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PREFACE

These are lecture notes I prepared for the Postech Summer School 2010: Congruences of
Modular Forms and Galois Representations (July 2010). There must be typos and errors —
I would very much appreciate if you could send the corrections to teruyoshi@gmail . com.

As a very brief introduction, let us observe, for an odd prime p:
(i) 3r,y€Z, p=22+y? < p=1 (mod4),

(i) 3,y €Z, p=22+2y* <= p=1,3 (mod38),

(iii) Jz,y € Z, p= 12> —2y?> <= p=1,7 (mod 8).

Compare this with the Galois theory of corresponding quadratic fields, contained in Q(pg).
Q(pg) {1}

RN PN

Q(v-1) Q(v-2) Q(v2) 11,5} {1,3} {1, 7}
\ Q

This beautiful correspondence is the first instance of class field theory over Q.

(Z/8)*
Teruyoshi Yoshida
July 2010

Date: July 23, 2010; revised March 16, 2012.
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PRELIMINARIES: (GALOIS THEORY, ALGEBRAIC NUMBER THEORY

Algebras over rings. Rings are associative and commutative with a multiplicative identity
1. For a ring O, its multiplicative group of units is denoted by O*. An O-algebra is a pair
(A, ) of ring A and a ring homomorphism ¢ : O — A (the structure morphism), and a
morphism of O-algebras f : (A, ) — (A’,¢') is defined as a ring homomorphism f : A — A’
such that ¢’ = f o . We often omit ¢ from the notation. Every ring is a Z-algebra in a
unique way. The category of O-algebra has O as the initial object and the zero ring as the
final object. The tensor product gives the direct sum, i.e. if A, A’ are O-algebras, we have
canonical morphisms i : A - A®p A" and ¢ : A’ - A® A’ defined by i(a) = a ® 1 and
i(a’) =1 ® d’, such that for every O-algebra B,

Homp(A®p A, B) > f— (foi, foi') € Homp(A, B) x Homp(A', B)

is a bijection. An O-algebra A is an O-subalgebra of A’ if it is a subring of A’. Every O-
algebra is an O-module in a unique way, and Home_a1g(A, A”) injects into Homo.med (A, 47).
An O-algebra A is finite if it is finitely generated as an O-module. For an O-algebra A, the
union of all of its finite O-subalgebras is called the integral closure of O in A. If A is an
O-algebra, then every A-algebra is an O-algebra by the composition of structure morphisms.

Galois theory. Let F be a field. Its charactersitic char F' € N is defined as a generator
of the kernel of the structure morphism Z — F. For a field F, an F-algebra F’ is called
an extension F'/F if F' is a field. Morphisms of extensions of F' are morphisms as F-
algebras. Every morphism of extensions is injective. An extension F'/F is finite if F' is
a finite F-algebra, and we write [F’ : F|] for the dimension of F’ as an F-vector space.
Every endomorphism of a finite extension is an automorphism (by rank-nullity). A finite
extension F'/F is separable if |Homp(F', E)| = [F' : F] for some extension E/F, and is
Galois if we can take E = F’ in which case we call Autp(F’) = Homp(F', F') the Galois
group of F'/F and denote by Gal(F'/F). If F'/F and F"/F' are finite extensions, then
[F" : F] = [F" : F'|[F’ : F]. If moreover F"/F is Galois, then (i) F"/F’ is Galois, and
(ii) the left action of Gal(F”/F) on Homp(F', F") is transitive, and the stabilizer of the
structure morphism F’ — F” is equal to Gal(F"”/F’"). A Galois extension is called abelian,
cyclic ete., if its Galois group is such. For a polynomial P € F[X], there is a finite extension
Fp/F, unique up to isomorphism, such that, if F'/F is an extension then P splits into linear
factors in E[X] if and only if Homp(Fp, E) # (). This Fp is called the splitting field of P
over F. If P and its derivative are coprime in F[X], then Fp/F is Galois.

An extension (that is not necessarily finite) is called separable if it is a direct limit of
finite separable extensions. A separable extension E/F is called Galois if it is a direct limit
of finite Galois extensions Ey/F, and its Galois group Gal(E/F) := Autp(E) is equal to

Autp(E) C Homp(E, E) — lim Homp(Ey, E) — lim Gal(Ey /F) C Autp(E),

because E)/F Galois implies Homp (E)y, E') = Gal(E)/F) under the canonical map E) — E.
A separable extension E/F is called a separable closure of F' if every separable extension
E'/FE satisfies E' = E. Separable closure of F' is unique up to isomorphism, and we usually
fix one of them and denote by F. Its Galois group G := Gal(F/F) is called the absolute
Galois group of F. Every separable extension of F' is isomorphic to a subextension (i.e.
an F-subalgebra) of F. If E/F is Galois, then it is isomorphic to a unique (as a subset)
subextension of F. The mazimal abelian extension F?P is the union of all finite abelian
subextensions of F'/F. Its Galois group G% := Gal(F®?/F) is an abelian quotient of G p.
If F'/F is finite separable and z € F, then Np//p(z) := HaeHomF(F',F) o(x) lies in F, and
defines a homomorphism Npr/p : F'* — F* (the norm).
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Finite fields. If F' is a field with char ¥ = p > 0, then F contains F, := Z/(p) as the
image of Z — F, and Fr, € Homp,(F, F') is defined by Fr,(z) = zP. If F is a finite field,
ie. ¢ := |F| < oo, then it must have characteristic p > 0 and is finite over F,, thus if
f = [F : Fp] then ¢ = pf. As F* is cyclic of order ¢ — 1, its elements are the g roots
of X4 — X. Thus there is a unique subfield of F, with ¢ elements, denoted by F,, and
F, C Fy if and only if ¢’ = ¢" for some n € Z~. Every finite extension Fyn /F, is a Galois
extension, with Gal(Fg/F;) = (Frob,) where Frob, := Fr, f. We define isomorphisms

n 2 Gal(Fgn /Fy) = Z/nZ by vy (Froby) = 1, which satisfies vp|p m = vy, for m | n.

Number fields. For an integral domain O, there is an O-algebra F', unique up to isomor-
phism, such that (i) F is a field, and (ii) if an O-algebra F’ is a field, then F'/F is an
extension in a unique way, i.e. the structure morphism @ — F’ uniquely factors through
O — F. This F is called the field of fractions of O and is denoted by Frac(O). The field of
rational numbers Q is defined as Frac(Z). A finite extension of Q is called a number field,
often seen as a subfield of Q.

