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INTRODUCTION

Here is a miscellaneous collection of hints, answers, partial answers
and remarks on some of the exercises in the book. I have written
in haste in the hope that others will help me correct at leisure. I
am sure that they are stuffed with errors ranging from the TEXtual
through to the arithmetical and not excluding serious mathematical
mistakes. I would appreciate the opportunity to correct at least some
of these problems. Please tell me of any errors, unbridgeable gaps,
misnumberings etc. I welcome suggestions for additions.

ALL COMMENTS GRATEFULLY RECEIVED.

If you can, please use IXTEX 2¢ or its relatives for mathematics. If not,
please use plain text. My e-mail is twk@dpmms.cam.ac.uk. You
may safely assume that I am both lazy and stupid so that a message
saying ‘Presumably you have already realised the mistake in Exercise Z’
is less useful than one which says ‘I think you have made a mistake in
Exercise Z because you have have assumed that the sum is necessarily
larger than the integral. One way round this problem is to assume that
f is decreasing.’

When I was young, I used to be surprised when the answer in the
back of the book was wrong. I could not believe that the wise and
gifted people who wrote textbooks could possibly make mistakes. I am
no longer surprised.

To avoid disappointment note that Exercise Z* means that there
is no comment. Exercise Z7 means that I still need to work on the
remarks. Note also that what is given is at most a sketch and often
very much less.

It may be easiest to navigate this document by using the table of
contents which follow on the next few pages.
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Exercise C.5 442



ExErciseE 1.1.1

13
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EXERCISE 1.1.2

Under the new arrangement you end up with y(v + 1) — y = yv in
your pocket if the horse wins and you lose y if the horse loses. This is
the same as before.



EXERCISE 1.1.3

You should get an upside down V' shape.

15
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EXERCISE 1.1.4

If uys <us(Y —s), then

min (uy(s), u2(Y — 5)) = uss.

If ¢ is small and strictly positive, we have
u(s+1t) <u(Y —(s+1))
and
min (ui(s + ), u2(Y — (s +1))) = ur(s + 1)
> uqt

= min (u1s, ua (Y — s)).

If uys > ua(Y — s), then
min (u1(s), u2 (Y — 5)) = ua(Y — ).

If ¢ is small and strictly positive (and u3s > us(Y — s)), then
u(s+1t) > u(Y — (s+1t))
and
min (uy (s +¢), u2(Y — (s +1))) = w (Y — (s + 1))
<u (Y —1t)

= min (u;s, up (Y — s)).
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EXERCISE 1.1.6
(i) If s < s*, then
min (uls*,UQ(Y - s*)) = uys* > uys > min (uls, us (Y — 3))

(ii) If s # s* then either s > s* or s* > s.
Ifs>s" thenY —s*>Y —sso
min (w15, us(Y —5%)) = up(Y —5*) > up(Y —s) > min (us, us(Y —s)).

If s < s*, then

min (U18*7u2(y — s*)) = uy8* > uys > min (U187u2(y — s))
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EXERCISE 1.1.8

If
then, writing L = u,y], we have
y; = Luj’
SO
Llug' +uy' + - dug ) =yt yp+ oty =Y
and v
L=— -1 1
ul +U2 +"'+un
SO
: Yy
Yy = —1 —1 1
ul +UQ +"'+an

and the solution, if it exists, is unique.

If we set .
Yu:
w*: J
—1 —1 IR
J U’l +U2 ++un1
then
wmw; = wwy = -+ = uywy and wi +ws + -+ wk =Y

so we do indeed have a solution.



EXERCISE 1.1.9

(i) If y; > y; for all j, then
Y=yi+tp+t-tv>y+typt+ty, =Y
which is impossible. Thus we can find a k with
Yk < Yy,

S0
min u;y; = ugyy, > UpYr > Minu;y;.
j J

(ii) If there exists a k with

Ye < Yy,
then
min Ujy; = UkYp > UKk > min ;y;.
Thus, under the conditions stated, y; > y;.

If there exists a k& with
Yk > Yy,
then
Y=yi+tpt-ty>y+tyt+ oty =Y
which is impossible. Thus y; = y; for all j.
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EXERCISE 1.2.1

(1) You gain y if the horse loses, and lose vy if it wins.

(2) You gain y if the horse loses, and lose uy —y = (v+ 1)y —y = vy
if it it wins.

(3) You gain —yv + (y + 1)v = y if the horse loses, and lose vy if it
wins.



EXERCISE 1.2.2

(i) Since
Yit+ytoty,=Yandyi +ya+ -+ yn
there must be a k such that

T
and so
mjax uy; = uryy < upYp < mjax ujlYj-

(i) If
Max u;y; = Max u;y;
J J
then the argument of (i) shows that

Yi > Y;
for all j. But

=Y,

Aty ty,=Yady +y+- =Y,

so, if y, > y;, for some &,
Ayt Y, < iyt Y,
which is impossible, so y; =y for all j.
(iii) We minimise our maximum loss by taking
. Yuj’1
Yi == =)
Toup uy ety
and our loss, whatever the outcome, is
Yu;t

L=Y —u; !
Turt a4 gt

1
U +uy +--t+uy,

We lose if L < 0, that is to say, if

1
L= <0
U/l +U/2 ++'U/7;1
ie if
! <1
T T R sk
ie if

utFuyt et >

The remaining statements follow similarly.

21
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EXERCISE 1.2.3

If ap # bk, then there is no loss in generality in supposing a < by
Thus

1 1 1 1 1 1 1 1 1
C1 Co Cn &1 Co Ck—1 Ck Ck+1 Cn
1 1 1 1
= — 4+ —+ +—+—+—+ + —
. c k-1 bk cpqa Cn
1 1 1 1 1 1
< —+4+—+ + + — + + -+ —
a; a2 ag—1 by gt G,
1 1 1 1 1 1
< —4+—+--+ + — + +- 4+ —
ai a2 Af—1 ag Af41 Qp
=1

Thus betting with the first bookmaker when a; > b; and with the
second when a; < b; is equivalent to betting with a bookmaker who
allows a certain profit (unless a; = b; for all 7).
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EXERCISE 1.2.4

(i) The effective pay out multiplier is cu; so you can only make a
certain profit if

1 1 1
——+-+— <1
auy aUs n
ie
1 1
—F+ =+t =<
Uy U2 U,

If you take then the effective pay out multiplier is u; /o so you can
only make a certain profit if

1 1
+ ot >1
atu;  atus atu,
ie
1 1 1 1
— b — > —
Uy Ug U, Q

(ii) If you make bets you will bet on horse j with the bookmaker
with higher payout multiplier on that horse. By (i) you can only make
a certain profit if

1 1 1

max(ay, by) * max(asz, bs) T max(ay, by)

< Q.

If you take bets you will bet on horse j with the bookmaker with
lowest payout multiplier on that horse. By (i) you can only make a
certain profit if

1 1 1 1
e _— > —_
min(ay, by) N min(asg, by) o min(an, b,)  «

(iii) If @ > b.

