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Introduction

The Beilinson conjectures describe the leading coefficients of L-series of varieties over number fields up
to rational factors in terms of generalized regulators. We begin with a short but almost selfcontained
introduction to this circle of ideas. This is possible by using Bloch’s description of Beilinson’s motivic
cohomology and regulator map in terms of higher Chow groups and generalized cycle maps. Here we follow
[B13] rather closely. We will then sketch how much of the known evidence in favour of these conjectures —
to the left of the central point — can be obtained in a uniform way. The basic construction is Beilinson’s
Eisenstein symbol which will be explained in some detail. Finally in an appendix a map is constructed from
higher Chow theory to a suitable Ext-group in the category of mixed motives as defined by Deligne and
Jannsen. This smooths the way towards an interpretation of Beilinson’s conjectures in terms of a Deligne
conjecture for critical mixed motives [Sc2]. It also explains how work of Harder [Ha2] and Anderson fits
into the picture.

For further preliminary reading on the Beilinson conjectures, one should consult the Bourbaki seminar
of Soulé [Sol], the survey article by Ramakrishnan [Ra2] and the introductory article by Schneider [Sch].
For the full story see the book [RSS] and of course Beilinson’s original paper [Bel]. Here one will also find
the conjectures for the central and near-central points, which for brevity we have omitted here.

1. Motivic cohomology

Motivic cohomology is a kind of universal cohomology theory for algebraic varieties. There are two con-
structions both generalizing ideas from algebraic topology. The first one is due to Beilinson [Bel]. He
defines motivic cohomology as a suitable graded piece of the ~-filtration on Quillen’s algebraic K-groups
tensored with Q. This is analogous to the introduction of singular cohomology as a suitable graded piece of
topological K-theory by Atiyah in [At] 3.2.7.

For smooth varieties there is a second more elementary construction which is due to Bloch [B12,3,4].
It is modeled on singular cohomology: instead of continuous maps from the n-simplex to a topological space
one considers algebraic correspondences from the algebraic n-simplex A, = A" to the variety. We proceed
with the details:

Let k be a field and set for n>0
A, =Speck[Tp,...,T,]/(ZT; —1).
There are face maps
(1.1) 0;:Ap—Apy; for 0<i<n+1
which in coordinates are given by
Di(tos . tn) =ty tic1,0,t; ... ).

Let X be an equidimensional scheme over k. A face of X x A,, is the image of some X X A,,,, m’ <m under
a composition of face maps induced by (1.1)
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We denote by 27(X,n) the free abelian group generated by the irreducible codimension ¢ subvarieties of
X x A, meeting all faces properly. Here subvarieties Y1,Ys C X x A,, of codimensions ¢y, co are said to meet
properly if every irreducible component of Y3 MY, has codimension > ¢; +¢ on X. Observe that z9(X,n) is
a subgroup of correspondences from A,, to X. Using the differential

n+1 .
d= Y (-1)0] :29(X,n+1)— z9(X,n)
i=0

one obtains a complex of abelian groups 2%(X,-). If X is a smooth quasiprojective variety over k setting
I'x(q) =2(X,29—")

we define:

(1.2) HY,(X,A(q))=H"(Tx(q) ®A)

for any ring A. By one of the main results of Bloch these groups coincide for A = Q with the groups
H%,(X,Q(q)) defined by Beilinson using algebraic K-theory. Using either definition the following formal
properties can be proved:

(1.3) Theorem. (1) H),( ,Q(x)) is a contravariant functor from the category of smooth quasiprojective
varieties over k into the category of bigraded Q-vector spaces. For proper maps f: X — Y of pure codimension
c=dimY —dim X we also have covariant functoriality with a shift of degrees

fot Hy(X,Q(%)) = H} (Y, Q(++¢)).

(2) There is a cup product which is contravariant functorial, associative and graded commutative with
respect to -.

(3) There are functorial isomorphisms compatible with the product structure
H(X,Q(p) = CHY(X)®Q.

(4) H}((X,Q(1))=T(X,0*)®Q functorially.

(5) Let i: Y — X be a closed immersion (of smooth varieties) of codimension ¢ with open complement
7:U=X—-Y — X. Then there is a functorial long exact localization sequence

o H2(Y,Qx = 0) > Hi (X, Q() & Hiy (U, Q())
— HE T (V,Q(x =) — -

(6) If 7: X' — X is a finite galois covering with group G we have m.7* = |G| id and ™7, =) 50",
In particular

™ Hj (X, Q(x)) 2 Hiy (X', Q())“
is an isomorphism, i.e. Hy,( ,Q(x*)) has galois descent.
For zero dimensional X over Q the motivic cohomology groups are known by the work of Borel

[Bo1,Bo2] on algebraic K-theory of number fields. A proof of the following result which does not make use
of algebraic K-theory seems to be out of reach.



(1.4) Theorem. Let k be a number field, X =Speck. Then

dimq H (X, Q(q) =71 +72 if ¢>1 is odd
=7y if ¢g>1 is even

(1)

where 11,79 denote the numbers of real resp. complex places of k.

(2) HR(X,Q(q))=0 for p#1.
Observe that for X as in the theorem we have:

Hy,(X,Q(1) =k*®zQ.

In view of the class number formula which involves a regulator formed with the units of & we see that for
arithmetic purposes the groups H%,(X,Q(g)) may have to be replaced by smaller ones:

If X is a variety over Q we set:

H,(X,Q(q)z = Hy, (X,Q(q)) for ¢ > p.
HY,(X,Q(q))z =TIm(H},(X,Q(q)) — HR(X,Q(q)) for ¢<p.

Here X is a proper regular model of X over SpecZ which is supposed to exist. The groups H 5\)/[ (X,Q(q)) are
either defined by the above construction which also works over SpecZ or by using the K-theory of . The
“motivic cohomology groups of an integral model” H%,(X,Q(q))z are independent of X. It is a conjecture
that (1.6) holds if the definition in (1.7) is extended to g > p.

2. Deligne cohomology and regulator map

The definition of Deligne cohomology which is about to follow may seem rather unmotivated at first. We
refer to (2.9) below where a conceptual interpretation of these groups as Ext’s in a category of mixed Hodge
structures is described.

(2.1) For a subring A of C we set A(q) = (27i)?A C C. Let X be a smooth projective variety over C and
consider the following complex of sheaves on the analytic manifold X,y:

R(q)p = (R(q) *)O—)...*)QQ*I)

in degrees 0 to q. We set
H‘ZI;(X7R(Q)) :Hp(XanaR(q)’D)~

Apart from the Deligne cohomology groups we need the singular (Betti) cohomology groups of X,
Hp(X,A(q)) = Hpy (Xan, Ag))

and the de Rham groups
H%R(X) :Hgar(X’QX/C) ng(XanaQV)'

(2.2) If X is smooth projective over R there is an antiholomorphic involution Fi, on (X@)an, the infinite

Frobenius. We set
HL(X,R(q)) = Hp(Xe,R(g)*

where the superscript + denotes the fixed module under
F._ = F* o(complex conjugation on the coefficients).
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The groups HP(X,A(g)) are defined similarly if 1/2 € A. Observe that under the comparison isomorphism
Hpp(Xc/C) = Hp(Xe,C)
the de Rham conjugation corresponds to F; and hence

Hpp(X) = Hp(X,C).

