Sketch Solutions For The Main Text of
A Stroll Through Completeness and Compactness
T. W.Korner

Here are what I believe to be sketch solutions to the bulk of exercises
in the main text (i.e. those not in the “Further Exercises”). I have written
in haste in the hope that others will help me correct at leisure. I am sure
that they are stuffed with errors ranging from the TgXtual through to the
arithmetical and not excluding serious mathematical mistakes. I would ap-
preciate the opportunity to correct at least some of these problems. Please
tell me of any errors, unbridgeable gaps, misnumberings etc. 1 welcome
suggestions for additions.

ALL COMMENTS GRATEFULLY RECEIVED.

If you can, please use IfTEX 2¢ or its relatives for mathematics. If not,
please use plain text. My e-mail is twk@dpmms.cam.ac.uk. You may
safely assume that I am both lazy and stupid so that a message saying ‘Pre-
sumably you have already realised the mistake in Exercise Z’ is less useful
than one which says ‘I think you have made a mistake in Exercise Z because
you have have assumed that the sum is necessarily larger than the integral.
One way round this problem is to assume that f is decreasing.’

It may be easiest to navigate this document by using the table of contents
which follow on the next few pages. To avoid disappointment, observe that
those exercises marked % have no solution given.

Last revised 5th May 2026.
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1. Exercise 1.1.1

(1) To solve

dy 5,
dx Yy
rewrite as ]
f - = f dx
y
to obtain .
1
A--=%
4
for some constant A, that is to say,
3 4
V=TI B
for some constant B.
(2) We wish to solve
d’y  dy
2 3
— —2x—+2y=4
* dx? xdx y=
We first seek to solve
d’y  dy
2
— —2x— +2y=0.
* % X T2 xdx y

We guess that there might be solutions to % % of the form y = x“, obtaining
the ‘indicial equation’
ala-1)-2a+2=0
that is to say
@ -3a+2=0
with roots @ = 1 and @ = 2. Thus y = Ax + Bx? and, waving our hands,
we say that, since we have two arbitrary constants A and B, this gives the

general solution. (It is not hard to produce a proof for equations of this type
but we will discuss more general situations later.)

We now guess that % might have a solution of the form Cx?. Substitution
gives
C3x%x2-2%x3+2)=4
so C = 2 and we have the complementary solution y = 2x°. By linearity
our original equation has the general solution

y = Ax + Bx* + 2x°
with A and B arbitrary.

Needless say, we shall not sully our hands with this kind of thing in the
rest of these notes.



Exercise 1.1.2

(1) We have
1 _dPx) _Px PxXQWX

x dxQ(x) 0  O(x)?

and so

X(P'(x)Q(x) = Q' (0)P(x)) = Q(x)’.

If N > M, then equating coefficients of x"* gives Nayby — Mayby = 0
that is to say
(N — M)aNbM =0
contradicting the conditions ay, by # 0.

N+M

If M > N, then equating coeflicients of x gives b3, = 0 contradicting

the condition b,,; # 0.
If N = M, we again obtain b3, = 0 and derive a contradiction.

(ii) By the mean value theorem, there exits a € (2",2"*!) such that

l(2n+l) _ l(zn) — (2n+l _ 2n)l/(§) — ZH%

Thus
1> -12") > %
Thus .
n> Z 127 = 12" > n/2
SO !

n>12"-10)>n/2
and so [(2") > coasn — oo, but 27 f(2") - 0 as n — oo.

Now suppose ay, by # 0, P(x) = T a;x/, Q(x) = XL, bex* and g(x) =
P(x)/Q(x). Then g(x) —» 0if N < M and g(x) — ay/by it N = M. Thus,
if g(2") — oo asn — oo, we must have N > M. Butif N = M + 1, then
xg(x) = ay/by as x > coand if N > M + 2 |xg(x)| = o0 as x — oo. Thus
we cannot have 27g(2") — 0 as n — oo.



Exercise 1.1.3

The first part of the fundamental theorem of analysis tells us that if
1
f(x) = f —dt
1t

The uniqueness follows from the mean value theorem.

then f'(x) = 1/x.

Exercise 1.1.4

(i) Since f'(x) = 1/x > 0 for all x > 0, the mean value theorem tells us
that f is strictly increasing. Since f(2") — oo as n — oo, it follows that
f(x) > coas x — oo,

(i1) We have
d 1
)~ 1) = 2=~ =0
X Xy X
so, by the mean value theorem, /(xy) — [(x) = [(y) for all x > O.

Thus I/(x) + I(y) = l(xy) for all x, y > 0 and, in particular, setting y = 1
and noting that /(1) = 0, we have /(x) = —/(1/x).

(iii) Since I(x) — oo as x — o0, [(x) = —[(1/x) > —oc0 as x — 0+. Since
[ is a continuous function, the intermediate value theorem tells us that / is
surjective. Since [ is strictly increasing, [ is injective.

av) If f : (a,b) — (f(a), f(b)) is differentiable with f’(t) > 0 for all
t € (a,b) then f~!is differentiable with (f~')(s) = 1/f(f~'(s). Thus

1 1
() - Tem Y

e'(x) =

(v) We have
d e(x) ¢€x) eNE(x) elx) elx)
dxE(x) E(x) Ex?  E(x) E(x
The mean value theorem now gives e(x)/E(x) constant, so considering x =
0 we have e(x)/E(x) = 1 and so E(x) = e(x) for all x.
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Exercrse 1.1.5

If we set c(x) = §'(x), then
c'(x) = s"(x) = =s(x)
so, by induction, ¢ and s are n times differentiable for every n with
s = (=1 s(x), sV (x) = (=1)e(n),
c®(x) = (=De(x)and P = (=1 s(x).
and
¢”(x) + ¢(x) = 0 for all x, ¢(0) = s'(0) =1, ¢’(0) = —s(0) = 0.

(1) We have
f(x) = =5"(a - x)c(x) + s(a — x)c'(x) = ¢’(a — x)s(x) — c(a — x)s"(x)
=c(a — x)c(x) — s(a — x)s(x) + s(a — x)s(x) — c(a— x)s(x) =0
for all x so, by the mean value theorem, f(x) = f(0) for all x and
s(a — x)c(x) + c(a — x)s(x) = s(a)c(0) + c(a)s(0) = s(a)
for all x. Setting @ = u + v, x = v, we obtain
s(u+v) = swe®) + c(u)s(v)
for all u, v € R.
(i) Set
g(x) = cla — x)c(x) — s(a — x)s(x).
Then

g'(x) = s(a — x)c(x) — cla — x)s(x) + c(a — x)s(x) — s(a — x)c(x) =0

for all x so, by the mean value theorem, g(x) = g(0) for all x and
s(a — x)c(x) + c(a — x)s(x) = s(a)c(0) + c(a)s(0) = c(a)
for all x. Setting @ = u + v, x = v, we obtain
c(u+v)=clueclv)— su)sv)

for all u, v € R.

(iii) If A(x) = c(x)* + s(x)?, then

W (x) = =2s(x)c(x) + 2¢(x)s(x) =0
for all x so, by the mean value theorem, 4(x) = h(0) for all x and
c(x)* + s(x)* = 1.

Thus s(x)?, c(x)> < 1 and [s(x)], |c(x)] < 1 for all x.

(iv) By the mean value theorem, s is increasing on [0, b]. Since c is
positive on this intervals and ¢ = 1 — 52, ¢ is decreasing. If c(x) > 3/5
on [0,b] the 1 > s(b) > 3b/5 so b < 5/3. Thus, using the intermediate
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value theorem, there exists a u € [0,5/3] such that ¢ is positive on [0, ]
and c(u) = 3/5. Thus s(u) is positive and so s(u) = 4/5. We have c(Qu) =
c(u)? — s(u)* < 0.

(v) By the intermediate value theorem, since c(0) = 1, c¢(2u) < 0, there
exists a w > 0 such that c(w) = 0. Set

w=1inf{r >0 : c(¢) = 0}.

We can find t, with n™! + ¢, > w and c(t,) = 0. Since t, — w, continuity
tells us that c(w) = 0. Since ¢(0) = 1, continuity tells us that w > 0. By the
intermediate value theorem, c(¢#) > 0 on [0, w) so s is increasing on [0, w),

so s(w) > 0, so, since s(w)? + c(w)? = 1 we have s(w) = 1.

(vi) We have

s(x + w) = s(x)c(w) + c(x)s(w) = c(x),
c(x + w) = c(x)c(w) — s(x)s(w) = —s(x).
Thus
s(x + 2w) = c(x + w) = —s(x)
and so
s(x +4w) = —s(x + 2w) = s(x).
Similarly c(x + 2w) = —c(x) and c(x + 4w) = c(x).

(vil) Suppose that such a p exists with p not an integral multiple of w.
Then we can find integers m and n such that, writing 7 = mp — nw, we have
w/2 > 71> 0. Now s(x + 471) = s(x) and c¢(x + 47) = ¢(x) for all x € R. In
particular c(47) = 1.

But c¢(x + w) = —c(x) so 0 > c(x) for x € [w,2w], and c is strictly

decreasing on [0, w], so 1 > ¢(x) for all x € (0, 2w] and in particular c(471) <
1. The desired result follows by contradiction.
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Exercrise 1.1.6

(1) If we write
1

L= —_1r2r+l
U i

then, if x # 0,
Uril x2
= -0
u, Q2r+3)2r+2)
as r — oo. Thus, by the ratio test the given power series converges abso-

lutely for all x and so has radius of convergence co.

Since a power series can be differentiated term by term within its radius
of convergence, we may differentiate term by term twice to obtain

’” _ N 1 1\l 2r+ ]l
Sm—;aﬁﬁ(Dx — —S(x).

Automatically S (0) = 0.
Also

> 1
S ’ — — (-1 Zr,
(x) 2, (2r)!( ) x
soS0)=1.
(i1) We use the following crude version of Taylor’s theorem. If f is infin-
itely differentiable, then

AL () A SUP<iy |F+ @)
- <
M); T R P Y
We know that s(¢) is one of +c(t), +5(¢), so |[f"(#)| < 1 and

1
SUP;i<|x s )(t)||X|n+1 < " -
(n+ 1! T (m+ 1)

|x|n+1

Thus

[

(r)
s(x) = Z S—(O)xr =S(x)

~
for all x.



13

Exercise 1.1.7

(i) If y() = £, then y(0) = 0 and y'(£) = 3¢> = 3y(H)?3
If () = 0, then y(0) = 0 and y'(r) = 0 = 3y(r)*>.

(i1) Direct verification as in (i) shows that y is differentiable except per-
haps at @ and b and that (except perhaps at these exceptional points) y'(¢) =
3y(t)*3. If a = b = 0 we have the case of (i) so we may assume b > a.

Suppose b > 0 > a. Then

ya+h —-ya [0 if-a>=h>0
h R if0>h
SO
ya+h -y@
h
as h — 0. Thus y is differentiable at a and y'(a) = 0 = 3y*(a). The point b
may be treated similarly.

0

If b=0>aorb >0 = a similar arguments hold

(iii) If a < 0, then

(t—a) fort<a
1) =
() {0 fora <t

1s a solution.

Ifb>0

(t—a) fort<a
1) =
() {0 fora <t
1s a solution.

In both cases the argument follows (i1) very closely.

Exercise 1.1.8

If y(x) = tan x for x € (-n/2,7/2), then y(0) = 0 and

, 1 1 1
Yo = (cosx)? 1+ (tanx)?> 142

so we have a solution, but one which is only valid on (-nx/2,7/2).
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Exercise 1.2.3

(1) Assumed known.

(i1) Entirely routine.

If £, g,h € VX, then, if x € X,
(f + g+ M) = f(x) + (g + M) = f(x) + (g(x) + h(x))

= (f(x) + 8(0) + h(x) = (f + &)(x) + h(x) = ((f + &) + h)(x)

sof+(g+h)=(+g+h

If £, g,€ VX, then, if x € X,

(f +8)(x) = f(x) + g(x) = g(x) + f(x)

sof+g=g+f.

Write z(x) = 0 for all x € X. If f € VX, then,

(f+2(x) = f(0) +z2(0) = f(x) +0 = f(x)

sof+z=f.

If £ € VX, then, writing (—f)(x) = —f(x) for all x € X we have

(f + (=MN) = f) + (=) = f(x) = f(x) =0 =z(x)

sof+(—=f)=0.

Ifa, b€F, f € VX, then forall x € X

(a(bf))(x) = a((bf)(x)) = a(bf(x)) = (ab) f(x)
(1)) = 1(f(x) = f(x)
((a+b)f)x) = (@+b)f(x) = af(x) + bf(x) = (af + bf)(x)

soa(bf)=(ab)f,1f = f,(a+b)f =af +bf.

Finally, if f,g € VX and a € F, then, for all x € X,

(a(f + &)(x) = a((f + &) = a(f(x) + g(x))
=af(x)+bf(x) = (af +bf)(x)

soa(f +g)=af + bg.

To see that Cr([0, 1]) is a vector space, observe first that R(*!l is a vector
space by (ii) and by standard theorems of elementary analysis

(@) 0 € Cr([0, 1]),

(b) f,g €€ Cr([0, 1]) = f + g € Cr([0, 1]),
() A€F, feCr(0,1]) = Af € Cr([0, 1)),
so (i) applies.



Exercise 1.2.4

1) du,v) =|lua-v|[>0.
(ii) d(u, w) = [|0]] = [|00]| = [0][[0]| = O.

Also
du,v)=0=|lu-v[|=0=2u-v=0=>u-v.

(i) d(u, v) = lu = V|| = [| =D~ w|| = v~ ull = d(v, w).
(iv) We have
d(,v) +d(v,w) = [lu = V]| + [[v = )|

< ||(u —-V)+(v— w)|| = |l(w = w)|| = d(u, w).

Exercise 1.2.5%

15
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ExEercise 1.2.7

(1) We have
0 <d(x,y) <d(x,x,) +d(x,,y) =dx,,x)+dx,y) >0+0=0
sod(x,y)=0and x = y.

(i1) Given € > 0, we can find an N such that d(x,,, x) < €/2 forn > N. We
then have
d(xy, X)) < d(Xn, X) + d(x, X)) = d(X, X) + d(X, X) < €/2+€/2=€
foralln, m > N.

(iii) Given € > 0, we can find an N such that d(x,, x,,) < €/2 for all
n, m > N. We can also find a J such that n(j) > N and d(x,;, x) < €/2 for
all j > J. We then have

d(x, x,) < d(x, Xup) + d(Xpy, X,) < €/2+€/2 =€
foralln > N.

(iv) We have
0 S”(un +v,) —(u+ v)” = ||(un -u)+ (v, - V||
<|lw, —ul[+[|v, = V]| = 0+0=0.
(v) We have
0 < [, — Aull = || 2.0, = w) + (4, = Du| < [[2.00, = w)|| + |2, = Du|

= |Aallw, — ull + {2, — Al[ul]
< (141 + 14, = ADllw, = ul| + 12, = Allfull
= (+0)x0+0x]ul=0

asn — 0.



17

Exercise 1.2.9

Let f : [a,b] — R be continuous with f(¢) > O for all ¢ € [a, b]. Suppose
that there exists a ¢ € [a, b] such that f(c) > 0. By continuity we can find
a o > 0 such that |f(¢) — f(c)| < f(c)/2 for t € [a,b], |t — c| > 0. Writing
[a,B] = [c — d,c + ] N [a,b] we have f(¢) > f(c)/2 fort € [a,]. sO

ff(t)dt>ff(t)dt>ff(c)/2dt— -a)f(c)/2>0.

If g(t) = 0 fort € [-1,0) U (0,1] and g(0) = 1, then g is everywhere
non-negative and g is not identically zero, but

1
f g dt =
-1

If h(t) = t, then h is continuous and not identically zero, but

1
f h(t)dt =
-1
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Exercise 1.2.10

The collection [—1, 1% of maps [—1, 1] — R forms a vector space under
pointwise operations. Now

frgeC(-11) = f+geC(-11]

and
AeR, feC(-1,1)= f+geC(-1,1))

whilst the zero function 0 € C([-1,1]). Thus C([-1,1]) is a subspace of
[-1, 1]* so a vector space.

(i) (a) We have |f(¢)] = Ofor all r € [-1, 1] so
1
I = [ 1@ldr=o.
-1
(b) By Exercise 1.2.9

1
1A :o=f FOldi=0= 1fl=0= f=0
-1

(c) We have

= [ i ond= [ i aronde = | 1 Fldr = AL,
(d) Since [£(1)] + g0l = (1) + (o) for all 1

171+l = [ I @l +lewiar> [ I ) + g@ldr = I1f + gl

(i1)) We have

! 2
1 = Al :f £ gt = 0

1 2n+1

SO fu = f.

Il

However f,(1) = 1 -» 0 = f(1), so the sequence does not converge
pointwise to f.

(iii) If m > n we have f,(f) — f,,(t) = 0 for |t| > n! and
1> |f,(0) = fu@ifIT| < n”!
. Thus

1/n
o = Sl < f ldt=2/n.

1/n
Since 2/n — 0 as n — oo, the sequence is Cauchy.
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Suppose, if possible, that f, ﬂ) f forsome f e C([-1,1]). If 1 > 6 > 0,

then, whenever n > 6!,

1 1
0sf If(t)—lldt:f SO = FOldt < 1f  fill, = 0
) )

as n — oo. Thus, by Exercise 1.2.9, |f(t) — 1| = O for r > ¢. Since ¢ was
arbitrary, f(¢) = 1 for t > 0. Similarly f(r) = —1 for r < 0. Thus

lim f(£) =1 # —1 = lim f(1)
t—0+ t—0-

and f is not continuous. The desired result follows by reductio ad absur-
dum.

Exercise 1.2.11

If x = y then
Alx,y) = A(x,x) =0 >0, A(x,y) = A(x, x) = A®, x)
and
A(x,y) + Ay, 2) = Alx, x) + A(x, 2) = A(x, 2) = A(x, 2).
Ifx+#y
A(x,y) =120, Alx,y) =1 =A@, x)
and

A, Y) + A, 2) = 1+ A0, 2) 2 1 > A(x,2) > A(x, 2).
If A(x,y) = 0 then x = y.

Thus A is a metric. If x, is Cauchy in this metric then we can find an N
such that A(x,, x,,) < 1/2 and so x,, = x,,, forn, m > N. Thus x, = xy — xn
in this metric and we have shown that every Cauchy sequence converges.

Suppose X is a normed space and x € X with x # 0. Then writing
d(u,v) = |[u — v| we see that d(2x,0), d(x,0) # 0 so

d(2x,0) = 2d(x,0) # d(x,0)

so d cannot be the discrete metric.
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Exercise 1.2.12

(1) |f| is continuous on [a, b] and so has a supremum.
(i1) (a) We have |f(¢)] = O for all r € [-1, 1] so
Iflle = sup |f(#)] = 0.

t€la,b]

(b) We have
Iflle =0=0<|f(n<O0forallt=|f|=0=f=0

(c) We have Af(1)| = |l f ()] so
A fll = sup |Af(D] = sup |A|f@)] = || sup |f(D] = || fleo-

t€la,b] t€la,b] t€la,b]

(d) Since |f(0)] + gD = |f(#) + g(1)] for all £,
I/ + gllo = sup (If(@O] + &) < sup [f(O]+ sup gD = [Iflleo + lIglleo-

tela,b] tela,b] tela,b]

ExEercise 1.2.14

(i) Given € > 0 we can find an N such that } ;>\ d(x,, x,41) < €. The
triangle inequality now gives
m—1
d(xn’ xm) < Z d(xr’ xr+1) <€

whenever N < n < m and so we have a Cauchy sequence.

(i1) In a complete metric space every Cauchy sequence converges. Now
use (i).

(iii) Setting xo = 0 and x,, = }.7_, v, for n > 1 we see that
Yoo Ix — x4l = X lIv,|| converges. Thus, by (ii), >,'_, v, = X, con-
verges.

(iv) If we take | | as the norm, C is a complete normed vector space over
C.

(v) (C([a, b]), || llo) is complete normed space. Under the stated condi-
tions, || f,lle < M, so, by the comparison test, 3o, || /|l converges.
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Exercise 1.2.15

(1) If the sequence x, is Cauchy, then stating with n(0) = 1 we can find
inductively n(j) > n(j — 1) such that

n, m > n(j) = d(x,, x,) < €)()).

By hypothesis x,; converges and we know from Exercise 1.2.7 that any
Cauchy sequence with a convergent subsequence converges, so the sequence
x, converges. Thus (X, d) is complete.

(i1) If x,, is a sequence with [|X; — X;_|| < €; then, setting y; = X; — X;_;
we know that there exists a y such that

n
X, —Xp = Zy} -y
J=1
in norms and so X, — Yy — Xo.

Part (i) now tells us that the norm is complete.

(iii) Choose e€(n) = 27". Then, if d(x,, x,_;) < e(n), we know that
Dimey d(xy, x,41) converges by the comparison test so x, converges. By
part (i), the metric is complete.

Claimed converse Suppose that (V, || ||) is a normed vector space such that
whenever )7, ||v,|| converges, it follows that };"_, v, converges. Then the
norm is complete.

To prove this, suppose that the hypothesis of the theorem holds and
choose €(n) = 27". Then, if ||x,|| < e(n), we know that ), [[x,|| con-
verges by the comparison test so ., ||x,|| converges. By part (i), the norm
is complete.
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Exercise 1.2.15

(1) It is easy to check that we have a norm using the fact that || ||, is a
norm on C([a, b]).

@ lfllay = [1flleo + 11 f"llee 2 0+ 0 = 0.
®) Iflly =0=1flle =0= f =0.
©) [IAfllay = [l lleo + [1Af lleo = 1Al flleo + 1AUI1f llo = |l f1]1-

(@ [1f + gl = IIf + gllo + 1" + &'lleo < M flloo + [1&lleo + 1Moo + [1€lle0 =
1111+ 11glls-

To see completeness, we us the theorem from elementary analysis which
states that if f, : [a,b] — R is continuously differentiable, f,(c) — f(c)
for some ¢ € [a,b] and f, converges uniformly on [a, b] to h, then f is
continuously differentiable on [a, b] with f’ = h.

Suppose f, is Cauchy in (C!([a, b]), || |I). Since
o = fullt = M1fn = Slloos I1fy = Fulleo

we know that f,, and f, are Cauchy in the uniform norm. Thus by the general
principle of uniform convergence f, converges uniformly so some f and f,
converges uniformly to some 4. By the quoted theorem f is continuously
differentiable with f” = h. Thus f € C'([a, b]) and

If = fully = If = fllo +11fy = f'llo > 0+0=0

The space is complete.
(i1) Repeat the arguments of (i).
(i11) || [|l4 is not a norm since |[1]|4 = O but 1 # O.

|| lo 18 @ norm (viz the uniform norm on a subspace of C([a, b]) but not
complete. By translation and rescaling we can take [a,b] = [-1,1]. Let
fu(x) = (x* + n™%)'2 and f(x) = |x|. Then f, — f uniformly so the f, form
a Cauchy sequence for the uniform norm. However, the uniqueness of the
limit tells us that if there were a limit of f, in (C'([-1, 1]), ]| ||) it would have
to be h. Since h ¢ C'([-1, 1]) we have a contradiction.

|| ||z 1s @ norm. The only non-standard part of the checking is the follow-
ing. If ||| = 0, then f'(t) = O for all 7 € [a, b] and f(a) = O so by the mean
value theorem f(¢) = O for all #i.e. f = 0. It is complete by the argument
of (i).
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Exercise 1.3.1 %

ExEercise 1.3.3

One line proof.
0 <d(x,,a) =d(Tx,.1,Ta) < Kd(x,_1,a) = Kd(Tx,-»,Ta) <...< K"d(xy,a) = 0

as n — oo,

Exercise 1.3.4

(i) By the mean value theorem applied to g(x) = f(x) — x
|Tx — Tyl < suplg'®)llx -yl < klx -yl

teR

for all x, y € [—1,1]. Thus T is a contraction mapping on the complete
metric space R. By the contraction mapping theorem, there is a unique a
such that Ta = a or, equivalently, f(a) = a.

