Bipartite graphs of approximate rank 1.
W. T. Gowers

61. Introduction.

Quasirandomness is a central concept in graph theory, and has played an important
part in arithmetic combinatorics as well. Roughly speaking, a notion of quasirandomness
for a mathematical object such as a graph or a subset of a finite Abelian group is a
property P such that any object that has P will automatically have many other properties
that a randomly chosen object would be expected to have. For instance, a graph G with
n vertices and p(g) edges is called c-quasirandom if there are at most (p* + c)n* ordered
4-cycles—that is, quadruples (z,y, z,w) of vertices such that zy, yz, zw and zw are all
edges of G. If this property holds, then it can be shown that every set A of vertices in G
spans approximately p( V;‘) edges, just as we would expect if G were a random graph with
edge-probability p.

This fact and many others like it go back to papers of Thomason [T] and Chung,
Graham and Wilson [CGW]. (See also the fundamental papers of Alon [A] and Alon
and Milman [AM].) In this paper we shall consider a generalization of the notion of a
quasirandom graph to what we call a bipartite graph of approrimate rank 1. A bipartite
graph has this property if its bipartite adjacency matrix is a quasirandom perturbation of
a rank-1 matrix, or equivalently, if the graph behaves like a random bipartite graph with
the given degree sequence. To get some idea of what these properties mean, let us take a
bipartite graph G with vertex sets X and Y, of cardinalities m and n, respectively, and let
us write dj(z) for the degree of a vertex € X and dy(y) for the degree of a vertex in Y.
If we choose large subsets A C X and B C Y, then how many edges do we expect there
to be between A and B? Well, each vertex x € A has a neighbourhood of size d;(x) in Y,
and if we choose a random neighbour of x then we “expect” that its distribution in Y will
be roughly proportional to the degree sequence in Y. In particular, the probability that a
random neigbour of = belongs to B should be approximately |E(G)|™! >yen d2(y). (Note
that |[E(G)|, the number of edges of G, is equal to >, -y da(y).) Therefore, we “expect” the
number of edges between A and B to be about Y , di(2)|E(G)|7' Y ¢ p da(y). Writing
91(x) and 62 (y) for the normalized degrees di(x)/|Y | and da(y)/| X |, and B = |E(G)|/|X||Y|
for the density of G, we can rewrite this as 571> 4 > yen 01(2)d2(y).

If the number of edges between A and B

really is always about 3! Y A ZyeB 01(x)02(y), then there is a certain sense, famil-
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iar from the conventional theory of quasirandom graphs, in which the adjacency matrix
of G is approximated by the rank-1 matrix 371d; ® d2. (This is notation for the function
from X x Y to R that takes the value 87161 (z) ® d2(y) at (z,y).) Writing G(z,y) for
the adjacency matrix, we shall prove that a certain graph-theoretic property is equivalent
to the statement that the function f = G — 3716, ® 6 is quasirandom in a sense that is
explained in [G3] and which we shall recall in the next section. We can then use known
characterizations of quasirandom functions to deduce related characterizations of graphs

with approximate rank 1.

This is not the first time that quasirandom graphs with prescribed degree sequences
have been considered: indeed, Chung and Graham have a paper on the subject [CG].
However, they look at graphs rather than bipartite graphs. One can convert any graph into
a bipartite graph by doubling up its vertex set, so our results imply some characterizations
of the class of graphs considered by Chung and Graham (we have not tried to deduce
all their results, or even thought about whether this can be done). However, there is
no obvious way of deducing our results from theirs, since a rank-1 bipartite graph has
rank 2 if it is considered as a graph. (In case this remark is unclear, if G is a bipartite
graph with vertex sets X and Y, then we use the term “adjacency matrix” for the obvious
corresponding function defined on X x Y. However, if we think of G as a graph with vertex
set X UY that just happens to be bipartite, then its adjacency matrix is a function defined
on (X UY)2. This adjacencey matrix will contain two blocks, each a copy of the bipartite

adjacency matrix.)

The motivation for our results is not generalization for the sake of it, but the fact
that graphs of approximate rank 1 arise naturally in the context of a proof in [G2] of the
Balog-Szemerédi theorem [BS]. In the fourth section of the paper, we shall prove that if G
is any dense bipartite graph with vertex sets X and Y, then X has a large subset X’ such
that the induced subgraph G(X’,Y") of G has approximate rank 1. This argument can be
iterated (the next step would be to apply it to the graph G(X \ X’,Y)), and this results
in a “one-sided” regularity lemma for G: we can partition the vertex set X into not too
many sets Xi,..., Xy in such a way that almost all of the graphs G(X;,Y) are “nice” in

the sense that they have approximate rank 1.

Many of the results we state are more like templates: they illustrate techniques of
proof that may have to be slightly modified for applications. In the fifth section, we give
an example of this. We apply results from the earlier sections, some directly and some

after appropriate modification, in order to obtain a new proof of a theorem of Green and
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Konyagin in additive combinatorics. Our bound is weaker than theirs, but the proof has

certain interesting features and gives an idea of how the methods of this paper can be used.
2. Basic facts about quasirandom functions.

In this section we briefly review the properties we shall need from quasirandom func-
tions. As is customary, we present the definition as a theorem: the theorem states that
certain properties of a function are equivalent, and the function is called quasirandom if
it has one of these properties. As is also customary, we state these properties in terms of
constants ¢;, and when we say that a property involving c¢; implies a property involving
c; we mean that for every c¢; > 0 there exists ¢; > 0 such that the implication is valid.
Actually, the dependences between the constants will be very important to us later, so we

shall be explicit about them after we have stated the theorem in a more qualitative way.

Theorem 1.1. Let X and Y be sets of sizes m and n respectively and let f : X XY —
[—1,1]. Then the following statements are equivalent.

() Sorex Lyrey @9 F@9) fla,y) (@ y) < cym?n?.

(ii) For any pair of functions v : X — [—1,1] and v : Y — [—1,1] we have the
inequality ’Zmy f(x,y)u(x)v(y)‘ < comn.

(iii) For any pair of sets X' C X and Y' C Y we have the inequality
)ZmGX’ ZyEY’ f(l', y)‘ g cymmn.
Moreover, if Zx,y f(x,y) = 0 then they are also equivalent to the following further state-
ment.

(iv) For any pair of sets X' C X and Y' C Y we have the inequality
ZxGX’ Zer’ f(xay) < egmn.

We shall say that f is c-quasirandom if it has property (i) above with ¢; = c.

A proof of this result can be found in [G3 §3], where the following dependences are
obtained between the constants ¢;. If (i) holds, then (ii) holds with ¢ = c}/ 4. Tt follows
that (iii) and (iv) also hold with constant ci/ % Moreover, these implications are valid
for an arbitrary real-valued function f, and not just one that takes values in [—1,1]. In
the opposite direction, if (iv) and the extra hypothesis on f hold, then (ii) holds with
co = 12¢4. If (iii) holds, then (ii) holds with ¢ = 4¢s. Finally, if (ii) holds, then (i) holds
with ¢1 = ¢o.

The expression in (i) can be used to define a norm on functions f : X xY — R, which

we shall denote by || f||u, since it is closely related to the so-called Us-norm for functions
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defined on finite Abelian groups. Let us briefly see why this is so. We shall prove the

result for complex-valued functions.

Lemma 2.2. Let X and Y be finite sets, and for any four functions fi,..., f4 from X XY
to C define [f1, fa, f3, fa] to be

EoorexByyey fi(@,y) f2(,y) fs (2", y) fala’, o) -
Define also || f||u, to be [f, f, f, f]'/*. Then we have the inequality

15 f2, f3, fal < I fillwall fallos | fs v [ fallo -

Proof. This is a standard application of the Cauchy-Schwarz inequality. Observe that
the left hand side can be written

Evo (Eyf1(@.0) (@ 9)) (By Fola, ) falal ) ) -

Applying the Cauchy-Schwarz inequality, we deduce that

(1, for £, 2] < Uy fus f3s 3022 f2, fo, fas 2] V2

The same argument, but interchanging the roles of x and y, shows that

(1, for f3, fa] < Uy fos f1s £2) Y2 fs, fa, o, a] V2

Applying the second inequality to the two terms on the right of the first then proves the

lemma. [l

Lemma 2.3. Let X and Y be finite sets. Then the function ||.|y, defined in the previous

lemma is a norm on the space CX*V

Proof. It is easy to check that [f, f, f, f] is non-negative, and zero only when f is zero.

Indeed,
2

[fa fv f7 f] = ]Ex,a:’ Eyf(xay>f(x/7y)

This is an expectation over pairs (z,x’) of terms that are real and non-negative. Moreover,
if f(u,y) # 0 for some u, y, then the term corresponding to the pair (u, u) is strictly positive.

Obviously [|Af|| = |Al|| f|| for any A € C, so it remains to check the triangle inequality. But

If+gll*=[f+9.f+9,f+g.f+g].
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Since [f1, f2, f3, f4] is “quadrilinear” (the inverted commas are there since there are com-
plex conjugates to think about, but the word “quadrisesquilinear” is not exactly pretty),
the term on the right splits up as a sum of 16 such terms, with each f; equal to f or
g. Applying Lemma 2.2 to each of these terms and then using the binomial theorem, we

deduce easily that
9. f+9.f+g,f+gl <(IfI+llglD* -

This proves the lemma. U

Thus, a quasirandom function is one with small Us-norm. We have chosen the “correct”
normalization for the Us-norm, which is the one that has order of magnitude 1 for dense
graphs regardless of the sizes of X and Y. Indeed, it is slightly more natural (though
completely equivalent to the definition we gave above) to define f to be c-quasirandom if

it satisfies the inequality

]Em,m’EXEy,y’EYf(xa y)f(x,y')f(w', y)f(x/a y/) g c.

A further characterization of quasirandom functions can be read out of a discussion
in [G4]. If X and Y are sets of size m and n, respectively, and f : X x Y — R is any
function, then f can be written in the form Z§:1 Aiu; X v;, where ¢ = min{m,n} and
(u;) and (v;) are orthonormal sequences. This is known as the (or rather a) singular-value
decomposition of f, and it is the non-symmetric analogue of the spectral decomposition of
a symmetric matrix. We shall refer to the \; as the singular values of f. A proof that the
singular-value decomposition exists is given as Theorem 2.6 in [G4] (but the result itself
goes back to the 19th century). From the proof we have a fact that will be used later: that
the largest modulus of any J\; is equal to the largest inner product of f with any function
u ® v such that ||ulls = [|v||2 = 1.

We remark that we are again using the uniform probability measures on X and
Y to define our inner products. That is, when we say that ||u;||2 = 1, we mean that
(Ezexui(z)?) 2 _ 1. More generally, if u and v’ are two functions from X to C, we define
(u,u') to be Eyexu(z)u/(z), with similar definitions for Y. Similar definitions also apply
to functions defined on X x Y. For example, if f: X x Y — C, then we define ||f||2 to be
(ExeXEer|f(937 y)|2)1/2.

The following result, which is easy to prove, is very similar to Lemma 2.8 of [G4]. We

give the proof in the complex case, but will apply it only in the real case.
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Lemma 2.4. Let X and Y be sets of size m and n, respectively, and let f : X xY — C
be a function with a singular-value decomposition S '_, Mju; ® v;. Then 32, [\i|? = || £]I3

and 3=, [Ail* = || fII%, -

Proof. These two statements are both proved by setting f = > . \ju; ® v;, expanding out
the right-hand sides of the identities to be proved, and exploiting the orthnormality of the
sequences (u;) and (v;). We shall abbreviate E,cx and E,cy by E, and E,, respectively.
For the first identity,

1713 = 30 S NN B s ()0 () ()0 (9)

i=1 j=1

=) NN (s, uy) (vi, v5)

i=1 j=1
t
Z 2
i=1
and for the second,

1A 1T, = D0 AN MNEe 2By i ()i () ()0 (" un (@ Yok (y Jua (2 Yvu ()
1,9,k
= Z AiAjAR AL (Ui, wg) (v, vk ) (s uk) (1, ;)
1,5,k

t
=2 "
i=1

since if a term is non-zero then we must have ¢ = j, ¢ = k, k = [ and j = [, and then all

four inner products are 1. O
From this we obtain the following extra characterization of quasirandom functions.

