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To study the algebraic topology of a topological group G as a group,
it is usual to investigate it's so-called classifying space

BG := {some contractible free G-space}/G.
The classifying space BTop(d) has a concrete meaning: it classifies
fibre bundles with fibre RY.

I will try to express what we know via the homotopy groups

B _ {continuous maps f : S"™" — Top(d)}
mn(BTop(d)) = mn—+(Top(d)) = S RGTT

or, suppressing torsion, their rationalisations ,(BTop(d)) ® Q.
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Let me start with the simpler example of the group
Diff(RY)
of diffeomorphisms of RY (with the weak C>-topology).
The formula
[0,1] x Diff(RY) — DIff(RY)
(6.6) — (x> L9 1 1.5(0))

gives a deformation retraction from Diff(RY) to its subgroup GL(d)
of linear diffeomorphisms.

The Gram-Schmidt process deforms GL(d) to its subgroup O(d).

O(d) is a compact Lie group and its topology is well understood:

eg. m(BO(d) © Q = dém Qlul @ {Q[d] Zi::
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To understand what we have lost when stabilising by dimension, we
should analyse the differences between adjacent steps.

Smooth case. We have 290 ~ sd a5 O(d + 1) acts transitively on S¢
o(d)

with stabiliser O(d). Thus O(d) — O(d + 1) is (d — 1)-connected.

Furthermore, these differences can be related to one another:

o(d+1 o(d+2) _ 0(d+2)
é(d)) — Q5@ = Map«(S', 5gray)

O(d)-A— (0 — O(d+1)-Ro(A® 1)R,"),

where Ry € O(d + 2) rotates by 6 in the last two coordinates.

The source and target of this map are both (d — 1)-connected, but
the map is (2d — 1)-connected: this is Freudenthal’s suspension
theorem.
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This data, a collection X of based spaces Xy and structure maps
Xg — QX444 IS precisely a spectrum in the sense of stable homotopy
theory. The example here is the sphere spectrum S.

Using the structure maps we can make sense of
mi(X) == colim i 4(Xq)
and so on. The next basic theorem in this subject is
o} i<o
mi(S) =< 7Z i=o0
finite abelian i > o.
In relation to our story, we have
7Ti+d(%) = mi(S)

for i+ d < 2d — 1. This gives a sense in which the homotopy groups

of Ogé;;) are “the same” for varying d.
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Top(d+1) . Q Top(d+2)
Top(d) Top(d+1)

is only known to be ~ 2d-connected (Igusa '88).

Theorem (Waldhausen '81). The associated spectrum is K(S).
Combining with the calculation (Borel '74) of K.(Z) @ Q gives
map (1)) ® Q = Qlo] © QJ5] @ Ql9] © Q[13] @

for d +x < 5d. In degrees < 2d this leads to

. Q[d] d even
m«(BTop(d)) @ Q = ‘GjQ[‘f’]@ é@{d+1+4j] d odd.
J=
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Furthermore, there is something nontrivial in the s = 3 band:

Q2<7Q4<7Q10<;Q21<;Q15<_)Q3
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One cannot really study Top(d) by thinking about homeomorphisms.

Instead, one uses “smoothing theory” in the manner of Morlet:

Homeoy(D?) Homeo(R)\ Top(d)
o =% (i) =% (o))

Alexander trick: For f : D — D a homeomorphism
fixing 9DY, consider

0}
fi(x) = {x x| >t

t-flx/t) W <t.

= Homeoy (DY) ~ %
= BDIffy(D%) ~ 04 (75!
So understanding homeomorphisms of RY is more or less the same

as understanding diffeomorphisms of D9, and this is how it is
usually approached. B
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(For 2n # 4 there is also a “stability theorem” saying how quickly the
limit is attained.) -
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As D*" = W, ,, to understand BDiff5(D>") one can try to reverse the
effect of stabilising.

The crucial insight in this direction is due to Weiss, who observed
that there is a fibre sequence

BDiff5(D*") — BDiffa(Wq 1) — BEmb§/2(Wgy1).

The rightmost term consists of self-
embeddings of Wy, which are not re-
quired to be the identity on the bound-
ary, but only on half of the boundary.

Because of the change of boundary conditions, these embeddings
have “codimension n” from the point of view of embedding theory.
If n > 3 this space is therefore accessible using the

Goodwillie-Weiss “calculus of embeddings”.
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