(ii) Suppose first that f(0) < 0. Then, since f’(x) > 1 —k, the mean value
theorem tells us that, if b = (1 — k)~!{£(0)|

S) = f(0) = b(1 —k)
so f(b) > 0 and, by the intermediate value theorem, there exits an a with
0 <a <band f(a) = 0. The case f(0) > 0 is dealt with similarly.

ExErcise 1.3.5
(i) Set g(x) = —xr/2 + tan~' x. Then g(x) < O for all x. Further, g’(x) =
(I+x)7's01 > g(x)> 0 forall x.
(i1) By the mean value theorem if x < y we can find a { € (x,y) such that

Tx =Tyl = Ig(x) = g = Ig"(D)(x = I < lx = yl.
However Tz = z implies g(z) = 0 which is impossible.

Exercise 1.4.1%
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Exercise 1.4.4

(1) By the mean value inequality
|f,n) = fv.0l < sup  |f, L(s)llu = v] < klu = VI.

se[ [, —6,t0+6]
(i1) We have
[fG 1) = f, 0] = |lul = vI] < Ju = v,
so f satisfies a Lipschitz condition. However,
lim W' (f(h,t) — £(0,1)) = 1 and lim WY (f(h,t) — £(0,0) = —1,
—0+ —0-

so the partial derivative f(0, #) does not exist.

ExEercise 1.4.5

(i) By our local Picard’s theorem (Theorem 1.4.3), there exists a unique
yi : (b —308,b + 6) such that y;(b — 9) = y(b — ). If we set y(¢) = y(¢) for
t € (a,b) and ¥(t) = y(¢) for t € [b, b+0), then y(¢) = y,(¢) for t € (b—06, b+9),
so ¥ is differentiable with

(@ = f30),1)
fort € (a,b) and fort € (b —6,b + 0), so for ¢t € (a,b + 6). The solution is
unique since, if

Z(1) = fz(@),1)
for t € (a,b + 0) and z(t) = y(¢) for t € (a, b), then z(b — ) = y(b — 9) and so
z2(t) = y(t) for t € (b —36,b + 9).

(i1) The same argument as (i) shows that there exists a unique differen-
tiable function y : (a, b + §) — R satisfying the differential equation

¥y = 3,0
for all t € (a — 6, b + 9) and the equation
¥(@) = y(@)
forall r € (a,b).

Thus, using Picard’s theorem for the case n = 0, we can use induction to
find differentiable functions z,, : (fp — (n + 2)9, ty + (n + 2)0) — R such that

2,(0) = f(zu(0), 1)
forallt € (fy — (n + 2)d,ty + (n + 2)0) and z,(t) = z,,_1(¢) for all t € (n + 1)6.
Picard’s theorem shows that z; is unique and induction, using our previ-

ous results, shows that z, is unique. Setting x(¢) = z,(?)
fort € (ty — (n + 2)0,ty + (n + 2)0) now gives the full result.
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2. Exercise 1.5.3

If x € B(a,r), then, setting 6 = r — d(x,a), we know that 6 > 0 and, by
the triangle inequality,
y=B(x,0)=d(y,a) <d(y,x)+d(x,a) <r=ye€ Ba,r).
1.e. B(x0) C B(a, r). Thus the open ball is open.

ExErcise 1.5.4
(1) If a € X, then, trivially, B(a, 1) € X. Since @ has no members, every
a € @ satisfies B(a, 1) C @.

(i) If a € {Jyen Uas then a € Ug for some § € A. Since Ug is open, we can
find a6 > O such that B(a, 6) C Ug and so, automatically, B(a, 6) C Uyea Uo-

(i) If a € ﬂ;le U, then, for each 1 < j < n, we have a € U}, so we can

find a ¢; > 0 with B(a, ;) € U;. Setting 6 = min, <<, d;, we have 6 > 0 and

B(a,6) C ﬁB(Cl,5j) < ﬁ Uj.

j=1 j=1

ExEercrise 1.5.5

We have (a,b) = B((b + a)/2, (b — a)/2) which is an open ball so open.

On the other hand (,_,(—1/n, 1/n) = {0}. Since 0 € {0}, but B(0, §) Z {0}
for all 6, we know that {0} is not open.

ExErcise 1.5.6

(1)=(1) If X \ E is not open we can find y ¢ E and x, € E such that
d(y, x,) < 1/n. Since x, — y and x, € E, (ii) shows that y € E. The result
follows by reductio ad absurdum.

(i1))=() Suppose x, € E, x, — ybuty ¢ E. Since X \ E is open we
can find a 6 > 0 such that B(y,6,) € X \ E. Thus d(x,,y) > ¢ for all n and
x, - y. The result follows by reductio ad absurdum.
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ExEercise 1.5.8

If x ¢ B(a,r), then § = d(x,a) —r. If F; € ¥ forall 1 < j < n, and by
the triangle inequality B(x, ) N B(a,r) = @. Thus the complement of the
closed ball is open and the closed ball is indeed closed.

Exercise 1.5.9

We first use condition (i).
(a) @ € F since there is no sequence in @. X € ¥ because every x € X.

(b)If F, € F forall @ € A, x,, € (\pesa Fo and x, — x, then x, € F, and,
since F, is closed, x € F, for each @ € A. Thus x € (,es Fo. We have
shown that (,e4 Fo € F .

©IfF;eF foralll < j<n,x,€ e, F,forall mand x,, - x, then
there must exist a J with 1 < J < n and m(r) a strictly increasing sequence
such that x,,, € F;. Since F;is closed x € F; C <<, F;. We have shown
that (\i_, F; € ¥.

We now use condition (ii)
(a) X is open so @ = X¢ is closed. @ is open so X = @€ is closed.

(b) F, is closed so F, is open for each a € A. Thus |, F, 1s open and

ﬂ F, = (U Fa) €F.
a€A acA

(c) F;is closed so F for open for each 1 < j < n. Thus (., F§ is

open and . !
U sz[ﬂ F§) €F.

1<j<n 1<j<n
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Exercise 1.5.10

) Ifx,y,z€E

(@) dp(x,y) = d(x,y) 2 0

(®) de(x,y) =0=>d(x,y) =0 = x=y.

(©) de(x,y) = d(x,y) = d(y, x) = dg(y, x).

(d) di(x,y) + de(y,2) = d(x,y) + d(y,z) 2 d(x,2) = dg(x, 2).

(i) If x, € E and d(x,,x) — 0, then the sequence x, is Cauchy with
respect to d and so with respect to dg. Thus there is a z € E such that
dp(x,,z) = 0. Thus

d(x,z) < d(x,, x) + d(x,, x) = d(x,, x) + dg(x,,2) = 0
sod(x,z)=0and x =z € E.

(ii1) If the sequence x, is Cauchy in (E,dg), it is Cauchy in (X, d) so
converges to x say. Since E is closed, x € E and dg(x,,x) - 0asn — oo.

(vi) Observe that V is a vector subspace of C([a, b]). Observe further that
lffn ev, f € C([a, b]) and ”f - fn”oo -0 then,

If(a) = fD)] < |f(@) = ful@] + |f(D) = ful@)| < 2/fu = fllo = 0O

asn — o0, 50 f(a) = f(b) and f € V. Thus V is closed and part (iii) shows
that (V|| ||) is complete.
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Exercise 1.5.11

(1)=(i1) Suppose that (i) is false. Then we can find an x € X and an € > 0,
such that for any 6 > 0, we can find an x* € X with d(x,x") < ¢, but
o(f(x), f(x")) = €. Choosing x, € X with d(x, x,,) < &, but p(f(x), f(x,)) =
1/n. we see that (i) is false.

(ii)=(iii) Suppose x € f~1(U). Then f(x) € U, so, since U is open, we can
find an € > 0 such that B(f(x), €) € U. By (ii) we can find a 6 > 0 such that
f(Ba(x,6)) C B,(f(x), €). Thus f(Bu(x,06)) C U, whence By(x,6) C f~(U).
We have shown that f~!(U) is open.

(iii)=() Let § > 0. Since B,(f(x),0) is open, f~'(B,(f(x),5)) is open.
Since x € f~'(B,(f(x),6)), we can find an € > 0 such that
By(x,€) C [~ (By(f(x).9))
and so
f(Ba(x,0) C [ (By(f(x).0)).
Choosing N so large that x,, € By(x, €) for all n > N, we have
o(f(xn), f(x)) <eforalln > N
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Exercise 1.5.13

(1) d1(xn, x) = 0 = do(f(xa), (X)) = 0 = d3(gf(xn), 8 (x)) = 0.

(i1) Let x € X; and € > 0. Since g is continuous, we can find ann > 0
such that

by, f(x)) <= di(g(y), gf () < €.
Since f is continuous, we can find a 6 > 0 such that
di(w,x)) <6 = do(fw), f(x)) <n.

We now have
dl(w’ X)) <é= d3(gf(w), gf(X)) < €.

(iii) If U is open in (X3, d3), g~ (U) is open in (X,,d,) and so (gf)~'(U) =
(g (U)) is openin (X;,d,).

Exercise 1.5.14

If f is continuous, then
E closed = E¢ open = f (E) open = f'(E) = (f '(E))° closed.

If ! preserves closed sets, then
U open = U° closed = f~'(U°) closed = f~'(U) = (f /(U°))" open.

Exercise 1.5.16

(1) The intersection of closed sets is closed so CIE is closed. Since CI E
is the intersection of sets all of which contain E, we have C1E 2 E. If F
is closed and F 2 E, then by construction F 2 ClE. (Thus ‘CIE is the
smallest closed set set containing E.”)

(i1) ‘fE isopenand Int E C E. If Uisopenand U C Ethen U C IntE’

The union of open sets is open so Int E is open. Since Int E is the union
of sets all of which are contained in E, we have Int £ 2 E. If U is open and
U C E, then by construction U 2 Int E. (Thus ‘Int E is the largest open set
contained in E.")

(iii) Since Int E C E and Int E is open, it follows that X \ IntE 2 X \ E
and X\ Int E is closed. If F is closed and F 2 E then F¢is open and F¢ C E.
Thus F¢ C Int E and F 2 X\Int E. We have shown that CI(X\ E) = X\Int E
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Exercisel.5.17

(1) If there exist x, € E with x, —» x as n — oo the if F is closed and
F 2 E we have x,, € F and x,, — x. Thus x € F by Exercise 1.5.6. We have
shown that x lies in every closed set containing E so x € Cl1 E.

If x € CIE and x,, € E with x, —» x as n — oo, then x, € CIE (since
E C ClE) and, since Cl E is closed, Exercise 1.5.6 tells us that x € CI E.

(ii) If there exists a ¢ > 0 such that B(x, ) C E then since B(x, 9) is open
X € B(x,0) CIntE

If there does not exist a 6 > O such that B(x,0) C E then we can find
x, ¢ E, but with x,, € B(x,1/n). We have x, — X and x,inE* so, by (i),
x=CIlE)=X\IntE.

Exercisel.5.20

() B(1/2,1/4)NZ = 2.

(i1) We need to show that, if x € Q there exist x,, € Q with x,, — x. Since
X, & x © x, » —xand 0 — 0, we may suppose x > 0. Sine 1/n — 0
we can find an integer m with 1/x > 1/m and so m > x. Now x belongs to
one of the intervals (r,27", (r, + 1)2"] with 0 < r,, < 2"m — 1 (r, € Z). Since
O0<x-r2"<2"—>0asn — oo, r,27" — x and we are done.

[Do not spend too much time worrying about this.]

Exercisel.5.21

(i) If x #O0then x € E C CIE. Since 1/n € E and 1/n — 0 we have
0O€ E. Thus CIE = R.

If x € E, then |x — y| < |x| = |f(x) — f(y)| = 0. Thus f is continuous on
E.

Suppose a f exists with the properties described. Then f(1/n) = f(1/n) =
I - 1asn — oo soby continuity~f(0) = 1. But f(-1/n) = f(1 - /n) =
1 — 1 as n — oo so by continuity f(0) = —1 which is impossible.

(i1) If there does not exist a 6 > 0 with B(x,6) C E, then we can find
x,inE¢ with x, € B(x,1/n). Since x, —» x x € CI(E°) = X \ IntE and
x ¢ IntE. If there does exist a § > 0 with B(x, ) C E, then, since B(x, 6) is
open x € B(x,0) C IntE.
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Exercise 1.5.18

By translation, we may take a = 0. If x ¢ B(0,r), then |x|| > r so,
whenever 6 > 0,

(1 +r278|xII™Y) € B(x,6) \ B0, r)

and so x ¢ Int B(0, 7). Thus Int B(0,r) € B(0, r). Since B(0, r) is open and
B(0, r) C B0, r), it follows that

B(0,r) = Int B(0, r).
If x € B(0,7), then (1 —n Hx € B(0,r) so (1 —n Hx € C1B(0, ). Since
(1 = nHx — x and C1 B(0, r) is closed, we have x € C1 B(0, r). Thus
B(0,r) € B(0,r) € C1B(0, r).
Since B(0, r) is closed, it follows that
B(0,r) = C1 B(0, r).
In the discrete metric (X, d) every set is open so every set is closed. Thus
ClA = A and IntA = A for every A. Provided that X has at least two points
ClB(a,1) = B(a,1) = {a} # X = B(a, 1) = Int B(a, 1).

Exercise 1.5.24

(1) Q" is dense in R" and countable.

(@) IfECXanda ¢ E then A(a,e) = 1 foralle € Esoa ¢ CIE. Thus
E is dense in X if and only if £ = X. Thus X is separable if and only if it is
countable.
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ExEercise 1.5.25

(1) d; is the Euclidean metric.
(i) (a) Since |x; — yil, |x2 — y2| = 0 we have

dr(x,y) = max {|x; — y1l, [x2 — y2l} > 0.

(b) We have

XY =0=>xi =y, [-»m=0=>x-y1=0,0-y»=0=>x=y.

(c) We have
dr(X,y) = max {|x; — 1], [x2 = y2l} = max {lxz — yal, [x; = 1|} = da(y, x).

(d) We have

dy(X,y) + dr(y,z) = max {|x; — yil, [x2 = yol} + max {ly; — zil, [y2 — 2}
> max {|x; —yil + |y1 — zil, X2 = y2l + |y2 — 22}

> max {|x; — zi], [x2 — 2ol} = da(X, 2).

(iii) (a) We have
dy(x,y) = [x; —yi| + |x2 — y2| = 0.

(b) We have

X,Y)=0=|x;i —yil, 2= =0=x1-y1=0, -y =0=>x=y.

(c) We have
d3(X,y) = |x1 = yil + [x2 = 2l = |x2 =yl + %1 — y1] = d3(y, x).

(d) We have
d3(X,y) + da(y, z) = |x1 =il + |2 = yo| + Iy — 21l + |y2 — 22
> |x1 — 21l + %2 — 22| = d3(X, 2).
(iv) (a) We have
d4(X9 Y) = maX{], d[(X, y)} >0

(b) We have
dy(x,y) =0=>di(x,y) =0=x=Yy.

(c) We have
dy(x,y) = max{l,d,(x,y)} = max{l, d;(y,X)} = |[x2—y2|[+|x; —yi| = da(y, X).
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(d) We have
dy(x,y) + du(y, z) = max{l, d,(x,y)} + max{l, di(y, z)}
> max{l,d;(x,y) + d,(y, z)}
> max{l,d|(x,z)} = ds(X, z).

(v) ds is the discrete metric.

EXERrcIsSE 1.5.26

This is just Definition 1.5.12 with f = «.

Exercise 1.5.27

Just apply Exercise 1.5.26 to ¢ and ¢!,
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ExEercise 1.5.29

Write (X, d) ~ (Y, p) if (X, d) and (Y, p) are homeomorphic.

(i) The identity map ¢ : (X,d) — (X, d) is a bijection with ¢ and (™! =«
continuous. Thus (X, d) ~ (X, d).

(i) (X,d) ~ (Y, p), then there exists a bijection f : (X,d) — (¥,p) such
that £ and f~! are both continuous. It follows that ! : (¥,p) — (X,d)
is a bijection such that f~! and (f~')"! = f are both continuous. Thus
(Y.p) ~ (X, d).

(i) (X,d) ~ (Y,p) and (Y,p) ~ (Z, 1), then there exist bijections f :
X,d) —» (Y,p)and g : (Y,p) — (Z,7) such that f, f~', g and g~! are
continuous. If we consider the composition map & = g o f given by h(x) =
g(f(x)), then h : (X,d) — (Z,7) is a bijection whilst h and h™! = f~! o g7!
are continuous. Thus (X, d) ~ (Z, 7).

Conditions (i), (ii) and (iii) together show that ~ is an equivalence rela-
tion.

Exercise 1.5.30

Letd(u,v) = |lu—v]|.

Suppose that f : V — X is bijective. Choose u € V with u # 0 and set
u, = n 'u. Then u, # 0, so f(u,) # f(0) and

A(f(u,), f(0) =10

although d(u,, 0) = n~!|ju|| — 0. Thus f is not continuous.
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Exercise 1.5.31

(1) Let I be an interval. We know from elementary analysis that a sur-
jective function g : I — R which is continuously differentiable and has
g'(x) > 0 for all x € I is bijective and has continuously differentiable in-
verse g”!. Setting f = g we see that f is a homeomorphism.

Observe that x, = 1 — 27" is a Cauchy sequence in (-1, 1), but, if y €
(=1, 1), then we can find an N such that xy > y so |x, —y| > 27V~! for all
n>N+1andx, » y. Thus (-1, 1) is not complete.

(i) Set d(x,y) = |f~'(x) — f~'(y)| with f as in (i). We have d(x,y) > 0
for all x,y € R and, since f‘1 is bijective, d(x,y) = 0 if and only if x = y.
Automatically d(x,y) = d(y, x) and

d(x,y) +dy,2) = If '@ = O+ - @I

>0 - @ = d(x,2).
If we set z, = f(1 —27"), then |z, — z,,| < 277 for n, m > p, so we have a

Cauchy sequence, but the argument of (i) (with y = g(z)) shows that z, -+ z
for any z € R.
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Exercise 1.5.33

(1) Observe that
P(f(xn), f(x) < Kd(x,, x) = 0
as d(x,, x) — 0, so f is continuous and that
d(f™' (@), /71 (2) < Kp(za,2) = 0
as p(z,,2) — 0, so f~!is continuous.
(i1) Write (X, d) ~ (Y, p) if (X, d) and (Y, p) are Lipschitz equivalent.
(a) The identity map ¢ : (X, d) — (X, d) is a bijection with
d(x,y) > d(«(x),u(y)) Z d(x,y).

(b) If (X, d) ~ (Y, p), then there exists a bijection f : (X,d) — (¥,p) and a
constant K > 0 such that

Kd(x,y) 2 p(f(x), f() = K~'d(x,y).
We have
Kp(a,b) = Kp(f(f' (@), f(f (b))
> KK™'d(f™ (@), f (b)) = d(f"(a), [ (b))
and
d(f~ (@), £ (b)) = KK'd(f™"(a), 7' (b)) = K~ p(f(f (@), F(f (b)) = K~'p(a, b)
foralla, b €Y, so(Y,p) ~ (X,d).

(©) If (X,d) ~ (Y,p) and (Y,p) ~ (Z,7), then there exist bijections f :
(X,d) = (Y,p)and g : (Y,p) — (Z, 1) together with K, L > 0 such that

Kd(x,y) > p(f(x), f») > K~ 'd(x,y) forall x, y € X

and
Lo(a,b) > 1(g(a), g(b)) > L' p(a, b)for all a, b € y.

If we consider the composition map & = g o f given by h(x) = g(f(x)), then
h: (X,d) — (Z,7) is a bijection and

KLd(x,y) > t(h(x), h(y)) = (KL)'d(x, y).
for all x, y € X. Thus (X,d) ~ (Z, 7).
Conditions (a), (b) and (c) together show that ~ is an equivalence relation.
(iii) Just repeat (ii) with X = Y = Z.

(iv) By definition, t here exists a bijection f : (X,d) — (¥,p) and a
constant K > 0 such that

Kd(x,y) > p(f(x), () = K~ 'd(x, ).
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Let (a,) be a Cauchy sequence in (Y, p). Then given € > 0 we can find
an N such that p(a,,, a,) < K~'e for m, n > N. Thus d(f~(a,,), f(a,)) <
K~'e for m, n > N and the f~!(a,) form a Cauchy sequence in (X, d). It
follows that there exists a z € X such that d(f~'(a,),z) — 0. We now have

plan, () = p(f(f(an)), f(z)) = 0 as n — co. Thus (¥, p) is complete.

(V) p(x,y) > 0. If p(x,y) = 0, then x* = y?, so x = y. Further, p(x,y) =

p(y, x) since |a| = | — a|. Finally
P, Y) +p(3,2) = ¥ = Y|+ |y’ = 2| 2 I = 27| = p(x, 2).
Thus p is a metric.

We know that f(x) = x!/? defines a continuous function on the closed
bounded interval [—1,1]. Thus f is uniformly continuous. If (x,) is a
Cauchy sequence for p then, given € > 0 we can find a 6 > 0 such that
|f(x) = f(»)| < e for |x — y| < § and an N such that |x} — x| = p(x,, x,) < &
for n, m > N. Thus

6 = Xl = 1£(5) = f(5,)] < €
for n, m > N and the x, form a Cauchy sequence for the usual metric. We
can thus find z € [-1, 1] such that |x, — z| — 0 and so, by continuity,

p(xn2) = x5, =21 = 0
as n — oo. Thus p is complete.

If d is our usual metric

d(X, O) — |X|2/3 =0
p(x,0)
as d(x,0) — 0 so d and p are not Lipschitz equivalent.



39

ExEercise 1.5.34

(1) Since T is continuous at 0, there must exist a ¢ > 0 such that
|Tually = ||Tu - TO0|| < 1 for all |ully < 6.
Taking K = 6~! we obtain
ITully = Kl|6Tully = K|IT(6wlly < K
whenever |ully < 1.

In particular, the set £ = {|[7Tu|ly : |[u||y < 1} is a non empty bounded

subset of R and so has a supremum ||7||. Since E consists of positive num-
bers, we have ||T|| > 0.

We observe that if w # 0, then ||(||w||y W]l = 1 so
ITwlly = Wl 1T (Iwlig' wlly < IT1lIwlly.

Noting that
I70lly = l0fly = 0 = [IT[[10lly

completes the proof.
If T : U — V is alinear map, with ||[Tully < K||ul|y for all u € U, then
ITu —Twlly = [T -wlly < Klu—-w)lly,
so T is continuous.
() If 7T, S € Lc(U, V) then
(AT + pSHully = [IAT (@) + uS ()lly
< AT @)lly + |7 (Wllv
< (AT + plIS IDlally
s0 AT + uS is continuous.
(ii1) We saw in (ii) that ||T|| = O.
[[ATa|ly = |A]||Tully so taking suprema gives ||AT|| = |A|||T]|.

If T # 0, we can find a w € U such that Tw # 0. Since ||Tw||y > 0 we
must have ||T|| > 0. Thus ||T'|| = 0 implies T = 0.

A calculation along the lines of (ii), shows that
(T + SHally < AT+ IS DIl

for all u € U. Taking suprema yields ||T + S|| < ||T|| + ||S||. Thus we have a
norm.

IfT € LU, V) and S € Lo(V, W), then, by elementary linear algebra,
ST € L(U, W), and, by earlier results of this question,

IS Tally < ISITally < [IS{II7 |l
forallue U. Thus ST € Lc(U, W) and ||ST|| < ISIIIT]].
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(iv) Observe that

|1T(Aa + uw) — ATa — uTwl||y

=|T(Aa+ uw) — ATu — uTw — (T,(Aa + uT,w) — AT, u — uT,w)||y

< T(Aa + pw) = T (Au + uw)lly + Al Ta = Tyully + |ulliTw - T,wlly — 0.
Thus

|1T(Aa + puw) — ATa — uTwl|ly =0
and
T(Au+ uw) = ATu — uTw.

Thus T is linear.

Under the further stated conditions ||7,u||y < K][u||y for each n so ||[Tu|| <
K]|ul|y for eachu € U, so T is continuous.