Theorem 2.5. Let X and Y be sets of size m and n, respectively, and let f : X xY — C
be a function such that ||f|l2 < 1. Let A1,...,\; be the singular values of f. Then the
following three statements are equivalent.

(i) f is ¢1-quasirandom.

(i) 32, [Nl * < er

(iii) max; [A\;| < co.
Proof. As we have remarked, f is ¢i-quasirandom if and only if ||f||7, < ¢1, so the

equivalence between (i) and (ii) follows straight from the second part of Lemma 2.4.
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It is trivial that Y, |[A\;|* < max; [ A2 Y, |\i|?. Therefore, if (iii) holds, then Y, |\;]* <
c3, by the first part of Lemma 2.4 and our assumption that ||f|2 < 1. Conversely, if (ii

1)
holds then we clearly have max; |\;|* < ¢1, so (iii) holds with ¢ = ci/ * O

In practice, we shall apply Theorem 2.5 to functions f that map into the interval
[—1,1], so that it will be obvious that the Ls-estimate holds.

The next lemma gives us some information under weaker hypotheses than those of

Lemma 2.4.

Lemma 2.6. Let X and Y be two finite sets, let f : X xY — C be a function and
suppose that f = >\ N\ju; ®v;, with (u;) an orthonormal sequence and (v;) an arbitrary
sequence of vectors of Ly-norm 1. Then Y, |\;|* = || fI|3 and 3, [Xi|* < || fIIF, -

Proof. We shall make use of the calculations in Lemma 2.4. For the first statement, notice
that all we use about the sequences (u;) and (v;) is the fact that 6;; = (u;, u;)(vs, v;), which
is true under our weaker hypotheses. (There is no mystery about this: if (u,u’) = 0 then
it is easy to check that (u ® v,u’ ® v') = 0 for any two vectors v and v'.)

For the second statement, notice that under the weaker hypotheses we can still use
the orthonormality of the sequence (u;) to replace the last line of the calculation by
>imt et NP Akl (vi o) (g, 03), which equals 375, 75—y [Asf*[Ax[?|{vi, 0p)|? Since
all terms are non-negative, this double sum is at least as big as its diagonal, which is

2221 |\i|* because (v;,v;) = 1 for every i. O

We finish this section with a further lemma about Us-norms. It tells us that if f and
g are close in the Uy norm, then for most pairs z,z € X the numbers E, f(z,y)f(2',y)
and E,g(x,y)g(2’,y), which we think of as “joint degrees” in the two “graphs” f and g,

are approximately equal.
Lemma 2.7. Let X and Y be finite sets and let f and g be functions from X x Y to C.
Then

- N2
Ev.or|[By (£(2,0) @) = 9@, ) | < IF = gllt, (1l + llglla)” -

Proof. Let h = f —g. Then

B, (@)@ y) = 9(0.9)9(@.y)) = Byf (@, )h(e,y) + Byh(z. )9 (@ y) -
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By Minkowski’s inequality,

- 2\ 1/2
E,f (2, 9)h(,9) + Eyh(w,y)9@ y)| )

<Ew,x’

2N 1/2 28 1/2
< (Bar By f @ )@ 9)] )+ (B [Byh(w o) )

2
Now BBy f(z,5)h(z',y)|
tion of Lemma 2.2. Therefore, by that lemma, it is at most | f||,[|2/|Z,. Similarly,

2
Ey o |Eyh(z,y)g(2, y)‘ is at most [|g||7,, |h[|7,. Putting all this information together gives
the result. O

is another way of writing [f, f,h,h], to use the nota-

63. Characterizing functions of approximate rank 1.

We are now ready to prove some results about functions from X x Y to R that can
be approximated by functions of rank 1. To obtain results about bipartite graphs, all one
then needs to do is restrict attention to functions that take the value 0 or 1 everywhere.

We shall generalize concepts such as normalized degrees and density from graphs
to functions in the obvious way. That is, if f : X XY — R and x € X then we let
01(z) = Eyf(z,y). Similarly, if y € Y then 62(y) is defined to be E, f(x,y). Finally,
the density d of G is E; , f(x,y). (Now that we are using normalized degrees, it is more
convenient to use the letter d rather than (.) This density does not have to lie in the
interval [0, 1], but for Theorem ??, which is the main result of the section, and the result

that we shall apply later on, it will. We shall also write d;(z,2’) for the joint degree
Eyd(z,y)d(z',y).

Lemma 3.1. Let X and Y be finite sets and let h : X x Y — C. Then

2
E. [E,h(e,9)| <IIAlZ, -

Proof. This is a simple application of the Cauchy-Schwarz inequality:

2\ 2 2
(Em Eyh(x,y)‘ ) = <Ey,y/Exh(x,y)h(a:,y’))
2
Emh(ﬂf,y)h(iﬂ,y/)
=By o By yh(z, y)h(z,y ) 0(z’, y)h(z', y')

= |12l

< Eyyy’

which implies the result. ]



Lemma 3.2. If X and Y are finite sets and u: X — R and v : Y — R, then |lu®v|y, =

lu @ vll2.
Proof. We can write u ® v = \u/ @ v" with A = ||u||2]|v||2 and ||u/|2 = ||v']]2 = 1. Then
Lemma 2.4 tells us that [|u ® v||f, = A*, which proves this lemma. O

The next lemma tells us that if f is close to a function of rank 1, then that function
is approximately unique in Lo. This is true whether “close” means close in Lo or close in
the Us-norm. We state it non-symmetrically, but obviously the same is true with the roles

of the us and vs exchanged.

Lemma 3.3. Let X and Y be finite sets, let u; and us be functions from X to C and
let v1 and vy be functions from Y to C. Suppose that either ||[u; ® vi — us ® val|2 or
|ur ® v1 — ug @ vy, is at most €||uy||2||v1||2 (which equals both €||u; ® v1]|2 and €||u; &
v1l|u,)). Then there exists a complex number \ such that ||[uy — Aus||2 < €||uq||2 and

lvr = A vzll2 < effurfl2/(1 = €).

Proof. Choose A so that u; — Aug is orthogonal to us. We know that
U1 QU1 — U2 @ Vo = (u1 — )\UQ) R V1 + Ao ® (’Ul — )\_1’02) .

By Lemma 2.8, both the Ls-norm and the Us-norm of this function are at least [|u; —
Aus||2||v1]|2, so if one of them is at most €||u ||2]|v1]|2 then ||u; — Ausl|2 < €]juq||2. It follows
that [[Aug|la = (1 — €)A[|uq||2.

Lemma 2.8 also tells us that both the Lo-norm and the Us-norm of the function above
are at least | Auz||2||vy — A" tva]|2. Therefore, if either of them is at most €||uy]|2||v1]|2, then

lur — Ausl|2 < €llur||2]|vill2/]|uel|2, which is at most e||v1||/(1 — €). O

Notice that there is an obvious converse to Lemma 3.3. If such a \ exists, then from
the fact that

U1 QU1 — U2 @ Vg = (u1 — )\Ug) X vy + )\UQ ® (1)1 — )\_11)2)

we have immediately that both the Lo-norm and the Us-norm of uy ® v1 — us ® vo are at
most

lur = Ausll2f|vrfl2 + [Auzl2]lvr = A" vell2
which is at most €||uy|2||vi|l2 + €(1 + €)||u1]|2||vi |2, which equals (2€ + €2)|luy||2]|v1]|2-
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Lemma 3.4. Let X and Y be finite sets and let f : X x Y — C be a function with

singular-value decomposition 22:1 Aiu; @ v;. Then
max |A;]| = max{(f,u @ v) : ulla = [lv]2 =1} .

Proof. Let uw and v be unit vectors. Then
(fiu®uv) = Z i {uy ui) (v, v;) .

By Bessel’s inequality and the Cauchy-Schwarz inequality, |S°_ (u, u;){(v,v;)| < 1. Tt
follows that the left-hand side is at most the right-hand side. For the reverse inequality,

let i be such that |)\;| is maximized and set v = u; and v = v;. O

We shall now give some characterizations of functions from X x Y to C that can be
approximated in Lo by functions of rank 1. Later we shall use them to help us prove facts

about functions that can be approximated in the Us-norm.

Theorem 3.5. Let f: X xY — C and let 22:1 Aiu; ® v; be the singular-value decom-
position of f with |\1| > |\2| > .... Then the following statements are equivalent.

(i) There exist u : X — C and v : Y — C with |lul|2 = ||v||2 = 1, and a constant
A € C, such that || f — du®v[]3 < ]| 3.

(ii) Zz>2 RY |2 C2HfH2
(iii) [| fllz, = (1 = ea) |l fll3-

(V) Ba By | £ @, 0) (o) — P ) F@ )| < call I

Proof. If (ii) holds, then we can let u = uy, v = v and A = A;. Then ||f — Au®v||s =
> is2 [Ail?, by Lemma 2.4, so (i) holds with ¢; = co.

If (i) holds, then ||flla < |Al + ¢/?||flla. It follows that S '_, [AJ2 < |A2 +
2|)\|cl/ 2IIf1l2 + c1 || f]|2. We can also deduce from (i) and the Cauchy-Schwarz inequality
that [(f,u ® v)| = |A| — c1/?||f||l. Therefore, by Lemma 3.4, |A1| > |A| — 12| f||2, which
implies that [A;[2 > [A[2 - ”2!A|ufuz+c1||f||% It follows that 3., [Xi|? < 4e; 2 \][| £l
Since also [A| < ||f[l2(1+ ¢ ), this is at most 4(c 1/ +¢1)|lf]I3. Therefore, (ii) holds with
co = 4(0}/2 +c1).

The remaining equivalences are even more straightforward. Suppose that (ii) holds.
Note first that || f||y, < ||f]|2 by Lemma 2.4 and the fact that the ¢4-norm is dominated
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by the /3-norm. We also have that
2
1713 = (1l + D2 IAl?) < IS I, + (22 + BN -
i>2

Therefore, (iii) is true with c3 = 2cy + 3.
Now suppose that (iii) holds. Then

(S0 <0 S e hP(EAe).

It follows that >>._, |Ni|> < (1 — ¢3)~'|A\1[?, and therefore that (ii) is true with ¢y =
(1—c3)”t —1.

Finally, we show that (iii) and (iv) are equivalent by showing that the left-hand side
of (iv) is another way of writing 2(|| f||3 — || f[|7,)- Indeed, expanding out the square gives
us two “outer” terms, |f(z,y)?|f(z',y")|? and |f(x,v")|?|f(z',y)|?, both of which have
expectation || f||3, and two “inner” terms, f(z,y)f(x,v")f(2',y)f(z',y') and its complex

conjugate, both of which have expectation ||f||f,. Thus, (iv) is saying that ||f|{, >
(1= ca/2)| 13 m

Let f be as above. Then we shall write ff* for the function from X? to C defined by
the formula ff*(z,2’) = E, f(x,y)f(«',y). If we think of f as a matrix, then ff* is the

product of f with its adjoint—hence the notation.

Lemma 3.6. Let X and Y be finite sets, and let f : X x Y — C be a function with
singular-value decomposition Zle Aiu; @ v;. Then ff* = 2221 I\il?u; @ ;.

