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Lattin Hecke algebra

B
; Bj -B,-B; Ii

- j)> I
Hn -§ .

- - - Bn
- if Bj?.in?ig.BgijB?inBiBi" - B

Symmetry Ci Hn- Hn
, Ccg) -

-

g
- '

,
CCB;) - B ;

{ B (w) / w is a reduced word} is a basis for Hn

EI : Hz = ( I , B , ,Bz , B,Bz , B2B , , B,B2B ,>
11 11

B12 B
21

Better choice of last vector

Biz , = B ,BzB,
-B
,
= B2B ,B,-B,

B
' B'21 = Biz,B, = Bi Biz, = Biz ,Bz = [a)B

,z ,

⇒ (B
,z ,
> is a z-sided ideal

(Biz ,> = Ker Yi Hz-TL,



Hz -- LBSISES,> I -- Be Bw - Bscwg

GoodProperties :
-

TT
,
I = {03

① Filtration by ideals where [is -_9g!g
(Biz ,) CCB , ,BdcH,

Tinn ( (x) - {03 Thx

② Bs -Biz, =p Biz ,
Inti ""Bn -- {Btrnx {ng = a5g?g.a

S PCs) TT CBs) Eci Tr Biz, = TRB,BzB, - Tr B ,

e I {033 = Tr B? Bz - Tr B,

1,2 [27 {03243 = [23203432- Eo3%3

Iz,2l [232 {03432 = 9034342393 - {03)
121

"

[23133 {0311363 ={o3{i3{z}



Flag Varieties-

V - vector space over G

FLCV)={ so}- VocYc . . .
- Vn-VI din Vi - i}

Fen -- Fl ( en)
+
Gr ( i.n)- GP

" '

Ii Fen- Gr (n-I,n) it
-' (V

' ) -- Flcv
') - Fln

. ,

( Vi)→ Vn- i

Fibration Fln, → Fln Fln is a cell ex with

d →
n ! cells

,
alleven dim 't

gpn
-I

Poincare polynomial P(Fln)=P(Fln. .) Pip
"')

=P (Fln. .) ENT where [nT=t
+
Z
- I

→plan)=CnT !
[NT ! e5 . --ED



Bruhat cells :
-

G - Glace) B -
-

{umppaefstsegsulaf.co
Borel subgroup

GIB - Fln

(wi . . ..ws) ← (V;) V
;
= Lws

, . . . ,W ;>
column flag
matrix

,
Weyl group

Prep : G - sets
,

BSB Snes Glace) permutation matrices

see ;) = esci)

Det : Us - image of BSB in GIB - Fln Bruhh- cell

Prof : Us is a cell of dim zlcs)



Boot : If b , , bat B , b
,
Ab
,
is obtained from A by

multiplying rows, columns by constants

adding lower rows to upper , left columns to right .

Given A C- Glen ( E)
,
reduce to a permutation matrix by

1) Find first nonzero entry 2) Multiply tomake it 1
.

in bottom row
.

3) Clear all entries in 4) Repeat w/ next row up.
column above and row
to sight

ex : ¥i¥c÷¥H÷÷h%÷,



Picture Proof of ② i
-

O O l O O ⑧ • I ⑧ ⑥

O O O O l ⑧ Bo o • 1

If s = o o o l 0
Floss in VS ⑧ ⑧ O l O O 's below 1 's

/ O o o o
look like

, • o o o

O l O O O O l O O O

⑧ O• I 0 0

Any such flag can ⑧ ⑧ O ⑧ I

be uniquely expressed ⑧ ⑧ o l O O 's to sight of l 's
as I O O O O

O l O O O

l 2 3 4 5
I

# of free variables (• ' s) =
I • ⑥ I O O

# of crossings in this string diagram for s z )0§•#3 OF O O l O

y l O O O O

5 O l O O O



Bruh at Order on Sn Ex : S
,

121 > 12>2 > e
-

i

sics if we can get from a minimal length

string diagram for Stoa string diagram
→#→ / → / / /

l l

for s ' by resolving crossings .

s
'
as ⇒ les

'

) < Lcs)

Prep : Vs
'

CTS ⇒ sics Bruhat diagram for S, IFL,
lls) ~

Cer : Et - Cns ! e. is
Se Sn S P (VT) = PCs) z 121

e I

Ex : n =3 2 12 21 I

1,2 [23
I I 2 2

12
,
21 [2)

Z

o e I

121 [DID



Bruh at diagram for Sylfly

lcs)
G 121321

5 21321 12321 12132

4 1321 2321 2132 1213 1232

3 321 121 132 213 232 123

Z 21 12 13 32 23

I I 2 3

o e



Kazhdan - Lusztig Basis : Partitions -

T -

>

Basis {Bslsesn} of Hn X - { X.2×22 . ..? He>o}

Properties is a partition of n - EX ;

① Length Filtration write Xin

If s - S
;
s
'

,
les) > les

'

) Represent by Young diagrams
B
; Bs. - Bst E ↳ B+ -0=523 Dl - { 1,13

emcees
'

)
6=82,13

② Symmetry : ( CBs) - Bs
partial order : X.nth

Ci Hn -Hn
,
CCB ;) - B;
( Cg) -

-

g
' ' Xzuif

.