(v) Just observe that
”Tnu - Tmu”V = ”(Tn - Tm)u” < ”Tn - Tm||||u||U~

(vi) Suppose that the sequence 7, is Cauchy with respect to the operator
norm. By (v) and the completeness of || ||y we can find, for eachu € U, a
Tu € V such that ||T,u — Tu||y — 0 as n — oo. Since any Cauchy sequence
is bounded we can find a K such that ||T,|| < K for all n. Thus ||Tu|| < Ku
forallu € U and (iv) tellsus that T € L-(U, V).

Finally, we observe that, given any € > 0, we can find an N such that
T, — Tnll < €forn, m > N. Thus, if N < n < m,
70— Tully < ||ITu—Tyully + |7y - Tally
< €lully +ITu - Tully
— €llully

as m — oo. Thus
(T, — Thully < €llul|
for allu € U and
T, - Tl <€
foralln > N.
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ExErcise 1.5.36

Since |a,| > 0, we have ||a]|, > 0.

If ||la||lc = O, then |a,| = 0 and so a,, = O for all n that is to say a = 0.
l12alle. = suplda,| = suplAlia,| = 1] sup la,l = |Allalle.

We have |a, + b,| < |a,| + |b,| for each n so

lla + bllw < laflo + [Iblle.

Thus || || 1S @ norm.

(It is not complete, since, if we define
an)=(1,1/2,1/3,...,1/n,0,0,0,...)

we have ||a(n) — a(m)||, < 1/N for all n, m > N, so we have a Cauchy
sequence. However, if ¢ € Cy, then we can find an M such that ¢, = 0 for
all n > M and so ||a(n) — ¢||l = 1/M for all n > M. Thus |la(n) — ¢|| - O as

n— 0.)

T is well defined since only finitely many terms in the appropriate sum
are non-zero. We observe that

T(da+ub) = > jida;+uby)=p Y jaj+1 ) jb;=ATa+uTh
j=1 Jj=1 j=1
so T is linear.
However, if if e, is the sequence with 1 in the nth place and 0 elsewhere,

lle,ll = 1, but |Te,| = n. Exercise 1.5.34 (i) tells us that T cannot be
continuous.
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Exercise 1.5.38

(1) Observe that
T(T7'Av) = Av = AT(T"'v) = TAT V)
so, since T is injective, T~'(Av) = AT 'vforall A € Fand allv € V.
Similarly
TT'v+w)=v+w=T{T"'v)+T(T"'w)
=T(T 'v+ T 'w)
so, since T is injective, T~'(Av) = T~'v+ T 'wforall v, we V.

(i1) We know that T is continuous if and only if there exists a K; > 0 such
that
Killally = ||Tually

for all u € U. Thus all we need to do is to prove that 7~ is continuous if
and only if there exists a K, such that

ITully = K|l
forallue U.
To this end, observe that if 7! is continuous then
lally = 177" (Twll < I~ Tull
so [|7u)| = |IT7""||u| for allm € U.

On the other hand, if ||Tu|ly > K>|ju||y, then, if v € V we can write
u = 77!(v) to obtain
IT™' Wy = IT (Twlly = ully < K5'[Tully = K5 |Iv]l.
Thus 77! is continuous.

(iii) Let I be the identity map I : U — U. Then 1 = ||I|| = ||ITT'|| <
ITT="1.

(iv) Let T(x,y) = (x,2y) so T is linear and bijective as is 7~! given by
T7'(x,y) = (x,y/2). T(0,1) = (0,2) so [IT|| = 2. T7'(1,0) = (1,0) so
T~ > 1and ||T|||T)™' =2 > 1.

(v) Part (ii) shows that isomorphic normed vector spaces are Lipschitz
equivalent.
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ExEercrise 1.6.2

Suppose E has empty interior. If x € X, then B(x,1/n)N (X \ E) # @ so
we can find x, € (X \ E) with d(x,,,x) < 1/nforalln > 1. Thus X \ E is
dense.

Suppose X \ E is dense. If x € X then, given any 6 > 0, we can find
y € X\ E with d(x,y) < 6. Thus B(x,0) N (X \ E) # @. Thus E has empty
interior.

ExEercrise 1.6.5

Observe that [0, 1/2] with the standard metric is a complete metric space
so cannot be meagre by Baire’s theorem. If (1/2,1] were meagre, then
[3/4, 1] would be meagre and again this is impossible.

ExERcisE 1.6.6

The countable union of countable sets is countable.

ExEercrise 1.6.8

(i) If x is isolated we can find a & > O such that B(x,9) = {x}. But any
open ball is open.

If {x} is open, then since x € {x} we can find a é > 0 such that B(x, §) C {x}
so x is isolated.

(i1) Let (X,d) be a complete non-empty metric space without isolated
points. If x € X then E = {x} is closed and we can find y, ¢ E, such that
d(y,, x) < 1/nso X\ E is dense. Thus the countable union of one point sets
{x,} cannot be X and X must be uncountable.

(i) E = {0} U {1,1/2,1/3,...} is a closed subset of R with the usual
metric so complete with that metric yet countable and infinite.

(iv) R with the discrete metric is an uncountable complete metric space
with every point isolated.
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Exercise 1.7.3

(1) We first show that d; is well defined

Let € > 0. Then we can find an N with d(x,, x,,), d(y,,, V) < €/2 for all
n, m > N. Thus

|d Xy ) = d s Yl
= |(d(xn, yn) = d(Xns Yn)) + (d(Xns Yn) — d(Xny Yi)|
< d(x, yn) = d(Xms Yl + d(Xn, i) = d(Xiy Yl
< d(xp, Xp) + d(yp, y) < €

for n, m > N. Thus d(x,,y,) forms a Cauchy sequence in R with the usual
metric and

pz(X,y) = ,}il?o d(x,, yn)
is well defined.

(i1) The results claimed in the first sentence follow by taking limits in the
relations

d(xn, yn) 2 0, d(xn, yn) = d(n, Xn) and d(xy, y,) + d(Vp, 20) < d(Xn, 20).

Consider X = R with the usual metric. If x, = 1/n,y, =0thenx, y € Z,
X #Y, but pz(x,y) =0

(ii1) By results in (ii), p(X, x) = 0 so x ~ x. We have

x~y=pxy)=0=pFyx)=0=y~Xx).
Ifx ~yandy ~ z, then
0<px,2z)<pXxy +p(y,z)=0+0=0

so p(x,z) = 0 and x ~ z. Thus ~ is an equivalence relation on Z.

av)Ifx, x,y,y €eZandx ~ X',y ~ Y/, then

p(x,x) = p(y,y) =0
SO
p(x,y) < p(x',y) + p(y,¥) + p(x,X") = p(X',y")
and, similarly,
p(x',y") < p(x,y)
so p(x,x) = p(y,y").
(v) Since x is a Cauchy sequence, we can find an N such that d(x,, x,,) < €
forn, m > N. Set x,, = xy forn < N and x,, = x, forn > N.

(vi) The fact that d is well defined follows from the last part of (ii). The
fact that d([x], [yD) = 0 implies [x] = [y] follows from the definition of
~. The remaining conditions for a metric follow from the corresponding
conditions on p.
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(vii) Observe that, if n, m, p > N, then
d(Yn, ym) = d(x,(n), x,,(m)) < d(x,(n), xp(1))) + d(x,(n), x,(m))) + d(x,(m), x,,(1))
<27V d(x,(n), x,(m))
Allowing p — oo we obtain
AV ym) < 277 + p(x(n), x(m)) < 27+
for all n, m > N.Thus y € Z. In much the same way, if n, m, p > N, then
dyn, Xn(m)) = d(x,(n), x,(m))
< d(x,(n), x,(n)) + d(xp(n), x,(m)) + d(x,(m), x,(m))
<27V d(x,(n), x,(m))
and, allowing p — oo,
d(yn, x,(m)) < 27V + p(x(n), x(m)) < 2772
for all n, m > N. Thus p(x(m),y) < 27¥*2 for m > N and p(x(im),y) — 0 as

m — 090,

(viii) By Exercise 1.2.15 it is sufficient to show that, working in X, d), if
[x(n)] satisfies

d([x(n)], [x(m)]) < 27" for all n, m > N,
then there exists a [y] € X with d([x(n)], [y]) > 0asn — oo.
By part (v) of this exercise, we may suppose that
d(xj(n), x¢(n)) < 27N for all J, kand alln > N.
The required result now follows from part (vii).

(ix) Every constant sequence is a Cauchy sequence, so 8 is well defined.
Automatically

d(Ox), 607) = lim d(x,y) = d(x,)
so 6 is an isometry. If x € Z then
d(x,6(x,)) = lim d(x;, x,) = 0
J—ooo

asn — oo,
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Exercise 2.1.1

(1) The stated result is true for n = 0 with Py(x) = 1.

Suppose it is true for n = m. Then, by standard theorems on differentia-
tion, E™ is differentiable at x # 0 with

1 2
E™D(x) = —= P, (1/X)E(X) + = P E(x) = Ppii(1/x)
x X
where P,,,, is the polynomial given by P,,,1(t) = —>P. (t) + 22 P,,(2).
The result now follows by induction.

(i1) The stated result is true for n = 0 with Py(0) = 0. Suppose it is true
for n = m. Then

E™(h) — E™(0) : 1
h T h
as h — 0. Thus E" is differentiable at 0 with derivative 0.

P,,(h)exp(~=1/h*) — 0

The result now follows by induction.

(ii1) Thus E is infinitely differentiable, but

(o)

E(h)#0= io x " = Z ETO),,

n=0 n=0 l’l'
forall 2 # 0.

ExErcise 2.1.2

Observe that
FO(x) = Z nn—-1)...(n—r+ Da X"

SO i 4

FO0) = =

r!
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ExEercrske 2.1.5
(i) Let 1
A:(f E(x—n)E(x+n)dx) .

[0e]

The required results can now be read off.

(i1) Let n = 6/2, take h as in part (i) and set

k(x) = fx h(s—c—2n)—h(s—d+2n)ds.

o0

The required results can now be read off.

(iii) Set f(x) = k(x)f(x).
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ExErciske 2.1.6

(i) Since 27" min{1, || f®™ — ™|} < 27" the comparison test tells that the
sum converges.

(ii) Since 27" min{1, || /" -g"||} > 0, d(f, g) > 0. Further, if d(f, g) = 0,
we must have min{1,||f — gll«} = 0so||f — glloe =0and f = g.

Since
27" min{L, [|f™ - g”ll} = 27" min{1, lg"” — f®ll}
we have d(f, g) = d(g, f). Since
27" min{L, [|f* = g”llw + 27" min{1, [Ig” — A"l
> 27" min{1, ||f* = h"|lw,
we have d(f, g) + d(g, h) > d(f, h).

(ii1) Suppose that f; is a Cauchy sequence for (C*([a, b], d) and that n >
0. Then, given € > 0 with 1 > €, we can find a J such that d(f;, fi) < 27"
and so, automatically,
A" = £l < €

forall j, k > J. Thus f;") is a Cauchy sequence for (C([a, b], || ||) and, since
C([a, b)) is complete under the uniform norm we can find F, € C([a,b])
such that f;") — F, uniformly on [a, b] as j — oo for each n.

It is a theorem of elementary analysis that, if u, is a continuously differ-
entiable function on [a, b] and u, — u, v, = v uniformly on [a, b], then u
is continuously differentiable with u’ = v. Thus, by induction, F = Fj is
infinitely differentiable with F™ = F,.

Given € > 0, we can find an N such that 27 < €. Thus

N S
d(f;, F) < Y 27" min{LIIf" = Fllo}+ Y 27"
n=0

n=N+1

N
<e+ Y 27 min{LIIf" - FPll) - €
n=0
as j — oo. Since € was arbitrary, d(f;, F') — 0 and we have shown that d is
a complete metric.

ExEercise 2.1.9

Just replace (n!)? by M, in Lemma 2.1.7and 2.1.8.
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EXERrcisE 2.2.2

(1) Observe that

1 "
5 j; Dy(s)ds= ) 5 fT exp(irs) ds

r=-n
and

1
— | exp(irs)ds =

2 T

0 ifr#0,
1 ifr=0.

(ii) We have D,(0) = >)=" 1 =2n+ 1. If s # 0, then expis # 0 and

r

2n
D,(s) = exp(=ins) ) (exp(is))’
r=0
exp(i2n+ 1)s) -1
exp(is) — 1
exp(i(n + 1/2)s) — exp(—i(n + 1/2)s)
exp(is/2) — exp(—is/2)

= exp(—ins)

= exp(—ins)

_sin((n+ 1s)

1
sin 55
(ii1) Left to reader.

(iv) Observe if f(t) = t — sint, then f'(f) = 1 —cost > O fort > 0
so f(r) < f(0), that is to say, sint < ¢ for ¢t > 0. On the other hand, if
g(t) = (2t/m) — sint), then g”(t) > 0 for 0 < ¢ < /2 and g(0) = g(n/2) =0
sog(t) <0for0<t<m/2and

2t
— <smt <t
n
for 0 <t < /2. (Or just say convexity.)
(v) Using (iv),
sin((n + D) |sin((n + D)l . n+1
D, (1) = - 1;2 2 2 > 2| sin ((n + )1)| — i
2
for rm/(n + %) <tL(r+Dn/(n+ %) SO
1 (r+1)7r/(r+%) (r+l)7r(r+%) ‘ 1
> Dyl dt > 5—— o [sin((e+ )] dr
4 m/(n+7) r rf(n+7)
1
1 7r/(n+§) X P
= i + 3)t)| dt
2r+1f0 |sin ((n + L)1) v
1
= >Ar+1

2r+1
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for appropriate A, B > 0.

(vi) Thus
1
1 f n 1 (r+1)71/(n+§) n 1
— | IDu(s)lds > —f ID,(Oldt>A )Y — — o
27 Jr Z;‘ 27 Jrefine Z;‘ r
asn — oo.

(vii) If 7 > O let g, be the simplest continuous linear function such that

) = 1 if D,(-t) >n
M ZA1 i Dy (=) < -,

Then g, € C(T), -1 < g,(s) < 1 forall s € T, and

1 1
Sn(gy,0) = Engn(S)Dn(—S)dS* (Eﬁan(s)lds)

asn — 0.
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Exercise 2.2.4

(1) We have, making the change of variable s =t + a

fuln) = L ff(a + 1) exp(—int) dt
21 Jr
= exp(ina)i f f(a + t)exp(—in(a + 1)) dt
21 Jr

= exp(ina)i f f(s)exp(—ins))ds = exp(ina) f(n)
27T T
Thus

Sulfust) = ) furyexplirt) = Y f(r)explirti + ) = S,(foa +1)

r=-n r=-n

for all ¢ and, in particular S, (f;,0) = S,.(f, a).
(i1) This follows from Theorem 2.2.3 by translation using (i).

(111) Since the countable union of sets of first category is of first category
the set of continuous functions with bounded partial sums S,(f, e) at any
point e of E is of first category.

(iv) Since the partial sums of a convergent sum are bounded quasi-all
f € C(T) diverge on a dense subset of T.

EXEeRrciske 2.2.5

(1) Since f, is continuous, x € T : f,(x) < kis closed and the intersection
of closed sets is closed,

Ek:ﬂ{xeT : fx) < k)
k=1
is closed. By hypothesis a; ¢ E; so E; has dense complement. Thus E =
Ure; Ex is of first category. Since every point x where f,(x) converges lies
in E, f, diverges quasi-everywhere on T.

(i1) Immediate from (i) and Exercise 2.2.4.
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EXERrcise 2.3.2

(1) We have
1 n-1 j )
ou(fil) = ZS,(f )= >, fryexplirn
=0 r=—j
n n-1 ] n—1 |r|
= Z Zf(r) exp(irt) = f(r)exp(irt).
r=-n j=|r| r=—n+1
(i1) We have
n—1
oufin= > T i expir
r=—n+1
o n- |r| 1
= Z f F(s)exp(—irs) dsexp(irt)
r=—n+1 2n
n—1
f Z exp(zr(t — $))f(s)ds
r=—n+1
= f x K, (1).
(i11) We have
n-1 2 n—-1 n-1
(Z exp (i((~(n = 12+ r)r))) = > > exp (il = 1/2) + 0+ )
=0 u=0 v=0
n—1
= (n — |r]) exp(irt).
r=-—n+1
(iv) We have
n—1 n-1
exp (1= /2 +0) = Y 1=
r=0 r=0

whilst, if # # 0, summing a geometric series gives

—_

n—

n—1
exp (i((—((n —1)/2)+ r)t))) exp(=it(n — 1)/2) ¥ exp(ir)
r=0

Il
(=}

r

exp(int) — 1

exp(—it(n - 1)/2)W

_exp(int/2) — exp(—int/2) _ sin(nt/2)
—exp(it/2) —exp(=it/2)  sint/2




By (iii), this implies

. ( /2) 2
1 (o)
K, (1) = n( Sni/2 ) fort#0

S

EXERCcISE 2.3.6

If |n| > N + 1, then

Ifm)l = 1f(n) — )| = |(f = PY)| < ||f - Plles < €.

fort = 0.
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If g € C(T), then, by Fejér’s theorem, given any € > 0, we can find a

trigonometric polynomial P with ||g — P||. < €. If P has degree N,

|g(n)| < eforn >N + 1

Thus g(n) — 0 as |n| — oo.
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EXERrcise 2.3.7

(1) Since f, and g, converge uniformly, it follows that f, g € C(T) and
we can find an M such that ||fn||00, llgxllo < M for all n. Thus

|fn x gn() — f % gD = o fon(t — 5)gu(s) — f(t — 5)gu(s)ds

1
< 57 [ 10= 98,05~ 1= 9ol ds
T JT

1
< 2_ f(lfn(t - S)gn(s) - f(l - s)gn(s)l
T Jr
+ 1t = $)8u(s) — f(t — $)gu(s)l ds
<Ml fu = fllo + Mllgn — glls = 0

uniformly as n — oo.

(i1) Let P(r) = Z;?:_n a;exp(ijt), Q(t) = X i=—n Djexp(ijr). Then

o) = f Z Z a;exp(ij(t — )by exp(iks) ds

j=—nk=-n

= Z Z a by exp(z]t)— fexp(z(] k)s)ds

j=—nk=-n

= Z a;b;exp(ijt)

j=-n
as required.

(iii) Chose trigonometric polynomials f,, g, with f, — f, g, — g
uniformly. Since the uniform limit of continuous functions is continuous
f * g 1s continuous. We have fn * gn(r) = f,,(r)gn(r) fn x g,(r) = f=g(r),
Fur) = f(r) and g,(r) = 2(r) so f+ g(r) = f(3(1).
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Exercise 2.3.10

Q) If()expijtl < |f(j)l, so by the Weierstrass M-test, X" f(j)expijt

j=—n
converges uniformly. The uniform limit of a sequence of continuous func-
tions is continuous.

(i1) We recall that if a sequence of continuous function converges uni-
formly on [a, b] to a limit then the integral of the limit is the limit of the
integral. If g,,, g € C(T) and g, — g then

1 1

— (D dt - — 1) dt.

2ﬂng() _)271ng()
Thus if n > |m|

fam = % fT [Z flpexp ijt] exp(—imt) dt

j=-n
s i fh(t) exp(—imt) dt = }Az(m)
2 T

as n — oo, Thus f (m) = h(m) for all m and h = f as required.
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EXErcise 2.4.2
(1) Observe that, since {(u, v) and A are real,

0<{lu+v,u+v)=<uu)+24u, v{v, v).

If (u,u) = 0, then u = 0 and the required inequality is trivial. If not,

wv) \* (uv)
12 _
0< (/l(u, u) '+ = u>1/2) ) +{V, V).
Setting

A==, vyu,u)
we obtain )

< _ww +{V,V)

(u, w)

which is the required inequality.
(i1) Choose 6 so that e?(a, b) is real and set u = ¢?a, v = b in (i).
(ii1) We have ||a]| > 0 and
la]l=0=>(a,a)=0=a=0.
Since
(da, da)y = A1*(a, a) = |1[*]|a|l*
we have ||1al| = |1]||a]|. Finally
la+b|* = (a+b,a+b) = |a|* + 2R(a,b) + |||
< |lall* + 2llalll[bll + IIblI* = (lall + [Ib))*,
50 [|la + bl| < [la[| + [[bl|.
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ExErcise 2.4.3
(1) We have
Sy =5 ( [ s dr)* - 5 [os0ry dr= ..
(ii) We have

(f,f)>0= 1 flf(t)lzdt.
21 Jr

(iii) Recall that, if & € C(T) is real valued and positive, then % fT h(t)dt =
0 implies 2 = 0. Thus

E.6)=0=fP=0=f=0.

(iv) and (v)
The linearity of the integral gives

(f+&m={fh+gh

and
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Exercise 2.4.4

(1) We have

ened =3, f exp(i(r — $)f) dt = {1 if r =,

2 Jr 0 otherwise
and
1 ) N
(f,e = o ff(t) exp(—irt)dt = f(r).
T Jr
(i1)
1 1 ifr=s
ry €5) = T ] - t dt = ,’
ere) 2n fT exp(ilr = ) {O otherwise.
(iii)) We have
n 2 n n
llf - Z ajejll = <f - Z ajej, f - Z aje.i>
j=-n 2 j=—n j=—n

= fIB+ ) (@frep) +ages )+ D lajf’
j=n j==n

= > 1a; = FOE +IAB = DI

j:—n j:—n

(iv) Since |a; — f(j)I> > 0 we have

with equality if and only if a; = f (j)yfor—-n < j<n.

n

f—Zajej

Jj=-n

>

f—iﬂ%
j=-n

2 2

(v) Setting a; = P( J) in (iv) yields

f—iﬂm1=W—iﬁmj
j=—n j=—n

< f fOIf@t) - PO dr < 1 f f(e dt =€
2r Jr 2r Jr

f—iﬂmj
j=—n

<
2

2 2

SO

W—Zﬂmjse

Jj=—n

2
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(vi) By Fejér’s theorem, we may make € arbitrarily small at the expense
of choosing n sufficiently large. Thus

asn — o0,

(vii) If we seta; = f (j) in part (iii), we obtain

n 2 n
Hf = Fe| =1AB = > IfGDP
2

j:—n j:—n

so part (iv) yields
DUFDE = IR

n

(viii) Exactly as in (iii),
f- Z ae;

2 n n
= IIf1B + > la; = (£, e)f = > Kf,epP.
j=1 5 Jj=1 j=1

and taking a; = (f, e;), we have

I3 > " KE.e)P.
j=1

Thus, since an increasing sequence in R bounded above tends to a limit no
larger than the bound, Zj’;l KKE, e‘,~>|2 converges and

I3 > > K e)P.
j=1
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ExEercrise 2.4.5

Let
-1 ift<-nt,

f)=3nt if-n'<t<nl,
1 ifn'<t

If m > n we have f,(t) — f,,(t) = O for |f| > n~" and 1 > |£,(t) — f,.(D)| if
lfl < n~!. Thus

1/n
1, = fol < f Ldi = 2/n.

1/n
Since 2/n — 0 as n — oo, the sequence is Cauchy.

Suppose, if possible, that f, ﬂ) f forsome f € C([-1,1]). If 1 >0 >0,
2

then, whenever n > 6!,

1 1
0< f @) — 1P = f £ = LR de < 1If = filf — 0
) )

as n — oo. Thus, by Exercise 1.2.9, |f(f) = 1]> = 0 for t > 6, so f(¢) = 1
for t > 9. Since ¢ was arbitrary, f(¢#) = 1 for ¢t > 0. Similarly f(z) = —1 for
t < 0. Thus

lim f(r) =1# -1 = lim f(?)

t—0+ t—0-

and f is not continuous. The desired result follows by reductio ad absur-
dum.
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EXERcISE 2.4.6

(i) By considering the standard norm on CV**! we have

N 1/2 N 1/2 N 1/2
(Z|aj+bj|2J s[Zm,F] +[Z|b,|2) < llally + [[bll2.
j=—M j=—M =M

Allowing M, N — oo, we see that a + b € [? with ||a + b||, < ||all, + |[b]]».