Proof. Since f(z,y) = _; hiui(x)vi(y), we have

t t

FF ) =By Y Y Ndjui(a)vi(y)us (@)o;(y) -

i=1 j=1
But E,v;(y)v;(y) = 8ij, so this equals 3"r_; [Ai|?u;(x)u;(2), which proves the lemma. [
The next result characterizes functions f : X x Y — C that are close in the Us-norm

to a function of rank 1. As we shall see, this is true if and only if ff* is close to a rank-1

function in the Ly-norm.

Theorem 3.7. Let X and Y be finite sets, and let f : X x Y — C be a function with
singular-value decomposition Y '_ N\ju; @ v;, with [A;| > ... > |\;|. Then the following

statements are equivalent.
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(i) There exist u : X — C and v : Y — C with ||u|lz = ||v||2 = 1, and a constant
A € C, such that ||f — \u ®v||42 < allfllg,

(i) Yiso INil* < 2l £,

(iii) There exists a function u : X? — C such that ||ul|s = 1, and a constant y € R,
such that || ff* — pu @73 < es| fllg,

2
(IV) E:D1,$2,£E3,:E4 ff*(«rl,l'?))ff*(l'g,l‘;l) - ff*(xlu l‘4)ff*(l‘2, 133) < C4||f||8U2

Proof. The first equivalence is similar to the corresponding equivalence in Theorem 3.5.
As there, it is trivial that if (ii) holds then (i) holds with the same constant.

I£ (i) holds, then | fllo, < I\l + /4l fllu,» s0 S5y il < (A + ¢/ fllr,)*. Whiting
g = f — Au® v, we have that |(g,u ® v)| < |lgll2 < |lgllv, < ¢ / | fllu, by the Cauchy-
Schwarz inequality, the fact that the Us-norm is dominated by the Lo-norm, and (i).
Therefore, [(f,u®v)| > || — ci/4||f||U2. Therefore, by Lemma 3.4, |A1] > |A| — ci/4||f||U2,
so [M[* = (1Al = ct”*(|£]lw,)*. Tt follows that

1/4 4
ST <N+ o)t = A = e f o)

1>2

1/4 3/4
= 3e}/ |1 fllon AP 4 3¢ fllos A -

But (i) also implies that |A] < (1 + 01/4)Hf\|U2, so this implies (ii) with co = 3c1/4( 1+
1/4) + 3¢ 3/4(1 + cl/ ). In particular, if ¢; < 1, then it implies (ii) with ¢y = 3001/4 and
for sufficiently small ¢, it implies it with co = 401/ ‘)

The equivalence of (ii) and (iii) follows easily from Theorem 3.5 and Lemma 3.6.
Indeed, suppose first that (ii) is true and set p; = |\;|>. By Lemma 3.6, the singular-
value decomposition of ff* is Zle piv; ® u;, and by Lemma 2.4 we know that || f ||4U2 =
>oiy it = iy u2 = |[ff*]3. Therefore, (ii) is telling us that 3,5, u? < co |3,
which says that | £/* — s ® 753 < call £ = eall£115,

Conversely, if (iii) is true, then the implication of (ii) from (i) in Theorem 3.5 tells us
that 37,5 17 < 4(cy’ + ¢3) || £ £7]13, which says that Y, [\i[* < 4(cy’® + ¢3)[ £,

Similarly, the equivalence of (ii) and (iv) is just the equivalence between (ii) and (iv)
of Theorem 3.5, but applied to the function ff*. O

As remarked earlier, one can deduce results about graphs from results about functions.
If f is the characteristic function of a bipartite graph G with vertex sets X and Y, then
ffi(z,2") = [N, N Ny |/|Y|, which we denoted earlier by 6;(z,z’). The next theorem

combines several of the results stated so far. The equivalences involving (ii) are “weak”
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equivalences, in that the dependences between the c; involve the Us-norm of G. We make

this remark precise in the proof.

Corollary 3.8. Let X and Y be finite sets and let G be a bipartite graph with vertex
sets X and Y of size m and n. Then the following statements are equivalent.

(i) There exist functions u : X — R and v : Y — R with |lu||s = ||v|2 = 1 and a real
number A such that |G — M@ ||t < c1]| G|, -

(ii) There exist functions u : X — R and v : Y — R with |Julls = ||v]|2 = 1 and a
real number X\ such that for every subset X' C X and every subset Y’ C Y the number of
edges from X' toY' differs from )\(erx, u(x)) (Zer' U(y)) by at most comn.

2
(i) B s s | (1, 23)6 (22, 20) = (21, 20)0 (w2, 35)| < |Gl

Moreover, the equivalence between (i) and (ii) holds for the same pair of functions u and v.

Proof. If we set f = G — A Au®wv, then (i) is equivalent to saying that f is ¢;-quasirandom.
That is, it is equivalent to saying that f satisfies property (i) of Theorem 1.1. Property (ii)
of this theorem is easily seen to be equivalent to property (iii) of Theorem 1.1. Therefore,
the equivalence of (i) and (ii) follows immediately from the equivalence of (i) and (iii) in
Theorem 1.1. The dependences in that theorem imply that if (i) holds then (ii) holds with
constant c%/ *|G|lu, and that if (ii) holds then (i) holds with constant 4cs||G Hfjj

The equivalence of (i) and (iii) is just the equivalence of (i) and (iv) in Theorem 3.7

applied to the function G. O

Before the last main result of the section we need two further technical lemmas. They
have very similar proofs, but not quite similar enough for it to be worth the effort to deduce

them from a single more abstract lemma.

Lemma 3.9. Suppose that X and Y are finite sets and that f and g are functions from
X xY toC. Then

I 2
Eo By (f (2, 9)f (@, y) — 9(z,9)9(", )| < I =gl (1flv. + llglle)?

Proof. Let h=f —g. Then

fx,y) f(2'y) — gz, y)g(x',y) = flx,y)h(z',y) + h(z,y)g(x',y) .

By Minkowski’s inequality, the square root of the quantity we wish to bound is therefore

at most

(Ee BB ]| ) 4 (B B o] )
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2
Now E, ./ Eyf(:c,y)h(x’,y)‘ = [f, f,h,h], so by Lemma 2.2 it is at most || f||Z, [|A[|7,. A

similar assertion is true for the second term, and the result follows easily. U

Lemma 3.10. Suppose that Z is a finite set and that f and g are functions from Z to C.
Then

FEAFE) = 9(23E| < I1f = g3z + lglla)?

Proof. Once again we apply the standard trick for showing that products are close,

Ez,z’

observing that

F(2)f(2) = 9(2)g(z") = F()(f(2") = 9(2) + (f(2) — 9(2))9(z") -

Again let h = f — g. Let us regard both sides of the above identity as functions from Z2
to C and apply Minkowski’s inequality. It tells us that

2\ 1/2 2\ 1/2 2\ 1/2
(Ez,z’ > < (Ez,z’ ) + (Ez,z’ ) .

FR)f() = 9(2)9(+")
The right-hand side is equal to [|A||2(]|f]l2 + |lgl|2), so the result is proved. O

h(z)g(+')

f(2)h(z")

The message of the next result is that if f is a function from X x Y to R} and f can
be approximated by a rank-1 function Au ® v, then we can identify in a very simple way
what u, v and \ are. (By Lemma 3.3, they are approximately unique up to multiplication
of u by a scalar and v by the inverse of that scalar.) Indeed, u and v are proportional to
the (normalized) degrees of the vertices in X and Y, respectively. To obtain the constant
of proportionality, one looks at d = E, , f(x,y). Of course, this will not work if d = 0,
so the result is valid only when d is non-zero, and gets progressively weaker when d gets
smaller.

It turns out that this problem persists to some extent even if f takes values that
are real and positive (the case that will eventually interest us). When we prove that (i)
implies (ii) below, we shall obtain a “weak” result, in that the constant ¢ that we obtain
will depend not just on ¢; but also on the ratio d~!||f||y,. After the proof, we shall give

a simple example that demonstrates that this weakness is necessary.

Theorem 3.11. Let X andY be sets of size m and n, respectively, and let f : X xY — C.
Then the following four statements are equivalent.
(i) There exist functions u : X — C and v : Y — C such that || f —u®vl|{;, < e flIf,-

(ii) |f — d™*01 @ d2lfy, < call flIgs,-

14



(iii) B, ar |01 (2, 2") — (d72]|62[|3)d1 ()61 (2) 2

(i) By |52, 4/) — (@2100])52)62(6/)|

< csllflp,-

< el fll,-

Proof. Trivially (ii) implies (i) with ¢; = c2. To see that (i) implies (ii), we apply Lemma
3.1 to the function h(z,y) = f(z,y) — u(x)v(y). Setting o = Eyu(x) and 5 = E,v(y), this
tells us that

Eq|d1 (@) — fu(@)* < &£, -

That is, |61 — Bullz < &/ *||fllv,. Similarly, |62 — vz < i/ *||fllu,. Tt follows that

161 ® &2 — afu @ vljy, < (|01 ® (92 — aw)|v, + (01 = fu) @ av]|y,

=101 ® (62 — aw)||]2 + [|(61 — Bu) @ av||2
< e 1 fllo, (18112 + elfoll2) -

Now Lemma 3.1 applied to f tells us that ||61]]2 < || f]lu,, and vz < [Jull2||lv]]2 =

lu @, < (1+ c}“)HfHUT Therefore, we have shown that

161 ® 62 — aBu @ vl < /42 + /M FIZ, .

From Lemma 3.4 with v and v equal to the constant functions 1x and 1y, respectively,
and f = h, we find that |E; ,h(z,y)| < |h]|v,. (This uses Lemma 2.4 as well.) We are
assuming that ||A||y, < c}“HfHU?. It follows that |af —d| < c}MHfHUz, and therefore that
laBu @ v — du @ vllu, < et/ | fllvslull2]lv]l2, which is at most ¢/ *(1 4 e/ )| £112,.

Thus, by the triangle inequality,

161 @ 62 — du @ v]lv, < et/ (3+2¢/ )1 7112, .
and by (i) and the triangle inequality again this tells us that
If —d7261 ® Sallu, < &/ |1 fllos +d A3+ 261N IIFI1Z, -

Notice that the ¢y that we have obtained is equal to (01/4 +d 7Y fllu, 01/4(34—20}/4))4,
so it depends on the quantity d=!||f||v,, as we warned that it would.
Now let us prove that (ii) implies (iii). We do this by applying Lemma 3.9 to the

functions f and d=1§; ® 6, from which we learn that
2
By o |61 (z,2") = (d72(|62]13)01 (2)01 ()| < || f —d ™61 @ b2, (| flloy + [|[d™ 101 @ b2 l0,)?
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By (ii) and the triangle inequality, we know that ||[d716; ® dallp, < (1 + 05/4)||f||U2.
Therefore, the right-hand side of the above inequality is at most c;/ 22 + cé/ 2| f [
which establishes (iii) with ¢z = 05/2(2 1 c;/4)2.

Finally, we prove that (iii) implies (i). Note first that J.x,z’) is just a different
notation for ff*(x,z"). Therefore, property (iii) implies property (iii) of Theorem 3.7. We
2+ ),

and hence property (i) of this theorem with the same constant.(A tiny extra ingredient is

therefore have property (i) of that theorem (by the theorem) with constant 4(051,)

the observation that if f is real then its singular-value decomposition is real, so that the
u, v and A that come out of Theorem 3.7 are all real.)