(2.3) Recall that if u: A" — B is a morphism of complexes of sheaves the cone of u is the complex
Cone(A % B)=A[l]eB
with the differentials

At B 5 A1T2 p Ret!
(a,0) = (=d(a),u(a) +d(b)).

There are quasi-isomorphisms on X,
Cone(Q2*?®R(q) — Q)[~1] = R(q)p

where 029 = (0 — --- — 0 — Q4 — Q41 — ...) and u is the difference of the obvious embeddings. For a
smooth projective variety X over R or C we thus obtain a long exact sequence

- = Hp (X, R(q)) = F'H] p(X) ® Hp (X, R(q))

(23.1) Y (X) — HEL(X.R(g) -

Recall here the definition of the Hodge filtration (for X/C say):

FIHY (X)) =Tm(HE

Zar

(X’Q)2(30> - Hé)ar(X7 QX/C))

and observe that by GAGA and the degeneration of the Hodge spectral sequence we have

FU (X) & Y, (X.9316) = HP (X0, 079).

Now assume that X is a variety over R. Using Hodge theory we obtain for ¢ > £ +1 exact sequences

(B) 0— FIHY o(X) —H5(X,R(q—1))—HE(X,R(¢)) —0
(D) 0— H%(X,R(q))—HYp(X)/F?  —HY™(X,R(q))—0.

For a smooth projective variety X over Q these define Q-structures

032 Bya = det(HE(Xr, Qlg— 1)) @ det(F1H 1 (X/Q))”
Dp,q=det(Hpp(X/Q)/F?) @det(Hy(Xr,Q(q))"

on det H%H(XR,R((])). Here det W denotes the highest exterior power of a finite dimensional vector space
and ¥ is the dual.

(2.4) For smooth quasiprojective varieties X over C the above definition of Deligne cohomology leads to
vector spaces which are in general infinite dimensional. A more sophisticated definition imposing growth
conditions at infinity remedies this defect.



By resolution of singularities there exists an open immersion
jiX—X

of X into a smooth, projective variety X over C such that the complement
only normal crossings. Consider the natural maps of complexes of sheaves
R(q) — Q' on X,,. Choose injective resolutions

X — X is a divisor with
) —

D =
%( §«Qy on X, and

R(g)=>I and Qy=»J

and set
Rj.R(q)=j.I and Rj.Qx=7j.J".

We get induced maps on Xon
Q=Y(D)— Rj.Qy and  Rj.R(q)— Rj.Qx
and using the difference of these we can form
R(g)p = Cone(22 (D) & Rj.Rg) — Rj. Q) 1.

The Deligne cohomology groups o
H%(XaR(Q)) = Hp(Xan; R(Q)D)

are independent of the choice of resolutions and compactification. As before we can define D-cohomology of
varieties over R.

For X over R or C there is still a long exact sequence (2.3.1) where now F7H?, ,(X) is the Deligne
Hodge filtration on H?,,(X). Observe that by the degeneration of the logarithmic Hodge spectral sequence

FUHY 5(X) = HP (Xan, Q24(D)).

Assertions (1), (2), (5), (6) of theorem (1.3) have their counterparts for Deligne cohomology. The analogue
of assertion (4) is the formula

(24.1) Hb(X,R(1)) = {g € H'(Xan, O/R(1)) | dg € H(X 10, Q1(D))}

which follows immediately from the definition. The typical element of this group should be thought of as an
R-linear combination of logarithms of regular invertible functions on X.

(2.5) In the proofs of the Beilinson conjectures a more explicit description of D-cohomology in terms of
C*°-differential forms is used. Let A" be the de Rham complex of real valued C*°-forms and let 7, : C — R(k),
m(2) = (24 (—1)¥2) be the natural projection. There is a quasi isomorphism u

R(q)p = Cone(Q=(D) & Rj.R(q) = Rj.Qx)[~1]

|

R(q)p := Cone(QZ!(D) — j. Ay @ R(q—1))[~1]

on X, induced by the projection
O (D)@ Rj.R{q) Q5 (D)

and by the composition:
RjQx =jud — oAy @C =5 jLAx @R (g—1).
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In particular

H%(X7R(Q)) = H%(YamR(q)D)'
For p=¢q we obtain by a straightforward computation
¢ € HO(Xon, AP~ ®B(p_ 1)lde=mp-1(w),
we HY(X an, Q%(D))

(2.5.1) Hp (X, R(p)) dHY(Xoan, AP 2@R(p—1))

1%

In case p=1 we find
Hp(X,R(1)) = {p € H(Xan, A°) | dp = mo(w), w € H*(Xan, (D))}.

Under this isomorphism the section g of (2.4.1) is mapped to ¢ =7(g) and w=dg.

Using (2.5.1) as an identification the cup product of classes [¢.], [¢p] in HE (X, R(a)) resp. H% (X, R(b))
with associated forms w,, wy is represented by

PaUpp = @q Ampwp+ (—1) Tawa A @p.

One checks that w, Awy is associated to g Upp.
We also note that in this description the boundary map in (2.4.1) is given by

0: Hp (X, R(p)) = FP Hpp p(X) © Hp (X, R(p))
= (W, [w]).
Observe that m,_1[w] =0 and hence [w] € HY(X,R(p)).

(2.6) The final ingredient in the formulation of the Beilinson conjectures is the regulator map. This is a
co- and contravariant functorial homomorphism

o Hjy (X, Q(%)) = Hp (X, R(x))

for smooth quasiprojective varieties X over R or C which commutes with cup products. If motivic cohomol-
ogy is described in terms of K-theory rp is a generalized Chern character. In the description of H}, given
in section 1 rp becomes a generalized cycle map (see (2.8)). There is a commutative diagram:

Hy, (X, Q(1)) > Hp(X,R(1))

log

(2.6.1) | / Lo
X oy | de = mp(w), w with log-sing. at
O*(X)®Q 1<;|| {QDGF(X,A) infinity

If X is a smooth quasiprojective variety over Q the regulator map is defined by composition:

o Hjy(X,Q(+)) = Hjy(Xr, Q(x)) = Hp (Xr, R(*)).

(2.7) The formal properties of motivic and Deligne cohomology and of the regulator map which we have
mentioned up to now are sufficient for an understanding of the proofs of Beilinson’s conjectures in the cases
sketched in section 4. For Bloch’s actual construction of the regulator map as a generalized cycle class map
in (2.8) however more properties of Deligne cohomology are required. We list them briefly:

(2.7.1) There are relative D-cohomology groups H%’Y(X ,R(q)) for smooth, quasi-projective X over R and
C and arbitrary closed subschemes Y of X. These fit into a co- and contravariant functorial long exact
sequence

— HE, 3 (X, R(q)) = Hp (X, R(q)) — Hp(X ~ Y, R(q)) — Hp'y (X, R(q)) — -
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(2.7.2) If Y C X has pure codimension ¢ there is a contravariant functorial cycle class [Y] in H%q’Y (X,R(q)).
Moreover weak purity holds: in other words, H%yY(X,R(q)) =0 for p<2q.