(ii) If a € I and A € C we have

N 1/2 N 1/2
[Z |ma,-|2) = 1A ( > |a,-|2) — [Allal
j=M

=M
as M, N — oo, so da € I? and ||Aal|, = |A]||al],.

By definition, |[al|, > 0. Finally

llall, =0= Z laj*=0=a;=0forall j = a=0.

j:—oo
Thus we have a norm.

iii) By considering the standard inner product on CN*¥*! we have
(i) By g p

N 2 N N 2
[Z Iajbj-l] < [Z |aj|2][2 |bj|2] < |lall2[Ibll>.
j=—M j=—M j=—M

[}
j:—oo

Allowing M, N — oo we see that that };
and so convergent.

a;b’; is absolutely convergent

Since

N * N
{Z ajb;) = Z aj-bj,

=M =M
allowing M, N — oo yields (a, b) = (b, a)".

Automatically (a,a) = [lall} > 0 and

(a,a)=0=|ja]l=0=>a=0.

Since
N N
D Qapy =2 ) ab;
= =M
and
N N N
Z(aj+cj)bj-: Z ajb;+ Z Cjbj'a
j=—M j=—M j=—M

allowing M, N — oo yields
(da,b) = AKa,b).
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and
(a+c,b) =<(a,b)+(c,b)

(iv) Let E consist of a with a; € Q and only finitely many a; non-zero.
Since Q" is countable and the countable union of countable sets is countable
E is countable.

Suppose a € . Let ej(n) € Qwithle;j(n) —aj| < (2n+ 1)~'127" for |j| < n,
and e;(n) = 0 otherwise. Then e(n) € E and

la—eml} = Y lesm—af+ > laff <27+ > g -0
jl<n |jl=n+1 ljl=n+1

as n — oo. Thus E is dense in /2.
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ExErcisE 2.4.8
We first show that /' (which is a subset of the vector space of two way
infinite sequences) is a normed vector space.

(1) We observe that

N N N
Dlaj bl Y lajl+ Y byl < llally + bl
j=—M j=—M j=—M

Allowing M, N — oo we see that a + b € [! with |la + b||; < |||, + |[b]];.

Ifae!' and A € C we have

N N
> gl =141 ) lajl — |Allal
=M =M

as M, N — oo so da € [! and ||1a]|, = |A||a]|;.

By inspection, ||a||; > 0 and

llall; =0 = Z lajl =0=a;=0forall j = a=0.

Jj=—00

Thus we have a norm.

Next we prove separability. Let E consist of a with a; = x; + iy; where
xj, y; € Q and only finitely many a; non-zero. Since Q" is countable and
the countable union of countable sets is countable, E is countable.

Suppose a € ['. Let e;(n) € Q with |e;(n) —a;| < 2n+ 1)"'27" for | j| < n,
and ej(n) = 0 otherwise. Then e(n) € E and

la—e@lli = ) lejm—ajl+ > laj<2"+ > lajf -0

ljl<n [jl=n+1 ljl=n+1

as n — oo, Thus E is dense in ['.

Finally we prove completeness. By Exercise 1.2.15 (1), it sufficient to
show that if |la(n) — a(m)||; < 27" for all m > n then a(n) converges as

n — oo. Following our usual method, we observe that |a;(n) — a;(m)|| < 27"
for all m > n and so, since C is complete, a;(n) — a; for some a; € C.

Next we note that since the sequence a(n) is Cauchy it is bounded with
la(n)|l; < M say, so Z?P laj(n)] < M and, allowing n — oo, this gives
Z?P laj| < M for all P, Q > 0. Allowing P, Q — oo this shows that a € 1.
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Finally we have
N N N
Dlla;—ajml < Y la; = ajm) + . lajim) - a;m)|
-N -N -N
N
< > laj - ajm)| + lla, - a,ll
-N

N
< > laj - ajm)] + 27"
-N

Now, allowing m — co, we obtain

N
Z la;j —aj(n)| <2"
N

Allowing N — oo, we obtain ||a — a(n)||; — 0 and we are done.
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Exercise 2.4.9

(1) We have

lIx + yII* = IIx =yl + illx + iyll* — illx — iyl
= (IxI? + (%, y) + (&3 + Iyl = (xIP - (x,y) = x,3)" + [lyll®)
+i([IxI* + i(x, y) — ix, y)* + |lyIP) — iIxIP = i(x, y) + i(x, )" + [Iyll*)
=2((x,y) + (X, 7)) + 2(4x,y) — (X, ¥)")
=4X,y)

Similarly, for a real inner product space,
Ix + yII* = IIx — yII”
= (IXIP + (%, y) + %, 3) + lylP) = (x> = (%, ) = (x, y) + [Iyl*)
= 4X,y)
(i1) We have
Agu, ¢v)5 = ligu + ¢Vl — llgu — Gvllj + illgu + ipvll — ilpu — ipvll;
= [lp(u + W)ll = llgCu = W)z + illpQu + vl = illpu — W)l
= [l + VIIE — o = VI + dllu + vl - o — v}
=4u, V),

(iii) If f € CT), then we know, by Exercise 2.4.4, that 8(f) € [> and
10CHll2 = IIf1l. We also have

OAS +ughn = (Af + 1) (n) = Af(n) + p@(n) = A60(f), + u6(g),
so 6 is a linear isometry. By (i1), 8 preserves inner products so

O 2 1
>, gy = o | g a
TJr

n=—o0o

for all f, g € C(T).
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Exercise 2.4.10

(1) If we set
(F,G)x = |IF + Gl = IF = Gl +illF +iGl} — illF - iGllx

for all F, G € X then
<f’g>X = <f,8>

for all f,g € C(T). Further if f,, g, € C(T), F, G € X and we have ||f, —
Fli, llg. — Gllx — 0 then (f, g) — (F,G)x.

If F,G € X we can find f,, g, € C(T) such that || f, — F||, |lg, — Gllx — O.
Thus <gn, ﬁ’l) - <G9 F>X and

(8> Ju) = {fur 8n)" = (F,G)
whence (G, F)x = (F, G)}. A similar argument shows that
((AF + uH),G)x = KF,G)x + (F, H)x
forallA, ueC, F, G, H € X.
We now observe that
AF,F)x =|IF + Fliy = IF = Fllg +illF + iFlly = illF - iF |
= 4lIFIz - 0+ (i — D2IFI = 4IF I
so (F,F)x > 0and
(F,F)y=0=|[|Fllx=0= F =0.
Thus (, )x i1s an inner product extending our original inner product and
giving rise to the norm || ||x.
(i1) Observe that
16(f) = 0(Flle = IIfu = finllx

so, since the f, form a Cauchy sequence in X, the 6(f,) form a Cauchy
sequence in /. Since I is complete, there exists a ¢ € I* with 6(f,) — ¢ in
Pasn— oo.

If g, € C(T) and g, — F then
10(gn) — OCfll2 = llgn — Jfullx < lIgn = Fllx + [IF = fullx = O

asn — 0s06(g, — cinl?asn — oo,
Thus we may define 6(F) = c.
(ii1) Observe that f — fin X.
(v)If F, G € X we can find f,, g, € C(T), with f, - F, g, — G. in X,
We have 6(Af, + ug,) = A0f, + ubg, so, taking limits,
O(AF + uG) = A0F + ub(G)
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Thus 6 is linear.

Recall that 6 preserves norm. Thus

18l = 110l = I fullx = IFlIx
and so ||0F ||, = ||F||lx. Thus 6 : X — [ is linear and preserves norm.

(v) Observe thatif m > n

1Py =Pully = > laf < > laf =0

n+1<|jl<m |jI=n+1

as n — oo. Thus the P, form a Cauchy sequence in X and so P, — F for
some F € X. Writing

- aj forl|jl<n
ai(n) =
/ 0 otherwise,

we have P, = a(n) so P, — ain [> and O(F) = a.

(vi) Thus 6 is a surjection and so a linear isometry.
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Exercise 2.4.11

Since 32, j~2 converges, a € I>. If t = k2 P then, whenever N, M > 2P,

N n
Zar exp(irt)| = ZZ 1> o0
Y =

as n — oo. Thus
n

Zajexpijt—> 00
j==n

for all ¢ of the stated form.

ExEercise 2.5.3
Observe that
1 sin (n/2)\* . 1 f” sin (nt/2)\*
— tH|——————=| dt=2n"— t|————=| dt
2nfT”( t/2 ) "oy '\ )2

1 nm/2 . 4
=2n*— u(smu) du
21 Jo u

S (™ (sinu § N
<2n u du + u’du
0 u /2

< Ccn?

for some constant C and so, since A, > A’n’, we have
1
—jymmmsm*
27T T

for some constant B.
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EXERcrisE 2.5.5

Choose m to be the the largest integer with m < n/2 + 1 and observe that
m>n/2.

EXERCISE 2.5.7

(i) Observe that, if g exists then, by the fundamental theorem of the cal-

culus, )
! LT g2 8C0 —8O)
erqpf(t)dt_znfo g(ndr = o =0.
(ii) Let
1 [ |
g(t)=5rjo‘f(8)ds—§j:ﬂf(é‘)ds
for |f| < m,

(ii1) Immediate.

(iv) Observe that, if f is once continuously differentiable, then

— 1 i
f(0) = 7 f fdt = —[f®O]°, =0
T Jn

and use induction

1
|
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EXERCISE 2.5.8

(1) Observe that, if we write
1
Q@) = Ju = f(1) = e ff(t = $)u(s)ds
T Jr

as at the beginning of Theorem 2.5.4, then Q(0) = J,(0)£(0) = 0. and the
rest of the argument is unchanged.

(i1) Observe that, if we set

5 o _ .
O = Y == expir),
1<|rgn i
then Q is a real valued trigonometric polynomial of degree at most n with
Q'(t) = Q(t) and O(Q) = 0. Taking f = g — O in (i), we see that there exists
a real trigonometric polynomial P of degree at most n with P(0) = 0 such
that

IP = fllw < Cn'lIflloo
that is to say
IP— g+ Olle <Cn'llg" = Ol
Setting R = P — Q gives the required result.

(ii1) The result is true for k = 1 by part (i). Suppose it is true for k = m and
fis an m + 1 times continuously differentiable function with with f(0) = 0.
By the inductive hypothesis we can find a a real trigonometric polynomial
Q of degree at most m with Q(0) = 0 such that

10 = f'lle < Cr7"If "]l
Since f ) = Q(O) = 0, part (1) shows that there exists a real trigonometric
polynomial P with

If = Plle < Cr | f D)1,

and completes the induction.
(iv) If g = f — f(0), then g is k times continuously differentiable with
g = 0 so we can find a real trigonometric polynomial R of degree at most n
such that
llg = Rlleo < C*n7MIg®).
Setting P = R + £(0) gives
If = Plles < Cn7M1 .
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EXERCISE 2.6.2

Ifa<bandc<dletT : [a,b] — [c,d] be given by

d—
b_;(x—a).

Suppose that Weierstrass’s theorem is true for [a,b]. If f € C([c,d]) and
€ > 0, then foT is continuous on [a, b] so we may find a polynomial P with
|P(x)— f(T(x))| < € forall x € [a,b]. Now Q = Po T~ is a polynomial and
Q@) — f(O = |[P(T (1)) — f(O] < eforallz € [c,d].

T(x)=c+

EXERCISE 2.6.3

(1) This is de Moivre’s theorem.
cosnf + isinnb = €™ = ()" = (cos 6 + i sin 6)".
(i1) We have
cosnf = R(cosnb + isinnb) = R(cos + isin )"

=R [Z (’rl )i’(cos 6" (sin e)r]

r=0

=) (”)(—1)“(cos9)"—2”(sin9)2“
2u

n>n—2u>0

Z (znu)(_l)u(cos 9);1—214(1 _ (COS 9)2)" = Tn(COS 9)

n>n—2u>0

for some polynomial 7, of degree n.

(The uniqueness of T, follows from the fact that any two polynomials of
degree at most n which agree at n + 1 points are equal.)

(iii)) We have

=1+ + (-1 = Z (’:) + i(—l)’”(’:)
r=0 r=0
2 2.0

n>n-2r=0

The coefficient of " in T,(?) is

C n—r[ T _ An—
;(—1) (r)—z !

forn > 1. Note that Ty = 1.
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ExERcisg 2.6.4
(1) F is the composition of continuous functions, so continuous. We have
F(=0) = f(cos(=0)) = f(cos8) = F(0).
(i1) We have

1f () = QW) = [R(f(1) = PO < |f (1) — Q)
$O IP = fllw < IQ = flleo- If P(t) = 375__, b;exp(ijr) then

N N
0@) = ‘R{Z 27'(b; + b_j)cosjt] = Zajcosjt
j=0 Jj=0

with aj = 2_1%([%' + b_j) real.

(iii) If NV is sufficiently large we have ||on(F) — F|l» < €. so by applying
part (ii) (or thinking about the properties of ¢,F') we can find real a; such
that

n

f(cosB) — Z a;T(cosB)| <€
=0
for all 6 € [0, 7] whence
f(1) - Z a;T(0)| < e

7=0
for all # € [-1, 1] and the result follows on taking P(t) = 3_, a;T ().



73

EXERcISE 2.6.5

Observe that, if 8 # nr, the ‘function of a function rule’ for differentiation
shows us that F is differentiable with

* F’'(6) = sin@f’(cos 0).
If 6 = & the left derivative
. F@+h)-Fn)
lim
h—0- h
and the right derivative
. Fr+h-F(rn) .. F@—-h-F@m . , 3
hlir& 0 = }g% 7 = (sinm) X (—f'(1)) =0

so I is differentiable at  with derivative 0. A similar calculation shows that
F is differentiable at O with derivative O.

The formula % shows that |F’(¢)] < |f(cos?)| < ||f]le and so [|F]le <
1" lleo.-
Theorem 2.5.1 now tells us that there exists a constant K independent

of n such that we can find a trigonometric polynomial Q of degree at most
n > 1 with

=(sinm) X f/(1) =0

K K
100) = FOIl < —[1F'll < —I1f"lleo
n n

for all 6 € T. Part (ii) of Exercise 2.6.4 tells us that we can find real a; such
that such that

n

K
|f(cos @) — Z a;Tj(cos B)| < ;”f lloo
=0
for all 8 € T whence

n

K '/
0= D a0l < —If Nl

=0
for all ¢ € [—1, 1] and the result follows on taking P(t) = Z’}:o a;T ().

Suppose that we do not know that f(0) = 0. Applying our result to
f — f(0) we see that we can find real polynomial Q of degree at most n with

I(f = £(0) = Ollw < Kn'I(f = £(O)) llco-
Taking P = g + f(0) we obtain
“f - P”oo < Kl’l_lllf/”oo

as required.
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EXERCcISE 2.6.6
(Details may vary according to the definition of infinite integral used, but
all respectable definitions will work.)

(i) The change of variable u = K(t — s) gives
f Ex(t—s)dt = f KX E(K(t—s))dt = f E(u)du=1.

(%)

(ii) Let |f(r)] < A for all z. Since t — Eg(t — s)f(s) is continuous and
|Ex(t — s)f(s)| < AEk(t — s), the required integral exists.

Given any € > 0, we can find a § > 0 such that [f(«) — f(v)| < € for all
|u —v| < 6. Thus

|EK*f(t>—f(t)|:‘ f Ex(t = $)f(s)ds f EK(t—s>dsxf(t)‘

_ ‘ f Ex(t — )(f(s) - f(1)ds
< f Ex(t - 9f(t) - f(s)|ds

< f Ex(t—9If () — f(s)lds + f Ex(t—s)f(0) — f(s)lds
[t—s|<6

|t—s|>6

Sef EK(t—s)ds+2Af Ex(t—s)ds
|t—s|<6

[t—s]>6

:ef EK(t—s)ds+2Af Ex(u)du
[t—s]<6 u=6

S6+2AKf E(Ku) du
2

:e+2Af E(s) — €
|s|>Kd

uniformly as K — oo. Since € was arbitrary,

Ex =+ f(1) = f(1)

uniformly as K — oo.
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EXERcISE 2.6.7

(1) Observe that, if |s| > 1, then u(z — 5) f(s) = O for all z.
(ii) Observe that, if |x| < 2 and n > 8(|K| + 1),

iKY LS (C1YKY
Ex(x) = Z ! X Z ! X
= ! !

o K1
< 2,

j=n+1 Jj=n+1
b 2K2j 2Kn+1 b )
SZ:I "I S| |1v22_j
s (n+1)! P
n+l
SleKl -0
o+ 1)

asn — oo,

Thus, provided only that 7 is sufficiently large, we may take

L
P = ), EO

PR

We now have

|P+g(t) — Ex * g(1)| = ’f (P(t = 5) = Ex(t — $))g(s) ds

1
= ’ f (P(t = 5) — Ex(t — 5))g(s)ds
-1

1
< f IP( - 5) — Ex(i — 5)llg(s)] ds
-1

< 2esup |g(x)]
x€R

forall r € [-1,1].
(iii) If Q,,(t) = ¢ then
—1 m m . —1 .
0+ 8(t) = f (1= 5)"g(s)ds = ) (j)(_s), f " Ig(s)ds
is a polynomial of degree at most m in ¢. By linearity

[i aQO} *8 = i A Om * 8

m=0 m=0
is a polynomial in ¢.
@v) If f € C([-1,1]) and € > O, define g € C(R) by g(r) =0 for || > 2, g

linearon [1,2] and on [-2, —1], g(t) = f(¢#) on [—1, 1]. By Exercise 2.6.6, we
can find K > O such that |g(¥)— Ex*g(t)| < €/2 forall ¢t € [—-1, 1]. By part (ii)
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of this question we can find a polynomial Q such that |Q = g(¢) — Ex = g(?)| <
e/2 forallt € [-1,1] and so

10 +g() = fOI =10 * g(1) — gD < €

forallr € [-1, 1]. We know that P = Qxg is a polynomial, so Theorem 2.6.1
follows.

EXERCISE 2.6.8

(i) Since f is continuous on a closed bounded interval, it is uniformly
continuous. Thus, given € > 0, we can find a § > 0 such that

|f(s) — f(r)] < eforall s,t € [0, 1] with |s — 7] < 0.

Let n > 67!, Then, if t € [0, 1], we know that ¢ € [r/n, (r + 1)/n] for some
integer r with O < r < n — 1. We thus have t = A(r/n) + (1 — A)(r + 1)/n for
some A with 0 < A < 1. Thus

/(&) = fOl = [Af(r/n) + (1 = Df((r + 1)/n) = Af (1) — (1 = D f ()]
<Af(r/n) = fOI+ A = DIf((r + 1)/n) = @)
<Ade+ (1 -ADe=¢e

Thus f, — f uniformly.

(ii) The two functions g and )"_, g(r/n)A,,, are linear on each interval
[r/n,(r + 1)/n] and take the same value at each point r/n. They are thus
equal.

(ii1) Direct computation, considering each of the cases t < (r — 1)/n,

(r—=D/n<t<r/n,rjn<t<(r+1)/nand (r + 1)/n < tin turn.
(vi) Suppose that we can find appropriate Q,,

Let f € C([-1,1]) and € > 0. By (i) and (ii), we can find an n and real a,
such that

n

f(t) - Z arAr,n(t)

r=0

<€/2
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forall t € [-1, 1]. By (iv),

D A= 5 D alQult = (r+ D/m) + Qult = (= 1)/m) = 20,(t = r/m)

r=0 r=0
n
<25
= 5 r
2 r=0

Qu(t = (r=1)/n) = |t = (r = D/nl| +2

On(t = (r+D/n) =t = (r+ 1)/n|

+

Ont = r/m) = 2Ir = 1/

<20 la] sup |Qu(s) = Is] < /2

—0 s€[-2,2]
for all t € [-1, 1], provided only m is sufficiently large.

For such an m,
P(r) = g Z a(Qut—(r+1)/n)+ Qu(t — (r—1)/n) = 20,,(t — r/n))
r=0

defines a polynomial P with |P(¢) — f(¢)| < € for all t € [—1].

(v) Suppose that such a P, exists. Then Q,(t) = 2P,(t/2) defines a
sequence with the properties required for (iv).
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ExErcisE 2.6.10

(1) Observe that
W -(1-1-6)1-))=-61-1)—0

uniformly for ¢ € [-1, 1] as § — 0+. Thus, since x — +/x is continuous and
so uniformly continuous on [0, 1],

(1= =61 -2)" -1
uniformly for ¢ € [-1, 1] as 6 — 0+, so we are done.
(i1) By part (i), there is an 1 > ¢ > 0 such that
i1 = (1= (1 =6)1-1)"|<e/2

for all |f| < 1. By the paragraph preceding the exercise, we can find an n
and a; € R such that

n

Z a.x"—(1=x)?

r=0

<€/2

for |[x| < 1-6. Thus

n

2 (=81 =2y = (1-(1-8)1-)'")

r=0

<€/2

for|f] < 1.

Writing P(t) = }._ya,(1 —=6)(1 - 12)", we see that P is a polynomial with
it = P@)] < |1l = (1 = (1= &)A =)+ ]P0y = (1 - A = )(1 - *)"*| < €
for t € [-1, 1]. We thus have P of the form promised by Lemma 2.6.9.
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ExERrcisE 2.6.11

Observe that
b n n b
f D ailf@wde = Zajf Y f(1)dt = 0.
a ]:0 ]:0 a
Thus [ P()f()dt = O for any polynomial P.

Using Weierstrass’s theorem we can find polynomials P, with P, — f
uniformly on [a, b]. Thus

b b
0= f P, f(H)dt — f f(£)* dt

and fa ’ f(®?dt = 0. Since t — f(t)* is continuous and positive this implies
that f(£)?> = 0 for all 7 € [a, b] and so f = 0.

EXERCISE 2.6.12

Ipll; = sup,,; |p(¢)| is well defined since a continuous function on a closed
bounded interval is bounded. Three of the four rules for norms follow the
standard pattern.

(a) |p(t)] = Oforall r € I, so ||pll; = O.
() [Ap@®)| = |Allp(o)| for all 7 € I, so ||Apll; = |All|pll;-

©) |p(t) + g < |p(®)| +1g(0)| forall £ € I so ||p + qll; < |Ipll; + llgll; for all
p, q €P.

The remaining rule depends on the observation that if ||p|[; = O then p
vanishes on the infinite set /. Since a non-zero polynomial has only finitely
many zeros, it then follows that p = 0.

Let
0 ifrel
f()=32(t—-1/4) iftgluJ.
1 ifreJ

By the Weierstrass approximation theorem we can find p, € # with p, — f
uniformly on [0, 1] and so

1P = Ollz> lpn =11l = 0

asn — o090,
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EXERrcise 2.7.2

Suppose that ||7,(u)|| is bounded for each u € U. Then the hypotheses of
Theorem 2.7.1 are satisfied for

T ={T, : n>1}

and so we can find a K such that ||7,|| < K for all n contrary to our initial
hypothesis.

EXERcISE 2.7.3

If vi, v, € Vand 4;, A, € F, then
T(T™'Av) + 1,V2)) = 4,V + A,V
= LT(T'v) + LT(T 'vy)
=TT v + L,T '),
so, since 7T is injective,
TNV + vy) = LT vy + LT s,

ExERcisE 2.7.4

Ifa, b € [” and A, u € F, then there exist N and M such that a, = 0 for
n> N and b, = 0 forn > M. Thus Aa, + ub, = 0 for n > max{M, N} and
Aa + ub € c(. Thus ¢ is indeed a subspace of /.

T(Aa + ub) = (Aa; + pby,...,n"'(Aa, + ub,),...) = ATa+ uTb
so T : cop — cop 18 linear. Similarly
S(ay,an,...a,,...)=(a1,2a,,...na,,...)

defines a linear map co9p — cgo. Since ST = TS = I, T is invertible with
inverse S'.

We note that
ITalle = supn~'la,| < supla,| = llallw
n>1 n>1
so T is continuous. However if we write e, for the element of ¢y, whose
nth coordinate is 1 and all others 0, we have |[n™'?e,|l. = n~"/> — 0 but
IS (n~2e,)|lc = n'/?> — coso T~' = § is not continuous.
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EXERcISE 2.7.8

Theorem Suppose that (U, || ||y is a complete normed space and (V, || ||v)
is normed space. Suppose that we can find C > Oand A with1 > 1 >0
such that, whenever v € V, there exists a u € U with |jully £ C||v|ly and
[[7a — v||y < A||v||. Then T is surjective.

