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1. Let (R, v) be a complete filtered ring and (rn)n≥0 be a sequence of elements of R such that v(rn)→∞
as n→∞. Show that ∑

n≥0

rn =

(
mλ∑
n=0

rn +Rλ

)
λ≥0

is a well-defined element of R ∼= R̂ when the mλ are chosen so that v(rn) ≥ λ whenever n > mλ.

Show moreover that if (sn) is another such sequence then (rn + sn) and (
∑
i+j=n risj) are also such

sequences and that ∑
n≥0

rn

+

∑
n≥0

sn

 =
∑
n≥0

(rn + sn)

and ∑
n≥0

rn

∑
n≥0

sn

 =
∑
n≥0

 ∑
i+j=n

risj

 .

2. Show that if (G,ω) is a p-valued group and H ≤ G is a subgroup equipped with the restricted p-valuation
ω|H then there is a natural inclusion grH → gr G of graded Lie algebras.

Deduce that if G has finite rank then H has finite rank and that if p > 2 and G = GL1
n(Zp) then grH

is a sub-Lie algebra of tgln(Fp[t]).

3. Suppose that (G,ω) is a filtered group.

(a) Show that Ĝ has a separated filtration given by

ω̂((gλGλ)λ>0) = inf ω(gλ | gλ 6∈ Gλ)

with respect to which it is complete.

(b) Show that the natural map G → Ĝ is injective if and only if ω is separated and always induces a

natural isomorphism gr G→ gr Ĝ.

(c) Show that if (R, v) is a complete filtered ring then every r in R with v(r−1) > 0 is a unit. Moreover
show that if G = {g ∈ R | v(g − 1) > 0} and ω(g) = v(g − 1) for g ∈ G then (G,ω) is complete.

4. Suppose that (G,ω) is a complete p-valued group, x ∈ G and λ ∈ Zp. Show that ω(xλ) = ω(x) + vp(λ)
and σ(xλ) = σ(x) · σ(λ).

5. Suppose that p is an odd prime.

(a) Show that if

G =


1 x z

0 1 y
0 0 1

 : x, y, z ∈ pZp


with the filtration ω induced by restricting the p-adic filtration on Mn(Zp). Find an ordered basis
(g1, g2, g3) for G and compute

(gλ1
1 gλ2

2 gλ3
3 )(gµ1

1 gµ2

2 gµ3

3 ) = gν11 g
ν2
2 g

ν3
3

for λ, µ ∈ Z3
p.

(b) Find an ordered basis for GL1
n(Zp) with respect to its usual p-adic filtration.
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6. Suppose that (R, v) is a filtered ring and let I be a left ideal of R. For λ ∈ R≥0 let Iλ = {r ∈ I | v(r) ≥ λ}
and Iλ+ = {r ∈ I | v(r) > λ}. Show that

gr I =
⊕

λ∈R≥0

Iλ/Iλ+

can be viewed as a left ideal in gr R.

Suppose now that (R, v) is complete and v(R\0) is a closed discrete subset of R≥0. Show that I is finitely
generated if gr I is finitely generated and deduce that R is left Noetherian if gr R is left Noetherian.

7. Show that if (G,ω) is a complete p-valued group then an ordered basis for (G,ω) cannot contain a p-th
power in G.

8. Let k be a commutative ring. Show that if g is a graded k-Lie algebra then U(g) may be given the
structure of a graded associative k-algebra in such a way that U(g) is free on g with respect to the
forgetful functor grAssk → grLiek

9. Show that if f : A→ B is a morphism of commutative rings and M is an A-module then B⊗AM is the
free B-module on M with respect to the restriction functor ModB →ModA along f .

10. Let (G,ω) be a p-valued group of finite rank. Show that there is a natural functor from the category of
filtered Zp-algebras and filtered Zp-algebra homomorphisms to FiltGp such that Zp[G] equipped with
the filtration

Zp[G]λ = Zp · {pr(g1 − 1) · · · (gs − 1) | r +
∑

ω(gi) ≥ λ for g1, . . . , gs ∈ G}

is free on (G,ω) with respect to this functor.
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