(2.7.3) Homotopy: HP (X x A*,R(q)) =H}(X,R(q)).

(2.7.4) For Y C X of pure codimension there are complexes of R-vector spaces Dy (X,q) which are con-
travariant functorial with respect to cartesian diagrams

Yl [N X/
! !
Y — X

and such that
Hp v (X,R(q)) = H?(Dy (X,q)) functorially.

Remarks. (1) The relative D-cohomology groups are defined by

res

H v (X,R(q)) = H? (X, Cone(R(q)p,x — R(¢)p,x-v)[~1])

where R(¢)p,x and R(q)p x_y are the Deligne complexes on X and X —Y computed with respect to
compatible compactifications. The long exact sequence is then an immediate consequence.

(2) For the complexes D'(X,q) = Dy(X,q) we can choose:

D'(X,q) =limsC (U, R(q)p)

the limit over all coverings U of X, of the associated simple complex to the Cech complex with coefficients
in R(g). Moreover
Dy (X,q) = Cone(D'(X,q) = D'(X =Y, q))[-1].

(2.8) We now proceed to the construction [B13] of the regulator map for smooth quasiprojective varieties
X over R or C. Consider the cohomological double complex

D(X*,q) =D (X x A_..q)

non-zero for - >0, x <0 with *-differential:

d= 3 (~1)10; : DY(X* q) — DP(XTH g).
1=0

Similarly another double complex is defined

D.SHPP(X*’ q) = hln D'SuppZ(Xfﬂwq)'
Z€z1(X,—x*)

For technical reasons we truncate these complexes (non-trivially) in large negative x-degree:
Dksupp) (X*7q) = T*Z*NDtsupp) (X*ﬂ q)

where N >> 0 is an even integer.

Consider the spectral sequence
EP = HY(D' (X%, q)) = H**(sD' (X*,q))
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where s denotes the associated simple complex of a double complex. Because of the homotopy axiom

E®" = HL (X, R(q)) for —N<a<0,b>0
and Ef’b = 0 for all other a,b. Moreover d‘f’b =0 except for a even, —N < a <0 and b > 0 in which case
d%"* =id. Hence we obtain isomorphisms

HP(sD*(X",q)) = Hp (X, R(q)).

In the spectral sequence

B = H' (D}, (X",q)) = BT = HM (D, (X*,9))

supp supp

we have
a,b :
Ef7= " lim H%’suppz(X%R(Q))
Z€ez4(X,—a)

for —N <a<0,b>0 and Ef’b =0 otherwise. The cycle map induces a natural map of complexes
Px(a)* — By~

and hence for all p a map
—2q,2
Hj(X,Z(q) — B3~

Due to weak purity the groups EY ' are zero for b< 2q and all r > 1. Hence there are natural maps
E1217211_)_>Ea,2q —, Eot2a
o .

Choosing —N < p—2q the regulator map rp is defined by composition:

ml lllat.
H)(X,R(q)) =———= HP(sD'(X*,q)).

It is independent of N. Similarly a regulator (or cycle) map into continuous étale cohomology [Jal] can be
constructed.

(2.9) We now sketch how the notions introduced fit into the philosophy of motives. More details will be
given in the appendix.

Assume X is smooth, projective over R. Let M Hgr be the abelian category of R-mixed Hodge struc-
tures with the action of a real Frobenius. According to Beilinson ([Be3], see also [Ca]) there is a natural
isomorphism for p+1 < 2¢q

HE™ (X, R(q)) = Extiyp, (R(0), HE(X)(q)).
One would like to give a similar interpretation to the motivic cohomology groups as Ext-groups in a suitable
abelian category of “mixed motives”. The ultimate definition of such a category remains to be found.
However via realizations (¢-adic, Betti, ... ) working definitions have been found for M Mq and MMz the
categories of mixed motives over Q resp. Z, see [De3,Ja2,Sc2]. It is shown in the appendix that for smooth,
projective varieties X over Q there are natural maps (conjecturally isomorphisms) for p+1 < 2q

HYH(X,Q(q)) = Exty g (Q0), HP(X)(q))

and one hopes that the image of Hﬁj{l(X, Q(q))z is precisely Exty,,,, (Q(0), HP(X)(g)). Moreover there is
a commutative diagram

HN(X.Q@) "=  Hp'(Xr.R(g)

! L

Ext g (Q(0), HP(X)(q) —2— Ext;p,, (R(0), H%(Xr)(q))

where Hp maps a mixed motive to the Betti realization over R endowed with its mixed R-Hodge structure.
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3. The conjectures

Recall the definition of the i-th L-series of a smooth projective variety X over Q by the following Euler
product:
L(H'(X),5) = [T Py(H*(X),p™).
2

Here we have set
Py(H'(X),t) =det (1= Fryt | H, (Xg ,Qo)™)

where £ is a prime different from p, I, is the inertia group in Gq, and F'r, is the inverse of a Frobenius
element in Gq,. For primes p where X has good reduction the polynomial P,(H"(X),t) has coefficients in
Q independent of £. The product of the P,(H*(X),p~°) extended over the good primes converges absolutely
in the usual topology for Res> % 4 1. Conjectures [Se]:

- The polynomials P,(H*(X),t) lie in Qt] for all p, and are independent of ¢, and nonvanishing for
|t| <p717i/2.

- The Euler product has a meromorphic continuation to the whole plane.

- There is a functional equation relating L(H*(X),s) and L(H*(X),i+1—s) as in [Se].

Concerning the special values of these L-functions there is the following conjecture.

(3.1) Conjecture. Assume n>%+1. Then:
(3.1.1) rp@R: H{{ N (X,Q(n))z@R — Hi ' (Xr,R(n)) is an isomorphism.
(3.1.2) rp(det Hih ' (X,Q(n))z) = L(H(X),n)D;,, in det Hjy™ ' (Xr,R(n)) with D;,, as defined in (2.3.2).

If the above hypothesis on the L-function of H'(X) are satisfied assertion (3.1.2) is equivalent to:
(3.1.3) rp(det Hi N (X,Q(n))z) = L(H (X),i+1-n)*B;,

in det H5™ (Xgr,R(n)) where L(H*(X),k)* denotes the leading coefficient at s = k in the Taylor development
of the L-series [Ja3].

The following result on the order of vanishing follows from a straightforward calculation and the expected
functional equation[Sch]:

(3.1.4) ords—it1-nL(H (X),s) =dim Hp' (Xr,R(n))
o =dim H;'(X,Q(n))z assuming (3.1.1).

Observe that the conjectures determine the special values of the L-series up to a non-vanishing rational

number. Equation (3.1.3) is the original proposal by Beilinson. The version (3.1.2) is a reformulation due

to Deligne. It requires less information about the L-series to make sense.

For the remaining values of n: the right central point n = %—i— 1 and the central point n = # the
conjectures have to be modified ([Bel], Conjecture 3.7 et seq.). Since we don’t deal with examples for these
cases we skip the formulation. A uniform approach is possible in the framework of mixed motives: The
Beilinson conjectures are seen to be equivalent to a Deligne conjecture for critical mixed motives [Sc2]. An
integral refinement of the conjectures has been proposed by Bloch and Kato [BIK] using their philosophy of
Tamagawa measures for motives. Essentially the only case where (3.1.1) is known is for X the spectrum of
a number field. In this case the result is due to Borel with a different definition of the regulator map. For a
comparison of the regulator maps see [Bel,Rap]. For a proof of Borel’s result the K-theoretical approach
to motivic cohomology is essential.