The proof just copies the last paragraph of the proof of Theorem 2.7.6.

If v eV, we set Xg = 0 and find inductively x,, u, € U such that

il < C f[v = T(Z X;
=0y
n+1 n
A\ T(ij) <AV - T[ij]
Jj=0 %4 Jj=0 \%
By induction
[I%ully < A"Vl
and so
v-T (Z x,) < CA"|Ivlly.
Jj=0

14
. . n .
Since || ||y is complete, )} =0 X; converges to some u € U with

Il < > Il < 200 = 7 vl
j=0
Thus

[lv—Tully < V—T( XJ-J +
J

(50)-

=0 v Jj=0 v
< v—T( x,) +17] (ij)—u -0
Jj=0 74 Jj=0 174

so Tu = v and we are done.

EXEeRrciIsE 2.7.9%
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Exercise 2.7.11

(1) If (x,y) € I'(f), then x € X and y = f(x), so f(x) = (x,y). Thus
f: X = I(f) is surjective. Again

f) =7 = (x f()) =, f(xX) = x=x
so f is injective.
(i1) Suppose that (x,, f(x,)) 7 (x,y). Then dy(x,, x) — 0, so, by the con-

tinuity of f, dy(f(x,), f(x)) — 0. Since dy(f(x,), f(x)) — 0, the uniqueness
of limits gives y = f(x), so (x,y) = (x, f(x)) € I'(f). Thus I'(f) is closed.

(iii) The argument of (ii) shows that
E,={x1/x) : x>0}and E_ ={(x,1/x) : x <0}

are closed. Since {(0,0)} is closed, I'f = E, U E_ U {0} is closed. However
1/n— 0,but f(1/n) =n -+ 0 = f(0) so f is not continuous.

ExERcISE 2.7.12

Letu,w eU,v,vVeU.and 1 € F.

@ NI, V)lluxy = llally + Ivily > 0.
(1) [[(w, Vlluxy = 0 = [ully = Ivlly = 0= (u,v) =(0,0).
(ii1)
(0, V)lluxy = lI(Aw, AV)l[uxy = [lAually + [lAv]ly
= [Aflfally + [Allivlly = |4, V)lluxy-

(iv) We have
l(w, v) + (', V)lluxy = l(@+0’, v+ V)llyxy = [lu+a']ly +[[v+V]ly
< llally + [l + [IVlly + V]l

= [|(w, Vllyxy + I, V)lluxy

If the original norms are complete the completeness of the product norm
follows from the completeness of the associated product metric. Alterna-
tively observe that if the sequence (u,,, v,) is Cauchy for || ||yxy then the se-
quences (u,) is Cauchy for || ||y and so converges to some u € U. Similarly
(v,) converges to some v € V for the norm || ||y. Thus (u,, v,) converges to
(u, v) in the product norm.
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Exercise 2.7.14

If (u,, Tu,) — (u,v) in the product norm, then v, — v and u, — u
uniformly on [0, 1] so, by a standard result, u is differentiable with deriv-
ative '’ = v. Thus (u,v) = (u, Tu). However, if we take s,(f) = sin2nant,
s,(t) = cos 2nnt, we have s, € U, ||s,|ly = 1, yet

1T sulluxy = (s, new)lluxy 2 lIncally = n — oo

asn — oo,

This does not contradict the closed graph theorem since (U, || ||) is not
complete. (By Exercise 1.5.10 (ii), if U was complete then U would be
closed. But we know that the polynomials lie in U and form a dense subset
of V,yetV £ U.)

Exercise 3.1.5%

ExEercise 3.2.3

Observe first that f, is unambiguously defined on the edges of the closed
square S ,(u, v) with vertices

@27",v27), ((u+ 1)27",v27"), (w+ D27, (v + 1)27") ((u + 1)27",v27")

and is continuous on S ,(u, v) for each (u, v), so f, is defined and continuous
everywhere.

A continuous function on [0, 1]? is uniformly continuous. Thus, given
€ > 0, we can find an N such that |f(s, ) — f(s’, )| < € whenever
|s—s'|, [t—t|<2NIfn > N,

S+ 27", (v+027") = f((u+ 527", (v+1)27™")
<1 -s5(1- t)|f(u2_”, V27 = f((w+ s)27",(v+1)27")
+s(1L= D]+ D27"927") = f((u+ 527", (v + 27"
+(1- s)t|f(u2_”, W+ D27 = f((u+ 527", (v+1)27")]
+ st|f((u + 127", v+ 127" = f((w+ )27, (v +1)27")
<=1 -0e+s(1—-0He+(1—-95)rt+est=c¢€.

Thus f, — f uniformly.
(i1) We can find g, € A, such that

lg.(u,v) — fu(u,v)| < 27"
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for all u, v € Z with 0 < u,v < n — 1 and so, by a calculation similar to the
one just done,

Hgn - f;llloo < 2—11.
Thus ;.| A, is uniformly dense in C([0, 11%). Since
ﬂn,m = {g € ﬂn . ”g”oo < m} is ﬁnite}.

it follows that

is countable.

Exercise 3.3.1

(1) Routine verification that d is a metric (in fact we have a norm on Y,
but a metric on X). For example

d@,y) +dy,7v) 2 lp; = ¥illo + IV — Tjllo
2 l¢; — Tjlleo

so, taking a maximum over J,

d(p.y) +dW,7) 2 d($, T)
and we have the triangle inequality.

Let us write
&y = (Do D105 .- Pap)

and so on. If ¢, is Cauchy for d, then ¢;, is Cauchy for || ||, so there exist
continuous functions ¢; : [0, 1] — R with ¢;,, — ¢; uniformly [4 > j > O]
and so with d(¢,, ¢) — 0. Thus (¥, d) is complete.

(ii) Suppose @, € X for each n and d(¢,, #) — 0. Then if [4 > j > 0] and
0<s<t<1 ¢ju(s) < ¢jn(t) and

¢j,n(s) - ¢j(s)’ ¢j,11(t) - ¢j(t)
so ¢j(s) < ¢j(r). Thus ¢ € X.

We have shown that X is a closed subset of Y. Since a closed subset of
a complete metric space is complete under the restriction metric (X, d) is
complete.
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ExEercise 3.4.3

Since the rationals are dense, we can find distinct rational u,.; with |u, ; —
¢,(5r + j)N‘1| < €/20. Since % tells us that

|¢;(5r+ HNT') = ¢,(0)| < €/20.
when 7 € [0, 1], [t = (57 + )H)N7'| < 10N, 0 < j < 4 we are done.

ExERrcIsE 3.4.4

(Not that the increasing bits are liable to be steep because N is liable to
be very large compared with €!,)

Observe thatif 0 < ¢t < 1 and |t — (57 + j)N~'| < 10N"! and t € [0, 1], we
have
lurj — (D < €/5
so, if |t = (5r + j)N7!| < 5SN~!, we have

B((5r+ HN~") =y ;O] = lu,; — v ;0] < €/5.
But |y ;(x)—¢ (x')| < €/20 whenever |x—x'| < 10N~ so, taking (5r+j)N~! =
x" and x = t we have
() — ()] < €/2
for all |r — (5r + j)N~'| < 5N~'. Thus |¢(r) — ()| < €/2 for all ¢ € [0, 1]
and we are done.

ExEercise 3.4.5

If v # V' then, since v — V' € Q and u is irrational, we have u(v —v")
irrational, but
uv=v)y=u -ueQ.
The result follows by reductio ad absurdum.
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3. Exercise 4.1.3

(i) We have Ah + B > 0 for h > 0, so, allowing 4 — 0+, we have B > 0.
We have Ah + B < 0 for h < 0 so, allowing 4 — 0—, we have B < 0. Thus
B =0.

(ii) We have Ah? + Bh + C > 0 for h > 0 so, allowing 1 — 0+, we have
C > 0. We have Ah?* + Bh + C < 0 for h < 0 so, allowing & — 0—, we have
C <0. Thus C = 0 and AKW* + Bh* > O for all h.

We now have Ak + B > 0 for all A, so, allowing 7 — 0, we have B > 0.

We now have A + Bh~' > 0if h > 0. Allowing h — oo, we get A > 0. We
also have A + Bh™! < 0if h < 0. Allowing h — —oo, we get A < 0. Thus
A=0.

(ii1) The argument of (ii) still shows that C = 0, B > 0. However, if
6 =1/10, h* + h*> > 0 and —h* + h? > 0 for all || < 8, so, general we cannot
say anything about the sign of A.
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Exercise 4.1.4

(i) Taking g = f and using Exercise 1.2.9, we see that f()*> = 0 so
f(@® =0forallt € [a,b].

(i1) Since f is continuous on the closed bounded interval [a,b], f is
bounded and we can find an M with M > |f(¢)| for all # € [a, b].

If n > 1+20b-a)’', let g, be the function with g,(a) = g,(b) = 0,
gn(t) = f(t)fort € [a+1/n,b—1/n] and g, linear on [a,a+1/n], [b—1/n,b].
Then

b
f [ dt

b
f (f(1)* — gu()f (1) dt

a+1/n b
Sf If(t)z—gn(t)f(t)ldtl+j;1/ 1f(0) = gn(0) ()| dt
2M* 2M?  AM?
< + =

-0

n n n
as n — 0o S0 fa ’ f(®)?dt = 0 and the argument of (i) applies.

(ii1) Suppose that g : [a,b] — R is continuous with g(a) = g(b) = 0. By
Weierstrass’s theorem, we can find a polynomial Q,, such that |Q,(#)—g(?)| <
1/n fort € [a, b]. If we set

-b
Pu(h) = (04(0) = Q@) + 1 0u(b),
then P, is a polynomial with P,(a) = P,(b) = 0 and

|Py(1) — Q0] < |Q(a)l + |Q(D)| < 2/n
for t € [a, b]. Thus

b b
0= f fOP()dt — f f(Dg(®)de

and the required result follows from (ii).
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Exercrise 4.1.5

Write 7 = ¢ — ¢.

ff|vw|2dxdy:ff|v(¢+r)|2dxdy:ffv(¢+r)-v(¢+r)dxdy
D D D
:ff|v¢|2dxdy+ff|VT|2dxdy+2ffv¢-vrdxdy.
D D D

But, using the divergence theorem (assumed applicable),

fngb-V‘rdxdy:ffVT-qu—(Vz(/))dedy
D D
:ff v(Tve)dxdy
D

:f V¢ -nds =0
oD

since T = 0 on dD.

Thus

ffwmzdxdy:ff|v¢|2dxdy+ff|w|2dxdyzff|v¢|2dxdy.
D D D D

Exercise 4.2.4

Set ¢ = ¢ — ¢, and apply Theorem 4.2.3 (ii).
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EXErcise 4.2.6
We have o6
_ X / /
E(X,)’) = mF ((* +yH'?)
and
P 2 2
¢ 1 X 20172 1 112y
- F’ F

The corresponding partial derivatives with respect y are obtained by inter-
changing x and y. Thus

2 82
o0 =8+ 5 o9
2 2 42 24
_ ((xz +y2)1/2 — (x2x+-;§])3/2)F ((x +y )1/2) + y F//(( +y2)1/2)
) (% ) l)F 4P = LF 0+ F0) = 1—(rF’(r)).
ror r rdr
Also

d 2 (0 2
VPP = (—¢<x,y>) " (a—‘b(x, y))
y

x+y
X2+ 2

(F' (2 + )" = [F' (DI,
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EXERrcise 4.2.8

If f € F, then t — 2f'(£)? is continuous and positive so
I
f £ dt >0
0
with equality if and only if #f’(t)> = 0 for all + € [0,1]. However, if

£2f(H)* = 0 for all ¢ € [0, 1], then f'(f) = 0 for all ¢ € (0, 1] so, by the mean
value theorem, f(0) = f(1), contrary to the definition of ¥ .

On the other hand, if n > 2 and we set

n’t if0<t<1/n
ho(t) =32n—-n’t ifl/n<t<2/n
0 otherwise

and )
(D) = fo gn(s)ds,

then, using the fundamental theorem of the calculus, f, = g, and f, € F.
However

1 2/n
f fzfn(f)z dt < f An?n’dr=8n' - 0
0 0

as n — o0 SO

1
inf f £f ()% dt = 0.
0

fer
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Exercise 4.2.9

(1) Done at the start of complex variable courses as the Cauchy—Riemann

equations.
0 \ox dy

ou .0v\(0Ov o2
()2 )

(ii) Let g(z) = X329 aa2". Then, since 3,7 la,| < oo, g is well defined and
continuous on
D={z: |74 <1}
and analytic on D. Thus, by (i), #(x,y) = Rg(x + iy) solves the stated
Dirichlet problem.

Since

N M
D> Ina,2lima, | = Z Ina,z"~ ‘|Z Inan'|
n=1 m=1
< (Z InanR”I) < oo,
n=1

standard theorems justify the following calculation

ff VY - Vrdxdy = ff lg’(x + iy)l2 dxdy
D(R) DR)

R 0 )
= f f 2m2nr Z na,r" " exp(i(n — 1)6) Z man ™" exp(—i(m — 1)8) d6 dr

2
_27TZZf nma,a,, """ 1drf exp(i(n — m)d) do
0

n=1 m=1

=2n Z na’R*".

n=1
Finally observe that, if we choose a, as suggested ,then if n = 2"

241
naiRZn _ 22m2 2mR2

ff VY - Vipdxdy = 27erRzzm+l — o0
D(R) m=1

24
RZ

SO

asR— 1-.
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ExXEercise 4.3.2

(1) p(x,y) = min{n,d(x,y)} = 0

(1) p(x,y) = 0 = min{n,d(x,y)} =0 = d(x,y) =0 = x = y.
(iil) p(x,y) = min{n, d(x, y)} = min{n, d(y, x)} = p(y, x).
(iv)If d(x,y) = nord(y,z) > n, then

p(x,y) +p(,2) 21 = p(x, 2).

Ifd(x,y) < nand d(y, z) <n, then

p(x,y) +p(y,2) =d(x,y) +d(y,2) 2 d(x,2) > p(x,2)

Thus the triangle inequality holds.
Since d(x,y) = p(x, y),

Xp o> X=X, =X
d p

and every Cauchy sequence for d is a Cauchy sequence for p.
If x, — x, then we can find a N such that p(x,, x) < n and so d(x,, x) =

P
p(x,, x) for n > N, whence x, 7 X.

If (x,) is Cauchy for p, then we can find a N such that p(x,, x,,) < n and
so d(x,, x,,) = p(x,, x,) for n, m > N, whence (x,) is Cauchy for d.

Exercise 4.3.4

If x1, x5, ..., x, € Rthen

2+ Zn: lx;| & U B(x;, 1)
=1 j=1

so R with the usual metric, which we know to be complete, is not bounded.

(0, 1) is not complete with the usual metric, since it is not a closed subset
of R with the usual metric. However, if € > 0, we know, by the axiom
of Archimedes, that we can find an integer n with n > 2e!. The balls
B(rin,e) =0, 1))Nn(r/n—¢€,r/n+e€)withl <r <n-1 cover (0, 1).
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ExEercrise 4.3.5

Given 6 > 0 we can find x;, x5, ..., x, with U7:1 B(x;,0/2). Let
T={j: B(x,6/QNE+0

For each j € I', choose a y; € B(x;,6/2) N E and observe that B(y;,6) 2
B(y;,6/2). Thus {J er B(y;, 6) 2 E and the required result follows.

ExERrcISE 4.3.8

If the finite intersection property holds and U is a collection of open sets
with Jyeqy U = X, then ¥ = {X \ U : U € U]} is a collection of closed
sets with (" z.# F' = @. By the finite intersection property, ¥ must contain a
finite collection Fy, Fa,..., F, with (\_; F; = @. Wehave U; = X\ F; € U
and U}, U; = X.

Exercise 4.3.10

(i) Suppose that U is open in (X, d). Then,if e € U N E, we have e € U,
so there exists a 6 > 0 such that, if y € X and d(e,y) < 9, we have y € U.
Thus, if y € E and dg(e,y) < 6, wehaveye ENU.

Suppose now that V is open in (E, dg). Set
U=|_JiBuv,6) : vEE, §>0, By(v,6) C V).

Since U is the union of open sets in (X, d), U is open in (X, d). We need to
show that V = U N E. Observe first that, if v € V, then, since V is open in
(E,d,), there exists a 6 > 0 with B;(v,0) C Vandsov € U. Thus U 2 V
and so U N E 2 V. On the other hand, if u € U N E, then we can find a
ve Eandad > 0 suchthatu € B(v,0) C V whence V 2 U N E and we are
done.

(i1) Suppose that E is a compact subset of some metric space (X, d). If U
is a collection of open sets in X with |y, U 2 E, then

V={UNE : UecU)
is a collection of open sets in E with | Jyy V = E. By compactness, we can
find U; € U such that, writing V; = U; N E, we have | J._, U; = E and so
U?:] U[ 2 E.
Suppose conversely that E has the property stated in the question. Then
if
V={UNE : UecU)
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is a collection of open sets in E we can associate with each V € V an open
set Uy in (X, d) such that V = UyNE. We have |y Uy 2 E so we can find
V(1), V(2), ..., V(n) € Vsuch that U}, Uy 2 E and so U, V(j) = E.
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Exercise 4.3.10

(1) Suppose that E is compact. Consider x, € E such that d(x,,x) — 0
as n — oo. If E is compact, we can find n(j) — oo and e € E such that
dp(x,,e) — 0 as j — oo. Automatically, d(x,;,e) — 0, so, by the
uniqueness of limits, x = e € E. Thus E is closed.

With the usual metric R is a closed subset of itself which is not compact
(since not bounded).

(i1) (Using the the Heine—Borel property.) Let E be a closed subset of
compact metric space (X,d). If U is an open cover of E (that is to say
Upews U 2 E then, since E is closed, ¢« U (X \ E) is an open cover of X,
so has a finite subcover U;, U,, ..., U,, X \ E with U; € U. We have
U’j=1 U; 2 E so we are done.

(Using the Bolzano—Weierstrass property.) Let E be a closed subset of
compact metric space (X, d). If we have a sequence x, € E then x, € X, so
we may find n(j) — oo and x € E such that x,; — x. But E is closed so
xeE.

(Using completeness and totally boundedness.) Let E be a closed subset
of compact metric space (X, d). We know that (X, d) is complete and totally
bounded. Since a subset of a totally bounded set is totally bounded (see
Exercise 4.3.5), E is totally bounded. Since a closed subset of a complete
space is complete, E is complete.

(Using the finite intersection property.) Suppose that e, € E, e, — e. By
extracting a subsequence, if necessary, we may suppose that d(e,, x) < 1/n.
Let B, ={e € E : d(e,x) < 1/n}. We observe that B, is closed in (E, df),

and .
e, € Bn = ﬂBl
j=1

so the collection of B, is has non-empty finite intersections so (17, B; +.

Since . .
(VB[ )Ble1/))=1e)

j=1 j=1
it follows that

and we are done.
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Exercise 4.3.12

In any metric space a totally bounded set is bounded. If E is a bounded
subset of R”, then £ C B(0, R) for some R > 0. But, if 6 > 0, we can find
an integer N < 27"¢ and we observe that

B((x1, %, %,),0) 2 | | = 1N, x; + 1/N]
=1
SO0 Uuer B(w,6) 2 B(0,R) where I is the collection of u € R" with each
coordinate u; satisfying Nu; € Z and with |u;| < R + 1. Thus bounded and
totally bounded are equivalent for R” with the usual metric.

We already know that a subset of a complete metric space is complete if
and only if it is closed.

Theorem 4.3.1 now follows from the equivalence of conditions (i) and
(ii1) in Theorem 4.3.6.
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Exercise 4.3.13

xef‘l(UB)@f(x)eUB

BeB BeB
& f(x) = b for some b € B for some B € B

& x € FY(B) for some B e B

o xe Uf—l(B)

BeB

Y f71 (UBE‘B B) = UBEB fﬁl(B)-

xef‘l[ﬂB]@f(x)eﬂB

BeB BeB
& f(x) =bforsomeb e Bforall Be B

& xeF Y (B)forallBe B
e xe ﬂf-‘(B)

BeB

SO f_l (mBeB B) = mBeB f_l(B)-

yef[UA)@y:f(a)forsomeaeAforsomeAeﬂ
AeA

< y = f(a) for some a € UA

AeA
Sy= f(U A]
AeA
80 f (Usen) = Unea f(A).

yef(UA]:y:f(a)forsomeaeAforallAEﬂ

AeA

= yefA) forallAc A=ye( ) fA)

AeA

$0 f(NacaA) S Naea f(A).

Let X = {1, 2}, Y = {1}, A = {1}, {2}} with A, = {1}, A, = {2}, f(1) =
f(2) = 1. Then

FAD) N f(Ay) = {1} # @ = f(2) = f(A1 N A2).
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Exercise 4.3.16

We have d(x,y) + d(y,z) > d(x,z), so d(y,z) > d(x,z) —d(x,y). Further
d(y,2) +d(x,z) = d(y,z) + d(z, x) 2 d(y, x) = d(x,y)
sod(y,z) > d(x,y) — d(x,z). Thus |d(x,y) — d(x,z)| < d(y, 2).

It follows that, if € > 0, then € > d(e,e’) = € > |d(e,a) — d(e’, a)|, so f is
continuous.

If E is compact then, since f is continuous, f has an infimum attained at
some point ¢ € E.

The point ey need not be unique. If X = R with the usual metric, E =
{—1,1} and a = 0, then E is closed and bounded, so compact, but 1 and —1
are both closest points to 0.

We know that d(x, y) is bounded, so we may consider M = SUpP, yex d(x,y).
Chose a,, b, € X so that d(a,,b,) > M — 1/n. By the Bolzano—Weierstrass
property we can find n(j) — oo with a,; —a for some a € X and then

J(k) = oo with by jxy e b for some b € X. Since

M > d(a,b) > d(ajwy, bucjtky) — d(n(jky> @) — d(Dugjky)
> M — 1/n(j(k)) — d(anijay, @) — d(bngjy) = M
a and b have the required property.

Exercise 4.3.17

Let € > 0. Since f : X — Y is continuous, it follows that, given x € X,
we can find a §, > O such that

D(x,y) <26 = p(f(x), f(y)) < €/2.

The open balls B(x,d,) cover X (since x € B(x,d,)) and so by compact-
ness we can find n and x;, x,, ... x, such that U;?:] B(xj,0;) = X. Set
5 = minlstn 6Xj SO 5 > 0.

If d(x,y) < 9, we know that x € B(x,, ;) for some J with < J < n. The
triangle inequality now tells us that y € B(x;,0; + 0) € B(x;,26;). Thus
p(f(xy,x), f(x;,y)) < €/2 and another use of the triangle inequality gives

p(f(x), f() <e.
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ExEercise 4.4.1

We know that the collection of functions V of all functions f : X — Fis
a vector space for the appropriate pointwise operations, so we only need to
check that Cr(X) is a subspace of V.

Automatically, 0 € Cp(X). If f, g €r (X), x € X and € > 0, we can find a
0 > 0 such that
d(x,y) <6 = [f(x) = fO), 1g(x) — g < €/2,

SO
dix,y) <6 = |(f + ) - (f + I <€

Thus f+ g € Cp(X). If 1 € F, f € Cr(X), x € X and € > 0, we can find a
6 > 0 such that
d(x,y) <6 = |f(x) - f <€e/(A+1)
SO
d(x,y) <6 = |Af(x) - Af ()] <e.
Thus Af € Cp(X).
If f € Cp(X) then |f] is a continuous function (observe that

ILf Ol = If DIl < |f(x) — f(¥)]) so, by Theorem 4.3.15 attains a maximum
||flleo- Since

lf(0)g(x) = f(MgO < 1f(0)g(x) = f)gWI + [f()g(y) = fF(IgW
< [ lleolg () = g + llglleol £ () = F O,
fg € Cr(X) whenever f, € Cr(X).
We have |f(x)| +|g(x)| > | f(x) + g(x)| for all x € X, so taking a supremum

we have ||flle + lIgllee = |If + gllo. The remaining properties of a norm are
immediate.