An integral domain O is called integrally closed if its integral closure in Frac(O) is O
itself. Every UFD is integrally closed. An integrally closed noetherian domain is called a
Dedekind domain if its non-zero prime ideals are all maximal. In a Dedekind domain, every
ideal I # 0, O is written uniquely as a product of maximal ideals. If O is a ring and p is its
prime ideal, there is an O-algebra Oy, unique up to isomorphism, such that if (4, ¢) is an
O-algebra and ¢(O \ p) C A*, then ¢ uniquely factors through O — O,. This O is called
the localization of O, and is a local ring, i.e. a ring with a unique maximal ideal. If O is
an integral domain, then O, is isomorphic to a unique subring of Frac(O), and canonically
Frac(O,) = Frac(O). If O is a Dedekind domain and p is its maximal ideal, then O, is
a discrete valuation ring, or DVR, i.e. a local ring which is a PID but not a field. Every
DVR is a Dedekind domain. If O is a DVR with the maximal ideal p and F' = Frac(O),
then its (normalized) valuation is a unique surjective homomorphism v : F* — Z of abelian
groups such that (i) Kerv = O*, (ii) v(z) > 0 if and only if z € O. Then v(z) > 0 if
and only if € p. An element w € p with v(w) = 1 is called a uniformizer of O, and
the set of all uniformizers of O is equal to {uw | v € O*}. If O is a local ring with
the maximal ideal p, then O/p is called its residue field, and its completion is defined as
O = lim O/p™, an inverse limit as O-algebras. A local ring O is complete if O = @ and

the completlon of a local ring is a complete local ring with the maximal ideal p := p(’) and
O/p = O /p p. If O is a DVR, then O is a DVR, every uniformizer of O is a uniformizer of (9
and Frac(0) 2 Frac(0) ®o O. The ring of p-adic numbers Zy is defined as the completion
of Zyy, and Q, := Frac(Z,) is called the p-adic field.

Let O be a Dedekind domain and F = Frac(Q). For a finite separable extension F'/F, the
integral closure O’ of O in F” is a finite O-algebra, is a Dedekind domain, and F®@p O’ = F’.
In this case, if p’ is a maximal ideal of @, then p = p’ N O is a maximal ideal of O, and we
say p’ lies above p and write p’ | p. The residue field of (9’ is a finite extension of that of O,.
For a maximal ideal p of O, there _are only finitely many maximal ideals of O lying above
p, and we have O’ ®p Op Hp Ip , In particular, if O is a complete DVR, then so is O'.

Writing F}, := Frac(Op) and Fy, = ]5‘1rac((9;g ) and tensoring F', we get F' @p Iy, =[], Fy/,

and F‘;,/F,J is a finite extension. We call F}, the completion of F" at p. If F' is a number field,
the ring of integers O = OF of F' is defined as the integral closure of Z in F.
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LecTURE 1. CFT oF Q: crassicaL (Mo. 19/7/10, 9:40-10:40)

We are interested in the Galois representations of a number field F', i.e. finite dimen-
sional representations of G, and the class field theory is a theory of 1-dimensional Galois
representations. In general, class field theory of a field F' describes G%b in terms of the base
field F'. When F' = Q, this has an explicit description by cyclotomic fields.

Galois groups. Let F'/F be an extension of fields. The union E/F of all finite subextensions
of F’/F is isomorphic to F//F, and every element of Autg(F’) stabilizes E. Thus we have

Gpr 30— olp € Gal(E/F) — Gp,
where the last isomorphism is given each time we fix an isomorphism F = E, or an element
in Homp(F, F'). A different choice results in conjugation by an element of Gp. The same

argument applies to F2P and F'?P which gives a well-defined homomorphism G%t? — G%b,
that is compatible with any homomorphism Gg — G obtained as above.

Cyclotomic extensions. Let F' be a field, and let N € Zso with (char F;,N) = 1. The
cyclotomic extension F(py) is defined as a splitting field of X~ — 1 over F, and p is the
set of roots of X~ —1in F(uy). If M | N then F(u,,) C F(uy), and their direct limit, or
their union F¥° := Jy F(py) inside F2P_is the mazimal cyclotomic extension of F. The
Galois group GZ© := Gal(F°/F) is a quotient of Gp. For example, every finite extension of
finite fields is cyclotomic because Fyn = Fy(p,n_1), and thus F, = Fg’°. Its absolute Galois

group is given by the inverse limit of the isomorphisms v,, (see Preliminaries), namely:
v =limuv, : Gal(F,/F,) > Frob, — 1 € Z := @Z/nZ.

Here 7 is the additive group of the profinite completion 7 = {inZ/(N) of Z, the inverse

limit taken as rings, with respect to the natural surjections Z/(N) — Z/(M) for M | N.
The Chinese remainder theorem says Z/(N) =[]y Z/(p™) when p™ is the exact power of
p dividing N, and as the inverse limits commute with direct products, we have:

7= Hpr7 Ly = @Z/Pma

and also a variant Z? :=  lim Z/(N) = H#p Zy.
(p,N)=1
In general, for each N prime to char F’, there is a canonical injection
X : Gal(F(y)/F) 3 (C = ¢, V¢ € py) — i mod N € (Z/(N)),
by which we see F(uy)/F is abelian and thus F&¢ C F2P. The inverse limit of yx gives

an injection:

~

7* = 1(21(2/(N))X (char F = 0),
13 . cyc ~
XF=lmxy : Gp —  7p.x :( 1%1 (ZJ(N))*  (char F = p).
p,N)=1

We see that when F' = [, then the image of xr, is {¢® | a € Z}, which is well-defined as
¢” mod N depends only on a mod n, where N | ¢" — 1 or ¢" =1 (modN). The group G¥*
is functorial under extensions F’/F, and we have xpr = xpo (Gp~ — G2°). We sometimes
confuse yr with yr o (G — GR°).

For any field F' of characteristic 0, we have a surjection G%b — GF°, followed by an injec-
tion xp : GE° — 7. The class field theory of Q tells us that they are both isomorphisms
when F' = Q (but xr is rarely an isomorphism for general F').
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Decomposition law. Let O be a Dedekind domain and F = Frac(O). If F'/F is a finite
Galois extension, then G = Gal(F’/F) acts on the integral closure O’ of O in F'. If p is a
maximal ideal of O, then G acts transitively on the set X, of all maximal ideals of O’ lying
above p. Suppose that k, is perfect, i.e. its finite extension is always separable. If p’ € X,
and kp, ky are the residue fields of p,p’ respectively, then ky /k, is finite Galois, and the
stabilizer D,/ of p’ surjects onto Gal(ky /ky) by o — (0|0 mod p’). We say p is unramified
in O (or F') if pO’ is the product of all elements of X, without multiplicities; in this case
Dy = Gal(ky /ky) for all p’ € X,,.

Now assume that k, = F,. The element Frob, € D, which maps to Frob, € Gal(ky /ky)
is called the geometric Frobenius of p’, and its order is equal to |Dy/| = [ky : kp]. Changing
p’ conjugates Dy and Froby, so the conjugacy class of Froby in G is determined by p. This
conjugacy class (which we denote by Froby,) determines |X,| by |G| = |Dy||X,|. This gives
the decomposition law of primes as follows: if f is the order of Frob, in G and g = [F' : F]/f,
then pO’' = p7 ---py.