In a number of cases to be treated in section 5 and 6 the following weakened version of the conjectures
can be proved.



(3.2) Conjecture. Assume n > %+ 1. Then (3.1.1) and (3.1.2) (or (3.1.3)) hold with H;'(X,Q(n))z
replaced by a suitable Q-subspace.

Thus motivic cohomology as we have defined it should at least be large enough so that a sensible
regulator can be formed having the expected relation to the L-values.

(3.3) Generalization to Chow motives. For some well known L-series the above framework is too
restrictive. For example the Dirichlet L-functions of algebraic number theory are not covered. This is
remedied by extending the above notions and conjectures to the category of Chow motives, which should be
thought of as generalised varieties. Fix a number field 7'/Q — the field of coefficients. Let V) be the category
of smooth projective varieties over a field k. Consider the category Ci(T) with objects TX for each object
X in V; and morphisms

Hom(TX,TY)=CHY™Y (X x,Y)®T.

For a:TX; —TX5 and b: T Xy — T X3 composition is defined by intersecting cycles:

boa=pi3. (pf2a~p§3b)

where p;; : X1 X Xo x X3 — X; x X; are the projections. Sending X to T'X and a morphism f to its graph
f defines a covariant functor from Vj, — Cj, (T). The category of effective Chow motives M} (T is obtained
by adding images of projectors to Cx(T). Objects are pairs M = (T'X,p) where p € End(TX), p?> = p and
morphisms are the obvious ones. Setting

Ho(M) =p"(H:(X)®T)

the cohomologies and conjecture (3.1) factorize over MS(T) They determine special values of T'® C-valued
L-series L(H*(M),s) up to numbers in T*. See [Bel,Ja3,Kl,Ma] for more details.

Remarks. The category Ma(T) is not abelian. If instead of Chow theory one considers cycles modulo
homological equivalence one obtains what is essentially Grothendieck’s category of (effective) motives. Stan-
dard conjectures on algebraic cycles would imply that it is an abelian semisimple category. Nowadays these
motives are called pure in contrast to more general “mixed” motives which should come e.g. from the H® of
singular varieties. The category of these mixed motives M Mq was already alluded to in section (2.9). As
yet there is no Grothendieck style definition for M Mgq using cycles but only a definition via realizations.

As an example of a Chow motive let us construct the motive M, of a Dirichlet character x of a number
field k: Via class field theory we may view x as a one-dimensional representation of the absolute galois group
Gy, of k with values in a number field T':

x:Gr—T".

We may assume that T is generated over Q by the values of y. Choose a finite abelian extension F/k such
that x factorizes over G = Gal(F'/k) and set

M, = ey (T'Spec(F))

in M (T) where e, is the idempotent:

Observe that M, is independent of the choice of F'.

We end this section with a short discussion of known cases for the conjectures. (3.1) is known for
X =SpecF, F/Q anumber field [Bo2] and for the motives M, attached to Dirichlet characters of k= Q or
k= K an imaginary quadratic field [Bel,Den2]. In section 5 and 6 we will deduce the evidence for the weak
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conjecture (3.2) from the theory of Beilinson’s Eisenstein symbol map (section 4). The logical dependences
in our approach are depicted in a diagram:

modular curves/Q;
Shimura curves/Q [Ral]
7

modular curves [Bel,Be2,SS1]

modular forms of

Eisenstein symbol — weight > 2 [Sc2]

! N\

Dirichlet characters of imaginary
quadratic fields [Den2]

!

Dirichlet characters
of Q [Bel,Den2,N]

algebraic Hecke characters
of imaginary quadratic
fields [Denl,Den2]

CM elliptic curves over
number fields of Shimura
type [B11,Denl]

4. Kuga-Sato varieties and the Eisenstein symbol

The Eisenstein symbol is a certain “universal” construction of elements of motivic cohomology of an elliptic
curve, or more generally self-products of an elliptic curve. It has its origins in the work of Bloch [Bl1] on
K of elliptic curves but was constructed in generality by Beilinson [Be2]. For a constant elliptic curve a
slightly refined construction is made in [Denl].

4.1 We first introduce the modular and Kuga-Sato varieties. In what follows n will be an integer > 3.
Let M,, be the modular curve of level n, parameterising elliptic curves E together with level n structure
(Z/n)? = E[n]. Thus the set of complex points M,,(C) is the disjoint union of ¢(n) copies of I'(n)\H, the
quotient of the upper half-plane by the principal congruence subgroup I'(n) C SL2(Z).

The assumption n >3 assures that there is a universal family of elliptic curves:
m: X, — M,.

Write M,, for the usual compactification of M,,, and M:° = M, — M,, for the cusps of M,, (a sum of copies
of SpecQ((,)). Then we can consider the minimal (regular) model of X,, over M,:

ﬁ:Xn—MWR

whose restriction to M,, is just 7. For each cusp s € M2°, the fibre 771(s) is a Néron polygon with n sides.
Write X,, C X,, for the connected component of the smooth part (Néron model) of X,,. Then 771(s)NX,, is
(non-canonically) isomorphic to the multiplicative group G,.

(4.2) For 1 >0 write X, XL, X! for the I-fold fibre product of X,, (resp. X,, X,,) over M,. The variety
X! has singularities for I > 2; we shall consider these in 5.2 below. Since X/, is a group scheme over M,,, in
addition to the obvious projections

pi:X£L—>Xn for 1<i<l

onto the factors, there is a further projection

po=—p1——p: X, — Xn.
These (I+1) projections p; allow us to regard X! as a closed subscheme of X’*!. This gives an action
of the symmetric group S;;; on X!, permuting the projections po, ... p;. The same construction works also

for X,ZL
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(4.3) From the localisation sequence (1.3.5) for the pair (X!, X!) we have:

(43.1) HNXL, QU+1)) — HiH (X, QI+1))
- —Hj (M x Gy, Q(1) — H (X, QUU+1)).

Consider the eigenspaces for the sign character sgn;,; of S;1 ;. Under the involution o : 2+ x7! of G,,, the

motivic cohomology (1.3.4) of G,,, decomposes:—

Hj(Gn/k, Q1) =k[z,2 ' "®Q=k"0Q® Qz.
o=+1 o:/

—

Using this it is not hard to see that
(4.3.2) Hj (M3 % G, QU sgn, = Hi (M2, Q(0)) = QM.

Here Q[M:°] denotes the set of Q-valued functions on the closed points of M °. By composing (4.3.1) and
(4.3.2) we therefore obtain a “residue map” in motivic cohomology:

1
Res ),

(433) Hﬁl(Xfl7Q(l+]'))Sgan—)Q[M;’ZO]
Beilinson’s key result is then:—

(4.4) Theorem ([Be2], Theorem 3.1.7). Resly, is surjective for 1> 1.