11 11 1
min(a,b) max(a,b) b a |a b|
If a <b.
1111 1
min(a,b) max(a,b) a b |a b|
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Thus, by (ii), if we can make a certain profit both making a bet and
taking it
1 1

ay by

1 1

0 b2 ++

1 1 1
B (min(al, b1) * min(asg, by) L min(a,, bn))

1 1 1
a (max(al, by) * max(az, b) T max(ay,, bn)>
1 1—a?
> ——Qa= w.
Q@ o
(iv) Suppose a;/b; > 1/a?. If we bet 1 with the second bookmaker
that horse j will lose and
abj_l +1
aa; +1
with the first bookmaker that horse j will win, then if horse ;7 wins we

win . .
ab; " +1 _ozajbj -1
ag———— — 1= ————7—
aa; +1 aa; + 1
and if horse j loses we win

-1 2 7.1
J aa; + 1 aaj + 1

In either case, since a2ajbj_1 — 1 > 0 so we can guarantee to make
money.
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EXERCISE 1.4.1

(i) Our expected gain is
1 1 9 1 1 871 5
1255 0L THX —— X 215X X 31X A1 = 2t = 2
TR T T RV s TT R AR T 864 864

so the game is now favourable to us.

(i) Our expected gain is
1 19 1 1 205
125 % —— X 047X — x 2+ 15X — x34+1x — x10—1 = =
X916 VTP og g T o <0 T g 216

so the game remains favourable to the banker.

(iii) The players will all play hearts (since the dice are symmetric
but the rewards are not) but there expected gain is

125 % ! x 0+ 75 X ! ><9—|—15>< ! x3+1x ! x 20 1—215
216 216 4 216 216 216

so the game remains favourable to the banker.
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EXERCISE 1.5.1

A straight line sloping up if a; > as and down if as > ay.
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EXERCISE 1.5.4

Observe that
anY — (ayr + agys + - -+ + anyy)

= (an —an)yr + (an — a2)y2 + - + (an — @) Yn
<0

with equality if and only if y; = 0 whenever a; > a,.
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EXERCISE 1.5.5

(i) By our earlier discussion, I should bet on the horses for which
piu; = p;/q¢; is a maximum.

(i) I wish to maximise
Y = yipi/a;
j=1
subject to
Y = i/
j=1

and this is equivalent to minimising Z?Zl yj/q; subject to the condition
Y =37 1y;/q;- By much the same arguments as before, I should I
should take bets on the horses for which p;/¢; is a minimum and so
¢;/pj is a maximum.
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EXERCISE 1.5.6

If A make a bet with B on the j th horse and B can take it if and
only if
ap; < a”lg;t
ie
pi 1
q o
Thus A can bet on some horse with B if and only if

; 1
max& > —

J qj a?

Similarly B can bet on some horse with A if and only if

J pj_oz2
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EXERCISE 1.5.7

(i) The expected score with one die is
6

Z] Pr(throw j) Z] =— =

Jj=1

(ii) If the die shows 1, 2 or 3 our expected score of 7/2 with a new
throw is better than our expected score if we stick so we should throw.
If the die shows 4, 5 or 6 our expected score of 7/2 with a new throw
is less than our expected score if we stick so we should stick.

(iii) We can consider throwing a pair of dice to get X and Y. Our
score Z isgiven by Z = X if X > 4and Z =Y if X < 4. Our expected
score in High Dice with Free Turn is

]EZszPr( +ZZPr =j, Y =1)

j=4 j=1 i=1

15
=% + Pr(X < 3) x expected score with one die
5.1 7 17
2 272 47
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EXERCISE 1.5.8

Corrected by Nigel White and Liangpeng Zhang. (Two seperate
mistakes so the reader is warned there may be more)

(i) It is obviously stupid to rethrow a die with higher score than the
other so we need only look at a die with the lowest score. By Exercise
1.5.7 we should rethrow this dice if and only if it shows three or less.
We can consider throwing three of dice to get X, Y and Z. Our score
Wisgiven by Z = X +Y if X,Y >4 and W = max{X,Y} + Z if
min{ X, Y} < 4. Our expected score in High Dice with two dice is

W= Y (i+)Pr(X=iY=j)+ > (+kPr(X=0Y=4Z=k)

i>4,5>4 1>4,3>j
+ Y (k+)Pr(X =i Y =5 Z=k)
3>1,5>4
+ Y (max{i,j} + k)Pr(X =4,V =5, Z = k)
3>4,52>3
= iPr(X =i)+ Y jPr(y=j)+ Pr(min{X,Y} < 3)EZ
i>4 j>4
+ > max{i,j}Pr(X =i,Y = j)
1<3,7<3

1 3 5 3 1 293
=2X —(64+5+4)+-xT2+ = X3+ —=Xx2+—=x1])=—+
><6(++)+4>< +(36>< + 35 +36><) -

(i) If we play high dice with two dice and free turn the we throw
once and if the total shown exceeds the expected value of high dice
with two dice (in this case a total of 9 or greater) we do not throw
both dice (otherwise we throw both). If we do not throw both we now
look at the lowest die. If its value shown exceeds the value of high dice
with one die (in this case 4 or greater) we stop otherwise we throw.

(iii) If we play high dice with three dice we throw once, remove the
die with highest score and follow tactics for high dice with two dice
and free score. If we play high dice with three dice and free turn the
we throw once and if the total shown exceeds the expected value of
high dice with three dice we do not throw all three dice but remove
the highest die and play high dice with two die. (Otherwise we play
high dice with three dice.) Continuing we obtain best tactics for any
number of dice.
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EXERCISE 1.5.9

We should fix all dice showing 6 and throw the rest. (Clearly we
should fix the sixes.) If a large number of dice are thrown it is very
likely that a six will be thrown and (since we are happy to fix the six)
we are essentially playing a new game with fewer dice but the maximum
possible additional score.
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EXERCISE 1.5.10

If the second player’s first throw beats the first player’s final score
she should stick (since she has won). If the second player’s first is
beaten by the first player’s final score she can do no worse by throwing
her lowest die so she should. (If the player has final score 12 and she
has, say, (5,5) the second player could chose to do nothing; we have
just given the simplest rule.)

If second player’s first score equals the first player’s final score then
she should throw the lowest dice again if and only if the probability of
strictly increasing the number shown (and winning) is greater than the
probability of strictly decreasing the number shown (and losing) so she
should throw again if and only if her lowest die shows 1, 2 or 3.
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EXERCISE 1.6.1

Unless pr, = 0 you should place a very small sum of money on the
kth horse since you will then scoop the pool if it wins.

EXERCISE 1.6.4*
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EXERCISE 1.6.5

(i) We have
f(y) = our expected profit
= —expected profit other bettors
= cost other bets — expected value other bets

nt (T + y) )
—r— (B Y T+
( oty pz( y)

(ii) We have

) = (b +12) — (

piti(t +ta+y)

+p2(t1 +to + y))

i +y
p1tit
=11 + 12 — p1ty — pol1 — pate — P2y — e
t+y
ot _ pitity
Pila — P2y o+ y'
Thus
/ pitits
= _p, 4 112
f (y> 2 (tl +y)2
2p1tits
f// —_ _ O
W=l Ty

Thus f’ is strictly decreasing and f'(y) > 0 for y < Yy f'(y) < 0 for
y > Yy where
piti  pate
(ti+Y5)2 1

Thus f(y) is increasing as y increases from 0 (but at a decreasing
rate) to Yy and then decreases.

(iii) Observe that

t1t
pity — P1til2 -
1 +y
but
D2y = —0

so f(y) = —oo as y — oo.

(iii) As we put more money on the first horse we drive the odds on
the first horse down and on the second horse up. Eventually we drive
the odds on the first horse below the correct odds and are now placing
worse and worse bets. The backers of the second horse watch with
fascinated pleasure as we use our money to drive the odds on their
favoured horse to astronomical heights.
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EXERCISE 1.6.6

(1) Suppose p;/t1 > pa/ta. People will bet on the first horse until the
total z; placed satisfies

pr P2
th+z ty
Thereafter the sums z1, 2o bet on on the two horses will satisfy
P P2
tl + z1 tg + 29
SO
btz p
to+z p2

and everybody’s expected winnings equal the amount they bet.