Finally, notice that statements (i) and (ii) are symmetric in X and Y. Therefore,
the equivalence with (iii) implies the equivalence with (iv) with exactly the same depen-
dences. (Thus, interestingly, if you know that d;(z,2’) tends to be roughly proportional

to d1(x)d1(2’) then you know the same for 5. However, this is a “weak” implication.) O

To see why the weakness was necessary in the above result, consider the following
example (or rather, class of examples). The basic idea behind it is to construct a function
of the form v ® v + v/ ® v" in such a way that u, v, v’ and v’ are all positive, ||u ® vy, is
much bigger than [|u’ ® v'||y,, but E; yu(x)v(y) is much smaller than E, ,u’(x)v’(y). This
means that (i) is true, but (ii) is false.

To be more concrete, let X7 C X and Y; C Y be subsets of density 3, and let v and v
be their characteristic functions. Let u’ and v’ be the characteristic functions of X and Y.
Then let f = u® v+ %0 @v'. Now ||Ju @ vy, = |lull2]|v]|2 = B8, and ||3?u @ V'||y, = B°.
Therefore, ||f —u® vy, < Bllu®@ vy, < B(1 = B)71|f|lv,, so we have (i) with constant
B(L—B).

Now the density d of f is 23%. If z € X; and y € Y; then d~161(x)d2(y) = d~ (B +
%)% < 1/2 + 38, whereas f(z,y) = 1. If z € X; and y € Y then d~161(2)d2(y) =
(B + 3%)3% < 23, and the same is true if 2 € X5 and y € Y;. In both these cases
f(x,y) = 0. Finally, if z € X5 and y € Y5 then d=16;(2)d2(y) = d~18* = 3?/2.

We can split g = f —d~16; ® 65 into four pieces of rank 1, by looking at its restrictions
to the four sets X; x Y;. The calculations above show that the part in X; xY; has Us-norm
at least B(1/2 — 33), since g is constant, and the constant is at least 1/2 — 33. Similarly,
the parts in X; x Y5 and X5 x Y; have Us-norm at most 2433, Finally, the part in Xs x Y5
has Us-norm at most (32/2, since g is constant and the constant lies between 0 and 32 /2.
It follows that the Us-norm of g is at least 3(1/2 — 33) — 232 — 3%/2, which is at least 3/3
if § is sufficiently small.
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We know that || f|ly, = 0 (since v/ and v’ are positive), so this tells us that f is not
close to d718; ® 6 in the Us-norm. More precisely, (ii) is not true with a constant that
tends to zero with 3, while (i) is true with a constant that is roughly proportional to (3.
This shows that in order to obtain (ii), we need ¢; to be small in a way that depends not
just on ¢y but also on the function f. In other words, the weak implication cannot be
replaced by a strong one.

A special case that will interest us later is when a graph (or function) can be approx-
imated by a function of the form 1 ® v. The next theorem characterizes such functions in
a way that is quite similar to the characterizations of Theorem 3.11, though we add one
further characterization. However, for this theorem, perhaps surprisingly, all the implica-
tions are strong ones, except that the extra characterization (v) implies the others only

weakly:.

Theorem 3.12. Let X and Y be finite sets and let f : X xY — R, . Then the following
statements are equivalent.

(i) There exists a function v : Y — Ry such that ||f — 1@ v||{;, < eallfllE,-

(ii) |If = 1@ 02, < c2llfll7,-

2
(iii) By 07|01 (2, 27) — HM%’ < csllfllg,-

2
(iv) Eyy [02(y, ') — 02(y)02(y")| < call flITs,-

(v) Ey’IEg;f(ar,y)u(aj)|2 < s\ flI, |ull3 for every function u: X — R of mean 0.

Proof. First let us show that (ii) and (iv) are exactly equivalent, by showing that their
left-hand sides are equal. If we set g(z,y) = f(x,y) — d2(y), then the left-hand side of (ii)
is equal to ||g||f;,, which is equal to B,/ |E.g(z,y)g(x,y")|*. But

Eeg(z,y)9(x,y") = Eo f(z,y) f(2,y') — Ee f(2,y)02(y") — Eo f (2,9 )d2(y) + 02(y)d2(y")
=82(y,y") — 02(y)02(y') ,

from which the equality follows.

The proof that (ii) implies (iii) is almost identical to the proof that (ii) implies (iii) in
Theorem 3.11. Indeed, let us prove a more general result that implies them both. Suppose
that || f —u®wv||f, < el fl|f,- We can then apply Lemma 3.9 to the functions f and u®wv,
concluding that

2
Eoa |Ey (f(2,9)f (2", y) —U(w)U(f’)|v(y)l2)‘ <f —uw@olg, (1 flle. + e @ vle,)? .
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By (ii) and the triangle inequality, ||u ® v||y, < (1 + 01/4)||f||U2, S0

2
By o |61 (2,2") — u(@)u(@)||v]3] <>+ e’ fIIE, -

Specializing to the case u = 1 and v = d9 tells us that (ii) implies (iii), and specializing to
the case u = 6; and v = d~1d, tells us that (ii) implies (iii) in Theorem 3.11.

We finish the proof that all of (i), (ii), (iii) and (iv) are equivalent by proving that
(iii) implies (i) and (i) implies (ii). The proofs are very similar to the corresponding proofs
in Theorem 3.11 but slightly more complicated.

First, notice that (iii) implies property (iii) of Theorem 3.7 with the same constant
cs. It therefore gives us property (i) of Theorem 3.7 with constant 4(03/ gt c3), which
we shall call cg. Now the proof of that implication actually tells us slightly more—that
If — Au® oll, < el fllf;, where A, u and v are the beginning of the singular-value
decomposition of f. Since f is a non-negative function, A\, u and v can all be taken to be
real and non-negative. It follows that || ff* — Au ® ul|3 < cg| f||{;, as well, since if f =
Zf 1 At ®v; with (u;) and (v;) both orthonormal sequences then ff* = Zle |\i|Pu; @5,
But (iii) tells us that ||ff* — [|62]31 ® 1”2 < s flI,, so it follows from Minkowski’s
inequality that ||[A%u @ u — ||52H21®1||2 1/2 UQ)HfHU2

We also know that A2[|u ® ul|s > Hff*u2 - c;/2ufy|U2 = (1 —¢g/*)||f|IZ,. Therefore,
N2u@u—[|0231 @ 1|, < (3% + e/ ) (1 — e/ ) N u@ulla. Let er = (e +eg/*)(1 -

et/ 2)_1. It follows from Lemma 3.3 that there is some constant function p such that
| Au — pll2 < ez A||lu|l2. Therefore, ||(Au — p) @ v||y, < erA||ull2||v]|2. Hence, by the triangle
inequality,

1/4
1f = p@vllu, < cg” Il + erAllull2]|v]l2 -

We also know that || Au®v||y, < (1+cl/4)||f||U2, so this is at most (cé/4—|—07(1+cé/4))||f||U2.
We have just established (i) with constant ¢; = (cé/4 +er(1+ 01/4)) :

If we now apply Lemma 3.1 to the function f(z,y) — pv(y) (but with z and y in-
terchanged) we find that E,|d2(y) — pv(y)|* < ||f — p ® v[|7,, which we know is at most
ci/2||f\|%]2. That is, ||02 — pvl|2 < c}/4||f||U2. (Here we are sometimes using p to stand for
a constant function and sometimes to stand for the relevant constant.)

Now p ® v =1 ® pv, so the above estimates give us

1f = 1® 6allu, < If = 1@ pvllu, + |1 © (pv — 62)|us
1/4 1/4 1/4
< fllos + e 1 fllow = 261" £l -

This proves (ii) with constant co = 20}/ *
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To complete the proof of the lemma, we shall show that (iii) and (v) are equivalent.
Since it is no harder, we shall do this for complex functions. Notice that property (v) is
saying that if we associate with f a linear map from Ly(X) to Lo(Y) in the obvious way,
then the restriction of this map to the set of functions with mean zero has norm at most

cé/ Il llo,. The proof that it follows from (iii) is the following simple calculation:

Ey|Ezu(z) f(2,y)|* = ByEy pu(z)u(a’) f(z,y) f(2', y)
=B, ou(z)u(a’)dy (z,x')
=E, wu(z)u(a’) (61 (x,2') — a)

< (Bear i@ Phu@)?) " (Bu el (2, 2') — of?)

1/2

Here o = ||02]|3, the mean of 6 (z,2’). The first term in the final product equals ||u||3 and
the second is at most cé/ ol fllZ:, by hypothesis.
Finally, let us assume (v). We begin by deducing from it a statement about arbitrary

functions u. Let u : X — C be a function with mean 7 and write u(z) = 7 + v(x). Then

Em,w’él (CL‘, x/)u<x)m = Ex,m’(Sl (ZE, IE/)(T + U(IE))(? + 'U(:E/)) .

The right-hand side splits up into four parts, which we shall consider separately.
The first term is |7]°E, . 61(z,2'), which equals |7|?||62]|3. The second is

TR0 01 (2, 2" )v(2"). Now
]E:C,w’dl ('T> x/)m = ]E:c,m’Eyf(xv y)f("rlv y)v('x/)
— ]Ey52 (y)Ex’f(x/, y)U(ﬂf/)

/ |2 1/2
< 1022 (By [Bar £, y)o(a))

which is at most H<52||20513/2||v\|2Hf||U2, by (v). Since both 7 and ||v||2 are at most ||u||2 and

1/2

10213 = Ea,a01(2,2") < (B0 |01(z,2)[*) 7" = [ fl7,

it follows that the second term is at most cé/2||f||2U2||u||§ The third term is just the
complex conjugate of the second, so it is bounded in the same way. And finally the fourth
2

term equals Ey|E, f(x,y)v(x)* and so by (v) it is at most cs|| f[|7, [[v]|3 < esllfl17, llull3-

This shows that for any u we have the inequality

By 061 (2, 2 Yu(z)u(@’) — [Bpu(z)?)|02]2 < (263" + c5) || F112, ull? -
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Now let us apply this inequality to the function u(x) = f(z,y), obtaining the inequality

Eyo0 (2,2 ) [, 9) f(2'y) — [Eaf (2, 9)2]102013 < 2es/® + s) | F117, Bl £ (2, 9)]? -

Now let us take the expectation over y of both sides. The first term on the left-hand

side has mean E, ,|5;(z,2")|?, while the second equals |52(y)|?||62]|3, which has mean

2
|62||3, which also equals (]Ex,ggzdl (z, 2 )) . Therefore, the expectation of the left-hand side
is the variance of 6 (x,2’). The expectation of the right-hand side is (2c+/* +¢s) IFIZ, 1113,

so we obtain (iii) with constant cg = (26?/2 +cs)IF13/11 £ 11, - O

We shall be particularly interested in the case where f is the characteristic function
of a bipartite graph, and especially in the fact that property (iii) implies all the others.
Notice that

16213 = By (B f (2, 9))” = o By f (2, 9) f (&', y) = Eq w001 (2,27) ,

so (iii) is the statement that the variance of §; (x, z’) is small compared with E, ,/6; (z, 2')?.

In the case of a bipartite graph, this says that almost all the intersections of pairs of
neighbourhoods N(z) and N(z'), with x, 2’ € X, have about the same size.

This property should be compared with quasirandomness. If the average density of
a neighbourhood is § and almost all pairs of neighbourhoods intersect in a set of density
approximately 62, then the graph is quasirandom. If, however, we have just the weaker
property that the intersections of pairs of neighbourhoods have about the same size (with-
out the further property that this size is almost minimal) then we obtain the weaker, but
still useful, conclusion that G' can be “quasirandomly approximated” by the very simple
function 1 ® do. In fact, the only difference between this and quasirandomness is that a
quasirandom graph looks like a random graph where all edges are chosen independently
with some probability p, whereas a graph with the weaker intersections property looks like
a graph where the edges are again chosen independently, but now the probability of choos-
ing the edge zy is given by some number p(y) € [0, 1] that can depend on y. Furthermore,
it is easy to identify p(y): it is just the normalized degree of y.