(4.5) Remarks. This theorem can be viewed as a generalisation of the theorem of Manin and Drinfeld,
which is the case [=0. For then X?= M,, and (4.3.1) comes from the exact sequence

0 —— O*(M,) —— O*(M,) _Div , Z[M®] —5— PicM,

Q(Cn)”

by tensorising with Q. Here Res(/)\,l = Div is the divisor map, and ¢ maps a divisor supported on the cusps
to its class in PicM,,. According to the Manin-Drinfeld theorem, the divisors of degree zero

Z[M,fo]odéfker{Z[ij"} deg, z}

are torsion in Pic M,,, or equivalently
Res} : Haq(Mn, Q(1))—Q[M;]°.

For | > 0 the picture should be even better. Firstly, there is no restriction to divisors of degree zero.
Secondly, the general Beilinson conjectures would imply that ReslM is actually an isomorphism. (To see this
one examines carefully the exact sequence (4.3.1).) This makes Beilinson’s proof of (4.4) philosophically
reasonable—he constructs a totally explicit left inverse to ReslM7 the Eisenstein symbol map

gj\/l : Q[MT?O] - Hj\—ll_l(Xiu Q(l + 1))Sgnz+1
whose construction we now describe.

(4.6) Let U, C X,, be the complement of the n? sections of order dividing n, and write

Ul= N p;'(U,) C X,

0<i<l

12



We first construct symbols on UY as follows. Start with any invertible functions go, ... g; € O*(U,). Then

(4.6.1) po(90)U---Upj (9r) € Hi (U, QU+ 1)).

To get an element of H\' (X!

no

Q(l+1)) we apply three projectors:
—UY is stable under the symmetric group S;; 1, and we take the sgn-eigenspace;

—The group of sections of finite order (Z/n)? acts on UY by translations, and we project onto the
subspace of invariants;

—For an integer m > 1, there is a multiplication map
[ Hiu (U, Q(x)) = Hy (U, Q(+))

defined as follows: consider the diagram

Ul/ J Ul/
l[”’”
Ul/

Here j denotes the inclusion map, and the multiplication [xm)] is a Galois étale covering with group (Z/m)?..
By (1.3.6) we have

H/\/[(Urlz,va(*)) ]—) HM(UTZrILnaQ(*))(Z/7rL)21
~
m=1] Do J[Xm]*

Hy (U, Q(+))

~
whence there is a map [m 1] as indicated. Denote by a subscript [ the maximal quotient of HM(Ufl' ,Q(*))
on which [m~!] is multiplication by m~!, for every m > 1. (In fact it suffices to consider only one m >1.)

(4.7) Theorem. The restriction from X!, to UY induces an isomorphism
Hip (X}, Q())sanyy = Hua (U, Q(#))sgn, (2 /m) 0
Applying this to the elements (4.6.1) projected to the right hand group gives a map
(4.7.1) RO (U)@Q— HY XL, QU+1))sgn,, -
(4.8) Lemma. The divisor map O*(U,)®Q — Q[(Z/n)?]° is surjective.

Proof. Let s: M, — X, be a section of order dividing n, and let e : M,, — X,, be the unit section.
We have to show that O(s —e) is torsion in PicX,. It certainly is torsion in the relative Picard group
Pic(X,,/M,), so for some N > 1 and some line bundle £ on M, we have O(s — e)®N ~ 7*£. Hence
L=e*T"L~e*O(s—e)®N =e*O(—e)®N = N®V where A, is the normal bundle of the unit section. Hence

L :gii?ﬁl, and w®1? is trivial (a nowhere-vanishing section being the discriminant A).

We now have a diagram:

®"QUZ/M s —— @O
[io T I
Q[(Z/n)Q}O E—l) H,ﬁ\—/"l_l(Xin(l"i_l))sgnHl

13



It is not hard to show that the map (4.7.1) factors through the dotted arrow as shown. The isomorphism ¢
is given by

fBRa®--©a, a=n*0)— Y (z).
z€(Z/n)?

This defines a composite map Eﬁvt as indicated, which is “almost” the Eisenstein symbol.

(4.9) At this point we want to describe the composite of the map Eﬁ\/l just constructed with the regulator
map. Let us restrict attention to the component of M, (C) containing the cusp at infinity, and write 7 for the
variable on the complex upper half-plane. The corresponding component of X! (C) then can be described
as the quotient

['(n)\'H x C'/Z*

where the actions of I'(n) and Z? are given by:

a b '(TZ Z)'_)(GT—i-b 21 2] )
c d) \DrbeoA cr+d er+d 7 er+d
(u1,v1,. . up,v) (T, 21,0, 20) = (Ty 21 Fur T+ 01,000, 20 HwT +vp).

Let 8 € Q[(Z/n)?]°. In terms of the description (2.5.1) of Deligne cohomology by differential forms,
rpEl(8) € HF (XL /R,R(I+1)) is represented by

b= ZI: Z/ w6(01762)1m(7')
(4.9.1) Z0ey ez (T H ) (T4 cp) L

- ANdZj Ndzjg1 N Ndzp)sgn, + (dT, dT term)

(dgl/\...

where for c=(c1,¢2) € (Z/n)*
1/)[3(0) = Z 6(d)627"i(51d2762d1)/n.

de(Z/n)?

(The omitted terms in (4.9.1) involving dr, d7 vanish in the applications of §§5, 6.) See 4.12 below for
remarks concerning the proof of this formula.

(4.10) To pass from E' to £}, we first recall that the set of closed points of MS° is canonically isomorphic

to
*

GLo(Z/)/ (5 )

The definition of the residue map (4.3.2) involves choosing for each s € M2° an isomorphism of the fibre of
X at s with Gy, (see 4.1 above), and the two such isomorphisms are interchanged by —1 € GLy(Z/n). If we
replace HY,(M2°,Q(0)) by the (non-canonically) isomorphic space V() defined as

vE={rGra@m—ali(s(y 1) =9 =£/(-9)}

then the map Resl, becomes G'Ly(Z/n)-equivariant.

(4.11) Now counsider the family of maps

AL QU(Z/n)?° — v

Moo= S (0 .)Bra(Y)

z,y=0
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(where B9 are Bernoulli polynomials). It is fairly elementary to prove that A} is surjective. (These maps
are the finite level analogues of the horospherical map 7 of [Be2], paragraph following 3.1.6.) One now
proves that (up to a non-zero constant factor) the diagram

Q[(Z/n)*°
(4.11.1) Fm l”n
Hﬁl(Xfl7Q(l+1))Sgnl+l F V(f)

M

is commutative, and that Eﬁ\/t factors through A!,. Thus there is a map
O\ 1
g v _>H/\J/rll(XﬁL,Q((lJr1))sgn,’+1

satisfying
Elyod, =EY and Resh, o0& =id.
This proves Theorem 4.4.

(4.12) We finally say some words about the commutativity of (4.11.1), on which the theorem rests. Beilin-
son’s original proof uses the fact (from Borel’s theorem) that the regulator map

rp: Hiy (M2, Q(0)) — Hp (M, /R, R(0))
is injective. From this we see that one need only check the commutativity of the analogue of (4.11.1) in

Deligne cohomology. To do this Beilinson explicitly calculates rp oEi\,l, by integrating along the fibres of the
projection X! (C)— M,,(C)—see [Be2] §3.3 for details. (The resulting formula we gave as (4.9.1) above.)