(ii) Once zo > 0 the tote ratios are the probabilities, ie
t; + z;
J i p;
T+Z
where Z = 21 + 20, T = t1 + t5

On the other hand if the syndicate bets y;, yo the tote ratios are

ti (psti)"? .
T+Y  (pit1)V2 + (pata)'/?

(iv) In the first case the new bettors are (a) knowledgeable and (b)
competing against each other so the move the odds towards the true
odds.

In the second case the new bettors are (a) knowledgeable and (b)
wish to extract the most money from the early bettors so they move the
odds to those which give the early bettors smallest expected winnings.
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EXERCISE 1.6.7

(i) We have
A B
@)=+ s
@ ¢ (1—q)?
A(l - ¢)* - B¢?
¢*(1—q)?
so f'(q) < 0for 0 < q < qoand 0 < f'(q) for go < g < 1 where g is the
positive solution of

A(l —q)* = B¢?
and so
A1/2(1 . qo) _ BI/QqO
ie e
= B
(taking positive square roots throughout).

qo

Thus f has a unique minimum at gg with value

A2 4 B1/2 A2 4 B1/2

flq) = AT + BT = (A1/2 4 31/2)2'

(ii) Let ¢ = u; ! so
1
¢+ —=1
U2

and up = (1 —¢q)".

The bookmaker wishes to minimise

pt pot
f(q) = wipits + uapaty = 111 + 1 2_2(1

so, by the first part she should take

1 t1)'/? 1 to)/?
J— <p1 1) and i <p2 2)

up  (prtr) V2 4 (pata) /2 uz  (prt)V? + (pata2) V2
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EXERCISE 1.7.2

Write

t to
a=—=—

pr D2
t t T
1:p1—|—p2:—1:—2:_
a a a
whence a = T. Set ¢ = u;" so that u; = ¢~%, up = (1 — ¢)~'. Then
(using Exercise 1.6.7),

SO

f(q) = pritiug + patous
_apt | aps
=1y 2

qg 1—q

ap3

— 4o

= a(p +p2)2 =a=T

> apiqo + :

with equality if and only if

P —
=P
P1+ P2
ie if and only if u; = 1/p; and uy = 1/ps.

q=4q =
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EXERCISE 1.7.3

Write Y = y; + y». Using Exercise 1.7.2 with
u1:t1+y1 u2:t2+y2
T+Y’ T+Y
we see that our expected profit
T+Y T+Y

ie

Now
tj +yj
T+Y

=pjetity; =Tp;+Yp;
<y =Yp;

so the expected value of our bet is strictly greater than 7" unless y; =
ij.
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EXERCISE 1.7.5

Observe that if we take the expected value of our bet is
uipity + ugpalo + - -+ + Uppply
and if we take t; = p;T
uiprtys + ugpate + -+ + Upppty, =T

for all choices of u,;.

If we choose particular ¢;, then we know that we can find u; > 0

with
ut a4t =1

and

up1ts + ugpate + -+ - + UpPpt, = (p1t1)1/2 + (p2t2)1/2 +oeet (pntn)1/2'

Now

d A(to — t)¥/? — Bt!/?

dt 212 (ty — )1/

and by looking at the sign of the derivative we see that there is a unique
maximum for tg >t > 0 when

Aty —t)Y/? = Bt'/?
ie

At7Y? = B(ty — t)'/?
so by our usual argument

urp1ts + ugpalo + -+ - + UppPply
is maximised uniquely when
p; = at;

ie t; = p;T. Thus we should take t; = p;T".

Now suppose that
urttuyt 4, = UL
If we set v; = Uu; then
vt oty =1
and the expected value of our bet is
U(vipity + vapata + - + UnPutn)

so the maximisation problem is unchanged.
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EXERCISE 1.7.6

(i) This was shown in Exercise 1.7.5. If t; = p,T the expected value
of the bet is

wipity + uopats + - -+ + unppty = WPt T + uep3T + - + poT > TK
with equality only if u; = pj_lK when the value of the bet is TK.

(ii) This is essentially the same result as (i). The bookie should
choose u; = p;lK and then the bettor ¢, = p,T. The value of the bet
is TK.
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EXERCISE 1.7.7

(i) We are secking to maximise

T+Y
1—a Zt]t +y] j

which is the same as seeking to maximise

z”:t T+Y
. p.‘
~ th+yj J

The recommendations are unaltered.

If we bet a small amount we are essentially offered a payout ratio on

the jth horse given by
Y

uj=(1—a)—.
J y]
We can only make a profit if
max u;p; > 1.
Thus, if
Y
(1-—a)—<1
Yj
for all j there is no way we can make a positive expected profit.
If we bet a small amount last we are essentially offered a payout ratio
on the jth horse given by
Y —b
vi
We should bet on the horse which has largest value of (Y — b)p;/y; ie
the largest value of p;/y; as before.

U; =

If we bet first we do not know the final payout ratios so as before we
should bet p;T" on the jth horse.



43

EXERCISE 1.7.8

(i) By Theorem 1.6.3 observing that 7'+ Y is constant,
P11 4 P2Y2 ’
ity ta+ye
attains a unique maximum for y; + 2 + Y and y1,y2 > 0 at y1 = yf,
Yo = ys =Y — yi where

pity D2
=Y for ——— > =
% (t1 +Y)2 ™
and, otherwise
ity _ nt

(h+yi)? (Lt ys)*

(ii) As usual, we assume that a minimum is attained. By (i) this
maximum must be at y; = y; obeying the conditions
pit; Pk

—— > and y; =0,
(tj—l—yj)Q 1y Y

or
t. t. t
P P Wb b
(t; + y; + Yi) tk (t; + yj) (tr +yp)
(iii) Since
P2y P
Tt - T,
we can find an r with 1 < r < n such that
pih _ pata__ pely
(i +ui)? (2 +43)? (tr + y7)?
and, if r <n —1,
* * * prt’r Pria
= =.--=y =0, and > .
Yre1 = Yryo Yn G+ 02~ b
(iv) Suppose
bro P2y S Pn
h e Tty
Starting from zero slowly increase your bet y; on the first horse until
mti P2

(i +m)? b
Now slowly increase your bets y; and g, on the first two horses in such
a way that
ity R 212

(tr+u1)?  (t2+yp)?

until
pith . pata p3

(ti4+y1)?  (ta+12)? i3
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Now slowly increase your bets 1, yo, y3 on the first three horses in
such a way that

mti pata psls

(t1+11)?  (ta+y2)?  (ts+ys)?

Once we are betting on all the horses we have

tj+y; = (pt;)"?
so the expected value (to the other bettors) of their bet is

n n

(i(m%)”ﬁ

so our expected winnings are

th - (Z(Pﬂj)l/2>

j=1
independent of how much more we bet. There is no reason to bet more.



ExXERcCISE 2.1.1

(1) Pr({w}) = 22 ,e P(p) = p(w).
(i) Pr(A) = T em 5 0(6) + Ty D) 2 e () = Pr(B).
(iii) 2 2 A D @ so, by (ii),
1 = Pr(Q) > Pr(A) > Pr(@) = 0.
(iv) We have
Pr(AUB)= Y pw) =Y plw)+ Y plw)="Pr(A)+Pr(B).

weAUB wEA weB

45
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EXERCISE 2.1.2

Since [(r — 1)27™,727") is a translate of [0,27") it should have the
same probability for each 1 <r < 27", Now

1="Pr([0,1)) = Pr <U[(r —1)27", 7"2_"))

= Z Pr([(r—1)27",727")) =2"Pr ([0,27"))

Pr([(r—1)27",r27")) = Pr ([0,27")) =27".