Since

lf0)g(O)l < [f(lllglleo < 1floollglleo
we have [|fglleo < [[flleollgllco-

If X = [0, 1] with the usual metric and f(x) = x, g(x) = 1 — x then
I/l = lIgllo = 1 but || fgll = 1/4.
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Exercise 4.4.4

Immediate. If f,,gn € A, A €F, and f, — f, g, — g uniformly then

IAfy = AUflleo = 1Al = fullo = O,
Cfu + 80) = (f + &l S = flleo + 1180 — &llo — O,

”fngn) - fg”oo < ”fngn - fng”oo + ”fng - fg”oo
< ”fn”oo”g - gn”oo + ”g”w”f - fn”oo
< (flleo + 1S = Sallingepllg = &ulloo + 1Igllollf = fulloo = O

as n — o0,

ExErcise 4.4.5

(i) By symmetry we may suppose a > b. Now
max{a, b} + min{a,b} =a+b
automatically and
max{a, b} — min{a,b} =a—-b = |a - b|,
so we have proved the first two formulae

Using these results,

max{a, b} = %((max{a, b} + min{a, b}) + (max{a, b} — min{a, b})

= %((a+b)+ la — bl)

and

min{a, b} = %((max{a, b} + min{a, b}) — (max{a, b} — min{a, b})
1
= 5(@+b)~la-b).

(ii) If a # b, then
det(i Z):b—aiO.
(Or we could just solve the given system.)
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ExEercise 4.4.7

Set

0 for1/n<x<1.
and f(0) = 1, f(x) = 0 otherwise.

= {1 —nx for0<1/n,

EXxERrcise 4.4.8

(i) We have

n

Z ajeijt i bre' = Mzm[ Z ajbk] e,

J=0 k=0 u=0 \j+k=u
so f,g € P = fg € P. Even simpler arguments show
feceP=f+geP, andAeC, feP = Af eP,
1 € P and, if s # t (working in T), we have e # e’.

However, if p(r) = ¥, a;e'

1] 2
f Zajeij’ - dt
0 |z
1({ n n *
= f Z ae’ - e_”] (Z ae’’ — e‘”) dt
0 \j=0 j=0
1 n n *
= f Zaje’” - e"’] (Z aje™V! e"t] dt
0 \j=0 Jj=0
1 n n
- f PIREEEDY |a,|2] + 1dt
0 No<ljl<n =0
n
=Y laff+121
=0

Thus ||[p — e_1]|2, > 1 and so ||p — e_i|l > 1 for all p € P. It follows that
CIP # Cc(T).

(i1) The Cauchy-Riemann equations tell us that z - z* is not analytic, so,
if g(z) = 7, then g ¢ C1Q and so we have C1Q # Cc(D).
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Exercise 4.4.10

(i) Observe that R f = (f + f*)/2 so, using condition (iii), RA C A. If
feA then 3f = R(—if) € RA.

(ii) Certainly 1 € RA. If f,g € RAand 1 € R, then f, g € A so
fxg f+g Af € Aand fx g, f+gAf € RA. If x # y then we can
find F € A such that F(x) # F(y). At least one of the statements R F(x) #
RF(y) or IF(x) # JF(y) must be true, so there exists an f € RA with
f(x) # f(y). Thus the conditions for the real Stone—Weierstrass theorem
hold and RA is uniformly dense in Cr(X).

(iii) If G € Cc(X), part (ii) tells that we can find u,, v, € RA with
u, = RG, v, - IG uniformly. Since RA C A, g, = u, + iv, € A and we
have g, — G uniformly.

(iv) We used the fact that f € A = f* € A to show that ‘RA was an
algebra, that RA separated points and RA C A.
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Exercise 4.4.11

(1) The limit of the product is the product of the limits, so

X yn) = (5, Y) = x5, = X, ¥, =y = f(x) = f(x), gvn) = &0
= f(x)g(vn) — fMER)

asn — oo,

(i) Let A be the collection of functions of the form Z;f: W fi®g). Itis
an algebra. If (x1,y;) # (x2,y;) then at least one of the statements x; # x»,
y1 # Yy, must be true. Suppose, without loss of generality x; # x,. If

f(x) = x,8(y) = 1then f®g € Aand f@g(x1,y1) = x1 # x2 = fOg(x2,2).
(If we work over C we also need to note that since

[Zn]fj@)gj] = Zn:f}‘@bg}
j=1 J=1

A 1s algebraically closed under conjugation.)

The Stone—Weierstrass theorem now tells us that Cg(X, Y) is the uniform
closure of A, which is the result we are asked to prove.

(iii) Since F : [a, b]X[c,d] — Cis continuous, it is uniformly continuous,
so, given € > 0, we can find a 6 > 0 such that |x — x|, |y — y’| < ¢ implies

|F(x,y) — F(X',y")| <e.
Thus, if [y — y'| < 6,

b b
fF(x,y)dx—fF(x,y')dx

b
< f |F(x,y) — F(x,y)|dx < (b - a)e.

b
u(y) — uy’)] = f Flx,y) = Fx,y) dx

Since € was arbitrary, u is continuous.

(iv) Observe that

fcd ( fab Fg() dx) dy = f "5 ( fab () dx) dy = ( f " o dx) f” o)y
= (Idg()’), d)’)j;bf(x)dx = fab(fcdg()’)f(x)dy) dx = ﬁb(ﬁdf(x)g(y)dy) dx

Thus, by the linearity of the integral,

d( b n o
f (f ij(x)gj(y) dx) dy = fd [f Z fi(0g;() dx) dy.
¢ a i c a ]:1

J=1
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If F e C([a,b] X [c,d]), the given any € > 0 we can find p € A such that

IIF' = pll < €. Now
d b
f ( f F(x,y) = p(x,y) dX) dy'

d b b
([ s [ o]

d b d b
Sf fF(x,y)—p(x,y)dx dysfle(x,y)—p(x,y)ldxdy

c
dd
c

b
edxdy =(d-c)b-a)e

a

<

and, similarly,

b/ pd b pd
f(f F(x,y)dy)dx—f(f p(x,y)dy)dx <(d-c)b-a)e.

Thus

d | b b/ rd
f(f F(x,y)dx)dy—f(f F(x,y)dy)dx <2(d-c)b-a)

and, since € was arbitrary,

d [ b b
f(f F(x,y)dx)dy:f(fF(x,y)dy)dx.
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Exercise 4.4.12

(1) The open balls B(x, 1/n) cover X, so we can find a finite subset E,
such that the B(x, 1/n) with x € E,. The set | J,_, E, is a countable dense
subset of X.

(i1) We observe that
d(x,y) <€ = ld(x,a) - d(y,a)l < € = |fu(x) = fuV)| < €.

A is algebraically closed under addition and multiplication and contains
the constant functions. If u # v we can find a € A such that d(a,u) <
min{2d(u, v), 1} so d(a,u) < d(a,v) and f,(u) # f.(v). Thus A separates
points and the Stone—Weierstrass theorem tells us that A is uniformly dense
in Cg(X).

Let Py be the collection of functions of the form
Ao + Z Ajfa)
=1
with 1; € Q, a(j) € A and let A, be the collection of finite products
818> ... 8y with g, € Py. Then P, and A, are countable. Given any f € A

and any € > 0 we can find g € Ay with || f —g||c < €. Thus A, is a countable
dense subset of Cr(X) and we are done.

(ii1) If B is a countable dense subset of Cr(X) then
{f+ig, [, g€8B}

is a countable dense subset of Cc(X).
(iv) No. Lots of different ways of seeing this. For example, set
g,(x) = max{1, 10n*|x — 1/n|)

Since n™ ! —(n+ 1) <2(m+1)7", |lgn — gmllo = 1 for all n # m. (Also direct
consequence of Theorem 4.5.10).
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ExXercise 4.5.2

Let || ||4, Il Ilg, || llc be norms on a vector space V over F. If we have
K, K>, K}, Ky > 0 such that

Killalls > [lallz > K>llalls, Ks|lulla > [lullc > Kyllall4
for all u € V, then
-1 -1
K5 K|l > Ksllull4 > [[ullc > Kyllully > K7 Kyllul|p

forallue V.

EXERcISE 4.5.2

Let || || be a norm on a finite dimensional space V over F. Then there exist
A > B > 0 such that
Alvllz = |Ivll = Bllvll-
forallveV.
If (v,) is Cauchy for || ||, then

-1
”Vn - Vm”l < B |

|Vn - Vm” -0

as n, m — oo so (v,) is Cauchy for || ||, and so converges to some v for that
norm. It follows that

v, = vl < Allv, = V|, =0

so we are done.
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Exercise 4.5.4

(1) Writing (u, v) = Z L ujvj, we have
IV + Vall3 + [V = Vall; = (Vi + Vo, Vi + Va) + (V] — V2, V| — V)
=V, Vi) + 2(V1, V2) +(V2, Vo) + V1, Vi) — 2(V, V2) + (V2, V2)
2 2
= 2[[vill5 + 2[[v2]f5-
(i1) In particular,
: 2 2 o 1 2 2
min{||vy + V2[5, [[Vi = V2ll3} < S([vi + vall; + [lvi = V25)

2 2
= [Ivallz + vl

(iii) Let P(n) be the statement that, if v; € /> [1 < j < 2"] we can find
i€ {~1,1}[1 < j < 2"] such that

o 2
Z vl =
Jj=1 2

Taking {; = 1 we see that P(0) is true.

2"

2
D IviE.
j=1

Suppose that P(n) is true and v; € [* [1 < j < 2"*']. Then we can find
e{-1,1}[1<j<2",B,€{-1,1}[2" + 1 < j < 2", such that writing

on 2:1+1
W = ZCL’J'VJ', Wy = Z ,BjVj,
j=1 Jj=2"+1
we have
on 2n+1
||wl||<Z||vJ||2, wall < > IIvI3.
j=2"+1

By (ii1), we can find y € {—1, 1} such that
Vi +yvall3 < [Iwill3 + [Iwall*.

Setting {j=a; for1 < j <2"and L= vB; for2"+1<j< 21 we have
e{-1,1}[1 < j<2™']and

2n+1 2n+|
Z g,vj < Z V13-

Thus P(n + 1) is true and the induction is complete.

@iv) Automatically
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(v) Suppose that T : I' — [?> and there exists a constant K > 0 such at
Kllull; 2 |Tull; = K~ |jull;
for all u € ['. Let u; be as in part (iv) and take v; = u;. If we choose {; as
in (iii), then
2
= K?
2

2
22n —
2

2
< K?
1

2" 2"
Z {ju; T [Z {juj]
=1 =1
2”

2n
2 2 4 2 4
<K IViIB < K Iyl = K*2",
J=1 J=1

so K* > 2" for all n, which is impossible.

2n
Z &ivi
=1

EXxERcISE 4.5.5

Observe that, if a € [', then

2
n n
2 2
lalf} > (Z |aj|) > > laj
=1 j=1

for all n, so a € [? and ||a]|> > ||a||?, whence a € [°.

Since ! is a vector space and I is algebraically closed under addition
and scalar multiplication, /? is a subspace of I'. However it is not a closed
subspace under the norm || ||,. If we set

u, =(1,1/2,1/3,...,1/n,0,0,...),

then u, — u where
II'1l2

u=(1,1/2,1/3,..) ¢ I".

ExErcise 4.5.7

E is algebraically closed under addition and scalar multiplication and so
a subspace. If we set

u, =(1,1/2,1/3,...,1/n,0,0,...),

then u, — u where
if

u=(1,1/2,1/3,...) ¢ E.
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EXERcisE 4.5.8

n

(1) If we choose a basis e, e,, ...e, then
2

2 n
= 2l
=1 )

defines a norm on V, so, by Theorem 4.5.1, there exists an A > 0 with
Allvlly = (vl
Thus, if v = Z’}zl vje,

(5

=1

ITvilw =

5

n
< > jllTe;lhy
w Jj=1 w J=1

< [Ivlly max [|ITe;llw < Allvlly max [[T'elw
1<j<n 1<j<n

so T is continuous.

(i1) Let || || and || || be two norms on a finite dimensional space V over F.
The identity map I : V — V given by /v = v linear map so by the statement
at the beginning of the exercise I is continuous and we can find a K > 0
such that

KVl > (1]l = IV
for all v € V. Exactly the same argument shows that we can find a K" > 0
such that K’||v||. > ||v|]| forall v e V.

(iii) Just take Ta = 377, a;.

EXERcISE 4.5.9

We observe that
@) 1Cx, Wl = 7lxl + n7 'yl = 0 and [|(x, Y)llg = 0 = (x,¥) = (0,0),
(A1) 12 Wl = NCAx, ) = mlAllxl + a2yl = 1A Y-

(i) 106, 3) + My = NG+ 2,y + )N = nlx + X + 27y + 3] 2
n(lxl + 1) + 1= Ayl + 11D = 106 g + 16 Yl

so we have a norm. We note that

11, O)llny = mll(1, 0)ll;1y and [|(O, D1y = nll(0, Dl
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Exercise 4.5.13

(1)=(1) If V is finite dimensional over F, then V may be identified with
F" and so may be equipped with the Euclidean norm || ||,. By Theorem 4.5.1
any sequence X, in the unit ball B for our norm || || is bounded in the norm
Il ll. and so contains a subsequence X,;, convergent to some X in the || ||
norm and so in our norm. The closed unit ball is closed, so x € B. Thus B
s compact.

(ii)=(iii) Since B is compact, re-scaling shows that
Br)y={xeV :|x|<r}={rxeV : xe B}

is compact. Any bounded set lies in some B(r) and any closed subset of a
bounded set is compact.

(iii)=(iv) The closed unit ball B is bounded and closed. 0 € Int B.

(iv)=(i) If V contains a compact set with non-empty interior, then, by
translation, there is a compact set E with 0 € Int E. Thus we can find 6 > 0
such that

{xeV :|x|| <26} CE.
It follows that
B@o)={xeV :|x|<SCE.
Since a closed subset of a compact set is compact B(5) is compact and so,
by re-scaling, the closed unit ball is compact and, by Theorem 4.5.10, V
must be finite dimensional.
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EXErcriskE 4.6.5

Let f,(t) = cosnt. Then the set E of such f, is uniformly bounded since
[ /2]l = 1 but not uniformly equicontinuous since

|/,(0) = fo(/n)| =2 - 0, but |0 — x/n)| — 0.

The set of constant functions is uniformly equicontinuous but not uni-
formly bounded.

EXERCISE 4.6.6

Let I' be the collection of continuous piecewise linear functions g with
g(r2™) e {27 seZ,|s] < 2"
forO<r<2™

If f € G let g € G be chosen so that |g(r2™™) — f(r27™)| < 273 for each
r. We observe that

lg(t) — g(r27™)| < |g(r27") — g((r + 1)27")|
<2724 If(r 2™ - f((r+ D27 <27 4 2772
SO
lg(®) = f(OI < 1g(®) — g(r27™)| + 1f (1) = f(r27")] + [g(r27") = f(r27™)]
< 2—n+1 + 2—n—1 < 2—n+2
forte [r27,(r+ 127" [0 <r<2"—1].

Thus ||g — fllo < 2> and, since I' is finite, we are done.

EXERCcISE 4.6.7%
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EXERrcrise 4.6.8

(1) We claim that the f,, form a Cauchy sequence in (C(X), || ||). For, if
€ > 0, then we can find a § > O such that
dix,y) <o = 1f(x)— f)l <e

for all f € ¥. Since E is dense, we can find an J such that
J
GLEED
j=1

Since each f,,(x;) converges, we can now find an N such that

[fulxj) = filxpl < €

forallu,v>Nandall1 < j<J.
If t € X, we can find a j with 1 < j < J such that r € B(x}, 6) and so
1fu(®) = LI < 1£u(®) = L)+ A0 = LGl + fulx)) = filx)] < 3e

for all u, v > N. Since € was arbitrary we have shown that the f; form

a Cauchy sequence and so converge in the uniform norm to a continuous
function.

(1) Take No(m) = m. Once N;_;(m) has been defined, we know that the
Jn;_1m(x;) form a bounded subset of IF and so by the theorem of Bolzano—
Weierstrass we can find a sequence N (m) such that the N;(m) form a strictly
increasing subsequence of the N;_(m) and fy ) (x;) tends to a limit as m —
00,

We now observe that N,,(m) is a subsequence of N;(m) for m > j, so
Sn,my(x;) tends to a limit as m — oo.

(ii1) By (ii), any sequence in ¥ has a subsequence satisfying the condi-
tions of (i) and thus uniformly convergent. Since ¥ is closed the limit lies
in ¥ and we are done.
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ExEercise 4.6.10

If C1 ¥ is compact, it is uniformly bounded and uniformly equicontinu-
ous so the subset ¥ is uniformly bounded and uniformly equicontinuous.

If F is uniformly bounded, then there exists a K such that ||f]|., < K

forall f € F. If g € CIF then we can find a sequence f, € ¥ with
lf — &lle — 0 and s0 ||gll < K. Thus C1¥ is uniformly bounded.

If F is uniformly equicontinuous then, given € we can find a 6 > 0 such
that |f(s) — f(¢)] < € whenever d(s,t) < . If g € C1F then we can find a
sequence f, € ¥ with ||f, — gllo — 0. Automatically

€ 2 |fu(s) = fuO] = 18(s) = )|

whenever d(s, t) < 6. Thus C1 ¥ is uniformly equicontinuous.

Thus, if F uniformly bounded and uniformly equicontinuous, we have
Cl¥ uniformly bounded and uniformly equicontinuous. Since CI¥F is
closed the theorem of Arzeld—Ascoli tells us that it is compact.

Exercise 4.6.11

(1) Observe that, if f € ¥, then || f|le < M, so F is uniformly bounded.
The mean value theorem tells us that, if f € ¥, then

—sl<Me=|f() - fs) <€
S0 ¥ is uniformly equicontinuous. By Lemma 4.6.9, Cl ¥, is compact.

(ii) Let f,() = cosnt. We have ||f;|lo = 1 but |£,(0) — fu(x/n)] =2 -+ 0
and |0 — w/n)| — 0. Thus uniform equicontinuity fails.

The set of constant functions f has ||f’|l = 0, but is not uniformly
bounded.

(1) If n > 2, let

nx for0<x<n!
gn(x) =11 forl/n<x<m—-1/n
nn—x) form—1/n<x<n

and g,(—x) = —g,(x). If we set

fn(t):‘ﬁgn(x)dx’

then f,() is differentiable with derivative f(¢) = g,(¢). Thus f, € M for
M > 1. We have f, — g uniformly, so g € C1 ¥, when M > 1.
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Exercise 4.7.1

(1) By the Weierstrass M-test, d(X,y) is well defined. We observe that
(a)d(x,y) 20

b)dx,y) =0=d;(x;,y)=0Vj=>x;=y;Vj=x=Yy

(c) Since d(x;,y;) = di(x;,y;), we have d(x,y) = d(y, X).

(d) We have

(9]

d(x,y) +d(y,z) = Z aj(d(xj,y;) + dj(yj, 2)))

=1
= Z a;di(xj,z;) = d(X,z)
=1
Thus d is a metric.

If we have no condition on the d;, the sum may fail to converge. As an
example, (X;,d;) = (R, e) with e the standard metric and x; = 0, y; = 1 for
all j.

(i1) By (i), it suffices to check that min{1,d;(x;,y;)} is a metric on X;
with min{1, d;(x;,y;)} < 1. This is immediate. (The triangle inequality was
verified in Exercise 4.3.2.)

(iii) Immediate from (ii).

(iv) By (1) it suffices to check that
ey = di(xj,y))

AP = T d(x, y)
defines a metric on X; with 7(x;,y;) < 1. This is immediate except for the
triangle inequality. We check the the triangle inequality as follows.

Observe that if u, v > 0,

ul+v A +u+v)+vl+uw)(d +u+v)—(w+v)+u)(l+v)
=u(l+u+2v+u +v) +v(l +v+2u+uv + u?)
—u(l+u+v+uw)—v(l +u+v+uw) =u@v+v)+vu+u’) =0

SO
u v u+v
>

+ 2
1+u 1+v 14+u+v

and
di(xj,y;) 4 di(y;,zj) S di(xj,y;) +di(y;,zj)
1+dj(x,y) 1+dj(yj»zj) - 1+dj(xj’yj)+d(yjazj)'
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Further, if we write

t
H=——
g() —
we have 1
’t —
8= T

so g is increasing and the triangle inequality for d; gives
dixj,yp +diGp,2)  dix;2)
1 +di(xj,y) +d;j(yj,z;)) 1+ (dj(xj,z;)
dixpy)  di0pz) 4%, 2))
1+dj(x,y) 1+dj(yj,zj) ~ 1+di(x,z))

SO

as required.
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Exercise 4.7.2

(i) Since 2/d(x(n), x) > dj(xj(n), x;) we have

x(n) 7 X = x;(n) = X
J

Suppose conversely that x;(n) ;; x; for each j. If € > 0, we can find an
M such that € > 27*!_ We can now find an N such that
di(xi(n),x;) <€/2
foralln > N and j < M so

M 00
d(x(n),x) = > a;di(x;(n), x)) + . a;di(x;(n), x))
J=1 j=M+1
<e€/2+ Z a; < e,
Jj=M+1

Thus x(n) 7 X.

(i1) Just observe that
di(x(n), x) = 0 & min{1,d;(x;(n),x;) = 0

and
dj(xj(n)a x)

W - 0edixjn),x) -0

asn — oo,

(iii) Since 2/d(x(n), X)(m) > d i(xj(n), x;(m)), if the sequence x(n) is Cauchy
for d, then the sequence x;(n) is Cauchy for d;.

Suppose conversely that the sequence x;(n) is Cauchy for each j. If € > 0
we can find an M such that € > 2 377, a;. We can now find an N such that

d;(x,(n), x;(m)) < ————

j=14j
foralln, m > Nand j < M, so
M 0o
d(x(n), x(m)) = " a;d;(xn), xj(m) + Y ad;(x,(n), x;(m))
j=1 j=M+1

()

<e€/2+ Z a;<e

Jj=M+1
so the x(n) form a Cauchy sequence.
(iv) Just observe that

dj(x(n), x(m)) — 0 & min{1, d;(x;(n), x;(m)) — 0
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and
dj(xj(”)’ xj(m))
1 +dj(xij(n), x,)

— 0 e dj(xj(n), xj(m)) - 0

asn, m — oo,

ExEercise 4.7.3

(i) Observe that

x(n) > x=xj(n) > x;Vj
P1 dj

= x(n) - x
P2

so ¢ is continuous. Exactly the same argument shows that ™! is continuous.

(ii) Take X; = [0,1] a; = 27/ and d; the usual Euclidean metric. Take
o(2r) = 4r,

o2r—1)=min{s : s # o(¢) fort < 2r - 2}
Then if y4, = 1 and y; = 0 for j # 4n for some particular n,

p(y,0) = 274 = 27p,(y, 0).
Thus p and p,, are not Lipschitz equivalent.

Exercise 4.7.4

We have

(a) d(x,y) > 0.

1) dx,y)=0=di(x;,y)=0Yj=>x;=y;Vj=>x=y

(c) Since d;(x;,y;) = d;(y;, x;) we have d(x,y) = d(y, X).

(D dx,y) +d(y,z) > dj(x;,y;) +d(yj,z;) = dj(x},z;) for all j so
dx,y) +d(y,z) > d(x,z)

Thus d is a metric.

However, if we take x;(j) = 1, x;(k) = O for all k # j we have
xj(n) > 0asn — oo forall j

but
X, » 0asn — oo.
d
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EXxErcise 4.7.6

(1) If x, forms a Cauchy sequence in X then, since X is complete, x, e
x as n — oco. Since f is continuous f(x,) — f(x) in Y, so, since any
convergent sequence is Cauchy, f(x,) forms a éauchy sequence.

