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1. Suppose that I is a pre-ordered set and C is Grp or Ring and C = (Cy, c) is an inverse system in C.
Show that
@C > {(z,) € H Cy | cpe(xe) = xp whenever b < ¢}
I acl

together with the projection maps 7, ((€4)acr) = ¥4 is the inverse limit of C'.
2. Suppose I is a pre-ordered set and C' = (Cy, ¢p) is an inverse system of shape I in some category C.
(a) Show that, if it exists, @1 ; C together with the family of morphisms m,: @1 ; C — (C, is uniquely
determined up to unique isomorphism.

(b) Show that if I has a largest element ¢ (i.e. @ <t for all a € I) then m C = C; and 7, = ¢4 for all
acl.

(¢) More generally suppose that I is directed and J C I such that for all a € I there is j € J with
a < j and consider the restriction of C to J i.e. the subfamily of objects (C;);es and morphisms
(cjk: Cr = Cj)j<kes. Show that if @.]C exists then so does @IC’ and there is a canonical
isomorphism @J C — @I C.

3. Suppose that I and .J are directed pre-ordered sets. Show that I x J is a directed pre-ordered set with
respect to the relation (4,7) < (¢',4) precisely if ¢ < i’ and j < j'. Assuming that all relevant inverse
limits exist, show that if C' is a diagram of shape I x J then (]&1 (iyxJ ();ecr has canonical maps making

it a diagram of shape I and (1&1 Ix4i) () jes has canonical maps making it a diagram of shape J. Finally

show that
@(@ C)%LC%@(@ C’).
I \{i}xJ Ix J \Ix{j}

4. Suppose that R is a ring with an ascending Ny-filtration (F,,R),en,. Show that

<

(a) if gr R is Noetherian then R is Noetherian and;

(b) if gr R is a domain then R is a domain.

5. Show that if G is a complete p-valued group of finite rank and Z,[G] has its usual filtration v then
v(rs) = v(r) +v(s) for all r,s € Z,[G].

6. Show that if (G,w) is a complete p-valued group of rank d < oo with ordered basis (¢g1,...,94) then
there is an Fp-linear isomorphism F,G = F,[[T1,...,T,]] with

(g1 =)™ - (ga — D)™ = T4 - Ty
7. Let p be an odd prime and suppose that (G, w) is a complete p-valued group of rank d < co with ordered
basis (g1,...,94). Suppose moreover that w(g;) =1 for each 1 <4 < d and that in gr G

d

[0(9:),9(95)] = D tAijio(gr) with Aijk € Fy.
k=1

Writing b, = ¢g; — 1 € Z,[G] as usual show that

d
bib; — bibi + Zp[Gls = Y phijebe  mod Z,[Gs
k=1

with respect to the usual filtration on Z,[G] where each ;\ijk. is a lift of \;j in Z,.
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Show that if instead we work in F,[G] then

d
bibj — bib; + JPT =" \jbf 4 TP

i=1
where J = ker(F,[G] = Fp;9 — 1).

8. Suppose that Z,G is an Iwasawa algebra. Show that F,G = Z,,G/pZ,G.

Let M be a finitely generated Z,G-module and write M[p*] = {m € M | p"m = 0}. Show that there
is some n > 0 such that M[pF] = M[p"] for all k > n, that M[p*]/M[p*~!] is a naturally a finitely
generated F,G-module for each 1 < k < n and that M/M[p"] has no p-torsion elements.

9. Suppose that a profinite group G acts on a finite set X equipped with the discrete topology. Show that
the action map G x X — X is continuous if and only if each stabiliser Stabg(z) is an open subgroup of

G.

10. Suppose that X is a set with a G-action and R is a commutative ring. Writing R[X] for the permutation
representation show that R[X] is spanned by the sums [O] = ¥ .,z € R[X] as O ranges over the
finite G-orbits of X.

11. Show that given any set X there is a free magma M (X ) with respect to the forgetful functor Mag — Set.
An N-graded magma is a magma M with a decomposition as a disjoint union M = (J,,~, M, such that
M, M,, C M, ., for all n,m € N. Show that there is a unique N-grading on M (X) such that the image
of X in M(X) lies in M(X);.

Deduce that for any commutative ring k the free (non-unital non-associative) k-algebra k((X)) on X
with respect to the forgetful functor Alg, — Set exists and is naturally isomorphic as a k-module to
the free k-module k[M(X)] on X and that there is a unique way to view k({X)) as a graded k-algebra
such that the image of X in k{(X)) lies in degree 1. Use this to construct the free Lie algebra L(X) on
X with respect to the forgetful functor Lie; — Set and show that there is a unique way to make L(X)
a graded Lie algebra such that the image of X in L(X) is contained in L(X);.

Show that the natural isomorphism k(X) — U(Lx) from the free (unital and) associative algebra on X
to the universal enveloping algebra U(Ly) is an isomorphism of graded algebras.
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