Since {w} C [(r—1)27",r27") for some r, 0 < Pr({w}) < 27" for all
n and so Pr({w}) =0 for all w € [0,1).
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QW
o Q>
> Qw
[@Rivs]
esib N @)
> a

DCDCIBB
TABLE 1. Possible deals with 3 cards

AAAAAABBCDCDBBCDCDBBOCDC CD

BBCDCDAAAAAACDBBDOCCDIBIBDC

CDBBDCCDBBDCAAAAAADCDT CTB BB

DCDCBBDCDCBBDCDCBBAAAAAA

DCDCBBDCDCBBDCDCBIBAAAAAA

EEEEEEEEEEEEEEEEEEEEEEEE
TABLE 2. Possible deals with 5 cards, F last

EXERCISE 2.2.1
There are 24 deals with E last so there must be 24 deals with E in

rth place with r taking one of the 4 values 1, 2, 3, 4, 5s0 120 =24 x 5
deals in all.

EXERCISE 2.2.3*
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EXERCISE 2.2.4

(i) Let B(n,r,b,g) be the number of ways that we can arrange the
cards if cards of the same colour are indistinguishable. Now suppose
we number the n cards so that they are all distinguishable. The red
cards can now be arranged in r! ways, the blue cards can be arranged
in b! ways and the green cards in g!. Thus the total number of ways
of arranging our cards without exchanging colours is r!blg! and the
total number of ways of arranging our cards in any way we wish is
B(n,r, b, g)rlblg!. But we already know that the total number of ways
of arranging our cards in any way we wish is n! so

n!

as required.

(ii) Suppose we have m; cards of colour j and 25:1 m; = n. Let
B(n, m) be the number of ways that we can arrange the cards if cards
of the same colour are indistinguishable. Now suppose we number
the n cards so that they are all distinguishable. The j colour cards
can now be arranged in n;! ways. Thus the total number of ways of
arranging our cards without exchanging colours is mq!m»!...my! and
the total number of ways of arranging our cards in any way we wish is
B(n,m)m;!msy!...my!. But we already know that the total number of
ways of arranging our cards in any way we wish is n! so

n!

B(TL, m) B m1!m2! ce mk' '
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EXERCISE 2.2.5

(i) We have
(z+y)"=@+y)r+ty)z+ty) .. (r+y)

so the coefficient of ™" "y" is the number of ways we can select = from

n
r distinct terms (z + y) ie < )
r

(i) If r + b+ g # n the coefficient is 0.
If r4+b+ g =n we have
(r+y+2)"=(@+ty+)aty+2)(z+y+z)... (v +y+2)

so the coefficient of 27y’29 is the number of ways we can select x from
r distinct terms (z 4 y), y from b distinct remaining terms and z from
the g remaining so the coefficient is

n!

riblg!”
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HHHHHHHHTTTTTTTT
HHHHTTTTHHHHTTTT
HHTTHHTTHHTTHHTT
HTHTHTHTHTHTHTHT
TABLE 3. *

Two-sided die thrown four times

AAAABBBBCCCCDDDD
A B

CDABCDABCDABCD
TABLE 4. *
four-sided die thrown twice
EXERCISE 2.2.6
To get a four-sided die thrown thrice we need a first row consisting of

16 A’s followed by 16 B’s and so on with the table just given repeated
four times underneath.

EXERCISE 2.2.8*

EXERCISE 2.3.1* (SEE EXERCISE 2.3.10)
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EXERCISE 2.3.3

A bet a times as large as another should be a times as valuable.

The sum of the values of two separate bets should be the same as
the value of the bets made together.

If every outcome of one bet is no worse than the outcome of the
other bet the value of the first bet cannot be less than the value of the
second.
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EXERCISE 2.3.7

Le(w) = {0 ifweA,

1 ifwéA,
and
1-1=0 ifweA
| — Tu(w) = ’
A) {1—0:1 it wé A
SO

Tge(w) =1 —T4(w)
for all w and so
[ge =1 —14.
(1) Thus
Iiaupye =1 —=laup = 1 — (In + 1 — I4ll)
=1-14—Ip+14lp) =(1—-14)(1-1p)
= Lyellge = Lyerpe
and so (AU B)® = A°N B°.
(2) Similarly
Iianye =1 —Ianp =1 —1I4lp
=1-T4)+(1-1Ig)— (1 —-14)(1—1p)
— e + Ige — Taellge = Lyeuse
and so (AN B)* = A°U B°.
(3) Finally
Taey =1 —Ige =1 — (1 —14) =1,
so (A°)° = A.
We could have obtained (2) from the (1) and (3) by the argument
ANB = (AN (B°)° = A°U B

We have
IaB = lanpe = T4lpe
—Ia4(1 —Tp) = Iy — Ll
and, noting that I, = I¢,
Tias = LBy = lays + Ipya — Lo\ lp\a

=14 — Dallp + I — Talp — (Iy — Iallp)(Ip — Ialp)

=04+ —2[4llp+0=1014+15 —2[41p
(Or think what the answer should be and then verify.)



By inspection, [ = 1 and I, = 0.

53
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EXERCISE 2.3.8

(1) Xealp(w) =2 pep 1 = D]
(ii) We have

[AUBUC| =) TLipuc(w)

weN

— Z (La(w) + Ip(w) + Io(w)
wes
— Lunp(w) — Ipnc(w) — Iena(w) + Lanpre(w))
= Al +[B| +|C|
—|[ANB|—-|BNC|—-|CNA|+|AnBNC|.

(iii) The number of students who are mathematicians or wear glasses
or are musical (or any combination) is the number of mathematicians
plus the number of glasses wearers plus the number of musicians cor-
recting for counting those with two of those properties twice by sub-
tracting the number of musical mathematicians plus the number of
mathematical glasses wearers plus the the number of goggled musi-
cians correcting for the fact that those who have all three properties
have been counted three times and then subtracted three times by
adding them in again.

(iv) If n has a factor r then n = rs with < n'/? and/or s < n'/2.
Thus if n is composite it has a prime factor no greater than n'/2. If
p < 49 and p is not divisible by 2, 3 or 5 it must be prime. Let A, be
the set of strictly positive integers less than 49 divisible by ¢. Then

|A2| = 247 |A3| = 16a |A5| = 97
|A2 ﬂAg’ — |A6‘ - 8, |A3 ﬂA5| — ‘A15| — 3, |A2 ﬂA5’ — |A10| = 4,
|A2 mAg ﬁA5| = |A30| = 1

Thus
|[AsUA3U A5 =24+164+9—-8—-3—-4+1

and there are 35 integers between 1 and 48 divisible by at least one of
2, 3 or 5. Thus 48 — 35 — 1 = 12 integers between 2 and 48 are not
divisible by 2, 3 or 5. Since 2, 3 and 5 are prime it follows that there
are 15 primes less than 49.
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(v) We have

]IU;'lzl A’L = 1 _— ]I(mil=1 Az)c

4
=1—[]1a
=1

4

=1- H(l - ]IAZ)