If I/ = F(py), then p is unramified if chark, is prime to N, because if (¢ — (*) is in
Ker (Dy — Gal(ky /ky)) then ¢* — ¢ € p/, which implies i = 1 mod N, because Hfi_ll(l -
(") = N ¢ p’. The geometric Frobenius must be (¢ — ¢9)~!, thus we see xy(Froby) =
(¢ mod N)~1, and the order of Frob, in G is equal to the order of ¢ in (Z/(N))* (the
reciprocity law).

Let char F' = 0 and char k;, = p. In order to describe the reciprocity law in the limit, define
FYP =, ny=1 F () inside F¥C. As p is unramified in all F(py)/F for (p,N) =1,
the element Frob, € GR“" := Gal(F¥“?/F) is well-defined, and we have the injection

X = limxy : GFOP — ZP%,
and xh.(Froby) = ¢ ' € Vi

Class field theory of Q. Now let F' = Q. For N € Z~0, we have xn(Frob,) = (p mod N)~t
for all p prime to N, thus xx is surjective, hence bijective. So are xg and X% for each p,
by passing to the limit.

Theorem 1.1. (class field theory of Q)
(i) (irreducibility of cyclotomic polynomials) The injections xn are isomorphisms for
all N € Z~g. In particular, we have xq : ch =7,
(ii) (reciprocity law) For each prime p, we have Xa(Frob(p)) =ple ZPX.
(iii) (Kronecker-Weber theorem) Q%¥¢ = Q*, i.e. G&> = Gg“.

(-adic variant. As 7% = [1,Z}, for each prime £ # char F', we can define a homomorphism
X¢ = (ix — Z,) o XF : G%b — Z,, called the (-adic cyclotomic character of F. For any
extension F'/F, the x4 of F' is the composite of x; of F with G?}? — G%b. It factors through
Gal(F(pg)/F) = Zy, where F(pgoo) := Uy, F(pem).

If F' = Frac(O) for a Dedekind domain O, a maximal ideal p is unramified in F'(p,m) as
long as char k, # £. If k, is finite, then we have Frob, € Gal(F(ps)/F'), and x,(Frob,) =
¢! € Z). In particular, when F = Q we have xe(Frob,y) = pteZ) foralp#l
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LecTure 2. CFT oF Q: viA ADELES (Mo. 19/7/10, 11:00-12:00)

Adeles and ideles. The ring of finite adeles is a Q-algebra defined as A* := Q ®y Z, and
the ring of adeles is defined as A := R x A™, a direct product of Q-algebras. Its group of
units A* = R* x (A™)* is called the group of ideles, and historically came before adeles —
“adele” was a shorthand for additive idele). The structure morphism Q — A is injective,
thus gives a subgroup Q* C A*. We also view the components R*, (A®)* as subgroups

of A*, and they respectwely have subgroups RZ, (the positive real nurnbers) and Z*; the
ring homomorphism 7 — A% is injective as Z is Z torsion free, thus 7* C C (A*>)*.

Lemma 2.1. The group A* is a direct product of its subgroups Q*, RZ,, and 7x.

X

>07
The proof is a straightforward exercise using the fact that Z is a UFD and that Z* = {£1}

(hence inside (A*)*, we have Q* NZ* = Z* = {£1} and Q%, NZ* = {1}). This shows

that Z* is a quotient of A*. The composite
[ = b
Art : A - Q\AY /RS, — Z* — GB’C = Gg

(the last map is X@l) is called the global Artin map of Q. The quotient group Q*\A* = 7% x
RZ, is the idele class group of Q, and its characters are called the Hecke characters of Q —
these are the automorphic representations of GL1(A) — and the ones which factor through

ZX, the Dirichlet characters. The projection to the other part A* — QX\AX/ZX =, RZ,
is called the absolute value |- |, a basic example of a (non-Dirichlet) Hecke character.

Restricted products. Recall 7 [1,Zy (Chinese remainder theorem). Tensoring Q does
not commute with the (infinite) direct product, but as Q ®z — is a functor, it gives a
Q-algebra homomorphism A* — [[ Q, (note Q, = Q ®z Z,). This is seen to be an
injection, and we identify A° with its image, a subring of [[,Q, (the restricted product).
This homomorphism induces (A*)* — [[,Q, as well. Thus:

A® — {(:np) € HQP ‘ xp € Zyp for almost all p}, and
p

xp € Z,, for almost all p},

(4% = {(@p) e [T Qs

where almost all p means “except for finitely many p”. Therefore we obtain the injection
Q) >2mp = (1,...,L,my, 1,...) € (A®)* C AX, similar to the injection R* — A*. This
is a section of the projection maps A* — (A*)* — Q) coming from the natural ring
homomorphisms.

Artin map and the reciprocity law. As we see that the images of these injections from Qs
and R* generates A*, we can characterize Art by their restrictions to Q; and R*. We

know that Artlgx : R* — R*/RZ, = {£1} = {1, ¢} where ¢, or Frobg, is the complex
conjugate on Q¢ = Q? defined by ¢ + ¢! for all ¢ € py. As for Art]Q;, at least we know

its image in the quotient Gal(Q%?/Q) of Gac = G&b. Consider the following diagram.
~_ X
Q; AX 7 Gg*

\L (p mod ZJ )—sp~1 l X l

Q2 LRI g 28 e

=
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In the bottom-right corner, the reciprocity law singles out the element p~! € ZP> which is
mapped to Frob(,). The inverse image of this element in Z* is (Lp~t, ... ,pLu,pt ),
where 1 is at R and u € Z; is at Qp, which in turn are the images of up € (@; (because
(1,p,p,p,...) € Q*RZ,), i.e. the set of all uniformizers of Z,. Incidentally, this shows that
[ 1p:=1" HQPX is given by QX /Z — RZ, where |wl, = p~! for every uniformizer w of Z,.
Thus we can reformulate the class field theory of Q as follows:

Theorem 2.2. (class field theory of Q; adelic version) There is a homomorphism Art :
QX\AX — G(‘S’C = G2, which satisfies (i) Artlgx : R* — R*/RX, = {1,Frobg}, and
(ii) for each prime p and every uniformizer w of Qp, we have Art]Qg (@)|geyer = Frobg,

(reciprocity law). It induces an isomorphism Art : Q\A* /RZ = G%b.

These “local” properties characterize Artp g : A > z +— Art(z)|r € Gal(F/Q) for every
finite abelian F'/Q: as F' C Q(py) for some N, the map Artp/q factors through (Z/(N))*,
and F' C Q%P for all p not dividing N. But (Z/(N))* is generated by the images of Q)
for these primes, where Artp /@‘QS factors through Q/Z, and is determined. We will see

that the image of Art|Q§ has a local description, namely almost the image of G&z in G&b

(note that the image of Art|gx was the image of Gr = Gal(C/R) in G&b); this suggests that
the Artin map decomposes into “local” maps (the local class field theory).