(i) If (n + 1)"2 > d(x,1/n), then x = 1/n so p(x,1/n) = 0. Thus ¢ is

continuous. If 1 > p(x, 1/n), then x = 1/n so d(x,1/n) = 0. Thus 7! is
continuous. We have shown that ¢ is a homeomorphism.

We have d(1/n,1/m) < 1/nfor all 1 < n < m so the sequence 1/n is
Cauchy in (X,d). However p(1/n,1/m) = 1 for m # n so the sequence
t(1/n) is not Cauchy in (X, p).

ExErcisE 4.8.1

(i) d. is a discrete metric (see Exercise 1.2.11). Any sequence in D, must
contain an infinite number entries with value 0 and/or an infinite number of
entries with value 1. Suppose x; = x infinitely often Then we can find a
strictly increasing sequence n(j) with x,;, = x and so with x,;, X Thus

(D5, d.) is a compact metric space.

(i1) Either look case by case or remark that the integers modulo 2 form a
group under addition.
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EXEercise 4.8.2

(1) Quote Theorem 4.7.5 to show compactness.

If o € D® and § > 0 choose n such that § > 3'™" now take a);. = w; for
J #n,but w, # w,. We have 0’ # w, but d(w, w’) =2 x3™ <. Thus w is
not an isolated point.

(i1) Standard

(a) Since (w; + w;.) + w;. = w; + (w;. + a);.) we have (w + @) + W’ =
w+ (W + ).

Similarly
bDw+o =0 +o.
C©)w+0=w.

dDw+w=0.
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ExEercise 4.8.3

(1) Set
wi(n) = wf(n) = w;for j<n
and
win) =0, f(m) =1forj>n+1.
Then w’(n), w”’(n) — w, but
gw'n)=1-1, g(0"(n)=0-0
as n — oo, S0 g is not continuous at any w € D*.

(i1) If n; does not take the value 1 infinitely often then we can find an N
with n7; = O for all j > N so g(;7) > 1/N and thus g(n7) # 0 . Set

- njn) forj<n
win)= .
! 1 forj>n+1

Then w(n) — n, but A(w(n)) = 0 - h(n. Thus A is not continuous at 7.

If n; does take the value 1 infinitely often, then given € > 0 we can find
an N with e > N"'and gy = 1. If d(w, ) < 2x 37" then wy = ny = 1 so
h(w) < N7! and

|h(w) — h(n] = h(w) < €.

Thus 4 is continuous at 7.

Exercise 4.8.4

(i) The sum 3}, .42 X 37/ converges by comparison with a geometric
series.

If w = ' there is nothing to prove, so, without loss of generality we may
suppose w; = w forl < j <n-1,and w, = 1, w, = 0. We now have
flw) > f(o),

37 22x37 4 Y 2x37 2 flw) - f@) 2 2x37 = ) 2x 37T 237
j=n+1 Jj=n+1
and
372 2x37 4 Y 2x37 = d(w, ) 2 2x 37"
Jj=n+1
SO

3 1
Ed(w’ w) 2 |f(w) - f()] > §d(w, w)

so f is automatically continuous and injective
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(i) The continuous image of a compact set is compact. Since f is a
homeomorphism, the fact that D* has no isolated points implies that E has
no isolated points.

(i11) Just observe that
237" = ) 2e37 < ) 2637
j=1 =1

<> 2e37+ Y 2x37 = @Qm+ 137
j=1 j=n+1
(iv) By (iii), if n > 1, f(w) € [2m37",(2m + 1)37"] for some integer m.

If e € E, then, choosing n such that 372 < §, we know that e €
[2m37™", (2m + 1)37"]] for some m. If m = 0, let x = 37" + 1é—2_n. Other-
wise, take x = (2m — $)3™". We have x ¢ E but |x — e| < 6.

EXxEercriske 4.8.5

(i) Suppose that 1/8 > € > 0. Then
x—x,ly=y1<€/2 = |Ax,y) - A, Y)| <€ |B(x)-B(X)| = [x—x| <e.

(ii) Suppose € > 0, then we can find an N such that 37¥~! < . We now
have

dw,0),d¢, ) <3V ' s 0w =w), {j=¢ for j<N
S w;j+{j=w;+{ forj<N

Sdow+lo+¢)<3 V<€

(ii1) Observe that (w; + {;) — {; = w;.
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EXERcIsE 4.8.6

(1) We have
w,{eH,=>w;j==0Yj<n
>wj+{;=0Vj<n=>w+{e€H,
and0 € H,.
(i1) We have

weH| = d0),w)= ) 2x37d,0,0)< Y 2x37 =37

j=n+1 Jj=n+1
and
wé¢H,=d0),w)>2x3™"
Thus H, is the open ball B(0,2 x 37") and the closed ball B(0,37™")
(iii) By definition, the
{weDy : w, =n,forall r <nj
are disjoint for the 2" possible choices 7, € D, [l < r <n]Jandif{ €D

{e{weDy : w, =¢ forall r <nj.

Part (ii) and the translational invariance of d show that each coset is open
and closed. Further

dw,w)<3"=2dw -w,0)<3"50'-weH,>w €cw+H,.

(iv) (D5, d) is compact so f is uniformly continuous. Thus we can find a
6 > 0 such that
If(w) - fl)l <€
whenever d((w), (w’)) < 6. By (ii) we can find an n such that 372 < § and
so by (ii), (ii1) and the translational invariance of d

[f (@) - fo)] <€

whenever w and w’ belong to the same coset of H,,.
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ExEercise 4.8.7

(1) Suppose |f(w)| < M for all w. Then
Z a () < flw) Vo = a; < MVJ € H, = 2" Z a; <M
JeH, JeH,
and, similarly,
D M) < flo) Yo =27 ) a2 -M
JG’]‘(H J€7‘[n

Since the supremum of a non-empty set bounded above always exists, 75( f)
exists. Similarly 7Y (f) exists.

(11) Ifg = Z]eﬂn Clﬂ[] then g = 2K€7‘[n+1 bKI[K with
o Z a; = 27"+ Z by.
J€7‘{n Ke(]_{n+1
Thus
IHH < Th,(H < TU,(H) < T ().
If
Z b, < f< Z al(w) < f

JG(}'[,, JE(I’{,Z
then b; < a; for all J and

2" Y by <2 Y ay
JeH, JeH,
Thus
LN <L)
for all f and n.
(ii1)) An increasing sequence bounded above converges. A decreasing

sequence bounded below converges. If x, > y, and x, — x, y, — y then
x>y

(vi) Let € > 0. By Exercise 4.8.6 (iv), we can find an n such that
If(w) - fl) <€

whenever w and w’ belong to the same coset of H,. We have
LJ(H-TfH<e
soe > TY(f)—TL(f) = 0. Since € was arbitrary, the required result follows.
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ExXERrciske 4.8.8

(i) If n € K where K € H,, then
Ix =Ty =0

SO
27" > 1Y, > Iy, > 0

and I[{'l} eR.

However, if V is open with € V, then we can find w € V with w # g
and so with

Ty () = Lp(w) = 1
(i) If J € H,,, then, since J is open and E and E¢ are both dense,
ajl; =2 g, Ijnge = b]I[] =a/>1>02> b].

Thus 7Y(Ig) > 1 and 75(Ig) < 0,s0 I ¢ R.
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(i) Observe first that 75(—f) = —TY(—f), so it is sufficient consider the

case 4 > 0. If 1 > 0, then
TEHAf) = AT5(f) and TY(Af) = ATY(f).
Thus, if f € Rand 1 € R, then Af € R and
f Af(w)dw = /lf f(w)do.
D Dy

2

Next observe that if

Z a1, < f and Z b, <g

JeH, JeH,

then

D las bl < frg

JeH,
SO

IN(f+g <Iif+I%g
and

IHf +8) = IH(f) + T™(9).

Similarly,

T*(f+g) = TN + IN(g),
so, if f, g€ R, then f + g € Rand

f fw) + g(w) + do = f g(w)dw + f f(w)dw.
by Dy by

(ii) Observe that Y} ;cq, 0 X Ij(w) < f, s0 TE(f) > 0, s0 T*(f) > 0.

(iii) Observe that ;e 1 X I;(w) = 1.

(iv) Observe that
D al@) < fl@) & D anliw) < flo+n)

JeH, JeH,

S = Y

JeH, JeH,

and

so TL(f,) = IX(f) and T5(f,) = I*(f). A similar argument shows that

IR(f,) = ITR(f), so the required result follows.
W If f, g € Rwe set

ff+ig=ff+ifg
Dy Dy Dy

and argue as in the traditional case.
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Exercise 4.8.11

(1) It is immediate that y(f) = exp(idf) gives a homomorphism. The
argument of Lemma 4.8.10 (omitting the last paragraph) shows that only
such y are homomorphsms.

(i) If y : T2 — S! is a continuous homorphism, then

¢(s) = x(s,0)
defines a continuous homomorphism ¢ : T — S, so x(s,0) = exp(ins) for
some n € Z. Similarly x(0, ) = exp(ims) for some m € Z, so
X (s, 1) = x((s,0) + (0,0)) = x(s,0x(0, 1) = exp (i(nt + ms)).
Direct verification shows that every y of this form is indeed a continuous
homomorphism.

Exercise 4.8.13

Simple verification.

1
s
-1 ifw;# a);.

1 ifw,=w

Yiw+ o) = {

and
1 ifw; = w;.,
-1 ifw;# w;.

Xy () = {
s0 x; is a homomorphism.

If EC S, then X]‘.l(E) is the union of cosets in H;, so open. Thus y; is
continuous.

(ii). Xj(‘f)) = {;’” s0 y(w) = ]_[7=1 X‘j.(wj). The produc? of Cjontinuous
functions is continuous and the composition of homomorphisms is a homo-
morphism.
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Exercise 4.8.14

Direct verification.
(1) Observe that ¢ is the unit and that e_,, is the inverse of e,.
(i1) Observe that yo(w) = 1 for all w defines the unit and that
$(w)* = xo(w).
Since w = —w and y(w) € {~1, 1} we have y(w) = y(~w) = y(w)™".

Exercise 4.8.15

Direct verification.

(1) If x # xo then there there exists an N such that

N-1
X(w) = (]—[ 4}"-/‘) O
j=1

so there exists a collection & of exactly 2¥~! members of Hy such that
1 ifw € K forsome K € &

X(w) = .

-1 ifweKforsomeK ¢&E

SO
f x()do =27"2N" -2V
D

2

f )(O(a))da):f ldw =1
DY DY

2 2

We have

(i1) Just check the rules given in the definition of an inner product.

(iii) If 1 # xa2, then y; - x> is a character, but not the unit character. If
X1 = X2, then yi - 2 = xo. Thus

Lle(w)Xz(w)*dw = fm/\/l x2(w)

2 DZ

{0 if y1 # x2

1 lf/\/l = X2-
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ExErcise 4.8.16

Simple verification.

(i) We know that yo(w) = 1 for all w, so yy € G,. We know that y~!' = y.
Finally

X1,x2 € Gy = x1 - x2(w) = yi(@ya(w) =1 = 1Yo € H, = x, - x2 € G,

(ii) Either y = yo

N-1
X(@)] = [ﬂ g;’f] X (=1
j=1
with not all the zeta; taking the value 1 so y is not constant on Hy. Thus
N <nifyegG,.

The previous paragraph shows that if y € G,, then y(w) = H7:1 é/;“.f for
some {; € {1, 1}. The converse is immediate. '

Since each choice of {; produces a different y, G, has exactly 2" elements.
(ii1) Immediate.

(iv) We saw in Lemma 4.8.12 that I@f’ = U, G, and we know that the
countable union of countable sets is countable.
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Exercise 4.8.17

(i) We have (remembering that y(—n) = xy(i)* = x(1))

ADEDWIONOEDY fD  fapx-m dix(@)

XEA XEA
= f Z fax(w-n)dn = f JDs(w — ) dn,
by XEA by

(i1) If » € H,, then () = 1 so that
Dy, =y 1=2"

X€H,
If n ¢ H,, then we can find an 1 < r < n such that 7, = 1. Now

x() = ( [ 4}"")4;"'
JjER1<j<n

where {; € {1,—1}. We observe that 2! members y of H, have /, = 1 and
2! members y of H, have £, = —1. Thus

Dy () =2""-2"1=0.
(iii) By (i) and (ii),
Su,(f,w) = f S Dy, (w —n)dn = f Sy p,)do
DF DF

= Cyprn,Insn,

(iv) Let € > 0. Since f is continuous and so uniformly continuous, we
can find an N such thatif n > N |f(w) — f(w’)| < € for all w € J and all
J € G,. Thus fixing n with n > N for the time being, we can find a; with

aj—€< flw)y<a;+e€
for all J € G,.. We now have
aj—€<Cj<aj+e
so,ifpeJ,
IS6,(f,m) = fal < 1f(p) —ayl + la; — Cyl < 2e.
Since J was arbitrary,

IS, (fsm) — f(p] < 2e

for all . Since € was arbitrary,

S, (fsm — f(p)

uniformly on DY’ as n — oo.
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Exercise 4.8.18

We have A A
1F =" FOOIB = IA1B = > 1f 0P
XEA XEA

for any finite A C 15)5" Given € > 0 we can find an M such that

lf= > folle < €72
xeGu
SO

A=D1 cr =1f = > fwld < e
XEA xeGu
The conditions on A(j) imply that we can find an N such that A, 2 G, for
alln > N.

Now

Dol = ) Ifoor

XEA, X€Gy
SO

0<if- > folB=IfB- ), fool <lfiE- ) 1P <e
xEA(n) xEA(n) x€Gu
for all n > N, so we are done.
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Exercise 4.9.4

(@) {1/4,3/4}

) If E ={(x,y) : x€[1/4,3/4], y = 1/2} then, if (x,y) € E, we have
(x,y) =(x,1/2) and

B((x,y),0) N E ={(1/2,1),:,with t € [0, 1] N (x — 6, x + O)}
contains more than one point.

(1i1) Suppose that the statement in the first sentence is false. Then [s, ] C
E and B((s + 1)/2,(t — 5)/2) € E so E is not perfect. Thus the statement
must be true.

If x € E and x # {0, 1}, then, given 6 > 0, we can find b < x < a with
a,,b¢ Eand b —x, x —a < 6 Setting U = (a,b), V =1[0,1] \ V we see that
that the conditions of the definition are satisfied. The cases x = 0 and x = 1
are dealt with similarly.

Exercise 4.9.6%

EXERcise 4.9.7

OI>42>244...4,2220s01>212>0.

() 411 Ay... 4, =(2/3)" = 0.

(i) Letf=(1 -a)/2, 4 =a + B and
a+p’

A= g forj 22

Then 1 > A; > 0 and
LAy Ly + B > a.

Exercise 4.9.9

x=0,u=1,v=-1, E = {x}.
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Exercise 4.9.10

(1) If x, ye X and e € E, then
d(x,e) +d(x,y) 2 d(y,e)

so taking the supremum over e € E, d(x, E) + d(x,y) > d(y, E). Similarly
dy,E) +d(x,y) > d(x, E) so

|d(X, E) - d(y’ E)l < d(-x’ y)
and so the map x — d(x, E) is continuous.

(i1) Choose e € E such that d(e, F) = infycg d(y, F). The function « :
F — R given by a(x) = d(x, F) is continuous and E is compact so « attains
its minimum at f € F say. Thus d(e, f) = d(e, F) = inf,cg d(y, F).

(iii) No. Work in [0, 1] with the usual metric. Let £ = [3/8,5/8] F =
{1/4,3/4}. Then, taking e; = 3/8, ¢, =5/8 fi = 1/4 and f, = 3/4,

d(er, fi) =d(e, o) = 1/8 = iggd(y, F).

Exercise 4.9.11
() IfxeE,ye F,thend(x,y) > 0,sod(x, F) > 0 for all x € E and thus
T(E,F) > 0.

(i1) Suppose x € E N F. Since d(x,x) = 0, we have d(x,F) = 0 so
T(E,F)=0.

(iii)) We have
(& F) = infinfd(x.y) = infiaf d(x.y) = infiaf d.3) = (7. B)

(iv) Work in R with the usual metric. Take E = {0,1}, F = {1,2}, G =
{2,3}.
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Exercise 4.9.12

Observe that, if ¢ € E then
2max{d(a,c),d(b,c)} > d(a,c) +d(b,c) > d(a,b)
soTo(E,E) > 1(E,E) > d(a,b)/2.

ExErcisSeE 4.9.13

Much as in Exercise 4.9.10 observe that x — d(x, E) is continuous so
(since E is compact) the map is bounded and attains its bounds.

Exercise 4.9.14

(1) d(x,y) = 0 for all x, y so
o(E,F) =supinfd(x,y) > 0.
yeF

xeE
(i) Ifee E\ F,then o(E,F) > d(e, F) > 0. Thus
oc(E,F)=0=>ECF
On the other hand,
ECcF= inﬁfd(x,y) =dx,x)=0Wxe E=oc(E,F)=0,
ye
so we have the required result.

(iii) Work in [0, 1] with the usual metric. If E = {1/2}, F = {1/4,1/2},
theno(E,F) =0, o(F,E) = 1/4.

Exercise 4.9.17

) p(E,F)=0(E,F)+0(F,E)>0+0=0.
) pE,F) =0 cE,F)=c(F,EyY=0&ECF, FCES E=F.
(i) p(E,F)=0(E,F)+ o(F,E)=0(F,E) + 0(E,F) = p(F,E).
(iv) We have

p(E,G)=0(E,G)+0(G,E)<o(E,F)+0(F,G)+0(G,F)+o(F,E)
=0(E,F)+o0(F,E)+0(F,G)+0(G,F) =p(E,F)+ p(F,G)
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Exercise 4.9.27

If two spaces are homeomorphic to the same space, then they are home-
omorphic to each other.

If E is compact totally disconnected set in a metric space (X, d), then
(E,dg) with dg the restriction of d to E? is a compact totally disconnected
space.

Exercise 4.9.29

U is open so V = U¢ is closed and vice versa.

ExEercise 4.9.31

(1) If x € W;, then, since W; is open, we can find an > 0 such that
B(x,n) € W;. Since X is perfect we can find a y € X such that y € B(x,n)
and y # x. Automatically y € W;. Thus W; is perfect.

If x,y € W; and x # y. Then, since X is totally disconnected, we can
find U, Vopenwith UNV =@, UUV =X, x e Uand Y € V. Setting
U =UnW,;,V =VnW,; wehave U’, V' open subsets of W; with
UnNV =0, UUV =X, x € U andY € V. Thus W; is totally
disconnected.

(1) If W is clopen perfect and totally disconnected then we can find dis-
joint clopen sets U and V with U NV = W. Since U and V are clopen
perfect and totally disconnected we can find disjoint clopen sets V' and V’
with U’ NV’ = V. By repeating this process we can find k disjoint clopen
sets U, such that | J*_, U, = W.

Now take the W, constructed in Lemma 4.9.30 and find m— N —1 disjoint
clopen sets U; [N < j < M] with U?”:N Ui = Wy. If weset U; = W,
[1 < j < N — 1] we have the required objects.

(iii) Take M = 2™ in (ii). Let Iy, = Uyw) Where (w) = 1 + 3", w,2" and
set Iy(r) = o) (r + ) Ul ny(r+ 1) forallueDjandall 1 <r <m-—1.
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Exercrse 5.1.1

In the notation of Theorem 1.4.3
X' (t) = f(x(1),t) with x(0) = 0,
where f(x,t) = x*/3. But, then,

@0 = OO0 s,
Jul
so the Lipschitz condition breaks down in any open interval containing 0.

ExErcise 5.1.2

|f(x, )| < (1 + R?) for |X| < R.
We have, by the function of a function rule,
1 +tan*s

G'(t) =g (tanp)tan’(f) = ——— =
(1) = g'(tan7) tan’(7) T+ ot

SO J
— (G -1=0
7 t( (-1
and, by the mean value theorem,
Gt-t=G0)-0=0

for all #|t| < /2. Thus g(tant) = ¢ for all |f| < n/2, and g(¢) = tan~'(¢) for
|t < m/2. Thus g(r) — oo as ¢t — 5 from below and our equation has no
solution on R.
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Exercise 5.1.4

(1) Since f(x, t) is continuous on the compact set
[xo = 1,x0 + 1] X [#op — 1,%y + 1], it is bounded by M, say, so, by the mean
value theorem,
|f(u, ) = f(v, D] < Molu — V|

for all ¢ € [ty — 0o, tp + 0o] and all u, v € [xo — 19, X0 + 1o]-
(i1) The if part is automatic. To prove the only if part observe that, if f
is locally Lipschitz, then, given (y, s), we can find 1, 5,6, > 0 and K, ;, > 0
such that, writing
Ry,s = [)’ - 4ny,s, +477y,s] X [S - 6y,s/4’ s+ 50],
we have
(u, 1), v,t) €Ry s = |f(u, 1) — f(v,0)| < K, lu—v|.

The open sets Uy s = (y =1y, Y +1y,5) X (5 — Oy, 5 + 0, ) cover the compact
set E = [—a,a] X [~a,a], so we can find a finite set of points (y;, s;) € E
with 1 < j < n such that U, U,,s; 2 E. Take K, = max,<j<, K, ;; and
0, = minygj<, Oy, ;. Then, if ¢ € [~a,a], |ul, [v| < a and [u — V| < 6,, we
know that (¢, u), (¢,v) € R,,.;, forsome 1 < r < nso

(1) = O, 0] < Ky lu— V| < Kalu —v].

Finally, we observe that, if ¢t € [—a,al, |ul, |v|] < a, then, without loss of
generality, we may suppose that u < v. We can find

u=u <uy < ... <uy =vwithu, —u, <9,

and so

m—1

m—1
Fat) = FO,01 < ) 1 g, t) = Fltp, D1 < D Kalityer =yl = Kol = vl
p=1

p=1
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ExEercrise 5.1.5

(1) Since g is is continuous and [—b, b] X [—b, b] is compact, g is uni-
formly continuous and bounded by M, say. Automatically |g(x,y)| < M for
(x,y) € [-b,b] xR and so |f(x, y)| < M for all (x,y) € R>.

Now suppose b > € > 0. Then by uniform continuity we can finda ¢ > 0
such that
|g(x,)’) - g(xl7y,)| < 6/4
whenever ||(-xay) - (x,’y,)” < 6’ and (x’y)a (-x/9y,) € [_ba b] X [_b’ b]
If (x,y), (x,y") € [=b,b] x Rand y > —b <y’ and ||(x,y) — (x',y)ll < 0,
then [|(x, y) = (x, DII, [1(x, b) — (x', y)Il < 6 and so
lh(x,y) — (X', Y)| < |h(x,y) — h(x, D)) + |h(x,b) — f(x',y")| < €/2
A similar or easier argument applies to the other possible cases so
h(x,y) = h(x',y")| < €/2
whenever ||(x,y) — (X, y)|| < d, and (x,y), (x’,y") € [-b, b] X [-b, b]. Essen-
tially the same arguments now give the required result for f.

(i1) First observe that that h(u, 1) — h(v,t)| < Klu — v|, for all |u|, |v| < b
and all ¢ since, for example, if t > b we have

|h(u, 1) = h(v, )| = |h(u, b) — h(v, b)| < Klu — v|.
We now prove that |f(u, ) — by(v,t)| < K|u — v|, by checking cases. For
example, if v < —b < u < b we have
|f(u, ) = f(v, )| = |h(u, 1) — h(=b, )| < Klu — (=b)| < Klu —v|.
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EXERcISE 5.1.6

Observe that, if g(7) > 0, we have

d
d—te"“(g(t)+ ) =eM(gH-K(gh+1) < e (f(g(n),n-K(gn)+ 1) <0

andif g(r) <0

d
d—te_Kt(—g(t)H) = e (=g ()-K(~g(O+1)) = e™™(=f(g(n), N-K(~g(D+1)) > 0.

Thus e X(|g(f)| + 1) is a decreasing function, and
ol + 1 = €°(1g(0)] + 1) = e (lg(0)] + 1)
whence
(Ixol + D™ > g0 + 1 > 1g(0)|
forall r > 0.
A similar argument shows that
(Ixol + D™ > g0 + 1 > |g(0)|

for all ¥ < 0 and the final sentence of the exercise follows by translation.