We finish this section by remarking that the weak implication in Theorem 3.12
was necessarily so. To see this, suppose that f has singular-value decomposition
Zle \iu; ® v; and suppose that u; = 1. Then ff* = 2521 |\i|?u; ® u;, from which
it follows that E, .0 (z,2)2 = Yi_, |\il%, as we already know. Now in this case
do(y) = Zle AiEzu;(x)v;(y), which equals Ajvy(y), since E uq(x) = 1 and E ui(z) = 0
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for every i > 1 (because all the other u; are orthogonal to the constant function 1). There-
fore, ||d2]|3 = |A1|*. It follows that the variance E, . |01 (x,z") — ||52H%’2 of §1(x,z") equals
>i~1 [Ai|*. Notice that in this case property (iii) is exactly equivalent to properties (ii)
and (iv).

It is an easy consequence of Lemma 3.4 that the norm of the restriction to functions
of mean 0 of the linear map corresponding to f is equal to the largest value of |\;| such
that ¢ # 1. Therefore, if we wish to bound the variance of §; (z,z’) in terms of this norm,
then we are trying to bound an ¢4-norm in terms of an /,,-norm, which we cannot do.

However, we do at least have the inequality

t
4o , 22 12 _ IR
D Nl <max A A = max [N £113

i>2 i=1
This is why it is not surprising that a ratio of the form || f[|3/|f||Z, appears in the proof

that (v) implies (iii).
4. Some weak regularity lemmas.

Theorem 3.12 would be just a curiosity were it not for the fact that graphs that
satisfy property (iii) arise naturally in connection with a technique used in [G2] to prove
a quantitative version of the Balog-Szemerédi theorem. In this section we shall begin by
giving an answer to the following rather general-sounding question. Suppose you have a
(not too sparse) bipartite graph G with vertex sets X and Y. How nice can you make G by
restricting to a (not too small) subset X’ C X7 Notice that we are not allowed to restrict
Y —for that question it is well known that one can restrict to a quasirandom graph. In
our case, the best structure we could possibly hope for is exactly the structure described
at the end of the previous section, namely a graph that resembles a random graph where
the edge xy is chosen with probability p(y). The reason for this is simple: if we actually
do define a random graph this way, then with high probability, any restriction of the graph
to a subset of the form X’ x Y will still resemble a random graph where the edge xy is
chosen with probability p(y). The main result of this section is that we can actually find
this structure. Once we have shown this (the proof is not very hard), we shall draw some
consequences.

At the heart of the proof is the following lemma, which is a small generalization of
Lemma 7.4 of [G2]. The slightly peculiar use of (1 4+ 1)*/? instead of 1 + 7 is not an
important feature of the statement: it just makes it a little bit more convenient to use

later.
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Lemma 4.1. Let G be a bipartite graph with vertex sets X and Y of size m and n,
and let v, o, 7 and € be positive constants. Suppose that there are at least em? pairs
(z,2") € X? such that |N(z) N N(z")| > a(1 4 n)'/?n. Then there is a subset B C X of
size at least (67)4’7711°g(0‘71)m such that |[N(x) N N(z2')| > an for all but at most v|B|?
pairs (x,2') € B2

Proof. Let r be a positive integer to be chosen later. Pick y,...,y, in Y uniformly
at random and let B = N(y1) N...N N(y,). Define a pair (x,z") to be good if |[N(z) N
N(z)| > a(l +n)/?n and bad if |[N(z) N N(2')] < an and let the numbers of these
pairs belonging to B be g(B) and b(B) respectively. A good pair will belong to B? with
probability at least o (1 + n)r/ 2 while a bad pair will belong with probability less than
a’, so the expected value of g(B) — y~1b(B) is at least a"m? (e(l +n)"/? — 7_1>. Let r
be such that e(1 +7)"/2 —4~! > 1. Then there must exist for this r a set B such that
g(B) — v~ 'b(B) > o’m?, which implies that |B| > o//?m and b(B) < v|B|?.

It remains to choose an appropriate value for r. A simple calculation shows that
the inequality we needed is satisfied when r = 8n~!log(e"'y~1) (the fact that this is
not necessarily an integer is compensated for by the fact that the simple calculation was
not optimized, so we shall ignore it). This gives us our set B with cardinality at least

ot log(e™ Yy = (ey)4n” M los(e™ )y which proves the lemma. O

Corollary 4.2. Let G be a bipartite graph with vertex sets X and Y of sizes m and n
respectively, let §, n, € and v be positive constants less than 1. Suppose that there are at
least em? pairs (x,z') € X2 such that 6;(zx,z') > §(1 + n)'/2. Then there is a constant
o > 6 and a subset B C X of density at least (ey)" 20" ")° with the following two
properties.
(i) 61(z,2") > « for all but at most | B|? pairs (z,2') € B2.
(ii) 01(z,z") <
In particular, E, ,ep|d1(z,2') — al? < e+ a?(y +n?).

a(1+n) for all but at most €| B|? pairs (z,2') € B2.

Proof. We prove this result by iterating the previous lemma. Let By = X and let Ag = 6.
Since 61 (z, ") = Ag(1 4 n)'/2 for at least €| By|? pairs (z,2') € BZ, Lemma 4.1 gives us a
subset By C By of size at least (ey)* ' log(Ao_l)|B0\ such that 01 (z,z") > Ag for all but at
most | B1|? pairs (z,2') € B3.

If we also have 1 (z,2’) < Ag(1 + 1) for all but at most €|B;|? pairs (z,2') € B?

then B, has the property we require of our set B. Otherwise, let A} = Ag(1 +n)*/2. We

22



then know that 6 (z,z") > Ay (1 +n)/?2 for at least €| B, |? pairs (z,2') € B?, which is the
assumption we first started with except that By and Ag have been replaced by By and A;.

We are therefore in a position to iterate, producing a sequence of sets By D B1 D ...
and real numbers A; = 6(1 4 )"/2. Since A; cannot exceed 1, the iteration must stop
after at most t = 2log;,, (67") < 27~ 'log(d~") steps, at which point we have found a
set B with the required property. Moreover, each B; has density at least (e’y)‘m_1 log(Ag )
times the density of B;_1. Therefore the set B we eventually find has density at least
((ey)4n™ 10867 ))t which is at least the bound stated.

The estimate for E, . ep|di(z,2") — a|? follows from the fact that if we choose a
random pair (z,z’) € B2, then the probability that d;(z,z') > a(1 +n) is at most €, in
which case we still know that d;(z,2’) < 1, and the probability that d;(z,z’) < « is at

most v, in which case we know that d1(x,z") > 0. O

Remark. An interesting feature of the above result is that it is only the dependence on
n that is exponentially expensive. Thus, it can be applied to quite sparse sets (not as

Sparse as n99/100

, say, but much sparser than n/logn), and we can ask for € to be very
small. Indeed, on this second point, the method of proof is sufficiently flexible that if one
is content with worse bounds, then one can ask for much stronger conclusions. Later in

the paper we shall see that this can be useful.

Given a bipartite graph G with vertex sets X and Y, let us say that a subset B C X
is (€,v,n)-regular for G with parameter « if properties (i) and (ii) of Corollary 4.2 hold.
The next result is a rather simple strengthening of Corollary 4.2, where the result is not
a single (e,~,n)-regular set, but a partition of X into such sets. We shall use the word
“density” in two senses: when it refers to a subset X’ of X then it means |X'|/|X| and
when it refers to an induced bipartite subgraph G(X’,Y’) of G then it means the number
of edges between X’ and Y’ divided by |X'||Y”|.

Theorem 4.3. Let 9, 0, ¢ and n be positive constants less than 1, suppose that € < 9,
and let G be a bipartite graph with vertex sets X and Y. Then there is a partition
X = BoU By U...UB, with the following properties.

(i) For each i > 1 the set B; has density at least (ey)87  1°e(0" )¢,

(ii) For each i > 1 the set B; is (€,7,n)-regular for G.

(iii) For each i > 1 the graph G(B;,Y) has density at least 25/,

(iv) For every subset E C By of density at least 0, the graph G(FE,Y’) has density less
than 20%/2.
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Proof. If we cannot just set X = By then there must be a subset £ C X of density
at least 6 such that the density of the induced subgraph G(E,Y) is at least 26'/2. Let
us apply Corollary 4.2 to this subgraph. We know that E, . erdi(z,2') = E,dr(y)* >
(Eydr(y))? > 46, so if (z,2') is a random pair chosen from E, then the probability that
51(z, ") > 20 is at least 26, and therefore the probability that 6, (x, z’) > 6(1 4 n1)*/? is at
least €. Corollary 4.2 therefore gives us a set By of density at least (67)8"_2 1056779 that
is (€,7,n)-regular for G.

We now repeat. If we cannot set By = X \ By, then there must be a subset £ C X\ By
of density at least 6 such that the density of the induced subgraph G(E,Y) is at least 26%/2.
This gives us a set By of density at least (6’}/)877_2 10g(8™")% 9 that is (€,7,n)-regular for G.

If we continue this iteration for as long as we can, then eventually we will find that
the set X \ (B1 U...U B,;) has no subset E of density 6 such that the graph G(E,Y) has
density at least 261/2. We then set By = X \ (B U...U B,) and the result is proved. [

The above result can be thought of as a “weak regularity lemma”, and it may help if
we compare it with existing regularity lemmas. The most famous of these is Szemerédi’s
regularity lemma, which starts with a parameter € and provides a partition of the vertices
of a graph into sets X1,..., Xk, with k£ depending on € only, in such a way that for at
least (1 — €)k? pairs (X;, X;) the induced bipartite subgraph G(X;, X;) is e-quasirandom.
Although this is an extremely useful result, it has the drawback that the dependence of k
on € is very poor (and an example in [G1] shows that this is necessary).

Because of this, there are good reasons for trying to find alternative statements that
are weak enough to give rise to better bounds, but still strong enough for applications. This
turns out to be possible in some situations and tantalizingly difficult in others. One of the
most useful weak regularity lemmas is due to Frieze and Kannan, and one way of describing
how it relates to Szemerédi’s lemma is as follows. A quasirandom bipartite graph of density
p is a bipartite graph that is close in the Us-norm to the constant function p. Suppose
that Xq,..., X is the partition arising in Szemerédi’s regularity lemma, and suppose that
we define an averaging projection PG(z,y) of G by setting PG(x,y) to be the density of
the bipartite graph G(X;, X;) such that x € X; and y € X;. Then Szemerédi’s lemma
says that G is well-approximated by PG in the Us-norm on almost all pairs (X;, X;). The
lemma of Frieze and Kannan provides a partition that gives rise to a more global notion
of approximation: this time we cannot say anything about the Us-norm of G — PG if we
restrict to a pair (X;, X;) but we can at least say that |G — PG|y, is small. That is, G is

quasirandomly approximated by PG in a global sense, but not necessarily if you restrict
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to the pairs (X;, X;).

What we have proved, though this will not become fully clear until after the next few
results, is an “intermediate regularity lemma”, where G is well-approximated by PG on
sets of the form X; x Y. (This is a statement about bipartite graphs, though we shall
obtain graph statements as well.) To summarize, for Szemerédi one can look at pairs of
small sets, for Frieze and Kannan one can look at pairs of large sets, and here one can look
at pairs of sets where one is small and the other large.