Places. Let F' be a number field with the ring of integers O. A finite place v of F' above
p, denoted v|p, is defined as a (left) Gal(Q,/Q,)-orbit of Homg(F,Q,), and the orbit of A
is denoted by v(\). The places of F' above p are in canonical bijection with the maximal
ideals p of O lying over (p), because F' ®g Q) = Hp| o Fp (see Preliminaries) implies

HomQ(F’ @p) = Home(F ®Q va @p) = Hp‘(p) Home(Fp7@p)7

and Gal(@p/Qp) acts transitively on Hom@p(Fp,@p). We write Fy, := F, (the completion

of F at v, a finite extension of Q). Recall that F, := Frac(O, ), where O, := @p, and the
residue field k, := O, /pO, is a finite extension of F), := Z/(p).

An infinite place v of F', written v|oo, is defined as a Gal(C/R)-orbit of Homg(F,C). We
have F'®qg R = Hvbo F,, where F,, =2 R or C and accordingly v is called real or complex.
If F'/F is a finite extension, a place v’ of F' lies above a place v of F (denoted v'|v) if
v=2v(A), v =v(N) and N|p = A\. We often denote by u a place of Q, i.e. a prime p or oo,
where Qy := R. Note that |- | = |- [|gx : R* — RZ, is the usual absolute value.

Local fields. By a local field, we mean a finite extension K of Q, for some prime p (occa-
sionally R and C as well). The ring of integers O of K is defined as the integral closure
of Zy, in K. This is a complete DVR, and uniformizers of O are called the uniformizers of
K. Let p be its maximal ideal, and k = O/p be its residue field. Then k/IF, is finite, so
k = F,. We have the (normalized) valuation v : K* — Z. Let K'/K be a finite exten-
sion, and denote the corresponding objects by O’ p', k', ¢’ and v'. Then the ramification
index e = e(K'/K) € Zsq is defined by pO’ = (p')¢, or equivalently v'|xx = ev. The
residual degree is f = f(K'/K) := [k : k] € Zo. Then we have [K' : K| = ef, and
vo Ngrg = fv', where Ng /e« K™ — K* is the norm. We say K'/K is unramified if
e = 1, and totally ramified if f = 1. If K'/K is Galois, then the kernel of the surjection
Dy = Gal(K'/K) — Gal(k'/k) has order e, thus it is an isomorphism if K’/K is unramified,
sending Frobg := Froby to Frob,,.
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LECTURE 3. LocAL CFT, LOCAL-GLOBAL COMPATIBILITY (Tu. 20/7/10, 9:40-10:40)

Unramified extensions and Weil groups. Let K be a local field, finite over Q,. If N € Z~ is
prime to p, then K (py) is an unramified extension, and xn : Gal(K(uy)/K) — (Z/(N))*
sends Frob, to ¢! mod N. Thus [K(py) : K] = f where f is the order of ¢ mod N in
(Z/(N))*, and K(py) = K(pgr_q). We write Ky := K(p,r_;), with the ring of integers
Of. If K'/K is an unramified of degree f, then its residue field is &' = F ;. Hence
K’(quq)/K, is of degree 1 and Ky C K’, but they are equal as both have degree f over
K. Thus Ky/K is a unique unramified extension of degree f inside K. The mazimal
unramified extension of K is defined as K" := KYP = (J, \yoy K(py) = Uy Ky The
integral closure of O in K" is O™ = 7 Oy, which is a DVR with the maximal ideal pO"
and the residue field O™ /p = k, and the limit of the above isomorphisms gives

o

Gal(K™/K) 3 0 +— (0|ow mod p) € Gal(k/k).
We computed the injection X% in Lecture 1; we have the following commutative diagram.

viFrobg—1 . 1—q~ 1
-1

xhe + Gal(K™ /K) — 7 7p,%
e

For a Galois subextension L/K of K/K containing K", we define its Weil group by
W(L/K) := {0 € Gal(L/K) | o|gw € FrobZ}. It has the valuation v : W(L/K) — Z
by o|guw = FrobUK(U). We write Wy := W(K/K) (the Weil group of K), and similarly
Wb = W(K*®/K) and WZ° := W(KY°/K). If K'/K is finite, then Wy C W.

U'—)(O"Our mod p) l

v:Frobg—1 ~1l—=q

Yk : Gal(k/k) = 7

Image of Q; under Art. The local Kronecker-Weber theorem tells us that ng = Q;°,
ie. W&E = W&: Recall that xg, = Xxq © (G(al; — G&b). As the cyclotomic polynomials
(XP" —1)/(XP"" —1) for all m € Z~q are irreducible over Qp" by the Eisenstein criterion,

the homomorphism xq, restricts to an isomorphism Gal(Qj"/ QpF) & Z,;. This results in
the following commutative diagram.

m—1

Zx i LY <=— Gal(Q¥/Q9P) <—— Gal(Q°/Qu)
xl « (pmod 2 )—p~! Al Xg ic P L
Qp /Zp /2 &~ GQ , Gal(@p /Qp)

This diagram proves that Art(Q)) = W&ZC, or more precisely, the injective image of Q' in
Q*\AX/RZ, = Z* is mapped isomorphically via Artg to the (injective) image of W&C in
Gg°. The composition of these isomorphisms gives an isomorphism W@E =Wy =Q,
which is essentially xq, |W55 : W&? — Z*. This is the local Artin map which can be defined

and characterized intrinsically, and moreover for general local fields, not just Q.
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Local class field theory. Now let K be any local field, finite over Q,.

Theorem 3.1. (local class field theory) There is a unique homomorphism artyg : Wg —
K>, such that (i) voartgx = v, and (i) artx (Wg+) C N/ /i (K'™*) for K'/K finite abelian.
Moreover, it induces W22 = K| thus Arty = artl_(l : KX = W2 (the local Artin map of
K), and for every finite K'/K, we have artr|w,, = Ngr/x o artg.

The last property is the local base change for GLj, which implies (ii). Define WEO =
v~ Y(Z~o) C Wk, which generates Wi as a group. For a separable extension L/K , define the
norm group N(L/K) to be the intersection of Ny, i (K'*) C K* for all finite subextensions
K'/K of L/K. Theorem 3.1 is implied by the following two theorems:

Theorem 3.2. (Lubin-Tate theory) There is an abelian extension K'T /K with K" ¢ KT
and a homomorphism artg : W(KLTLK) =5 K%, such that (i) voartg = v, and (ii) for
o€ W20, let K, be its fized field in K. Then N(K,/K) = N(K, N K" /K) = artg(o)Z.

Theorem 3.3. (local Kronecker-Weber theorem) KT = K2 j.e. Wb = W(KY /K).