Xi ? ;§u ; for all k
③ Filtration by Ideals Ex: n - 4

If utn
, Iiesbslxcszu) rise Foia Dtc Efc Ff

is a z - sided ideal in Hn



Robinson - Schensted
-

"

To insert K into Ti

SE Sn → a) (s) In

1) Look at bottom row
Insert SCD

,
SCH

, . .
.

.
Scn)

tobuild Young tableau . 2) If K > all elements
,
add k to end

.
Stop .

Ex: n - 5 I -04 3) If not
,
let K' be smallest entry > K

Z → 5

S: 3 - I 4) Replace K'with K .
Repeat i)

433 with K ' and next row up.
5 -02

4

4045 - i's - i' E - PE
⇒ his) -- FIT

Longest word Wo is the only sesh with Acs) -- DI -- En}
Ex in- 4

, i ,

Wo ( i) - n - i § Wo - I 21321

ecwo) -- (2)
X
l l l l



X Cs) shown on If
Brunet diagram for S4

ffg ffg Ffg
I

Ets Els Et Es Es
9

4 FIT Ffs LIF LIF Ets the

9

1
FIT FIT It €4 Hei

Hei Fei Hei

#



④ Smallest Ideal Isis = CB
,
>

⇒ Bs -Bwo- pscq)Boo what is pscg) ?

By symmetry pscg) - Bcg
- ')

i pscq) - P ( VI ) VJ = Schubert variety
i works for most s

, e.g .

P(Tizz ,) - [2/13] = Pizz, CE)



-

cells in V
,zz , 121321

21321 12321 12132

I 1321 2321 2132 1213 1232

3 321 121 132 213 232 123

4 21 12 13 32 23

3 I 2 3

I e



Cells in Jazz
121321

21321 12321 12132

I 1321 2321 2132 1213 1232

4 321 121 132 213 232 123

5 21 12 13 32 23

3 I 2 3

Problem !
I e



④ Smallest Ideal Isis = CB
,
>

⇒ Bs -Bwo- pscq)Boo what is pscg) ?

By symmetry pscg) - Bcg
- ')

i pscq) - P ( VI ) VJ - Schubert variety

i works for most s
, e.g .

P( Izz ,) - [2/13] = Pizz, Cq) Tizz , is smooth

But P (VI.32) = It 3. t't 51-4+476+78 Jazz is not ; does not satisfy

is not symmetric Poincare
'

duality

solution : Ps Cq) - P ( IH
* (VJ)) IH

't
- Intersection cohomology
(Goresky - Macpherson)

PCIH
*

( Jazz)) -- G)
"



⑤ Positivity

BsBs, = §, C Bs"

Cgs's
'

. c- IN [ g
"] ! ! ( KL - Conjecture)

why ?

HeckeCateg : additive monoidal category
additively generated by objects RBs (sesh)

with IBS IBS. = css.si/Bsi .
Models for Hn i
-

• Perverse sheaves on Fln
(Berlin son -Bernstein 1 Kashiwara)

• Bimodules over Roi Efx , . . .-X)
(Soergel)



Soergel Bimodules .-

S
,
acts on Rn by permuting Xi 's

Risi>= ring of invariants = G[Xi
,
. . - Xi- i , es,ez , Xitz , - - Xn)

1B
;
= R④

psi
R e

,
- X

,
- tXi+, ez-

- Xi Xin

SBim
,
= full subcategory ofR-R

,
b>modules

generated by B ; , taking ④ , direct summands

Ex : As left module over Rnsi
,
Rn = Rossi ×

,
Roisin City) Rnsi

free Rnsinodule generated by 1
,
X
,

→ 1B ;④1B ;
- R④pill't

'

)Ri⑦rR⑦riR
lBwo=R④psnR= ( Itg

') R④p;Ri④p; R - (gtg
" ) 1B ;



Hochschild Homology
-

:

Functor HH : R-mod-R - R -mod

R=R[Xi
,
Xi
'

) R - mod-R ← E -mod

HH
* ( IB) -- Tor:'( 1B, R)

Prep : (Khovanou) If IBESB inn
B ( HH* ( 1B)) - TT [ 1B) Het XCHH* ( 1B) )

{ fasiqdin HHICB) [Bs) -- Bs

Proof_ : Check properties 1) - 4) ofTr
.



¥+4:
Sergey : Bs - IH} ( Ew )

Is = BST c G Equivariant cohomology :
11

B. acts on left and right
it
- ' ( VI) B-T maximal torus

Hfs Cpt) - HI Cpt) - Rn

Them : (Williamson -Webster) HH
*
( 1B ) - I Hfs (E )S S

B acts by conjugation

Is smooth ⇒I Hfs ( Es) = HE let)④ H'T Es)

Vj = iterated projective bundle Ee: H
*

( Ew
.
) - H

*

( Glace))

Es = iterated sphere bundle . = HT Ucm)

= # (x
, , Xz , . -- Xan - I)