An alternative proof [SS2] is by direct computation of Resh o EY, using the Néron model of X. In
this approach, the formula (4.9.1) is obtained as a consequence of the commutativity of (4.11.1). In fact, the
analogue of ReslM in Deligne cohomology is an isomorphism

HE ' (XL /R R(1+1))sgn,,, — HH (M /R, R(0))

(by consideration of the Hodge numbers) whose inverse is given by real analytic Eisenstein series.
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5. L-functions of modular forms.

In this section we sketch how, mildly generalising the results of Beilinson, the Eisenstein symbol can be used
to exhibit a relation between special values of L-functions of cusp forms of weight > 2 and higher regulators.

5.1 Let £>0 be an integer, and f a classical cusp form of weight k+ 2, which we assume to be a newform
on some I'g(NN) with character xy. For simplicity we shall assume that the field generated by the Fourier
coefficients of f is Q.

As is well known [Del], attached to f is a strictly compatible system of ¢-adic representations {Vz(f)},
whose associated L-function is the Hecke L-series L(f,s). Moreover V;(f) is a subspace of the parabolic
cohomology

(5.1.1) H} (M, ®Q,$.Sym"R'1,.Qp)

for suitable 7. (Recall that ¢ denotes the inclusion M,, < M,.) In Lemma 7 of [Del] a canonical resolution
of singularities of X is constructed, which we denote by X*, and it is shown that V,(f) is a constituent of
H§t+l(Xv]§ ®Qa QE)

5.2 Theorem [Scl]. There exists a projector IIy in the ring of algebraic correspondences on ):(,’j modulo
homological equivalence such that for every prime /

V() =10y | HEH(RE0Q.Q0)|

Remarks. (1) In fact II; annihilates H for i # k+1.

(2) The pair V(f) = [X%,II;] is a motive in the sense of Grothendieck (cf. 3.3 above); by the above
remark and the theorem, the f-adic representations of V(f) are {Vp(f)}. The Betti realisation of V(f) is
given by the singular parabolic cohomology groups (Eichler-Shimura). It has Hodge type (k+1,0)+(0,k+1)
and the (k+1,0) part is spanned by the differential form on X

wr=2mif(T)dr Ndz1 A Ndz.

(3) A construction of V(f) as a motive defined by absolute Hodge cycles was given by Jannsen ([Ja2],
§1; see also [Scha], V.1.1).

(4) For the purposes of testing Beilinson’s conjectures, one would like V(f) to be a Chow motive (3.3).
In general this seems rather difficult to establish. However, one can consider in place of V;(f) the whole
parabolic cohomology group (5.1.1) of level n. There is then a Chow motive with this group for its ¢-adic
realisation. (See step (i) below.)

(5) One may also consider, for p prime to the level of f, the p-adic realisation V,(f), which is a

crystalline representation of Gal(Q,/Q,) [Fa,FM]. A consequence of 5.2 is that the characteristic polynomial
of Frobenius on the associated filtered module is the Hecke polynomial #2 — a,t+x ¢ (p)p* 1.

(5.3) Sketch of the construction. For k=0 the theorem amounts to the decomposition of the Jacobian
of M, under the action of the Hecke algebra, and is classical. In this case the problem (4) does not arise. In
the case k > 0 there are two steps:

(i) The use of automorphisms: acting on X¥ one has the following groups of automorphisms and
characters:

—(Z/n)?*, the translations by sections of finite order;
— k%, inversions in the components of the fibres;

—Sj, the symmetric group.
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These generate a group I' of automorphisms of X* and this extends to a group of automorphisms of ):(,’j .
There is a unique character of I' which restricts to the trivial character on (Z/n)2*, the product character
on pk, and the sign character of Sy. This defines a projector II in the group algebra Q[Aut XX]. By explicit

calculation of the cohomology of the boundary of ):(ﬁ one shows that IT cuts out the parabolic cohomology
(5.1.1).

(ii) To pass to the individual V(f)’s one projects using an idempotent in the Hecke algebra (which is
semisimple as an algebra of correspondences modulo homological equivalence).

(5.4) The integers s=1,...,k+1 are critical for L(f,s). At these points the Beilinson conjectures reduce to
the conjunction of Deligne’s conjecture (already proved in [De2]) and the vanishing of TI[H{*(X%,Q(r))z]
for 1 <r <k+1, r# k/2 (for which there is at present no evidence). At s = —I < 0 the L-function
has a simple zero, and the conjectures predict a relation between L'(f,—I) and a regulator coming from

HIP(XE,Qk+1+2)).
The target for this regulator is the Deligne cohomology group

HEP(XE/RR(k+1+2)) = HE(XE R(k+1+1))"
and its T -component is the space (Hp(V (f))®qR(k-+141))", which is one-dimensional.
(5.5) Theorem. There is a subspace P,, C Hﬂz():(ﬁ, Q(k+1+2)) such that

s [rp(Py)] = L' (f, ). (Hp(V(f) @ Q(k+1+1))".

(5.6) Remarks. (1) For k=0 (the case of modular curves) this was proved by Beilinson [Bel,Be2,SS1].
The main ideas for the general case can already be found there. The case k=1, | =0 was also considered by
Ramakrishnan (unpublished). Full details for the general case will appear in [Sc3].

(2) Recall that for the correct formalism of Beilinson’s conjecture it is necessary to consider “motivic coho-

mology over Z” (cf. 1.7 above). Although in general we cannot prove that P,, C HﬁrQ():(ﬁ,Q(k—ﬁ—l—l—ﬂ)z,
we have the following;:

(i) Standard conjectures on the K-theory of varieties over finite fields would imply that H ’Xj 2():(5, Q(k+
1+2))z = H? (X%, Q(k+1+2)) except in the case k=1=0.

(ii) For curves these conjectures are known [Hal]. Thus for k£ =0 the only obstruction to integrality
occurs when [ = 0; in this case it is known (see [SS1], §7) that P, C H3,(M,,Q(2))z.

(iii) For k > 0 one can at least show that P, contains enough elements which are integral away from
primes dividing n, using a modification of a trick of Soulé [Sol].

(5.7) Construction of P,. Consider the diagram
Xk P Xkl _ 1 | x!
S =SpecQ(¢n)

where p, ¢ are the projections onto the first k£ and last [ factors of the fibre product, respectively. We define
two subspaces
Un, Vi © H3 (X7, Q(k+1+2))(I0)

(where the projector II is as in (5.3.1) above) as follows:

U =p. (¢ HYHN(XLQUAL) UHETH (X Q(h+1+1)))
Vo =r"H 3, (S, QU+ 1)) UHN (XE Q(k+1)).

17



(Note that the Eisenstein symbol and Borel’s theorem give a plentiful supply of elements of U,, and V,,.) Let
o be the restriction

HYA(XE, QUe+1+2))(I) = HE XX, Qk+1+2))(I0)

(which is in fact an inclusion) and write
Qn = U_l(un +Vn)

We then define (cf. 4.10 above)
Pr= U p%n,n’* (QTL’) .

n|n’

(5.8) Calculation of the regulator. At this point we should observe that the assumption that the Fourier
coeflicients of f are rational simplifies the calculation somewhat; in particular, we need not distinguish
between f and its complex conjugate. There is a nondegenerate pairing (Poincaré duality)

<, > Hp(V(f))xHp(V(f)) = Q(-k—1)
and one has to prove that
(5.8.1) <rp(Pn),wy>=L'(f,=1).c"(V(f)(k+1+1))-Q.