Observe that the two conditions of Theorem 3.2 characterizes arty : W (KT /K) — K*.
This artyx satisfies the local base change, because if K'/K is finite and o € WI?,O (i.e.
K' C K,), then artg(0)? = N(Ky;/K) = Ngr/g(N(Ks/K')) = Ny (artg(o)?) =
NK//K(artK/(a))Z. (This implies KM ¢ K'™T.) Combining Theorem 3.3, we get an arty
satisfying (i),(ii) of Theorem 3.1. If another art}. satisfies (i),(ii), then for o € WZ°, we
have art(0) € N(K,/K) = artg(c)? by (ii), and (i) implies art = artg. The following
proposition is seen by checking that the cyclotomic theory is a special case of Lubin-Tate
theory for K = Q, with the uniformizer p, where K = Q7’“ and artx = xq, -

Proposition 3.4. (local-global compatibility for the class field theory of Q) The restriction
of Art : A* — G&b to Qp gives Artg, : Q) = Wa:.

For K = R or C, we define W2P = Wy := Gk, and K>V := RZ, or C* (the connected
component of 1). Define the local Artin map as Artyx : K*/K*0 =2 Wi = G.

Adeles over number fields. Now we consider adele rings over general number fields. Let F
be a number field. We define the ring of finite adeles and adeles over F' by A% := F ®g A>°
and Ap = FRgA = F x AF, where I, := F'®gR. They have descriptions as restricted
products similar to A, e.g. Ap is a restricted product of F;, with respect to O,, etc. We
have injections F'* — A% and F* — A} as before. For a finite place v, we denote the
corresponding objects for F, by Oy, py, kv, Gu, @y, Gy, Frob,, W,. A finite extension F'/F
is unramified at v if F),/F, is unramified for all v|v; it is unramified at almost all v. The
product of norms F) — F* for v'|v gives the norm Np/p : A}, — Aj. It restricts to
Npryp on F', thus the absolute value | - [F := |[Npjg()| : Ap — RZ, factors through the
idele class group F*\AL of F. It satifies | - |r|px = |- | := |NF, /g, ()] if v|u. When K/Q,
is finite we denote | - | = [Nk q, ()]; if K = F, then |- [k = |- .

For a place v of F, we have a homomorphism W2 ¢ G2> — G%. As Homp(F,F,) =
1<i£1 Homp(F', F,) for finite F’/F, choosing a homomorphism G, — G (up to a conjugation

by G,) amounts to choosing a compatible system of places v' = p’ of F’ above v for all F’.
When F'/F is Galois, the image of G, is Gal(F},/F,), which is Dy C Gal(F'/F). Thus the
image of G, in G is l(iLnDp/. Similarly the image of G%b in G%b is 1<i£1Dp/, but this does

not depend on any choice.
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LECTURE 4. GLOBAL CFT, ¢-ADIC CHARACTERS (Tu. 20/7/10, 11:00-12:00)

Global Artin maps. We define the global Artin map of F' as the product of local Artin
maps as follows. For a place v of F, let Art, : FX — W2 be the local Artin map
for F,, and compose with W2 — G%b. For each finite abelian F’'/F', the product map
Artpp = ], Art, : A — Gal(F'/F) is well defined (and surjective: Exercise 5), as
the local components z, of € Ay are in OF for almost all v and thus their image is
trivial, as F'/F is unramified at almost all v. Now define the global Artin map by Artp :=
1<i£1Art FIF Ay — G3>; it clearly satisfies Artp| px = Arty for all v. The local base change

implies the global base change, i.e. Artpr = Artp o Np//p for finite F'/F. The global class
field theory says Artp is surjective, and describes its kernel. It was Q*RZ, when F = Q;
in general it is the closure of F* - Hv‘ . FX9 under a suitable topology.

Profinite structures. The profinite sets are the sets that are isomorphic to an inverse limit
of finite sets. A profinite structure on a set (resp. group, ring) X is an isomorphism X =
h£1X A, where {X}aea is an inverse system of finite sets (resp. groups, rings). Two such

structures are equivalent when there is an isomorphism between their cofinal subsystems.
An equivalence class of profinite structure defines a topology on X, namely an inverse limit
topology where each X is considered as a discrete set (resp. group, ring). This is called a
profinite topology on X. As inverse limit topology is the subspace topology when considered
as a closed subspace of [[, X), it is compact Hausdorff, and is totally disconnected, i.e.
every connected component is a singleton. Conversely, every compact, Hausdorff, and
totally disconnected topology is seen to be a profinite topology, by considering all possible
continuous maps into discrete finite sets. Its open subgroup are closed and of finite index,
but not vice versa in general. We saw many examples of profinite groups, such as Galois
groups G, G% etc., and 2,2X,Zp,(’)v,(’)§ etc. When F”/F is a Galois extension and
F'/F is its subextension, then Gal(F”/F’) is a closed subgroup of Gal(F"/F), and if it is
normal, then F'/F is Galois and Gal(F’/F) is the quotient group. For example F*> ¢ F
corresponds to the closure of commutators [Gp, Gr], and the group G}b is the mazimal
abelian quotient Gp/[Gp,GFr| of Gp. By a character of a topological group, we mean a

continuous homomorphism into C* or @Z for a prime ¢ (¢-adic characters). Therefore all
characters of G factor through G2, i.e. considering the characters of G%b is equivalent to
considering the characters of Gr. Thus class field theory of F, which describes G%P, is a
theory of characters of G, i.e. 1-dimensional Galois representations.

Locally profinite / adelic groups. A group G with a specified profinite subgroup U can be
topologized so that U is an open subgroup: its topology is determined by the topology of
Uand G=1]] 9EG /U gU. In general, a topological group G is called locally profinite if it has
an open subgroup U such that the subspace topology on U is profinite. The examples of
(G,U) are (F,,0,), (FX,0X), (W,,Kerv), (Wa> Kerv), or (A%, 7Z), ((A®)*,Z%).

For an algebraic group G over Q, we have an adelic group G(A) = G(R) x G(A*) (we
get A* when G = GLy), and if G is defined over Z as in the case G = GL,,, then G(A*) is
locally profinite with an open profinite subgroup G (2) = 1<£n G(Z/(N)), and the topology of

G(A) is the product topology with the ordinary topology of G(R) as a Lie group. As locally
profinite groups are totally disconnected, the connected component of 1 in G(A) is equal
to that in G(R). When G = G, (the additive group) or G = GL1, we get locally profinite
topology on A* and (A*)*, but this topology on (A*)* is not the subspace topology of
A, In A =R* x (A®)*, the subgroup RZ, x 7% is open, and Q* is discrete.
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Global class field theory. Let F' be a number field with the ring of integers 0. The group
Ay is the adelic group for G = Resp/g(GL1), which is an algebraic group defined as
G(R) :== GL1(F ®q R) for every Q-algebra R (the Weil restriction of GL1). In particular
G(A*®) = (AY)* is locally profinite with O* as an open profinite subgroup (here 0 =0y
7 = [L,.6, Ov). With this topology, the map Artg is a unique continuous homomorphism
satisfying Artp| px = Arty for all v. The connected component of 1 in AYis FXY =
Hv|oo FX0  Again F* is a discrete subgroup of A%. But in general A is not a direct
product of F* (discrete) and FX0 x O% (open), in two ways: there is the narrow class
group Clf. := FX\AR/(FX0 x @X) (finite), and the group of totally positive units OZ =
F*N(FXPx O*) (finitely generated Z-module of rank |{v|oo}|—1). We have Cla =0Z,=1
only when F' = Q. (We get the ideal class group Clp and the group of units O if we replace
FX? by FZ in each definition.) When OZ is not finite (i.e. when |[{v|co}| > 1) it is not
closed in ©O*, hence 0% FXY is not closed in FXY x O*, thus F *FZY is not closed in A%,
But its closure gives the kernel of Artp:

Theorem 4.1. (global class field theory) The global Artin map Artp induces an isomor-
phism A% /F*FX? = G2 where FXY := ], FX°, and FXFXY is the closure in A%.

v|oo
In other words, the kernel of Artp : FX\AX — G2 is the connected component of 1.