, =1
= Ta, = > Ialy,

i=1 i<j

+ > Lala,La, + L, L, L, Ly,
1<j<k

4
= Z]IAZ- - Z [a;n4;

i=1 i<j

+ E Ta;na;na, — Laynasnasna, -
i<j<k

Thus
4

U

=1

- IE'HU?:1 A

4
= ELi, — ) Elyny,
i=1

i<j

+ E E]IAimAijk—EHAlmAgmA3mA4

i<j<k
4
=D 1Al =) AN
=1 i<j

+ > JAINA N Al = [A2 N Ay N A0 Ay

i<j<k

(vi) If n has a factor r then n = rs with r < n'/? and/or s < n'/2,
Thus if n is composite it has a prime factor no greater than n'/2. If
p < 100 and p is not divisible by 2, 3, 4 or 7 it must be prime. Let A,
be the set of strictly positive no greater than than 100 divisible by gq.
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Then
|Ay| = 50, |As] =33, |As] =20, |A7| =14
|Ay N As| = |Ag| = 16, |As N As| = A =10 [Ao N A7| = |Aw| =7,
|As N As| = |A15| = 6, |Az N A7| = |Aar| = 4, |A5 N Ay| = |Ass| = 2,
|Ay N A3 N As| = |Aso| =3, A2 N AsN Ay = |Agp| =2,
|As N As N A7| = |Azl =1, [A3N A5 N Az = |Aos| =0
Ay N AsNAsN A7 =0
Thus
|AgUA3UAsUA7| = 504+-33+20414—16—10—7—6—4—2+3+241 =78

and there are 78 integers between 1 and 100 divisible by at least one
of 2, 3,5 0r 7. Thus 100 — 78 — 1 = 21 integers between 2 and 100 are
not divisible by 2, 3, 5 or 7. Since 2, 3, 5 and 7 are prime it follows
that there are 25 primes less than 100.
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EXERCISE 2.3.10

(i) Paint the cards numbered 4, j and &k blue and the rest red.

(i) A1 N AgN Aj is the event that the first card dealt is 1, the second
2and the third 3.

PI‘(AlﬂAgﬂAg):%X X

n—1" n-—2

(iii) There are n x (n—1) x (n—2) of choosing three distinct integers
in some order and

(Z)_nx(n—lg)!x(n—Q)

of obtaining three distinct integers in a particular order so

1 1 1 1
> Pr(AinAnd) =Y —x % =_.
— — |
i<j<k i<j<kn n—1 n—2 3!
(iv) The number of ways of choosing integers i1, is, ..., i, with 1 <
i1<i2<---<z’r§nis(:f).
fl1<ig<ipg<--<i,<n
1 1 1
Pr(A4;, NA,N---NA;,)=—x X oo X ————
r(An 2 ) n n-—1 n—r+1
Thus
n\ 1 1 1 1
Pr(A; NA;,N---NA; ) = —X X o X e =
i1<i22<;<i‘ H(AuNAs ) <r)n n—1 n—r+1 7!

Using the inclusion-exclusion formula

(4

= Pr(A) = > Pr(AinA)+ Y PrAnA;nA)—. ..
i i<j i<j<k

1 1 1

TR TR TR

(v) U, Ai is the event that at least one card is dealt in the same place
as the number it bears. Thus the probability that no card is dealt in
the same place as the number it bears is
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(vi) Let p, be the probability that no card from a pack of n is dealt
in the same place as the number it bears. Then (to the number of
places shown)

=0

p2 = .50000

p3 = .33333

pg = .37500

ps = .36667

pe = .36806
Setting = —1 in Exercise A.10 (iv) we obtain

1—%4—%—%4""4—(—1)”%%61
for large n. We observe that
e =0.36788

to the number of places shown.

(vii) To a very good level of approximation the probability that no
pair will consist of identical cards is e~! and the probability that at
least one pair will consist of identical cards is

1—e '~ .63212

(viii) The probability that the first k cards will be dealt in their
correct place and the remainder will all be misplaced is

1 1 1
—>< X oo X m—m———
n n-—1 n—k—1
x Pr(a pack of n — k cards will be dealt out of order)
RS SRRV S
~— ce X ————e .
n n-—1 n—k—1

By symmetry the probability that a particular k£ cards will be dealt in
their correct place and the remainder will all be misplaced is approxi-

mately

1 1 1 1

— X X e X ————e .

n n-—1 n—k—1
There are (Z) ways of choosing k cards so the probability that some
set of k cards will be dealt in their correct place and the remainder will

all be misplaced is approximately

ny 1l 1 o, et
— —— ¢ = —,
k n n-—1 n—k—1 k!
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EXERCISE 2.3.11

(i) Let A; be the event that the committee can meet on the ith date.
Pr(committee can meet) (U A; )
> Pr(A) - > Pr(A4inA)+ D Pr(AinA;nAg) -

1<i<n 1<i<j<n 1<i<j<k<n

- (7;) Pr(A;) — ( >Pr(A1 N Az) + (_ ) Pr(A; N Ay N Ag) —
—i—(?)pm—(;L)me—l—...—i- )

We have
30

P(1/2,8,30) = > (~1)"a,

r=1

ay = (?;O) 2% = <3TO> (256)!

so a, > 0 and a,41/a, < 30/256 < 1. Thus

with

P(1/2,8,30) = Y (-1)"a,

with error less in magnitude less than a,; 1. (Truncating an alternating
decreasing sum produces an error less than the first term neglected.

Now a; ~ 0.117 and ay ~ 0.006 so P(1/2,8,30) ~ .12.
(ii) As before

Pr(committee can meet) (U A; )

:(T) ()PrAlﬂAg (Z)Pr(AlﬁAzﬂAg)— :
OO Qe -0
—oe (T ()(nn—l ;ig_?ﬁ!;m) ‘

Observe that if m(n — k) < n then there must be a possible meet-
ing so Q(k,m,n) = 1, but if p < 1 then there is always a strictly
positive probability that the y cannot meet so P(p, m,n) < 1. Thus
P(k/n,m,n) # Q(k,m,n) whenever m(n — k) < n. (Of course even
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if m(n — k) > n the inequality will usually hold but this is harder to
prove.) [Thanks to Nigel White for a correction. ]

If £k =15 m = 8, n = 30 then it is still true that the terms are
decreasing in size and alternating in sign so the first term (which is
the same) dominates. Essentially the terms which are affected by non-
independence are very small.



EXERCISE 2.4.3

Pr(A) = Pr(B) = Pr(two heads or two tails in succession)
—1/4+1/4=1/2.
We have
Pr(A N B) = Pr(three heads or three tails)
=1/841/8=1/4 =Pr(A)Pr(B)

so A and B are independent.

61
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EXERCISE 2.4.4

(i) Since (AN B)N(ANB)=@ and (A°NB)U(ANB) = B,
Pr(A°N B) + Pr(An B) = Pr(B)
Thus if A and B are independent
Pr(A°N B) = Pr(B) — Pr(AN B) = Pr(A) — Pr(A) Pr(B)
= (1 —Pr(A)) Pr(B) = Pr(A°) Pr(B)
so A¢ and B are independent.

Since B and A€ are independent so are B¢ and A°.

(ii) If A and B are independent then, by (i), so are A° and B°. If
further AU B = 2 then A°N B¢ = & so

0 = Pr(A°N B°) = Pr(A°) Pr(B°)

and at least one of A° and B¢ has probability 0 and so at least one of
A and B has probability 1.

(iii) Let p; = Pr({w;}). If A and B have the properties stated
ps = Pr(AN B) =pq
SO
ps=Pr(B) —ps=(1—p)q
and, by independence of complements

ps = Pr(A°N B) = Pr(A°) Pr(B°) = (1 - p)(1 - q).