Here ¢ is Deligne’s period [De2]. To calculate the left hand side we pull back to XS,JF ! for suitable n’, and
use the description (2.5) of the cup-product in Deligne cohomology. One obtains an integral of the form

1

k+l » 1 *
(582) W/X.k+l ng /\q El+2/\p W

In this expression 5%“ is the image of an Eisenstein symbol in Deligne cohomology, and E;, is a (variable)
weight k42 holomorphic Eisenstein series. This is a standard Rankin-Selberg integral and can be calculated
explicitly. The Eisenstein series Ej42 is a linear combination of Eisenstein series FE,, for various Dirichlet
characters y with y(—1) = (—1)!, and the integral becomes a linear combination of terms which, up to a
finite number of Euler factors, are of the form

L(f,k+1+2).L(f@x,k+1).L(x.-xs, k+1+2)"".

At this stage one applies Shimura’s algebraicity results on the twisted L-functions L(f ® x,k+ 1) (which
are critical values) and the functional equation for L(f,s). In this way it can be shown that the left hand
side of (5.8.1) is contained in the right hand side. The final step is to prove the equality—that is, to find
suitable Eisenstein symbols for which the integral (5.8.2) is non-zero. For this one has to analyse the bad
Euler factors carefully, and it is essential to work adelically. See [Be2], §4 or [SS1], §§2,4,5,6 for further
details.
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6. L-functions of algebraic Hecke characters

In this section we describe a construction involving the Eisenstein symbol which will give us elements in
the motivic cohomology of motives attached to Hecke characters of imaginary quadratic number fields. The
regulators of these elements have the expected relation to special values of Hecke L-series. As a corollary one
obtains results on Beilinson’s conjectures for CM elliptic curves of Shimura type and for Dirichlet characters
of Q and of imaginary number field. Full details are contained in [Den1,2].

(6.1) Consider an algebraic Hecke character €: Ix/K* — C* of weight w of an imaginary quadratic field
K. We wish to understand the special values L(e,n) for n > % +1 of the corresponding L-series in terms of
Beilinson’s conjectures. In fact one can treat the L-values of all conjugates of € simultaneously. Thus it is
better to take a slightly different point of view and to look at the associated CM character

¢:Ix —T.
Here T'/K is a number field and there exist integers a, b with a+b=w such that
p(x)=2z" for all x in K* C I.

From ¢ we obtain an L-series taking values in T'® C = CHo™(T:C) by setting L(¢,s) = (L(¢s,5)), where ¢,
is the Hecke character associated to ¢ via the embedding o of T.

For critical n Beilinson’s conjectures reduce to the Deligne conjecture, which for L(¢,n) is proved in
[GS1,2] and in much greater generality in [Bla].

For non-critical n we first have to find a Chow motive (3.3) with coefficients in T" whose L-series equals
L(¢,s). Note that if ¢ is a Dirichlet character x of K—i.e. if a = b = 0—we can take the motive M,
constructed in (3.3). For the general case one needs the theory of CM elliptic curves of Shimura type [GS1].
These are elliptic curves ' with CM by Ok which are defined over an abelian extension F' of K such that
the extension F'(Fio)/K is abelian as well. One checks that eg = [E x 0], e =[0x E] and e; =1—eg—eq
are pairwise orthogonal projectors of the motive QFE in M;(Q) The motive hy(F)=e1(QE) in M;(Q),
viewed as a motive in M1 (Q), will be called M.

(6.2) Proposition. For w > 1 and possibly after enlarging the field T there exists an elliptic curve as above
such that M®™ contains a direct factor My with End(My) =T and L(H"(My),s) = L(¢,s).

In the last equation M, is viewed as a motive in M (T) via [De2] 2.1.

Note that it is sufficient to treat Hecke characters of positive weight since multiplication of ¢ by the
norm just results in a shift by one of s in the L-series. For the same reason we may assume that a, b> 0.

(6.3) Theorem. Assume that w > 1, n > 3 +1 and in addition that n is non-critical for M, i.e. n >
Max(a,b). Then the L-series L(¢,s) has a first order zero for s = —l:=w+1—n and there is an element £
in Hi ' (M4, Q(n)) such that

rp(§) =L'(¢,—l)n mod T~

in the free rank one T'® R-module
Hp ™ (Myr,R(n)) = H (Mg, R(n—1)).

Here 7 is a T-generator of Hp (Myr,Q(n—1)).

Remarks. (1) In general the conjectures involve the motivic cohomology of an integral model. However
since E'— SpecK has potential good reduction one can show that

H (Mg, Q(n) = Hiy (Mg, Q(n))z
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for n# 3 41, using [Sol] 3.1.3, Corollary 2.

(2) In [Den1] a refined version of (6.3) is proved for w =1 where one considers motivic cohomology with
almost integral coefficients. This was possible by a careful reexamination of the entire (slightly modified)
construction of Beilinson’s Eisenstein symbol specialised to a constant elliptic curve.

(6.4) Construction of ¢ and calculation of rp(§). For simplicity we shall assume that [ > 0. For the
finitely many negative [ in the theorem a slightly different construction is required. Set k =w+2] >0 and
fix some integer N > 1. For a choice of a square root of the discriminant dx of K consider the map

§=(d,\/dg):E—E*=ExpE

and let pr: Bt = B! xp E¥ — E" be the projection. Choose a Galois extension F’ of F such that the
N-torsion points of E' = E®p F’ are rational over F’. The choice of a level N structure a: (Z/N)? =+ EY,
on E’ determines a commutative diagram

E e Xy
SpecF! —— My
Using (1.3)(6) we find a canonical map Ex independent of « which makes the following diagram commute:

oy

Q[(Z/N)Q]O - Hljjl(X]]fl7Q(k+ 1))Sgnk+1

%
l(‘t

Q[Egv]o Hﬁ;lﬁ-l(E/k,Q(k+1))sgnk+l

QEN]" 2 HEF(E*,Q(E+1))sgn,,,

Now consider the following composition K4 of maps:

(' xid)*
_

Hy (E*, Q(k+1))sen, ., Hy (B, Q(h+1))

I

H}\UA+1 (Ew7 Q(n))

o |

Hy ™ (ha(E)®, Q(n)

l

HY My Q) B (M7,Q(n)

For | < 0 the map ¢ is defined differently [Den2] §2. The required element ¢ is obtained in the form
€ = KmEm(B) for suitable N and divisor 3 in Q[En]°. To prove that it has the right properties we must
first of all calculate explicitly the analogous maps Ep and Kp in Deligne cohomology. For Kp this is easy.
For &p we can use formula (4.9.1) for E% specialised to the value of 7 corresponding to our elliptic curve E.
Note that in order to derive (4.9.1) Beilinson makes essential use of the compactification M of My—see
[Be2], §3.3. In [Denl] a different method for the calculation of €p is described which only uses analysis on
E itself.