Hecke/Galois characters. We call the characters IT : F*\Aj — C* the Hecke characters of
F. Tts local component at v is defined as I, := H\va. It has weight (0) if H‘Foéo = 1, which

ensures that it vanishes on F*FX°. Thus we have a bijection between the Hecke characters
IT of weight (0) and the characters R : G& — C*, given by I = Ro Artp. We extend this
correspondence so that it includes |- |p <> x¢. A Hecke character is algebraic of weight (a;),
if there is a, € Z for each 7 € Homg(F,C) =[], Homgr(F,, C), such that for all v|oo,

v]oo

Oy(z) = [[ 7)™ (Va, € ).
v(T)=v

The absolute value | - |r is algebraic of weight (—1).

Let ¢ be a prime. For a character R : G‘}b — @Z, its local component R, is defined as
Ro(Wab — G%bLIt is algebraic of weight (by), if there is by € Z for each A\ € Homg(F, Q) =
L1, Homg, (F%, Q) and an open subgroup U, C O for each v|{, such that

RyoArty(z,) = [[AMzy)™ (Vo € Uy).
v(A)=v

For example Xy is algebraic of weight (—1), as X¢ © Arty|px = Ng,/qg,lpx- For a field
isomorphism ¢ : Q; = C and a II algebraic of weight (a.), define II, : F*\A} — @KX by
I, : AX Sz +—s 1 (H(l‘) . H T(xv(T))“T> . H A(Ty(n)) "or € @gx
T€Homg(F,C) A€Homg(F,Q,)
Thus, defining II <+ R by 1I, = R o Arty, we obtain the CFT for ¢-adic characters:

Theorem 4.2. (global Langlands correspondence for GL1) Let F be a number field, and
fix ar € Z for each T € Homg(F,C). For each prime ¢ and an isomorphism ¢ : Q, = C,
there is a following bijection, satisfying 11, = 1 o R, o Art,, for all v not above £, co.
{ HZFX\A;‘—)CX, } 1:1 { R:G%b_)@2<7 }
algebraic of weight (a;) algebraic of weight (by = a,0))
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APPENDIX A. MORE ON GLC FOR GL1: ALGEBRAIC HECKE CHARACTERS

Finiteness and algebraicity. Every character of a locally profinite group G into C* factors
through a discrete group G/U, where U is an open subgroup of G. Thus any Galois character
G3> — C* has finite image, and every character of 7* factors through (Z/(N))* for some
N € Z~y (composed with the projection A* — ix we call them Dirichlet characters). As
QX \AX = RZ, x 7%, every Hecke character II : Q* \AX — C* of Q is a product of |- |* for
w € C and a D1r1c:hlet character. It is algebraic if and only if w € Z.

Consider II : F*\Ay — C* for general F; it is determined by its finite part I :=
H‘(A%O)x. The kernel U of H‘”[@X is called the level, which is open and thus contains
Ker (0% — (O/1)*) for some ideal I of ©. The largest such I is called the conductor of
II. It is a product [[,., po', where m, € N is the smallest such that 1+ p;*» C KerII, (or
I, |px factors through (O, /py')*), the conductor of IL,. We see that 11, is unramified, i.e.
trivial on O, (or m, = 0), for almost all v. An unramified I, is a character of F, /O = Z,
thus determined by the Hecke eigenvalue 11,(w) € C*, where w is any uniformizer of F,.
If we fix the weight IT|,xo and the level U, then FX° x U has finite index in F} x O.
Thus setting OF° := F* N (FXY x U), the subgroup Op°\(FX® x U) has finite index in
F*\AF, because Clp = F*\AL/(FZ % O*) is finite (finiteness of class numbers). Thus
there are only finitely many choices for II, and such II exists if and only if 1| wologo = 1 (as
C* is divisible, hence an injective additive group). If II| pxo =1 then Im1I is finite. If IT
is algebraic, then ImII* is contained in a number field: in fact, if FZ, := F* N FZ X0 then

FZ,U has finite index in (A%)* (weak approximation), and on FZ, the character II*° i
equal to T1} = [[, 7% . In particular, the Hecke eigenvalues are algebraic numbers.

Theorem A.1. Let II: F*\A} — C* be an algebraic Hecke character of weight (a;).

(i) Its local component 1L, is unramified for almost all v (true for all Hecke characters).
(ii) (finiteness) There is only a finite number of algebraic Hecke characters of a fized
weight (ar) and conductor I.
(iii) (algebraicity) Ewvery weight (0) character has finite image. In general, there is a
number field E and 7 € Homg(E, C), such that for every finite v there is a char-
acter my : F} — E* with 11, = g o my. In particular, In 11 C tp(E)*.

Global structures. We consider the kernel of |- |p : F*\A; — RZ,. Recall O* = F*n
(FX x O*). As the open subgroup O*\(FX x O*) of F*\AJ has finite index, the group
Ker’ := Ker| - |p N (O*\(FX x O*)) has finite index in Ker | - |p. Let U := [ 1,00 Ker v
(the maximal compact subgroup of FJ). Then pp := O N Ux is the finite group of all
roots of unity in F. Writing O* := O* /up, we have a commutative diagram:

O\ (Uso x OX) Ker’

|

Ox \ Ker (RXo)" = RZ,)

(H’U)'u\oo

(
0%\

O\ (U x OX) —= OX\(FX x O%) (RX,)"
|| 7 J/ product l
R, R
where r := |[{v|oo}| and all rows and columns are short exact sequences. Then Dirichlet’s

unit theorem says that O sits in Ker ((RX,)" — RZ)) 2 R"! as a Z-lattice, thus making
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the quotient compact (= (R/Z)"~!). Thus Ker | - | is compact. It is the maximal compact
subgroup as R;O has no compact subgroup, hence all characters F*\Ay — Rio factor
through | - |p. As every continuous character RS, — RZ is of the form (-)* for w € R:

Lemma A.2. The kernel of | - |p : F*\Ayp — RZ is the mazimal compact subgroup of
F*\Aj. Every character F*\AJ — RZ has the form |- |% for w € R.

