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Products

Set Theory Background: If X and Y are sets,
X xY ={(z,y)|re X,y Y}

IfAcC X,BCY, AxB C X xY. There are projections 71 : X xY — X and
M X XY =Y.

Topology: If X and Y are topological spaces, the product topology on X x Y is defined
as follows: U C X x Y is open if for every z x y € U there exist open subsets V, C X,
VyCY,withzeV,,yeVy,and V, x V, CU.

If U is open in X x Y, then
U= |J vaxV,
exyelU
where V, and V), are as in the definition. Thus U is open if and only if it is union of sets
of the form V, x V,, where V,, is open in X and V,, is open in Y.
Set Theory Fact:
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Proof it’s a topology:

(1) 0 is open in X and Y, s0 @ = x () is open in X x Y, X is open in X and Y is
openinY,so X xY isopenin X xY.

(2) Suppose x xy € W = J,ec 4 Ua, where each U, is open in X x Y. Then z xy € U,
for some «, so there are open subsets V, C X, V, C Y, 2z € V,, y € V, with
Ve x Vi, C U, C W. It follows that W is open in X x Y.

(3) Suppose zxy € W = (i, U;, where each U; is open in X x Y. Then z xy € U; so
there are open subsets V,.; C X, V,,; C Y,z €V, y € Vy; with V. ; x V,, C U;.
So

T XyeE ﬁ(vai X Vyﬂ‘) C ﬁ U;
=1 =1
and

ﬁ(Vm X Vy,i) = (ﬁ Va:,i> X (ﬁ V,i)
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is of the form W, x W, where W, is open in X and W, is open in Y. Thus W is
open in X x Y.

Universal Property: f: Z — X x Y is continuous if and only if 7y o f and 75 o f are
continuous.

Set Theory Fact: f~'(A x B) = ((mry 0 f)"1(A)) N ((ma 0 f)~1(B))

Proof. 71 is continuous, since if V' C X is open, Wfl(V) =V xY is open in X x Y.
Similarly for me. Thus if f is continuous, m; o f is continuous.



Conversely, if 7 o f and 73 o f are continuous, and V,, is open in X and V}, is open in
Y, then

F7HVe x V) = ((mo /)71 (Va)) N (20 /) 7H(V))
is the intersection of two open sets, hence open in Z. If U is any open set in X x Y, then
U= |J VaxV, so f1U)= |J F'(VaxV)
rxyelU exyelU
is a union of open sets in Z, hence open. It follows that f is continuous.

Quotients

Set Theory Background: If ~ is an equivalence relation on X, the quotient X/ ~ is
the set of equivalence classes for ~. There is a natural projection 7 : X — X/ ~ which
sends an element of X to its equivalence class.

Topology: If X is a topological space, the quotient topology on X/ ~ is defined as follows:
U C X/ ~ is open if and only if #=1(U) is open.
Set Theory Fact:

7t (U Ua> =J ') and f! (ﬂ Ua> =) f'(Ua)
acA acA acA acA
Proof it’s a topology:
(1) 7=1(@) = 0 is open in X, so () is open in X/ ~. 771(X/ ~) = X is open in X, so
X/ ~ is open in X/ ~.
(2) If U, is open in X/ ~, then

f! (U Ua> = o)

acA acA

is a union of open sets in X, so it is open in X. Thus UscaU, is open in X/ ~.
(3) If U; is open in X/ ~, then
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is a finite intersection of open sets in X, so it is open in X. Thus ﬂ U, is open in
i=1
X/ ~.
Universal Property: f: X/ ~— Y is continuous if and only if f o 7 is continuous.

Proof. If U is open in X/ ~, then by definition 7=!(U) is open in X. So 7 is continuous.
Hence if f is continuous, f o 7 is too.

Conversely, if f o is continuous and U is open in Y, then (fom)~Y(U) = 7= (f~1(U))
is open in X. It follows that f~1(U) is open in X/ ~, so f is continuous.
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