Looking at (4.9.1) we see that Ep(0) is a certain linear combination of Eisenstein-Kronecker series.
Hence it comes as no surprise that for suitable 8 the element KpEp(S) is related to L' (¢, —1) as specified in
the theorem.

20



(6.5) Corollary. (1) Let E/F be a CM elliptic curve of Shimura type as above. Then for n > 2 the weak
Beilinson conjecture (3.2) holds for L(H'(E),n).

(2) Assume that F is Galois over Q and let F* be a real subfield of F, i.e. F* = F° N R for some
embedding o of F into C. Then for any elliptic curve E+/F+ whose base change to F is of Shimura type
the analogue of (1) holds.

Remark. (2) generalises the case of CM elliptic curves over Q at n =2 treated by Bloch [BI1] and Beilinson
[Bel]; see also [DW].

(6.6) Dirichlet characters. Given a character
x:Gg —T

we can attach to it the motive M, of (3.3) and the twist My (1) of a motive My as in (6.2) for ¢ = xNggr/R-
Possibly after extension of scalars both motives have the same L-function and should in fact be equal. The
Beilinson conjectures for My (1) follow from the theorem. For M, one can prove them directly using the
map

Kménm: QIEN]Y — Hj (M, Q(1+1)), 1>0

where F is a CM elliptic curve of Shimura type over an abelian extension of K trivialising x and K is
defined by composition:

(61
HIFHE?, Q2I41))sgn,,, —— Hi (B, Q(2l+1))

[ [

HY (M, Q(+1)) —= H},(SpecF,Q(I+1)).

By a very simple argument [Den2] (3.6) one can use the theory over K to prove the Beilinson conjectures
for Dirichlet characters of Q as well. The complete results are these:

(6.7) Theorem. For k=Q or K consider a character
x:Gp—T"
and let L(x,s) = (L(ox,s)), be its T ® C-valued L-series. For 1> 0 the map
rp@R: Hjy(My, Q(U+1))z @R — Hp (Myr, R(1+1))
is an isomorphism of free T ® R-modules. For k= Q and x(c) = (—1)! or k = K their rank equals one. In

this case we have
e, =L (x,—1) mod T*

where cy, € (T®R)* /T denotes the regulator.
Remarks. (1) That rp ® R is an isomorphism follows from the work of Borel [Bol] and Beilinson [Bel],

app. to §2; see also [Rap].
(2) For k=Q a different proof of the theorem is given in [Bel] §7, see also [N,E].
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Appendix: motivic cohomology and extensions

In this appendix, we outline without proof the construction of extensions of motives attached to elements of
motivic cohomology. Details should appear in a future paper by the second author. The underlying idea is
certainly not new, aand is implicit in the constructions of [Bl2]. To motivate it, we consider first the case of
ordinary Chow theory (i.e., sz\fl(X ,Q(q))). The corresponding extensions appear first in a paper of Deligne
([De2], 4.3). So let X be smooth and projective over Q, and let y be a cycle of codimension ¢, homologous
to zero. Write Y for the support of y. Then there is an exact sequence of mixed motives (in the sense of
[Ja2], Chap.1):
0—h2 1 (X) = h2 1 (X -Y) > mY(X) L h¥M(X)--

The cycle class gives a map cl(y) : Q(—q) — h3¥(X), and by hypothesis yocl(y) = 0. Hence by pullback we
obtain an extension

0— hzq*l(X) —E,—Q(—q)—0.

Theorem [Ja2]. The class of the extension E, depends only on the rational equivalence class of y. The
following diagram commutes:

ker{CHY(X) - H*(X,Qu(q)}  ~=% Exthypr, (Q(—q),h2~ (X))
lcycle ll—adic realisation
ker{ H>*(X,Q¢(q)) — H*(X,Qu(q))} —— H'(Q/Q.H*'(X,Qu(q)))

Here H—S denotes the edge homomorphism in the Hochschild-Serre spectral sequence (in continuous
étale cohomology [Jal])

B3’ = H(Q/Q,H"(X,Q)(9)) = H* (X, Qu(q))-

There is a similar statement for Deligne cohomology (cf. 2.9 above).

We now imitate this construction for higher cycles. In an attempt to make the notation tidier we write
A% for A, x X, and 0A% for the union of the codimension one faces of A%. By the normalisation theorem,
any element of HJQ\Z_"(X,Q(q)) =CH?(X,n)®Q may be represented by a cycle y € 29(X,n) with 97 (y) =0
for 0 < ¢ <mn. Choosing such a representative y, write Y = supp(y), Y = Y NOA%, U = A% —Y, and
OU =UNOA%. We consider the motive h?9~1(U,0U) which fits into a long exact sequence

(A1) R*2(U) — h?72(9U) — h*1~H(U,0U) — h?T1(U) — h*~1(9U).
By purity we have h?772(U) = h?772(A%) = h?97%(X). It is also easy to deduce that h*’~2(9U) =

h?=2(HA%) by considering the spectral sequence expressing the cohomology of A% in terms of that of its
faces.

Lemma. There is a decomposition

(A.2) RY(0A%) = Y (X) @ h " THX).

(In fact this decomposition is given by the 1- and sgn-eigenspaces for the action of the symmetric group
of degree n.) Thus the sequence (A.1) becomes

0— A% " Y X) = B2 (U,0U) — h*11(U) — h*1~1(9U).
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This fits into a bigger diagram:

0

|

h2q—n— 1 (X)

!

h2e-Y(U,0U) —— ker 3

Here we have written

Iy (A%)° =ker{hy! (A%) — h*!(A%)}
hity (0A% )’ =ker {3 (M%) — h* (A% )}

The cycle class of y gives a map Q(—¢q) — ker 5. From the snake lemma and (A.2) we have a long exact
sequence

(A.3) 0— A% " Y X) — W21 (U,0U) — ker 3 — h?77"(X).

Since n >0 the composite map Q(—¢q) — ker 3 — h?9="(X) is zero (by weights), hence by pullback we obtain
an extension

0—h2 " 1(X)— E,— Q(—q)—0.

Theorem. The class of the extension E, depends only on the class of y in Hift_n(X, Q(q)). The following
diagram commutes:

HY'(XQ@) T Bt Qo) B (X))

lcycle lé—adic realisation

H?7™(X, Qe(q)) HY(Q/Q,H*""1(X,Qu(q)))

Hochschild-Serre
ity

The analogous statement 2.9 for Deligne cohomology also holds.

Remark. In this construction, we have in the interest of clarity freely used “relative” and “local” motives
hi(~), h'(~,e). Lest this trouble the reader, we point out that the extension E, really belongs to the category
M Mgq of mixed motives generated by hi(V) for quasi-projective varieties V/Q (see [Ja2], Appendix C2).
Indeed, the “relative” motive h2¢~1(U,0U) can be constructed as part of the motive of a suitable singular
variety (a mapping cylinder) and the motive ker 3 is simply the Tate twist of an Artin motive. Therefore the
objects in the exact sequence (A.3) are all motives in M Mq. To construct the arrows we need only work in
the various realisations, and there the relative and local cohomology groups are available.
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