Purity. Now we apply Lemma A.2 to |Il|c, and let [II|c = |- |z"*. For wv|oo, we have
‘ ’ ;w = ’HU’C - |Hv(7)=’u T_ULT’(C = H’U(T)=v T_(aT_HZCOT) = | ’ ‘;(a‘r—’_acw)? thus w = a; + acor
for all 7 (Hodge symmetry, or purity at co). In particular w is twice the average of all a.
Similarly if v is finite and @ is a uniformizer of F),, then we have ¢ = |w|,;* = |II,(@)|c,
i.e. the integer w “aligns” the complex absolute values of the Hecke eigenvalues at all finite
places. But II,(w) € E are algebraic numbers, hence we can also consider its conjugates.

If 11 is algebraic of weight (a;), then o o II*® for o € Aut(C) is a finite part of another
algebraic Hecke character oIl of weight (a) := a,-1,,), and satisfies Theorem A.1(iii) for
o o7 € Homg(E,C). As Aut(C) acts transitively on Homg(E,C), there is a oIl for
each 7 € Homg(E, C), and these are the finitely many Galois conjugates of II. Changing
¢ : Qp = C in Theorem 4.2 will only shuffle around the Galois conjugates.

Now all conjugates oIl have the same value of w = a; 4+ acor, hence the Hecke eigenvalues
I, (w) are a very special kind of algebraic numbers called Weil ¢g¥-numbers: for a prime
power ¢, an element of a number field x € E is called a Weil g-number if |7p(z)|c = ¢ for
all 75 € Homg(E, C). This is the Ramanujan conjecture for GL;.

Hodge symmetry puts a strong constraint on the weights (a,). Note that the weight of a
product of two characters is the sum of their weights, hence the quotient of two characters
of the same weight has weight (0). If F' is totally real, i.e. if all infinite places of F' are real,
then all a, are equal, thus II is always a product of an integer power of | - | and a weight
(0) character, just as when F' = Q. New algebraic II of non-zero weight appear when we
take totally imaginary (i.e. all infinite places are complex) quadratic extensions of totally
real fields (imaginary CM fields). By CM fields we mean either totally real or imaginary
CM fields. For general F, its maximal totally real subfield F; is the maximal subfield on
which 7 = ¢7 (we omit o for a while) for all 7 € Homg(F,C). In other words o7 = cot for
all 0 € Aut(C), or 7 = (¢ co)7. Relaxing this condition, the maximal CM subfield Fy is
where e = (67 1co)T for all o € Aut(C). Then 77 ler € Autg(Fp) is independent of 7 as
77 ter = (07)"le(o7), and we denote it again by ¢ (the complex conjugate on Fyp); its fixed
field is F". Now if 7|, = 7/|, then there exists ¢ € Aut(C) such that cr = (07 lco)r’. As
the Hodge symmetry for oll says ag-1, + az-1.,, = w for all 7, or ar + a(5-1¢0) = w, thus
W — A7 = Aer = Q(g-1¢g)r = W — A, 1.€. ar depends only on 7|po.

When F = Fy, for any (a,) satifying w = ar + acor, the H]Foxoo = [[, 779 restricts to
| - |;;f on the elements of (F;")%. As OX N Fy is the unit group of F; and has finite index
in O* (as both have the same rank), by Chevalley’s lemma ([Ch], Théoréme 1), we can
choose a level U such that (’)éo C O* N Fy, which ensures | o0 = 1. Then there exists

IT of weight (a,) and level U. Thus we conclude:
Theorem A.3. Let I : F*\A} — C* be an algebraic Hecke character of weight (a;).

(i) (Hodge symmetry) The number w := ar + acor € Z is independent of 7. If Fy is the
mazimal CM subfield of F', then a, depends only on 10 := T|g,.

(ii) (Ramanujan conjecture) Let v be finite. If w is a uniformizer of F,, then m,(w) is
a Weil g% -number, where m, is as in Theorem A.1(iii).
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(iii) (classification) If F' is totally real, then there is a Hecke character II' of weight (0)

such that T =T11"- | - ;w/2. In general, if Fy is the mazximal CM subfield of F', then
there is an algebraic Hecke character 11y of Fy and a Hecke character 11 of weight
(0) such that Tl = 11" - (Ilg o Ng /).

APPENDIX B. MORE ON GLC FOR GLi: ALGEBRAIC GALOIS CHARACTERS

Now we combine Theorems A.1 and A.3 with Theorem 4.2. Let us make two remarks.
First, the global base change implies that if F//F is a finite extension and II «> R over F,
then Il o Npv/p <+ R|p := Ro (G5 — G3) over F'. Second, when II is unramified at
v, the local-global compatibility II, = ¢ o R, o Art, reduces to 1I,(w,) = tR,(Frob,) (the
reciprocity law).

We define the conductor of R, : W{}b — @Z as the conductor of II, for corresponding II
under some ¢. Recall that II, = ¢ o R, o Art,, when v is not above ¢, and when v|¢, we have
1L, = L(RU . Hv(A):v(A o Art;l)b*) o Art, from the definition of II,, and their conductors are
independent of .. We define the conductor of R as the product taken in the same way as
for the Hecke characters, so it is equal to the conductor of II. We define r, : W2> — E* by
Ty = Ty 0 Arty,, where I, = 75 o m,. Setting A := ! o1, we have Ag o1, = R, when v
is not above ¢, and when v|¢,

Agory, =Agom,oArt,t =i oIl 0 Art, ! = R, - H(AOArtgl)bA'
v(A)=v

Theorem B.1. Let R : G%b — @Z be an algebraic Galois character of weight (by).

(i) Its local component R, is unramified for almost allv (true for all Galois characters).

(ii) (finiteness) There is only a finite number of algebraic Galois characters of a fized
weight (by) and conductor I.

(iii) (algebraicity) If (by) = (0), then R has finite image. In general, there is a number
field E and A\ € Homg(FE, Qy), such that there is a character ry : Wab — EX | with
Ry = Ag ory when v not above £, and Ry = (Ag ory) - [Tyn)=p(A 0 Art; Hox when
v|l. In particular, In R C E;; where w = v(Ag).

(iv) (Hodge symmetry) If Fy is the maximal CM subfield of F, then by depends only on
Ao := Alg,. The number w := by, + bxyoc € Z is independent of Ao.

(v) (purity) Let v be finite, not above £. If ¢ € W2P and v(¢) = 1, then ry(¢) is a Weil
g -number. (We say R is pure of Frobenius weight w.)

(vi) (classification) If F is totally real, then there is a finite image character R’ such that
R=R- X;wm. If Fy is the mazximal CM subfield of F', then there is an algebraic
Galois character Ry of Fy and a finite image character R such that R = R' - Ro|p.