Theorem 4.3 provides us with a collection of graphs G(B;,Y) that are individually
well-behaved. However, although they are edge disjoint, they all share a vertex set Y,
and the next two lemmas can be used to show that they interact in an interesting way.
Roughly speaking, we shall show that if §;(x,2") is approximately constant over pairs
(z,2") from B? and also over pairs from BJQ-, then it is approximately constant over pairs
from B; x B;j. One can make this assertion precise in different ways, according to whether
one uses the stronger property (iii) or the weaker property (v) of Theorem 3.12 as the
initial assumption. The next lemma uses property (iii) and the one after it uses property
(v). In each case, the conclusion resembles the premise in an obvious way.

We shall state our results in terms of two sets X and X’. Variables such as x, 1 and
xo will always be assumed to range over X, while variables such as 2/, 2} and z/, will range
over X’'. Given two functions f: X xY — C and f': X' x Y — C, we shall write d2(y)
for E, f(z,y) and 05(y) for E, f'(2',y). The meaning of §; will depend in an obvious way
on the variables inside it: for example, 01 (z,2") = B, f(z,y) f'(z', ).

Lemma 4.4. Let X, X' and Y be finite sets, let f : X xY — C and let [ :
X'xY — C. Let 0 < ¢ < 2724, and suppose that E,, ,,|61(z1,22) — ||02]|3 ‘ < | fIIE,

ie.’) — (51,6 <

and that Ezi,xé)&(az’l,xé) — H(5§H2 < |l fNE,- Then Egu
16619117, 113,

Proof. By Theorem 3.12, we know that there is a constant co, with a power-type depen-
dence on ¢, such that ||f —1® &a||f;, < el fllf, and [|f —1® 65]|3, < el f/lIF,- We also
know that

51($,$) (01,62) =E ( (z,y) f' (', y)—52() ())
Ey(f(z,y) — 62(9)) ' (', y) + Eyba(y) (f' (2", y) — 65(y))
Eyg(z,y)f (z,y) + E 52(

9'(z,y)

where we have set g = f —1®d, and ¢’ = f' — 1 ® ¢5. By Minkowski’s inequality, we may
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2\ 1/2
therefore deduce that (Em7w/ 0 (x,2") — (01, 52)‘ ) is at most

<]E:r:,a:’

Let us estimate these two terms separately. First,

H‘:yg(ﬂuy)f’(af’,y)‘z)l/2 + (Ex,x/ Eyéz(y)mr)m .

2
Ew,x’ Eyg(x7 y)f/(l'/, y)’
:]Ey,y’ (Ewg T, )9 )(E J@ ) f ( y))
1/2 L2\ 1/2
< (Byy [Eaote.)g@ )| ) (Boy [ T@ )76 )| )
= gl I1/'1Izs, -
Similarly, the square of the second term is at most |1 ® d2||7, l¢'lIZ, = l10231l9'[17, <
A
It follows that the sum of the two terms is at most 2¢:§/4||f||U2 Il lu,, so we may take
d = 405/ 2, Looking carefully at the bounds in Theorem 3.12, one can check that this is at
most 16¢'/16 when ¢ < 2724, O

Lemma 4.4 tells us that if the variance of §; is small when it is restricted to X2
and small when it is restricted to X', then the variance is small when it is restricted to
X x X’. The next lemma uses property (v) of Theorem 3.12 and arrives at a slightly
weaker and more global conclusion, which implies in particular that, however you choose
subsets A C X’ and A’ C X’ that are not too small, the average E,c AE,/ca/01(z,z") will
be roughly the same.

Lemma 4.5. Let X, X’ and Y be finite sets, let f : X xY — C and let f' : X' x
Y — C. Suppose that E,|E.f(z,y)v(x)]* < c||flZ,lv]5 whenever E,v(xz) = 0, and
By By /(2 )0 (@) < el 13, 10/|13 whenever B,/ (a') = 0. Then

B or01(2, 2 Ju(@)u' (2') — Eoru(@)u’ ()02, 83)| < 2 o[£ o a2 -

Proof. Let u: X — C and v : X’ — C be arbitrary functions. Let 7 = E,u(z) and
7/ = Epu(z’), and let u(z) = 7 + v(z) and v/ (2’) = 7/ + v/ (2’). Let us write F' and F’
for the linear maps from X and X’ to Y associated with the functions f and f’. That is,
Fu(y) = E,. f(z,y)u(z) and F'u/(y) = E, f'(2',y)u'(z"). We shall also write 7 and 7’ for

the constant functions that take values 7 and 7’.
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Note first that, for any u : X — C,

1/2
|Fully = By 01 (21,22 (w0 )u(w2) < (Bay s (w1,2)%)  ulld = 11£13,

so the norm of F' before we restrict it to the space of functions of mean zero is at most
| fllu,- (This also follows easily from Lemma 3.4.) Similarly, we have the corresponding
result for F’ and f’. It follows that

|(Fu, F'u') — (Fr, F'T")| < {Fv, F'T")| + [{F1, F'v')|
< [[Folll[F' 7 fl2 + | F7ll2f 70|12
<1 loaf los (ol 2 + 171210 |12
<Pl F o llullz ]l ]2

Now F'17 = 7ds, F'7" = 7'8}, and (Fu, F'u') = E, 01 (z, 2" )u(x)u’(2"), so this implies the
result. O

Of particular interest to us is the obvious graph-theoretical consequence of the above
facts: if f, f’, u and ' all take values in {0, 1}, then f and f’ are the adjacency matrices
of bipartite graphs G C X xY and G’ C X' x Y, and v and u’ are characteristic functions
of subsets A C X and A’ C X'. Then (Fu, F'u’) is the number of paths of length 2 from
A to A’, and Lemmas 4.4 and 4.5 imply that this is close to |A||A’|(d2,d5). That is, the
product of G and G’ has roughly the same density (d2,05) everywhere.

Theorem 4.3 therefore gives us a strong regularity statement for “squares” of graphs,
or more accurately for the function d;(z,z’) (which corresponds to the product of the
adjacency matrix of G with its transpose). It tells us that we can partition the vertex set
of GG into sets By, B1,..., B, in such a way that there are almost no edges out of By and
such that for every i,j > 1 there exists «a;; such that ;(z,2") is approximately «;; for
almost every (z,2’) € B; x B;. This is a significantly stronger statement than can be made
about the partition in the weak regularity lemma of Frieze and Kannan, but the bound is
of comparable size.

We now make this statement precise, beginning with a technical lemma.

Lemma 4.6. Let 0 < 0 < 1 and 0 < ¢ < 1/100, and let € = §%c/4 and n = ¢'/?/2. Let
G be a bipartite graph of density § with vertex sets X and Y and suppose that B C X is
(¢, €,m)-regular for G, with a parameter a > ¢, and let 65 (y) denote the normalized degree

in B of a vertexy € Y. Then

2
Ea:,ac’GB (51(1',5(2/) — ||(SB||2 < cELI/egél(x,x’)Q .
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Proof. By the last part of the conclusion of Corollary 4.2,

E.orenldi(z, o)) — a* < 8%c/2 + a’c/4 < 3ac/4 .

1/2
It follows that <Ex,x/63]51(x,x’)|2) > a — (3a2¢/4)Y? > a(1 — /3¢/2), so we have

shown that

2 3c

E, oeldi(z,2) —al® < E, »epdi(z,z')? .
) €B| 1( ) 4(1_\/%/2)2 ,x'€B 1( )

It can be checked that this is at most cE, . epdi(z,2")? when ¢ < 1/100. The result

follows, since ||dp, ||3 is the mean of &; over B2 O

Theorem 4.7. Let (,0 > 0 and let G be a bipartite graph with vertex sets X and Y.
Then there is a partition of X into sets Bg, By, ..., By, withr < 0~ exp(L{1%(log(¢™1)3)
for some absolute constant L, with the following property. For each i and each y € Y let

0B, (y) be the normalized degree of y in B;. Then
, 2
EmEBiEm’EBj 51(58,1’ ) - <5Bi’5Bj> <6

whenever i,j > 1, and either By has density less than 6 or the same inequality holds for
i,j >0.
Proof. Let ¢ =2794¢16 § =(2/4, ¢ = v = 6°c/4 and 1 = ¢'/?/2, and let By, B1,..., B,
be the partition arising in Theorem 4.3 for these parameters.

For each 7 let f; denote the restriction of the characteristic function of G' to the set
B;xY.Ifi>1, then B is (e,,n)-regular for G and has density at least 26'/2. Therefore,
by Lemma 4.6,

51(1’,1'/) - "531‘2 < CEx,x’GBiél(xvx/)2 = Hle4U2 :

Em,w’EBi

We now have the conditions of Lemma 4.4 for any pair of sets B; and B; with ¢,5 > 1.
It follows that

Eren,Eoen,|61(z,2") — (6B,,68,)1> < CIfill3, £ 117,

for every such pair.
We also know that

EvepoEoren, o1 (@, o)* < | follt I fillZ,
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by Lemma 2.2. But either By has density at most #, in which case we are done, or the
graph G(By,Y) has density at most 26'/2, from which it follows that 1 folltr, < [Ifoll3 <
| foll3]l foll%, < 46. (The first of these inequalities can be deduced easily from Lemma 2.4,
or else it is an easy exercise to prove it directly.) Since the mean of §;(x,2") over By x B;
is (0p,,0p,), it follows that

2283 f)1E, < ¢

51 (377 37/) - <5Bo7 5Bi>

EJ?GBO]EIL‘/GBZ‘

This shows that the partition has the desired properties, and the bounds of Theorem
4.3 can be used to check the upper bound on the size of r. 0

Remark. Essentially the same proof gives a non-symmetric version of the result, in which
one obtains a strong regularity lemma for general graph products. That is, given a bipartite
graph G with vertex sets X and Y, and a bipartite graph G’ with vertex sets X’ and Y, one
can find partitions of X and X’ such that for almost every B in the first partition and B’
in the second partition the function 6 (z,2’) (defined to be the density of the intersection
of the G-neighbourhood of x with the G’-neighbourhood of z’) is roughly constant over
B x B’. In the case X = X’ one can even ask for the two partitions to be the same, by
proving a version of Lemma 4.1 that works for more than one graph at the same time.
(This one can do, for example, by considering a bipartite graph from X to Y2 that joins
x to (y,y’) if and only if (z,y) € G and (z,y’) € G'.)

We now prove a strengthening of Lemma 4.4 that allows us to exploit more fully the
fact that we can obtain (e,7) regular sets with ¢ much smaller than 7. The next lemma
shows that if B is (e, n)-regular for a graph G, then all subsets C' C B have images, under
the linear map given by the adjacency matrix of the graph G(B,Y'), that are approximately
proportional to each other, provided that they are not too small-—where the lower bound
we require on the size tends to zero with € and so can be chosen to be very small. The one
after it will show that if B; and B, are (e,n)-regular with a very small €, then 6;(x,z’) is
approximately equal to a;; for almost every (x,z’) € C; x C}, when C; and C; are subsets
of B; and Bj; that are not too small-—again with a lower bound that can be chosen to be

very small.

Lemma 4.8. Let 0, n, € and k be positive constants such that n < 1/4, k < 1 and
ek~2 < 6n. Let X and Y be finite sets and let G be a bipartite graph with vertex sets X
and Y. Suppose that B C X is (¢, ¢€,n)-regular for G with an « that is at least as big as
d. Let C be a subset of B of size at least k|B|. For each y € Y, let 0p(y) and 6c(y) be
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the normalized degrees of y in the induced subgraphs G(B,Y') and G(C,Y), respectively.
Then |05 — dcll3 < 8nllds |3

Proof. By assumption, there exists a > § such that 61 (b1, b2) lies between v and «(1+17)
for all but at most €|B|? pairs (b1, by) € B2 Therefore, if |C| = k|B|, then 1(b,c) lies
between o and (1 +n) for all but at most ex~1|B||C| pairs (b,c) € B x C. It follows that

<5B, 5C> = EyéB(y)5C(Z/) = EcecheB(sl(ba C)

lies between @ — ex™1 and (1 +n) + ex™ 1.

