and all
M € N there is some L € M® such that (A, L)) is contained in either
Y or Y¢.

This is a stronger property than being Ramsey. For example, let Y be
the non-Ramsey set from Proposition 29 and set

Y =YU{MeN®:1¢ M}

Then certainly Y’ is Ramsey, as {2,3,4,...}*) C Y. But Y’ is not com-
pletely Ramsey; A = {1} and M = N yield no L as desired.

Theorem 33. IfY is x-open then Y s completely Ramsey.

Proof. Given A € N(<¥) and M € N@) we seek L € M“ with (A, L)
contained in Y or Y°¢. Now view (A, M)®) as a copy of N as follows.
We may assume without loss of generality that max A < min M. Write
M = {my,mg,m3,...}, where m; < my < mg < ---, and define a function
fiN@ — (A, M)® by N+ AU{M,; :i € N}. Clearly f is a homeomor-
phism in the x-topology.

Let Y/ = {N € N® : f(N) € Y}. Then Y’ is x-open since Y is x-open.
So by Theorem 32, there exists L € N« with L) contained in either Y or
Ye. Thus {f(N): N € L“} is contained in either Y or Y° i.e. (A, (L))«
is contained in either Y or Y. ]

So we know that, in the x-topology, all ‘locally big’ (i.e. open) sets are
completely Ramsey. Now we consider ‘locally small’ (i.e. nowhere dense)
sets.

Given a space X, we say that A C X is nowhere dense if A is not dense
in any non-empty open subset, equivalently if for any non-empty open O,
there is a non-empty open O’ C O such that O’ N A = (), equivalently if A
has empty interior. For example, N is nowhere dense in R.

Proposition 34. A set Y € N s x-nowhere-dense if and only if for all
a € N9 and all M € N®), there is some L € M“) with (A, L)“) c Ye.
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Proof. The first statement says that inside (A, M)® there is some (B, L))
missing Y while the second says that inside (4, M)®) there is some (A, L)“)
missing Y. So it is immediate that the second statement implies the first.
So suppose that Y is x-nowhere-dense. Then Y has non-empty interior
and so Y is x-nowhere-dense (since Y = Y). But Y is completely Ramsey
by Theorem 33 and so inside (A, M) there exists some (A, L)) contained
in either Y or (V). But intY =0 so (4, L)® C (Y)¢ and so (4, L)® C Y*

as required. O

A subset A of a topological space X is called meagre or of first category
if A=J 2, A, with each A,, nowhere dense. For example, Q is meagre in
R.

We can usually think of meagre sets as being small: for example, the
Baire Category Theorem states that if X is a non-empty complete metric
space and A is a meagre subset of X then A # X.

Theorem 35. Let Y be x-meagre. Then for all A € N(<“) and all M € N,
there is some L € M) such that (A, LY®) c Y. In particular, Y is
*-nowhere-dense.

Proof. Suppose we are given A € N<%) and M € N@. Write Y = [J°°,V,,
with each Y,, ~-nowhere-dense.

By Proposition 34, we have M; € M with (A, M;)“ C Y¢. Choose
r1 € My with 2; > max A.

Again by Proposition 34, we have M) € Ml(w) with (A, M)®) C Yy and
then M, € Mé(w) with (AU{z1}, M2)@ C Yy, Choose x5 € My with zy > 1.

Applying Proposition 34 four times, once for each subset of {z1,x2}, we
get Mz € ]\/[2(“}) such that each of the sets (A, M3)®), (AU {x}, M3)®),
(AU {zo}, M3)@ and (AU {z1, 2}, M3)“ is contained in Y.

Keep going: we obtain M D M; D My D --- and max A <z < x9 < - -+
with z,, € M, for all n and (AU F, M,)“) C Y¢ for all F C {1, 2s,... Tn}.
Then (A, {z1,29,... })® C Y for all n and so (A, {z1,zs,... )@ CcYe. O

A set A in a topological space is a Baire set, or has the property of Baire,
if A= OAM for some open O and meagre M. We can think of A as being
‘nearly open’.

Notes. 1. If A is open then A is Baire.

2. If A is closed then A is Baire, since A = int AA(A — int A), where
A — int A is nowhere dense as it is closed and contains no non-empty open
set.

The Baire sets form a o-algebra:
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(i) X is Baire.
(ii) If Y is Baire, say Y = OAM, then

Y = O°AM
= (O'AM")AM (since O€ is closed, and using note (ii) above)
= O'A(M'AM)

so Y¢ is Baire.

(iii) If the sets Y7, Y, Y3, ... are Baire, say Y; = O;AM;, then their union
U, Y, = (U2, 0,)AM for some M C |J,—, M, and so |, Y, is
Baire.

Since we noted above that open sets are Baire, it follows that any Borel
set is Baire.

Theorem 36. A collection Y is completely Ramsey if and only if it is
*-Baire.

Proof. <= Suppose Y is x-Baire, so Y = WAZ with W open and Z meagre.
Given (A, M)®) we have L € M“) with (A, L)) contained in either W
or W¢ (by Theorem 33) and N € L) with (4, N)®) c Z¢ (by Theorem 35).
So either
(AN cwnzecy

or
(AN cwenzecye

and Y is completely Ramsey as required.

= Suppose conversely that Y is completely Ramsey. We can write
Y =int YA(Y —intY). so it will be sufficient for us to show that Y —int Y’
is x-nowhere-dense; we show in particular that given any base set (A, M)«
in the x-topology, there is a non-empty open set inside it which is disjoint
from Y —int Y—indeed, we have L € M) with (A, L)) contained in either
Y or Y¢.

If (A,L)® C Y then (4, L) is disjoint from Y —int Y.

If (A, L)®) C Y then again (A, L)“) is disjoint from Y — int Y.

So Y is x-Baire, as required. O]

Thus any *-Borel set is completely Ramsey, and so certainly any 7-Borel
set is Ramsey.

Note. Without Theorem 35, we would have shown that Y is completely
Ramsey if and only if YV is the symmetric difference of an open set and
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a nowhere dense set, and we would not have known that the completely
Ramsey sets form a o-algebra.
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