Reversing our arguments we see that if we set p; = py = p(1 — q)/2,
ps = pq, pa = (1 —p)g and ps = (1 — p)(1 — q) they satisfy the stated
conditions. (And indeed we could have guessed the solution if we had
been awake.)

In Lemma 2.4.2; writing |X| for the number of elements in X,

Q] = U] x [V] = [A] x |B].

and this is not true here.
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EXERCISE 2.4.6

(i) Just as in Exercise 2.4.3,
Pr(A) =Pr(B) =Pr(C)=1/2
Pr(ANB)=1/4=Pr(A)Pr(B), Pr(BNC)=1/4=Pr(B)Pr(C),
Pr(CNnA)=1/4Pr(C)Pr(A).

However, if A and B occur, then all the throws are heads or all the
throws are tails so C' occurs. Thus

ANBNC=ANB
and
Pr(ANBNC)=1/4+#1/8 =Pr(A)Pr(B)Pr(C).
(ii) Let p, = Pr({w,}). Then
ps=Pr(ANBNC)=Pr(A)Pr(B)Pr(C)=1/27

and
p2+ps =Pr(AN B) =Pr(A) Pr(B) =1/9,
ps+ps=Pr(ANC)=Pr(A)Pr(C)=1/9
SO
pe = p3 = 2/27.
Now

p1+p2+ps+ps=Pr(4)=1/3
pe+ps+ps=Pr(B)=1/3
ps+ps+ps=Pr(C)=1/3
SO
p1=5/27, ps =ps = 2/9
whilst since
pr+p2+ps+pit+ps+pstpr=1
we have p; = 5/27.
Since all the p; are positive and the working is reversible we have

found an appropriate set of probability Pr (and it is unique). We
observe that

Pr(BNC) =py =2/27#1/9 = Pr(B) Pr(C).
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EXERCISE 2.4.7

If A, B and C are independent then we know that they are indepen-
dent in pairs so (see eg Exercise 2.4.4) A, B and C° are independent
in pairs. Further

Pr(ANBNC°) =Pr(ANB)—-Pr(ANBNC)
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EXERCISE 2.4.8

We seek to prove that if U, V' and W are probability spaces with
associated probabilities Pry, Pry and Pry then we can define a prob-
ability Pron Q = U x V x W in such a way that

Pr({(u,v,w)}) = Pry({u})Pry ({v})Prw ({w})
for all (u,v,w) € Q. Further, with this choice of Pr, if E C U, F CV
and G C W the events

EXVxW UxFxW, UxVxG

are independent.
To this end observe that

> Pro({u})Pry({v})Prw({w})

(u,v,w)€EQ

=Y " Pry({u}) > Prv({v}) Y Prw({w})

uelU veV weWw

and Pry({u})Pry({v})Prw({w}) > 0 for all (u,v,w) € Q so Pr is
indeed a probability.

Further
Pr(ExV xWNUXxFxWnNUxV xG)=Pr(ExF xGQG)
= > Pr({uh)Prv({o})Priv({w})

(u,v,w)EEXFXG

= " Pry({u}) Y Prv({o}) 3 Priw({w})

uel veF weG

=Pr(ExV xW)Pr(Ux FxW)Pr(U xV x Q)
and independence in pairs can be proved similarly. Thus the events
EXVxW UxFxW, UxVxG

are indeed independent.

EXERCISE 2.4.12*
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EXERCISE 2.4.13

The argument is not very different to that of Lemma 2.4.2.

Observe that Pr({wgr}) = pjg > 0 and

ZPT({W}) = Zzpj% = ij ZQk =1?=1

we j=1 k=1 j=1

PrX=c Y =d) = Y Pr({wgn})

C]':C,dk:d
= E Pjqr = E bj E dk
Cjzc,ded Cj=cC ded

=Pr(X =¢)Pr(Y =d)
so X and Y are independent and EXEY = EXY'.
[EX is the value the bet on the first race if we place 1 unit. EY is
the value the bet on the second race if we place 1 unit. EXY is the

value of our bet if we place 1 unit on it and the bet our winnings on
the second race.
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EXERCISE 2.4.14

EX=EY =%x1+1x0
Now
X(w)Y(w1) = X(we)Y (w2) =0
so XY =0 and
IEXYzO;éi:EXIEY
On the other hand X? = X so
EX?=1+#1=(EX)>

1
4
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EXERCISE 2.4.15

PH(X =0, ¥ =0) = Pr({uws}) = ;

1
£ 5% = Pr({ws})?Pr(X = 0) Pr(Y = 0)
so X and Y are not independent.
2
Pr(XY =1) =Pr({wy, ws}) = B
2
Pr(XY = —1) = Pr({ws, w3}) = 5
1
PI‘(XY = 0) = PI‘({W5}) = g
2 2
]EX:EY:EXYg X 1+5 x(=1)=0
so EXY = EXEY.
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EXERCISE 2.4.16

(iii) Paint the high cards red and the low cards blue. The probability
asked for in (i) is the probability that if I deal 3 cards from a pack of
4 red and 4 blue cards I get all blue or all red ie

4 3 2 1

2 x Pr(all blue) =2 x = x = x = = —.

x Pr(all blue) XgXgXe=x
The probability asked for in (i) is the probability that if I deal 6
cards from a pack of 4 red and 4 blue cards I get 3 blue and 3 red. The

probability of any particular hand of this type (say RRRBBB) is
4 3 2 4 3 2 1 2 1

— X=X =X=X-X==—X
8 7 6 5 4 3 14

6 6 x5x4
:—:2
(3) 3x2x1 0

such hands so the probability that the hand will contain three of the
four smallest cards and three of the four largest cards is 20/35 = 4/7.

5 35
There are
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EXERCISE 2.4.17

(i) Write
A={weQ : X(w)eU}land B={weQ :Y(w) € V}.
Then

Pr(ANB) = > Pr({w})

X(w)el,Y (w)eV

= Y Pr(X(w) =u, Y(w)=0)

uelU,veV

= Y Pr(X(w) =u)Pr(Y(w) =)

uelU,veV

= Pr(X(w)=u)) veVPr(Y(w)=v)

uelU

= Pr(A) Pr(B)

(ii) Suppose s, t € R. Then, using (i) and writing

f ) =Az: flx)=s}, g7'(t) ={y : gly) =t},

we have

(iii) If Xy, Xo, ..., X,, are independent random variables and Uy,
Us, ..., U, are subsets of R then the events {w € Q : X;(w) € U;} are
independent.