Similar arguments show that ||d5||3 lies between a— e and (1 +n) + € and that ||5¢c||3
lies between o — ex~2 and a(1 +n) + ex~2. Since ex™2 < an, all three of ||05]|3, [|6c||3
and (0p,d¢) lie between a(1 —n) and a1 + 2n). It follows that

165 = dclz < 201+ 2n) — 2a(1 — 1) = 6an < 8l|d53 - D

Lemma 4.9. Let 6, n, € and k be positive constants such that n < 1/8, k < 1 and
ek™2 < 8202, Let X and Y be finite sets and let G be a bipartite graph with vertex sets
X and Y. Suppose that B and B’ are subsets of X that are both (e, ¢€,n)-regular for G
with parameters o and o', respectively, that are at least as big as 0. Let C and C’ be
subsets of B and B’ with sizes at least k|B| and k|B’|, respectively. Let fg, f, fc and
for denote the restrictions of the characteristic function of G to the sets B xY, B’ x Y,
C xY and C" x Y, respectively, and for each y € Y, let 05(y), 0c(y), dp(y) and dc- (y)
be the normalized degrees of y in the corresponding induced subgraphs. Then there is an

absolute constant L such that

EvecEuecr|01(z,2") — (65,05)* < Ln*®|| a7, | f |2, -

Proof. We begin by proving a similar inequality with (d¢,dc) instead of (dp,dp/).
We then deduce from Lemma 4.8 that the two inner products are approximately equal.
The basic argument is simple but there are some tedious details involved in passing from
an estimate in terms of one quantity to a similar estimate in terms of another that is
approximately equal to it.

To prove the inequality with (d¢, dcr) we use Lemma 4.4. Our assumptions tell us
that &1(x1, z2) lies between o and (1 + ) for all but at most €|B|? pairs (z1,22) € B2,
and hence for all but at most ex~2|C|? pairs (z1,22) € C2. Therefore, the variance of
81(x1,x2) over C? is at most ex~2 +n?a?, which is at most 2n?a?. Similarly, the variance

of 01 (2, x4) over C'? is at most 2n%a?.
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Let us write fo for the restriction of f to C' x Y. Then the mean of d;(z1,x2) over
C? is ||0¢||3, while the mean of &;(x1,22)* is || fc||f,. Therefore, [|d¢||3 < ||fcllf,. From
the proof of Lemma 4.8, we know that ||dc|3 is at least a(1 — ). (There we assumed a
different bound for x, but the assumption was weaker so the conclusion is valid here too.)
But (1 —7n)* > 1/2, so | fellf, = 10cll3 = «?/2. Therefore, our statement about the

variance of d1(x1,x2) over C? implies that

2
Ery ascc|01(@1,22) = 6l < 42l fcllh,
The same argument shows that
2
o1(wh,2) — 6 13| < 4l fer i, -

]E:L”l,m’zeC’

We therefore have the hypotheses of Lemma 4.4, with C' and C”’ replacing X and X', with
fc and for replacing f and f/, and with ¢ = 4n?. It follows from that lemma that

2
E:reCEa:’EC"él(xax/) — (6, 0| < K|\ fel?, |l forllE,

for some absolute constant K.
It remains to recast this conclusion slightly. By Lemma 4.8 we know that ||65 —dc||3 <
81||95||3 and ||[6p — d¢c-||3 < 8n||d6p:||3. Therefore,

(0, 8m) = (8¢ 00} < (8,07 = 6c)| + {65 — dc:, dcr)
< 280216521105 2 -

Since (d¢, d¢v) is the mean of §;(x,z") over C' x C’, we have the equality

2
]E:L‘ECE:C’GC’ 51 (937 wl) - <6B> 6B’>

2

2
= E:UECEx’GC’ + ‘<5B;(SB’> - <5C750’> )

51 (JI, .’13/) — <5c, 50/)

which, by the estimates we have obtained, is at most Kn'/8|fc|?,lfcllF, +
32n([dp[3/105 13-

Finally, we note that [|fc ||}, = Eaywpecdi(z1,22)* < |6c||* + 492 fellt,, by our
inequality for the variance earlier. Since 1 < 1/8, it follows that || fc||f;, < 2/[0¢3. Again
because n < 1/8 we know from the fact that |5 — dc||3 < 8nl|ds||3 that [|6c]l2 < 2||05]/2-
And we also know that [|6p[l2 < ||fB|lv,. Putting this together, we find that || follf, <
32|\ fellf,- Similarly, || for||f, < 32||fp |3, Therefore,

2
EvecEwec |61(2,2') — (05,05/)| < (32n+ 32Kn"/®)| f513, /5 |7, .
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which proves the lemma. 0
§5. An application to additive combinatorics.

Let N be a positive integer, let Zy denote the set of integers mod N and let A be
a subset of Zy of size |[N/2|. If € Zy is chosen randomly, then the expected size of
AN (A+ z) is |A|?/N, which is approximately N/4. Must there exist some x such that
AN (A+ z) has approximately this size?

In general, the answer is obviously no: if N is even, then A could be the set of all
even elements of Zy, and then AN (A4 z) would have size 0 or N/2 for every x. However,
there is no such easy counterexample if N is prime, so what happens in that case?

This question has an odd history. I thought of it while working on another problem,
then thought I had a solution, and then realized that my solution was incorrect (because a
certain error term was larger than a certain main term). But I liked the question, so I put it
on a sheet of questions to accompany a course I gave on additive combinatorics. However,
it became clear that it was more than just an exercise: none of the students attending the
course managed to solve it, and it was some time before a solution was finally obtained, by
Green and Konyagin [GK]. The best bound now known is due to Sanders [S]|, who proved
that there is some z such that ||A N (A + x)| — N/4/| is at most CN(log N)~1/3.

In this section, we shall give a new proof of this result. We obtain a considerably
worse bound, so the interest is in the method rather than the conclusion (though it is not
out of the question that one might be able to obtain better bounds by developing this
method). The novel feature of the method is that it is “purely combinatorial”, in the sense
that it uses no Fourier analysis. That is, all our arguments take place in “physical space”,
whereas Fourier analysis was essential to the arguments of Green and Konyagin and of
Sanders.

The first step is to prove a variant of Corollary 4.2. As mentioned earlier, it can be
useful to strengthen the conclusion of this result, and that is what we shall do now. The
extra strength is that the number of pairs for which 61 (x,z") > a(1+n) is not just a small

fraction of |B|?, but a small fraction that depends on the density of B.

Lemma 5.1. Let G be a bipartite graph with vertex sets X and Y of sizes m and n
respectively, let §, n, € and v be positive constants less than 1. Suppose that there are at
least em? pairs (z,2') € X? such that 61(xz,z') > 6(1 +n)'/2. Then there is a constant
a = 0 and a subset B C X with the following properties.
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(i) B has density 3 > exp(—T), where T = (87~ log6=1)21" 1080 (Jog =1 +-log y~1).
In particular, if € and 7y are both at least %62 and we set t = 4n~'log 6!, then the density
of B is at least exp(—t').

(ii) B is (¢3?,~,n)-regular with parameter «.

Proof. The argument is very similar to the proof of Corollary 4.2. Let By = X, let 8y =1
and let Ag = 0. Since §1(z,2") = Ao(1 +n)'/? for at least €32|By|? pairs (z,2') € BE,
Lemma 4.1 gives us a subset By C By of size at least (6537)4’7_110’5(A51)|BO| such that
§1(x,2") = Ag for all but at most v|B1|? pairs (z,2") € B?. Let 31 be the density of Bj.

If we also have §;(z,2') < Ag(1 +n) for all but at most €3%|B;|* pairs (z,2') € B?
then B; has the property we require of our set B. Otherwise, let A} = Ag(1 +n)Y/2. We
then know that &y (z,z') = Ay (1 +n)'/2 for at least €8?|B;|? pairs (z,2') € B}, which is
the assumption we first started with except that By, Gy and Ay have been replaced by By,
(1 and Aq.

We are therefore in a position to iterate. Again the iteration must stop after at most
t = 2logy, 071 < 2n~tlog ! steps. However, this time what we can say about the
density of the B; is weaker: we know that 3; > (653_17)47771 log(67") Taking logarithms

and writing a; = log B{l, we have ag = 0 and
a; < 4n~tlog o (loge ! +logy Tt + 2a,_1) |

from which it is an easy exercise to deduce that a; < (877 1logd 1)’ (loge~! + logy~1).
This implies the lower bound stated for the density of B. OJ

The next lemma shows that we can pass to a large subset of B with an even stronger
property. There are some complicated relationships between the parameters involved, but
the point to bear in mind is that in applications we would like k¢ to be very small. Since

it does not cost too much to make € very small, we can have this, even if v and 7 are fixed.

Lemma 5.2. Let d,¢ > 0 and let 0 < n < 1/4 and 0 < v < n/4. Let G be a bipartite
graph with vertex sets X and Y and suppose that By C X is (e,7,n)-regular for G with
a > 8. Let kg = (¢/6n)'/? and suppose that ko < n/2. Then By has a subset B of
cardinality at least |By|/2 such that ||6c — dg||3 < 24n||6B||3 for every subset C C B of

size at least ko|By|.

Proof. Let B be any subset of By of size at least |By|/2, let C' C B be a subset of size
k|B|, with k > kg, let § = 241 and suppose that ||6c — dg||3 > 0||65]|3.
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The main fact on which our calculations will depend is that for any subset D C B with
|D| > ko|Bo| we have ||dp||3 < a(1 + 2n) < (1 +4n)|[6g]|3. To see the first inequality, we
use the fact that there are at most €|Bg|? pairs (z,2’) € B? such that §;(z,2') > a(1+7n),

from which it follows that
16p13 = Eswepdi(z,2') < kg 2e +a(l+n) < a(l+27)

as claimed. As for the second, we know that ||dz]|3 > (1 —4v) > a(1 —n). Since n < 1/4,
one can check that 14 2n < (14 4n)(1 —n).

An annoying technicality is that we have to show independently that x cannot be
greater than 1 — kg. Let us therefore suppose that C' C B has size k|B| with K > 1 — kg
and prove that ||0c — dgll2 < 0||dB|l2. We shall use repeatedly the fact that if D is
any subset of B (or indeed of X) then |D|0p is the vector ) ., N,, where N, is the
characteristic function of the neighbourhood of x. We shall also use the fact that the
vectors N, are positive, so that if D C E then the norm of |D|dp is at most the norm of
|E|0g. First, note that

0p — wéc = |B|7H(|Blés — |Cléc) = |B| 7B\ Clép\c -

Now let D be a subset of |B| of size between rkg|By| and 2k¢|Bg| that contains B\ C. Let
|D| = A|B|. Then by our observations above, the norm of the right hand side is at most
[BI7HDII0pll2 = Allépll2- Because |D| > ro|Bol, we know that [|[0p||3 < (1+ 4n)||ds|3.
Therefore, we can certainly say that |65 — kdc|l2 < 2A1/2||65|]2. We also know (using the
fact that ||6c||3 < (1 +4n)||05||3 and that n < 1/4), that

I8¢ — rdcllz = (1 = k) ||dc|l2 < 2k (105]l2 -

Since A < 4k, it follows from the triangle inequality that ||0c —dp|l2 < 6/{0 *165]|2. Since
363 < 0, this shows what we wanted.