Now pick another prime ¢ and X € Homg(F, Qy), and apply Theorem 4.2 to II again
for an ' : Qp = C such that 1o Ag = ¢/ o N. Setting p:=¢"1 o/ : Qp = Qy, we obtain:

Theorem B.2. (compatible system) Let R : G2 — @Z be an algebraic Galois character
of weight (by). For each prime ' and Ny, € Homg(E,Qy), there is an algebraic Galois
character R : G2 — Qp of weight (bys = bpox), where p : Qu = Qg is such that \g = poNy,
such that Ry, = X ory for all v not above £', and Ry, = (N o ry) - [T, (xy=p (A © Art; 1)t
for v|l'.

For FF = Q, we had the basic example of compatible system of /-adic cyclotomic characters
R = xy for all ¢, corresponding to IT = | - |.
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EXERCISES

1. Quadratic reciprocity (Lecture 1). We deduce the quadratic reciprocity law, which desribes
the decomposition of primes in a quadratic field, from the reciprocity law for the cylotomic
extensions of Q.

(i) (Decomposition of primes in a quadratic field) Let p be an odd prime. The Legendre
symbol is a unique non-trivial character (5) : F) — {£1} of the cyclic group F,; (its kernel
@Qp is the group of quadratic residues mod p). Let d € Z be square free. Then a prime p
not dividing 2d decomposes in Q(v/d) as:

(p) = p1p2 = (i) =1, (p=p <= <Z) - 1.

(ii) (Decomposition of primes in a subextensions of cyclotomic fields) If F’/F is a subex-
tension of an abelian extension F”/F of number fields and p is a prime of Op, then
Frob, € Gal(F’/F) is the restriction of Frob, € Gal(F”/F) to F'. If F/Q is a subex-
tension of Q(uy)/Q, corresponding to H C (Z/(N))* = Gal(Q(uy)/Q), then (p) splits
completely in F' (i.e. (p) =p1---pp for n = [F : Q]) if and only if p mod N € H.

(iii) Show that Q(+/2) corresponds to the subgroup {1, 7} of Gal(Q(ug)/Q) = (Z/(8))* =
{1,3,5,7}. Comparing (i) and (ii) for Q(v/—1) and Q(v/2), deduce the first/second comple-
mentary law, namely if p is an odd prime, then:

(—1) (_1)1921:{1 (p=1 (mod4)) (2) =t {1 (p=1,7 (mod8)),
-1 (p=3(mod4)), -1 (p=3,5 (mod8)).
(iv) Let £ be an odd prime, and F;/Q be the quadratic subextension of Q(u,)/Q cor-
responding to the unique subgroup Hy of index 2 of the cyclic group Gal(Q(u,)/Q) =
(Z/(€))* =F). This I, is Q(v/¢) when ¢ =1 (mod4), and Q(v/—¢) when ¢ = 3 (mod4).
(v) Deduce the quadratic reciprocity law, namely for odd primes p, ¢:

(%) _ (é) (por £ =1 (mod4)),

(i)(ﬁ)z(_l)pgl.%l’ Le, (p> /

p

14
7)= _(1;) (p=+¢=3(mod4)).
2. Ramified primes in cyclotomic extension (Lecture 2/3). (i) Let K”/K'/K be successive
finite extensions of local fields. Show that e(K”/K) = e(K"/K')e(K'/K) and f(K"/K) =
F(K"/K"f(K'/K). If K'/K is unramified and K" /K is totally ramified, then K'NK" = K.

(ii) A finite extension F’/F of number fields is totally ramified at a finite place v of F if
there is only one place v’ of F” above v and F),/F, is totally ramified. If F’/F is unramified
at v and F”/F is totally ramified at v, then F' N F"” = F.

(iii) For a number field F', the cyclotomic extension F'(u,)/F is totally ramified at all
places above p.

(iv) Let N € Z~o. By looking at a prime dividing ®y(x) for € Z (where ®y is the
cyclotomic polynomial whose roots are primitive N-th roots of unity), show that there are
infinitely many primes p such that p =1 (modN).

3. Finite extensions of local fields (Lecture 3). Let K'/K be a finite extension of local fields
(finite extensions of Q).

(i) If K'/K is Galois, then Wi /Wg = Gal(K'/K).
(ii) If K'/K is abelian, then W2 / Im (W2 — W2P) = Gal(K'/K).
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(iii) For any K'/K, the Arty induces K> /Ng /g (K™) = Gal(K' N K*/K).

(iv) Assume p # 2. How many quadratic extensions of K are there (inside a given K)?
Can you write them explicitly as K (y/a) for a € K*?

4. Artin maps for cyclotomic extensions (Lecture 3/4). Recall the notation F'V¢ := (| F(py)
and GR° := Gal(F%°/F) from Lecture 1.

(i) Let K be a local field (a finite extension of Q,), and let W7 be the Weil group of
K%¢ (see Lecture 3). Then Artg induces

K* /Ker Ni¢jq, — Nijg, (KX) — Wi,

(ii) Let F' be a number field, and let Np/g : Ay — A* be the norm map. For each
N € Z~o, the map ArtF(HN)/F gives:

FX\AR/(FX x Nplo(Un)) — Q \Npg(Aj)/ (RS x Uy) — Gal(F(py)/F),

where Uy := 1+ NZ = Ker (2X = (Z/(N))*) C 7*. Passing to the limit, we see that
Artp induces

AY /N7 1o (Q)FXY — Q“\Np/g(Af)/RE) — GR°.

/Q
5. Surjectivity of global Artin maps for finite extensions (Lecture 4). We show that Artp /g
A% — Gal(F'/F) is surjective for every finite abelian extension F”/F of number fields. This
is true when F'/F is cyclotomic by Exercise 4. For general F'/F, take N € Z~( which kills
Gal(F’'/F), and choose a prime p such that (i) p =1 (modN) and (ii) F’/Q is unramified
at p, by Exercise 2 (iv).

(i) Using Exercise 2 (ii), show that F'(p,) N F' = F and Q(p,) N F = Q. Deduce that
Gal(F'(u,)/F) = Gal(F'/F) x Gal(F(u,)/F) = Gal(F'/F) x F\.

(ii) For 0 € Gal(F'/F), let E C F'(u,) be the fixed field of (o,7) where 7 is the
generator of ;. Show that E(u,) = F'(p,,), and thus AI'tF/(“p)/E is surjective. By global
base change, conclude that o € Im (Artz/p).

(A similar argument reduces the proof of Chebotarev density theorem to the cyclotomic
case, which is shown by the non-vanishing at s = 1 of the Dirichlet L series (the class
number formula), thus without CEFT. I learned this from Jack Thorne.)

6. Hilbert class fields (Lecture 4). A finite extension F’/F of number fields is called every-
where unramified if it is unramified at all finite places of F. The union H/F of all finite
everywhere unramified abelian extensions (inside F2P) is called the Hilbert class field of F.
Deduce from the global class field theory that Artz induces:

Clp = FX\AX/(FX x OF) = Gal(H/F).
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