We can prove this by induction on n. It is certainly true for n = 1.
If it is true for all n < m — 1 then the result for n = m follows from
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the observation that
Pr (ﬂ X;l(U») - Y Pr({w})
j=1 Xj(w)eU; for all j
= Z PI‘(Xl(CL)> = Ui, XQ(WQ) = U2, ..., Xm(w) = Um)

u]'EUj for all j

= > P X(w) =)

uj€U; for all j j=1

= > D [ Pr(X(w) =)

u1 €U up€lsz Um EUm j=1

If X1, X, ..., X, are independent random variables and f; : R — R
then the sets

{we: f;(X))w) =t;} ={weQ: X;w) € f;'(t)}

are independent and so the random variables f;(X;) are independent.
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EXERCISE 2.4.21

X = 1) = Pr(initial head) = 1/2
Pr(X = —1) = Pr(initial tail) = 1/2

Y = 2) = Pr(initial head) = 1/2

Y = —2) = Pr(initial tail)
(Z = 1) = Pr(second head) = 1/2
Pr(Z = —1) = Pr(second tail) = 1/2
Pr(W = 1) = Pr(HH) + Pr(TT) = 1/4 + 1/4 = 1/2
Pr(W = —-1) =Pr(TH) + Pr(HT) =1/4+1/4=1/2
Pr(V =1) = Pr(HHH) 4+ Pr(TTT) = 1/8+1/8 = 1/4

Pr(V=-1)=1-Pr(W=1)=3/4

=1/2

Thus
Pr(X=1)=Pr(Z=1)=Pr(W =1) =1/2;
Pr(X=-1)=Pr(Z=-1)=Pr(W =-1)=1/2;
Pr(X=1)=1/2#0=Pr(Y =1);
Pr(X =1)=1/2#1/4=Pr(V =1);
Pr(V=1)=1/4#0=Pr(Y =1)

and the results follow.
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EXERCISE 2.4.22
HIf2<r<7
r—1

Pr(throw r) = Z Pr(first die s, second r — s)

s=1

r—1
36

By symmetry, if 7 < r < 12,

13 —
Pr(throw r) = 36 s

(ii) We have

(z+2*+2° +2" +2° + 2% x (v + 22 +2° + ' +2° +2%) =
2>+ 23+t + 25 + 2% 427
+ad ot a2l 2" 4
+at + 2% + 28 + 2" + 2%+ 20
+$5+ZE6+I’7+ZE8+I’9+I10
428 + 2" 4+ ¥+ 2% + 20
"+ a2 20t 4 r12 =

22 4 223 4 32t 4+ 425 4+ 525 + 627 + 528 + 42° + 320 + 221 + 212

(iii) Let X =Y + Z with Y the throw on the first die, Z on the
second.

Pr(X=3)=Pr(Y=2,Z2=1)=Pr(Y =2)Pr(Z=1)=6/36
Pr(X =4) =Pr(Y =3,Z =1) = Pr(Y = 3)Pr(Z = 1) = 2/36
Pr(X=6)=Pr(Y =5,Z2=1)=Pr(Y =5)Pr(Z=1)=2/36
Pr(X =7)=Pr(Y =2,Z =5) = Pr(Y = 2) Pr(Z = 5) = 3/36
Pr(X =14) =Pr(Y =7,Z=T) =Pr(Y = 7)Pr(Z = 7) = 1/36
Pr(X =15) = Pr(Y =7,Z = 8) = Pr(Y = 7) Pr(Z = 8) = 1/36
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and
Pr(X

Pr(X =

Pr(X =

Pr(X

Pr(X

Pr(X =

8) =Pr(Y =2,Z=6)+Pr(Y=32Z=5+Pr(Y =7,Z=1)
— Pr(Y =2)Pr(Z = 6) + Pr(Y = 3)Pr(Z = 5)

+Pr(Y=7Pr(Z=1)=6/36

9)=Pr(Y =2,Z=7)+Pr(Y =3,Z = 6)
=Pr(Y =2)Pr(Z=7)+Pr(Y =3)Pr(Z=7) =4/36
10)=Pr(Y =2,Z=8) + Pr(Y =5,Z =5) + Pr(Y = 7,7 = 3)
— Pr(Y = 2)Pr(Z = 8) + Pr(Y = 5)Pr(Z = 5)
+Pr(Y =7)Pr(Z=3)=5/36
11) = Pr(Y =3,Z =8) + Pr(Y = 5,7 = 6)
=Pr(Y =3)Pr(Z=8)+Pr(Y =5)Pr(Z =6) =2/36
12) =Pr(Y =5,Z=7)+ Pr(Y = 7,7 = 5)
=Pr(Y =5)Pr(Z=7)+Pr(Y =7)Pr(Z =5) =2/36
13) = Pr(Y =7,Z = 6) + Pr(Y = 5,7 = 8)

=Pr(Y =7)Pr(Z=6)+Pr(Y =5)Pr(Z =8) =2/36

(iv) Exactly the same calculations show that

(B + 23 + 2% + 2" (22 + 2° + 2 + 27 + %)
= 62% + 22* + 22° + 327 + 62° + 42° + 5x1°
+ 22 42212 2013 g 4 P

(v) We have
(¢ + 2% + 2 + ot + 25 4 25)2

(vi) A non-standard pair of dice correspond to a pair of polynomials
P and @) each of degree 5 with positive integer coefficients such that

P(x)Q(z) = (1 +x + 2> + 2° + 2 + 2°)°

Now

SO

=2(14+2)(1+ 22 + 2Hz(1 + 2+ 2°)(1 + 2°)

=2(14+ 231+ 2%+ 22(1 4+ 2)(1 + z + 2?)

= (v + 2% + 2 +2° + 2%+ 2®) (2 + 227 + 227 + 1)

so using the parallelism between coefficient and probability calculations

(or just rechecking) we find that (1,3,4,5,6,8), (1,2,2,3,3,4) are non-
standard dice with the same probabilities for totals as standard dice.

k=1

(z = 1)’P(2)Q(x) = (2" = 1)* = (H(m - w’“))

P(x)Q(z) = (H(w - wk))

k=1
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with w = exp(7i/3).

The non-real roots of a real polynomial occur in conjugate pairs so
P(z) and Q(z) must be products of x+1, (x —w)(z —@) = (2> +x+1)
and (r—w?)(z—w?) = (z?—2x+1). By working through the possibilities,
we see that the only choices for P and () are those that have already
been considered in (v).
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EXERCISE 2.4.23

Suppose such a die exists.
We must have
117" = Pr(total 2) = Pr(throw (1,1)) = p}
Thus p; = 1172, Similarly ps = 1172, Thus
Pr(total 7) > Pr(throw (1,6) or (6,1))
= p1p6 + pep1 = 2/11

Thus no such die exists.
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EXERCISE 2.4.24

My proposed solution was wrong (and I think I underestimated the
work involved). Here with my thanks is a solution from Matthew Tow-
ers.

The player, P, and the banker, B, draw cards uniformly at random
with replacement from the set {2,3,4}. Each gets one card face up. P
may continue to draw more cards, up to a total of 3. When they stop,
B must draw if they have 2 or 3 and must not draw if they have a 4.
The scoring is then

e If P has a total of at least 7 they get —1, regardless of B’s score.

e If P has < 7 and B has at least 7, P gets 1.

e If both P and B have less then 7 then if the scores are equal P
gets 0, otherwise P gets 1 if they have the higher score and -1
if they have the lower score.

We then have the following payoffs and expected values:

B’s 1st card
2 3 4 | P’s EV if B’s 1st card is
B’s next card
Pstopsat| 2 3 4|2 3 4 2 3 4
3 -1 -1 -1{-1 -1 1 |{-1| -1 -1/3 -1
4 o -1 -1|-1 -1 1|0 |-2/3 —1/3 0
5 1 0 —-1,0 -1 1 1 0 0 1
6 1 1 0|1 0 1 1| 2/3 2/3 1
> 7 -1 -1 —-1{-1 -1 —-1|-1| -1 —1 -1

P’s first card could be 2, 3, or 4.

e P’s first card is 2. They should draw again, getting 4, 5, or 6.
Suppose they have 4.

— If B has 4 then stopping gets 0 and drawing gets an ex-
pected value of (1/3)-1+4(2/3)-(—1) = —1/3 so P should
stop.

— If B has 3, stopping has expected value —1/3 (from the
table) and drawing has expected value
(1/3)-(expected score if B has 3 and P stops at 6)+(2/3)-
(—1) = —4/9 so P shold hold.