EXERCISE 5.1.8%

ExErcise 5.1.9

We have f(u,t) = (1 + u?), but
1 +u?
1+ |u|

— o0asu —
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ExEercise 5.1.10

Let

u? foru>0
flu, ) =
—(-u)? foru<0
Since
, 1
f —0asu—0
u
and using standard rules for u # 0
of BuP! foru >0
_(l/l, t) = 1
Oou —B(—u)P foru <0

so f is continuously differentiable everywhere and so locally Lipschitz. Au-
tomatically |f(u, 1) < (1 + |u])’.

Suppose g’(f) = f(g(1),1) in some open interval containing O and that
g(0) > 0. We have (in that interval)
_ & _d 1

gy dryg(t)

withy =8-1,s0
-t+C =

vy
with C = (yg(0)")~". Thus we have solution in (=0, C), but g(f) — oo as
t — C. If g(0) < 0, a symmetry argument shows that again no solution
exists for all 7.

Exercise 5.1.12
(i) The condition restricts growth of x so it does not escape through the
upper or lower sides of the rectangle.

(1) Follow the proof of Lemma 5.1.7 with xo = 0, S = 6, T = n using the
mean value theorem to give |g(?)| < n for [f] < 7.
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ExErcise 5.1.14

Observe that f,,(u,t) = h,(u) where h,, is continuous and piecewise differ-
entiable with left and right derivatives at the finite number of points where
it is not differentiable. Further 4/ (1) — 0 as |u| — oo. It follows that the
functions f,, are continuous and we can find a K,, > 0 such that

|fuu, 1) = fu(v, D < Kyylu — V|

forall u, v, t € R.
We have, by easy calculation or guesswork followed by verification,
gan-1(t) = 3n' el for || < n”!
80 gan-1(n™") = gou1(—n7") = 3n""* and
gon1(t) = [tPP* fort > n7'.

By inspection

g2n(t) = |t| for all .
If we take G(f) = |t|*/* and G»(f) = O the remaining statements are true by
inspection.
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EXERcrISE 5.2.3

Write Q; ~ Q, if Q, and Q, are conformally equivalent.
If the identity map ¢ : Q — Q is a conformal mapping, so 2 ~ Q.

If f:Q; — Q, is conformal the f has inverse f~! and f~'is conformal.
Thus Ql ~ Qz = Qz ~ Ql-

If f:Q) = Q,is conformal and g : Q, — Q3 the g o f is a bijective
analytic map Q; — Q3 whose inverse (g o f)™! = f~! o g7l is also analytic.
Thus

Ql ~Q2, QZNQ3:>91 ~Q3.

Thus conformal equivalence is indeed an equivalence relation.

EXERCISE 5.2.6

Suppose f: Q; — Q, is a conformal map and €, is simply connected.

If z, w € Q, then f7(z), f~'(w) € Q, so we can find a continuous
v : [0,1] = Q; withy(0) = f~(2), (1) = f~'(w). Now foy is a continuous
function from [0, 1] into €, with f o ¥(0) = zand f o y(1) = w. Thus Q; is
path connected.

Let us write F = f~'. If I' is closed contour in £, let C be the closed
contour F oI If g : Q, — C is analytic, then

f 8(x)dz = f gFW)F'(w)ydw =0
r

c
since the map w +— g(F(w))F’(w) is analytic and €, is simply connected.
Thus €, is simply connected.
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EXERrcrIsE 5.2.7

(1) Let C be the closed contour formed by C; followed by C, reversed.
Since z — 1/z is analytic in Q and Q is simply connected,

[ [
c W a W

fdw_ dw
ca W CZW.

Thus the definition given is unambiguous once «, is chosen.

and

(i1) Let I" be a path within Q from z, to z and I’ the path y followed by

I'(h).
dw d
L(z+h)—L(z):f f id f
I T(h) W
SO
h I 1
Liz+h) - L(z) — - :f (———) dw
Z T \W Z
whence
h 1 1
[L(z + h) — L(z) — —| < length(I'(h)) X sup [— — —‘
Z wel() IW 2
< |h| — - —‘ -0
as h — 0. Thus L is analytic on Q with
1
L'(z) =-.
Z
(iii)) We have
d expL() _ LQ@expLE) _expLE) _expL) _expLE) _
dz  z z z z 7 ’

SO

exp L(z) _ exp L(zo)
Z 20
and exp L(z) = zfor all z € Q.

=expapz =1

(iv) The composition of analytic functions is analytic so § is analytic on
Q. We have

§)* = exp(2L(z)/2) = z.
(v) Observe that §; and S, are continuous and never zero. Thus S /S, is

continuous. Further
(S | (z>)2 _
S2(2)
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s0 S1(2)/S2(z) € {-1,1}. If z,,w € Q, then we can find y : [0,1] —» T
continuous with y(0) = z, y(1) = w.
S10y()
S20y(?)
is a continuous function taking only two values so is constant. Thus §1/S, =
lorS;/S,=-1.

- {-1,1}

(vi) Similar to (v). We have
exp(Li(z) — Lx(2)) = 1
so L(z) — Ly(2) € 2miZ. Taking vy as in (iv) we have

1
i -(Ly oy(t) = Ly o y(t)
T

a continuous map of [0, 1] into the integers. It must therefore be constant
and the stated result follows.

Exercisk 5.2.10%

EXErcISE 5.2.13

S = TQTI_I.

Take U = T;'PT;" so P = TLUT}.
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ExErcise 5.2.15

If 0 is real,

0 0

a—eé'

a-é 4

_ la—el _
la—e®y|

Thus, since T, maps circles to circles or straight lines, 7, maps the unit
circle to itself. Since 7,(0) = a it follows that 7, maps the interior of the

unit disc to itself, so 7, is conformal map of D itself. We have T,(0) = a
and T,(a) = 0 by direct calculation.

We have

a*eié -1 at — e—ié)

1 z—a
T/ — _ *
D= T TG

SO
T)(0) = -1 +a‘a=l|d| - 1.

If |a] > 1 it remains true (with the same proof) that 7, maps the unit circle
to the unit circle, but now the interior point 0 is mapped to the exterior point
a. Thus T, maps D\ {1/a*} conformally to the ‘exterior’, D¢ = {z € C : |z| >
1} of D. (We sometimes say that 1/a* goes to 00.)

If |a| = 1 then a = e for some real ¢ and T,(z) = ¢ = aforallz # a
(and T,(a) is undefined).

Exercise 5.2.17

Observe that
T.w2)=0sz=a
SO
Tog=Thy = Tpy(a) =0=>b=a.
Furtherifa # 0
Tuo = Tuy = Tap(0) = Toy(0) = ac” = ae” = 6-¢=0 (mod 2r)

This proves the only if statement. The converse is immediate.
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Exercise 5.2.18

(1) Let S(a) = b. We have shown that there is a Mobius map 7, which
maps D conformally to D and b to 0. Choose 6 € R with exp(i6)(TS )’ (0)
real and positive and set RT'(z) = exp(i6)T,S, V = R(U).

(ii) Observe that Q = T, 7, gives a conformal map of D to itself with
0(0) =0 and

’ — 1 ’ —_
0O = o Ti@=1.

Thus, by Schwarz’s lemma, Q(z) = zand 7| = T5.

(iii) Let P = RT~'. Then P : D — D is an analytic function with P(0) = 0
R'(a)
T'(a)
By Schwarz’s lemma |P’(0)| < 1 with equality only if P is a rotation. The
stated result follows.

P'(0) =
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ExERcIsE 5.2.20

Take T (z) = z!/? where we define (r exp(i6))'/? = r'/? exp(i/2) for r > 0
(choosing r!/? > 0) and 27 > 6 > 0. Then T maps Q conformally to

Q={z:lz21 <1, I(z) >0}

Take T5(z) = 1/z. Then T, maps €2; conformally to
Q) ={z: R >1/2, I(2) <0}

Take T3(z) = (z — 1/2)%. Then T3 maps Q, conformally to
Q;={z: Jz< 0}

Take T4(z) = (z — i)~'. Then T, maps Q3 conformally to
Qy={z:|z-i/2| < 1/2}.

Take Ts = 2(z + i/2). Then Ts maps €25 conformally to D.
Setting T = TsT4T5T,T, gives the desired conformal map.

By inspection there is open sets U and V with U 2 {—1/2, 1/2} such that
TsT,T5T, is a continuous bijection from U to V with continuous inverse.
Thus, if § has the properties stated, then there will be a continuous function

T:Qu{l/4}—>C
with T'(z) = z!/? for all z € Q. Now
T(1/4+n)=1/4+ip'? = 1/2and S(1/4 - in) = —1/2
as 7 — 0 though positive real values so T is not continuous.

The first stated result follows by reductio ad absurdum.

To obtain the final result recall that there is Mobius map
. Z—a
0(z) = exp(it)—
az-1
with |a| < 1 such that § = QT. Since Q is a well defined continuous
function then if 7 had a continuous extension to 7 on CI(QQ), T would have
the continuous extension 7 = QT
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ExXERcIsE 5.3.1
(1) The rationals are countable and countable unions of countable sets
are countable so B is countable.

If z € Q, then, since Q is open, we can find a 6 > 0 such that D(z, 39) C Q.
Since the rationals are dense in R we can find u, v € C such that

|(u+iv) —z| <.
Thus z € D(u+iv, 9) and D(u+iv,26) € Q. We have shown that | Jgz.g B = Q.

Let the members of B be B, B,, Bz, .... If we set K,, = U?:] Cl Bj, then
K, € K,+1 € Qand K, is closed and bounded so compact. We have

OBj:fKngQand OBJZQ
=1 j=1

so ;e Int K, = Q.

(ii)) L € Q = [, Int K, so, by the compactness of L, we can find an N
such that

N
LcC UIntKn C Ky.
n=1
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EXERcISE 5.3.2

The first part is routine. We have |2"” max{1,sup ., |f(z) - g(Z)I| <2
$0 3 -1 27" max{l, sup ., |f(z) —g(z)l} converges by comparison. Thus dy
is well defined.

dx(f,g) = 0 = sup|f(z) — g(z)| for all n

€Ky

= f(z) = g(z) forz € K, forall n = f(z) = g(z) for z € Q.
The verification that dy(f, f) = 0, d(f, g) = dx(g, f) is immediate. Since
If (@) — @] +1g(2) — h(2)| = |f(2) — h(2)|

we have

max{1, sup |f(z) —g(2)I} + max{l, sup |g(z) — h(z)|} = max{l, sup |f(z) —u(2)|}

€K €Ky €K,
and dy(f, 8) + dxc(g, h) = dx(f, h).
Suppose f, is a Cauchy sequence in A(2), dx). Then
1/p(2) = [ < 2%y (fp, fg) = O

as p, ¢ — oo. Thus, by the general principle of uniform convergence, f,
converges uniformly on each K,to a continuous function f : Q = | ", K,, —
C. By Morrera’s theorem, f is analytic on each Int K,, and so on ;2 K,, =
Q. Since that f, converges uniformly on each K, we have dk(f, f, — 0 as
P — 00,

ExEercise 5.3.3

We showed that (i) < (ii) in the course of doing the previous exercise.

Now suppose L is a compact subset of Q. We have | J;., IntK, = Q 2
L so, since L is compact, there must be an N such that Ky 2 L. Thus
condition (i) implies condition (iii). Condition (ii1) automatically implies
condition (ii).
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ExErcise 5.3.4

We just apply exercise 5.3.3 repeatedly. Since condition (i) implies con-
dition (ii1) and condition (i1) implies condition (1),

di(fn, ) = 0= f, — f uniformly on L; for each j

Thus the identity map ¢ : (A(Q), dx) — (A(Q), d) is continuous. Similarly

=" is continuous and so the identity map is a homeomorphism.

In much the same way,

dx(8n, gm) = 0 = g, — gy uniformly on L; for each j = d (g, gm) — 0.

ExERrcIsE 5.3.5

Suppose that L € Q is compact. If z € L we can find a 6(z) > 0
such that D(z,26(z)) € Q. Since | J,; D(z,40(z)) 2 L compactness show
that there are zy, z2,...,2y € L such that Uf,‘f:l D(z,6(zy)) 2 L. Set-
ting delta = min <<y 0,, we see that D(z,30) c Q for all z € L. Now
K = Cl(U,ez D(z,20)) closed and bounded so compact and K C Q so
Jf» — f uniformly on K.

Write C(a) for the circular contour described by z = a + 6¢” as 6 runs
from O to 27 By Cauchy’s integral formula

@ - fa)=|~ [ £-I@

2n C(a) (z—a)?

dz‘

1 Ja(2) - f(2)
< > length C(a) x Zzlclg) T G-a?

=6 sup |f,(2) = fFI <6 'sup — 0.

zeC(a) zeK

Thus f, converges uniformly to f” on L and, since L was arbitrary, the stated
result follows.
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EXERCISE 5.3.6

We use a standard compactness argument.

Suppose (ii) holds and we have a compact set L C Q. Since

U Dw,5,) 2 L

weL

and L is compact, we can find w; € L [1 < j < N] with

N
U Dw,é5,) 2 L.

=1
Taking M(L) = maxll\’gjS ~ Ow;» we see that (i) holds.

Suppose (i) holds. If w € Q then we can find a 6,, > 0O such that
D(w,26,) € Q. Taking L = C1D(w,é,,) and M,, = M(L), we see that
() holds.

EXERrcisE 5.3.9

By the general principle of uniform convergence (or by repeating its
proof more or less word by word), if (Y, p) is a metric space, the functions
fu 0 Y — C are continuous sup .y o(f,(y), fin(y)) exists (that is to say, is
finite) for each n and m, then, if sup,,.» v Sup,cy P((f2(Y), fu(y)) — 0, there
exists a continuous function f : ¥ — C with supyeyp( ), f&)) = 0.

If a sequence f, € X is Cauchy in (X, || |[x), then the first paragraph tells
us that the functions f, satisfy the form of the general principle of uniform
convergence given above and so f, — f uniformly for some continuous
function. But the uniform limit of analytic functions is analytic so f is
analytic. It is immediate that sup,_, [f(z)| is finite so f € X and ||f, — fllx —
0. Thus X is complete.

Lete,(2) =7""Ifn>m

lles — enllx = sup |z — 2" = sup|Z"||lZ"™™" = 1| = sup ¥"(1 + ") > 2
lzl<1 lzl<1 0>r<1

so the sequence e, does not converge, Thus X is not compact.

If f, € Yand f, m f, then

lf(2)| <sup|fu(z) < 1forall|z] <1,

n>1
so Y is closed. The counter-example in the previous paragraph shows that
Y is not compact.
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Exercise 5.3.13

Note that P and Q are bijections of D to itself. We have
P(D), W(D), Q'(D) € D
so PWQ™! ¢ D. However
PWQ™(Q(1/2)) = P(1/4) = PWQ(Q(-1/2)),
and Q(1/2) # Q(-1/2) so PWQ! is not injective. Schwartz’s lemma tells
us that if PWQ~'(0) = 0, then |(PWQ Y (0)| < 1.
Ifae QQ)
a=0SP'(b)e 0@ =SP'(b) ® WO '(a) = P"'(b) & PWQ '9D)
so (QSP 1™ = PWQ'. Now if 0 € P(Q) N QS (Q), then
1=(QSP™Y(0)x((@SP )™ (0) = (@S P™)'(0) x (PWQ ™) (0)
s0 |(QS P71y (0)| > 1. Taking Q = TS‘(la), P = T;! gives the stated result.
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EXErcise 5.4.4

If E cannot be covered by a finite set of closed balls of radius € then,
since C1 E 2 E, it follows C/E cannot. If E can be covered by a finite set of
closed balls of radius €, then the same set covers CI(E)

EXERcISE 5.4.5

(1) We observe that
Ifll =0=|lflle =0= f=0.

The remaining conditions for a norm are immediate.

Now suppose that we have a Cauchy sequence f;, for || ||. The f, is Cauchy
in the uniform norm ans converges in the uniform norm to a continuous
function f, say. The continuous function g—)fc’; is Cauchy in the uniform norm
and so converges in the uniform norm to a continuous function g;. We know
that if a continuous function (in the variable 7;, say) converges uniformly
and its continuous derivative converges uniformly then the function is con-
tinuously differentiable with derivative the uniform limit of the derivatives.

Thus f has continuous partial derivative and
ofn  Of
ﬁ —
ox g ox g
uniformly as n — oo. A function with continuous partial derivatives is

continuously differentiable and we have shown that ||, — f||; — 0. Thus we
have a complete norm.

(i1) The mean value theorem tells us that

lf(®) = f(S) < IDflleod(s, t) < || f]ld(s, t)
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EXERCISE 5.4.6

Direct calculation shows that || ||4 is a norm. For example

ID(f + &) ®lla = [ID(F)() + D()(B)lla < ID(HH(Bla + ID(@)(B)ll4
SO
sup [ID(f + g)(®Dlla = sup ID(f)(B)|l4 + sup [|D()(D)]a

teTn teT” teT”
SO

f + gl = IIf + gllo + supIDf(t) + Dg(t)ll4
teT”

< S lleo + 11glleo + sup ID(F)(®)lla + sup [[DOll4 = [1fllex + 18]l

teT” teTn

Theorem 4.5.1 tells us that there exist constants C;, C, > 1 such that

CilIDNfOlleo = [IDCHH(Bla = C2ID(S) f (Bl

Taking suprema over all t € T" and noting that Cy||f]le = IIfllec = Callflleo
gives the final result.

EXERcISE 5.4.8

We first show that H(e, B) is invariant under translation

We use the assumptions and notation of Definition 5.4.3 to show that
H(e,E+h)=H(e, E) (where he C(T")and E+h={g+h : g € E}). This
follows from the observation that

M M
JBre2Ee | JB(fi+heo2E+h.

m=1 n=1

We now turn to scaling and show that, with the assumptions and notation
of Definition 5.4.3, H(e, pE) = H(pe, E) (where p > 0 and
pE = {pg : g € E}. This follows from the observation that

M M
UB(f,-,e) SE o UB(pfj,pe) > pE.
n=1

m=1

This shows that (using Theorem 5.4.7) we have
H(e.pB,) = H(p™'€,B,) > C,p"e™”
and so by Exercise 5.4.4
H(e,pB,) > C,p"e™"

for all 0 < pe < 1/2. The full result now follows from the translational
invariance proved in the first paragraph.
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ExEercrise 5.5.1

R is well defined because continuous functions which are zero outside
bounded interval are bounded.

(1) We have

n

IFll. = 8 sup |F(1)] +27q  sup

teR” =1 teR”

oF
a_(t)| = 4qlIF|l.,
Xj

so F, C €qoRB.
(i1) We have
F,(t+2rqg7'k) =0
forallt ¢ I = szl(Zﬂq‘lkj, 2rq~"(k; + 1)) and
IFg0ll. < 6gRB.
Thus F, 4 € 6gRB.

(iii) Further, if 6 # ¢ there is a k such that 6; # 6. We may suppose
6 =1and 6 = —1 so
Fuo() = Fuo(x = 2Fq(2rnq 'k, 2nq "' (k; + 1)
and
1Fq0 = Foolle = 46.
Thus the balls in C(T") with radius ¢ centres F,4 and F, ¢ do not intersect.

Since ®, has 29 members we conclude that 5gRB cannot be covered by 24
uniform balls of radius 6.

(iv) By rescaling as in Exercise 5.4.8 B cannot be covered by 29 uniform
balls of radius g"R™67".

(v) Thus if B can be covered by N uniform balls of radius (gR6)™", we
have N > 29 so
log N > glog?2.
If i is sufficiently small we can always choose g and 6 such that ¢ > n7'/"¢™!
and gRS < e. With these choices, log N > ne™ and we have the result of
Theorem 5.4.7.
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EXERCISE 5.5.3

We have

(2 )mf (t)dt_ (Zﬂ)mff flk_llJN(tk)dtldtz
1
ﬂz—fTJn(tj)dzj=1

Similarly, if r is fixed with 1 < r < m, then
1
G f 11 H (8 it

_l—[(zﬂ)f-]n(t)dl X(Z )fll |J (tr)dlrSBl’l

J#Er

We know by Pythagoras (or squaring both sides) that [[t|| < Y-, [#] so

1 -
oo | wars o [ »Z't a(O dt < B

(ii) Since H,, is a trigonometric polynomial in C(T™) of degree 4(n — 1),

00 =ty 0= o [ -9, ds
Qry™ Jopm

defines a real trigonometric polynomial in C(T™) (that is to say a multino-
mial) of degree at most 4(n — 1).

By the mean value theorem,

() = I < [IDfllelt — sl

SO
|0(F) — f(B)] = — f (f(t—s) — f(t))H,(sds
2ry™ Jopm
<Dfllo 5= 1 IslJu(s) ds < Bn™".

2™ Jom
(iii) If n < 4 and we take Q = 0 we have
10 = flleo < 407 f|leo-

If n > 4 we take u to be the greatest integer with 4(u — 1) < n and choose Q
of degree at most 4(u# — 1) with

10 = flleo < Bu™ (I llco-
We have n > 8u so

10 = flleo < 8Bn7 "I llco-
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EXERcISE 5.5.4

(1) We have

1
x——y[ =0+l +ex -yl

1+e€
<(1+e)'(x -yl +€lx]) < 2€

and |ly]| < 1 +e.

(ii) By scaling, we may suppose |f|l = 1. By a trigonometric poly-
nomial Q of degree at most n with ||f — Qlle < A(m)n~! and so, setting
P = (1 + A(m)n~' P, we have trigonometric polynomial of degree at most n
with ||P|| < 1 and

If = Pllo < 2A(m)n”~".
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EXERCISE 5.5.5

(1) Immediate,

(i1) We have

IP - Ol < Z |a; — b;| < maximum number of non zero terms X 2M "~
=Q2M - 1y"x2M™" ' < 2"yt
SO
”f _ Q”oo < AM—I + 2n+1M—l — A/M—l

with A’ = A + 2",

(ii1) The number of possible values that g; can take is no more than
(2M*1 4 1)? and the number of non-zero a; 1s no more than (2M — 1)". Thus

card I, < (CM*™! + 1)2)(2M—1)"

(iv) We have (for example)
log card T}, < 2(log2M*"*! + 1))2M — 1)" < 2(log(2M***))(2M)"
=2""Y(log2 + 2n + 2)log M\)M" < A” M" log M

for an appropriate A”. But we know that the card [ uniform balls radius
A’M™! centred on the points of I cover B, so we are done.

(v) We may take A” > 1.. Now we can always find an integer M with
2A’¢! > M > A’e!. Applying the final formula of (iii) we know that B
can be covered by N balls of radius at most € (and so by N balls of radius
exactly €) with

24’ —1\n
logN < A”(l—e)(er—‘) <A”e"loge™!
0g

for an appropriate constant A””.
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’You are old, father William,” the young man said,
’And your hair has become very white;

And yet you incessantly stand on your head —
Do you think, at your age, it is right?

"In my youth,” father William replied to his son,
’I feared it would injure the brain;

But now that I'm perfectly sure I have none,
Why, I do it again and again.’

"You are old,” said the youth, ’as I mentioned before,
And have grown most uncommonly fat;

Yet you turned a back-somersault in at the door —
Pray, what is the reason of that?’

"In my youth,” said the sage, as he shook his grey locks,
"I kept all my limbs very supple

By the use of this ointment — one shilling the box —
Allow me to sell you a couple.’

"You are old,” said the youth, ’and your jaws are too weak
For anything tougher than suet;

Yet you finished the goose, with the bones and the beak —
Pray, how did you manage to do it?’

"In my youth,” said his father, ’I took to the law,
And argued each case with my wife;

And the muscular strength, which it gave to my jaw,
Has lasted the rest of my life.’

"You are old,” said the youth; one would hardly suppose
That your eye was as steady as ever;

Yet you balanced an eel on the end of your nose —
What made you so awfully clever?’

"I have answered three questions, and that is enough,’
Said his father; ’don’t give yourself airs!

Do you think I can listen all day to such stuft?
Be off, or I'll kick you down stairs!’

You are old father William Lewis Carroll