Now ép = kéc + (1 — k)dp\c. It follows that 0p — dc = (1 — k)(dp\¢ — éc), so our
assumption implies that [[6p\c — dcll2 > 0|/dp]]2 as well. Let us use these facts to prove
that k < 1/3. Indeed,

10513 = (1 = )21 cll3 + K2 10c]3 + 26(1 = &) (901 0c)
(1= K 10m\c 3 + x216cll3 + 51— k) (I6mel3 + 15¢13 — 1850 — ocl3)

<a(t+20) (1= 0)? + 52+ 26(1 = K)) = k(1 = K)|9p\0 — dcll}
< a1+ 2n) — r(1 - w8653 .
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If K > 1/3, then k(1 — k) > 1/5, so it follows that ||d[|3 < a(1 + 2n)(1 +6/5)~L. It can
be checked that this is at most (1 — n)a, which contradicts the lower bound we have for
16513

Those were just preliminaries, and we now come to the main part of the proof. From

the second line of the above calculation we have

16815 = (1= w)[[6p\cll3 + £lldcllz — £(1 = K)|0s\c — dcll3 -
By our assumption, this implies that
(1+ 61 =r)0) 10512 < (1= K)lldp\cllz + slldcls -
Now [|dc13 < (1+ 2n)(1 —n)~H105]5 < (1 +4n)[|05(3, so
(1+ 61— k)0 — 1 +49)K)[65]3 < (1= K)dpcl3 -

It can be checked that the left hand side is at least (1 — x)(1 + 16n&)||05||3, and also
that (14 16nk) > (1 — k)% when n < 1/4 and & < 1/3, so this shows that ||0p\¢ |3 >
(1= r)~*"dBll3-

This allows us to do an iteration. We have just shown that if B is any subset of By
of size at least |By|/2 for which the conclusion does not hold, then we can find x < 1/3
and a subset B’ C B of size (1 — k)|B] such that ||6p/]|3 > (1 — k)787||05||3. Let us
therefore choose a maximal sequence By D By D ... D B, such that |B;| = (1 — k;)|B;-1|,
0<r; <1/3and [|05,]13 = (1 — k) 73"||0p,_, ||3 for each i.

If we do this, then there cannot be any k such that Hle(l — Kk;) < 1/2, since if
we choose a minimal such k, then 1/2 < Hle(l — ki) < 3/4. The upper bound and
the regularity assumption imply that ||dp,[|3 < (1 + 41)|/d5]|3, while we also know that
165, |13 = 287||65||3. It can be checked that 8log2 > 4, from which it follows (by looking
at derivatives) that 28" > 1 + 47 for every n > 0.

This is a contradiction, so we can deduce that Hle(l — k;) < 1/2. This means that
the iteration stops with a set B, of size at least |By|/2 for which the conclusion does hold,

which proves the lemma. 0

We need one more preliminary lemma, considerably easier than the previous one.

Lemma 5.3. Let 0 < a,0<n<1/4,0<vy<n/4and0 <e<a’p/4. Let § = 24n and
ko = 20 (e/n) /2. Let G be a bipartite graph with vertex sets X and Y, and suppose that
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B C X is (¢,7,n)-regular for G with parameter a. Let C' be a subset of B of cardina]ity
at least ro|B| and suppose that ||6c — 6|3 < 0||6p||3. Then E, wec|d1(z,2') —||6c|3| <
501202,

Proof. Since |C| > ro|B|, there are at most xy2¢|C|? pairs (, x) € C? such that
61(x,2") = a(l 4+ n). Therefore, B, yecd(z,2')? < a?(1+n)% + kg %e < (14 3n). We
also know that B, ,ccdy(z,2') = [|0c||2 = (1—-60'/%)2||65]|2, by the triangle inequality and

our assumption about C. We saw in Lemma 5.2 that ||05]]3 > a(1 — 7), so

Eqwco| (2, 2') — [dc]3 ’ 2(14 30 — (1 - 02" (1 —n)?) .

It can be checked that this is at most the bound stated. O

We now have the tools in place to prove the main theorem of this section.

Theorem 5.4. Let N be a prime and let A C Zy be a set of cardinality |[N/2|. Then
there exists x such that [|[AN(A+z)| — N/4| < AN(loglog N)~¢, where A and ¢ > 0 are

absolute constants.

Proof. Define a bipartite graph G with vertex sets X =Y = Zy by joining x to y if and
only if y —z € A. That is, join x € X to all points y of the form x + a. Notice first that
if B is a subset of X and pp is the “characteristic measure” of B—that is, ug(z) = |B|~!
when = € B and 0 otherwise—then dp(y), which is the proportion of z € B such that
y—xeAis|B7' Y, o, B@)A(y —xz),s0 6p = pup * A

Let 0 <n<1/4,1et 0 <y < n/16 and let e = 17/1024. Now use Lemma 5.1 to choose
B of density 3 > expexp(10n~tlogn~!) that is (¢32%,~,n)-regular with some parameter
a > 1/4. Then use Lemma 5.2 to pass to a subset B’ of density 8 > /2, which is
(16€3"2, 4, n)-regular with parameter o (so far this is true for any subset B’ of density
(' > /2) and which also has the property that ||0c — dp/||3 < 247]||6p/||3 for any subset
C C B’ of size at least (4¢/n)'/23'|B'|.

We now apply this to a special choice of C'. The average size of B’ N (B’ — d) over all
d € Zy is 82N = 3| B|. Therefore, we can find d # 0 such that C = B’N(B’—d) has size at
least §'|B’|/2, and so, therefore, does C'+d = B'N (B’ +d). But by the triangle inequality
and the property we have established for B’, we know that ||6c — dcrall3 < 96705 /3.
Since A has a fixed density we may as well forget the slight extra strength we have and use
the fact that ||dp/||3 < 1. Then, by our earlier remarks, ||uc * A — (uc * A+ d)||3 < 967.
That is, loosely speaking, the function uc * A is approximately unchanged (in Lo(X)) if
you translate it by d.
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We now use a discrete intermediate value theorem to find x such that |(uc * A, peo *
A+ ) — 1/4] < 10n*/2. Observe first that the expectation of (uc * A, uc * A + x) is
lne*Alj3 = s=1/4+O(N~1). There must exist  # 2’ such that (uc* A, pc* A+x) < s
and (uc * A, puc x A+ 2') > s. Now write 2’ = z + md for some m. (This is where we use
the fact that N is prime.) Then there must be some minimal & such that (uc * A, pc *
A+ x4+ kd) > s. So either k = 0 in which case we are clearly done, or k > 1 in which case
(ne* A, pox A+r+(k—1)d) < s. But ||(uo*x A+x+kd)— (ucx A+z+(k—1)d)|2 < 1002,
by the approximate translation-invariance of pc * A, and ||uc * A|| < 1, so in the second
case we must have (uc *x A, uc * A+ + kd) < s+ 10n*/2. Let us write z = = + kd.

To complete the proof we shall use the previous lemma and Lemma 4.4. The set
B’ satisfies the assumptions of that lemma if we replace € by 16¢3? and v by 4v. It
therefore tells us that Em,x’eC’51 (z,2') — ||6c||3| < 50/2a? whenever C' has size at least
1(16¢82 /)1 /2| B'| = 3| B'|/2.

This gives us the hypotheses of Lemma 4.4 with X = C, X’ = C + z, and ¢ = 100'/2,
(Here we are using the fact that || f|lv, = ||[f'llv, = [10cll2 = 1/2 + O(N~L) Tt follows
from that lemma that the variance of the quantity d;(x,z") over (x,2’) € C x (C' + z) is at
most 320'/32. The mean is (0¢, c.), which we have shown lies between s and s+ 10n'/2.
Therefore, there exist # € C and z’ € C + z such that |01 (z,2") — s| < 10n*/2 + 661/64,

Since we can choose 71, and hence 6, to be as small as we like, this proves the result in
a qualitative sense. To obtain the dependence on N, the main constraint is that B’ should
have a non-zero difference that occurs at least 3’| B’|/2 times. For this it is sufficient if the
density 8 of B is at least N~1/3, say. This forces 7 to be at least clogloglog N/loglog N,
and therefore forces 10n'/2 4 60'/4 to be at least c(logloglog N/loglog N)/64, O

§6. Concluding remarks.

In one respect the weak regularity lemma that we obtained in Theorem 4.3 is a little
artificial. To see why, let X1, X5, Y7 and Y5 be disjoint finite sets, all of the same size,
and form a bipartite graph G by joining x € X; to y € Y; randomly with probability p;;,
where p;; =1/2if i = j and 1/4 if i # j.

It is not hard to check that if z and 2’ belong to the same X;, then with high probability
d1(x,2") is approximately 5/32, whereas if they belong to different X; then with high
probability 61 (z,x’) is approximately 1/8. In fact, the quantifiers can be reversed: with
high probability the graph is such that these are good approximations for all the pairs. It
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is clear, therefore, that the “natural” partition of X is into the sets X; and Xs: this will

have all the properties we could possibly want from any regularizing partition of X.

However, if we use the method of proof of Theorem 4.3, we will find ourselves applying
Corollary 4.2, which itself uses Lemma 4.1, and when we examine how Lemma 4.1 identifies
good subsets of X, we see that it produces sets that are, quite unnecessarily, much smaller
than X7 and Xs. The basic idea behind Lemma 4.1 is to choose random points y1, ..., Yx
in Y and to take the intersection of their neighbourhoods. If we do that in this example,
then the proof works for the following rough reason: although the probability of choosing
any given z is rather small, the probability that we choose z’ given that we choose z is far

larger if  and 2’ belong to the same X; than if they belong to different Xj;.

This correlation effect becomes stronger and stronger as k increases, but so does
the probability of choosing any given x, and therefore so does the expected size of the
set we eventually pick. In fact, for this graph even the maximum size of the common

neighbourhood of k vertices in Y decreases exponentially in k.

We therefore end up choosing very small subsets of X; and X5, and the partition in
Theorem 4.3 is (approximately, at any rate) a refinement of the partition {X;, X5} into a
large number of much smaller sets, all of which behave in an almost identical way to the

X; of which they are (more or less) a subset.

Theorem 4.7, our “GG* regularity lemma,” addresses this problem to some extent,
because it gives us a way of conglomerating the cells of the partition when it is appropriate
to do so: if K is a set such that the vectors dp, with ¢ € K are all close to each other, then
all the inner products (6p,,0p,) with 7,j € K are close to each other. Moreover, they are
all close to ||65|3, where B =, B;. Therefore, this union has a regularity property as

well.

However, as the above argument demonstrates, in some ways it is more natural to
look for a metric on G than a partition, where we use the word “metric” slightly loosely
in that we allow d(z,y) to equal 0 even if  # y. (In other words, we should call it a
pseudometric, but since what will really interest us is the triangle inequality we have not
bothered to do so.) To get a further idea of why this might be, consider the “sphere graph”
that has the n-sphere S,, as its vertex set, and joins x to y if (z,y) > 0. Then the size of
the intersection of the neighbourhoods of x and y is a decreasing function of their distance,
so this distance is quite clearly more natural than any partition of the vertex set, since the

latter will necessarily create artificial boundaries.

Another nice way of putting a metric on X is to define d(x,z’) to be the distance in
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Ly(Y') between the unit vectors 0p,/||0p,||2 and dp, /||dB, ||2, where z € B; and 2’ € B;.
This time, if z and 2’ are close, all we can say is that 0p, and 0, are roughly proportional.
However, the constant of proportionality is equal to the ratio of the densities of the graphs
G(B;,Y) and G(B;,Y), and from that one can show, by means of a proof very similar
to that of Theorem 4.7, that if we take a small neighbourhood B in this metric, then the
graph G(B,Y) will be approximately of rank 1 in the sense of Corollary 3.8 and Theorem
3.11. We omit the details.
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