— If B has 2, stopping has an expected value of —2/3 from
the table and drawing has expected value
(1/3)(expected score if B has 2 and P stops at 6) + (2/3) -
(—=1) = —4/9 so P should draw.
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Now suppose P has 5 after the second draw. It can’t make

sense to draw again, so their expectation is 1/3 (conditioning

on the three possibilities for B’s card) Finally if P has 6 after

the 2nd draw, they should not draw again. The expected score

is 7/9 = (1/3)(2/3) + (1/3)(2/3) + (1/3)(3/3) from the table.
Following this strategy, with first card 2 P has an EV of

%//?é)l((l/3)'0+(1/3)(—4/9)+(1/3)(—1))+(1/3)(1/3)+(1/3)(7/0) =

e P’s first card is 3. If B has 2 or 4 then clearly P must draw. If
B has 3 then stopping has expectation (1/3)(=1)+(1/3)(—1)+
(1/3) -1 = —1/3 and drawing expects (1/3) -0+ (1/3)(2/3) +
(1/3)(—1) = —1/9 from the table, so P should draw in this case
too. Their expectation is (1/3)(expectation if they stop at 5)+
(1/3)(expectation if they stop at 6)+(1/3)(expectation if they stop at 7)
which from the table is (1/3)(1/3) + (1/3)(7/9) + (1/3)(—1) =
1/27.

e P’s first card is 4. Stopping has an expected value of —2/3 if
B has 2, —1/3 if B has 3, and 0 if B has 4. If P draws, the
expectations are as in the first bullet point when P had 4 after
their second draw. Thus P should stop if B has 3 or 4, expecting
—1/3 and 0), and draw if B has 2, expecting —4/9. Their
expected score is (1/3)(—4/9)+(1/3)(—=1/3)+(1/3)-0 = —=7/27.

Overall the expected score for P is (1/3)(23/81) + (1/3)(1/27) +
(1/3)(=7/27) = 5/243.

(ii) If the player follows the rule ‘draw if your hand is 4 or less’, she
will usually end up with a 6 and the banker will usually end up with a
6, so the player will usually win.
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EXERCISE 2.4.25

(i) You should attack all the questions with p; = 1 first (since your
probability of losing is 0) and all the questions with p; = 0 last.

(i) Let X, be your expected winnings from the r th question in oder.
Your probability of actually answering the rth question correctly is

Pi(mPi(2) - - - Pj(r)
SO
EXr = DpjayPi) - - - Pitr)a5(r)
and your total expected winnings is

E zn: Xr = i EXT
r=1 r=1
= ij(l)pj(Q) o Pi(r)@h(r) -
r=1

(iii) From (ii)
€4 — €B = qPia; + qpipP;a; — qp;a; + qp;pia;
= q(pi(1 = pj)a;i — p;j(1 — pi)ay)
We prefer plan A to plan B if ey, — e > 0 so if
q(pi(1 — pj)a; — pj(1 — pi)aj) >0
so if
Q;iPi > a;Pj .
L—pi 1—=p;
The remaining cases follow the same pattern.

(iv) If we do not follow this strategy, part (iii) shows there is a better
strategy.

(v) If p1 = ps = -+ = p,, then p; we should choose the questions in
decresing order of the a;. This is reasonable since the probability of
sucessfully answering exactly r questions does not depend on order so
we wish to get the largest rewards first.

If a; = as = --- = a, we should choose the questions in decreasing
order of p;. This is reasonable since we are now trying to make the
game last as long as possible.

If the p; are very small then we should choose the question for which
a;p; is largest. This is reasonable since we are very unlikely to get the
chance to answer more than one question.
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EXERCISE 2.5.1

The probability of a hand with three aces in specified places and the
remainder non aces (for example AAANNNNNNNNNN where A is
an ace and N a non-ace) is

4 3 2 48 47 38 24 x 38

X — X — X — X — X s X — =

52 51 50 49 48 39 52 x 51 x50 x 49
and there are

13 :13><12><11:13><22
3 3 x2

such hands. The probability of exactly three aces is thus
13 x 22 x 24 x 37
592 x b1 x 50 x 48

~ 0.0412.
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EXERCISE 2.5.2

If some one stakes 1 probability of winning is 1/32 and if they win
they get 28 so the expected gain is

1 7 1
WX — —1==—1=—=
32 8 8

(ie ‘they lost one eighth part of all the money they played for’).

Pr(point comes up in 22 games)
= 1 — Pr(point does not come up up in 22 games)
=1 — (Pr(point does not come up up in one game)>
L ( 31 ) 22
32
~ 0.5027

Thus the Master of the Balls is betting at favourable odds. (But not
very favourable, he must much prefer his standard game.)
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EXERCISE 2.5.4

Since f is increasing f(a) > f(z) for x > a. Since f(z) > 0 and
f(a), it follows that 1 < f(x)/f(a) for x > a and 0 < f(x)/f(a) for all
x < a. Thus i)

x

L(a,00) (%) <

for all z.

It follows that
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EXERCISE 2.5.8

Observe that Pr(w;) > 0 and
Pr(w;) 4+ Pr(wy) + Pr(ws) = 1.

EX =0(1—-p)+ap/2—ap/2=0
and
var X = EX? = 0(1 — p) + a’p/2 — a’p/2 = da*.
Thus
var X

Pr(|X — EX|) = Pr(ws) + Pr(ws) =p = o
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EXERCISE 2.5.10

(i) Observe that

E(X —a)? = E((X — EX) + (EX —a))”
=E((X —EX)* +2(EX — a)(X — EX)(EX — a)?)
=E(X —EX)*+2(EX — o)E(X —EX) + E(EX — a)?
=E(X —EX)*+2(EX — a)0 + E(EX — a)?
==var X + (EX —a)”.

2

Thus E(X — a)? is minimised by taking a = EX.
(ii) We have
var X +varY = var X + var(—1)X = var X + (—1)?var X = 2var X.
and
var(X +Y) = var0 = 0.
Since X and Y are not independent Lemma 2.5.9 (iv) is not relevant.
(iii) We have
var(X +Y) =E(X +Y —E(X +Y))* =E(X + Y — EX — EY)?
=E(X*+Y*+ (EX)* + (EY)* 4+ 2XY — 2(EX)X — 2(EY)X
—2(EX)Y = 2(EY)Y + 2(EX)(EY))
=EX? +EY? + (EX)? + (EY)? + 2(EX)(EY)
—2(EX)? — 2(EX)(EY)
—2(EX)(EY) — 2(EY)? + 2(EX)(EY)
=EX’-EX*+EY”> - EY?
=var X + varY.
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EXERCISE 2.5.11

Write AX = E|X — EX| and BX = E(X — EX)*
(i) Both carry over since
(X +a) —E(X +a) = X — EX,
so A(X +a) = AX and B(X +a) = BX.
(ii) Similar formulae.
AaX =E|aX — aEX| =E|a||X —EX| = |a|AX.
BaX = E(aX — aEX)* = Ea*(X — EX)* = |a/BX.

(iii) There do not seem to be appropriate formulae.

(iv) No direct carry over. If Pr(X = 2) = 1/3, Pr(X = —1) = 2/3,
Pr(Y =1)=Pr(Y = —1) =1/2 and X and Y are independent then

Pr(X+Y=3)=1/6, Pr( X+Y =1)=1/6, Pr( X +Y =0)=1/3
Pr(X+Y =-2)=1/3

We have EX =EY =0,s0 E(X +Y) =0, and
AX =E|X|=2x1/3+1x2/3=4/3
AY =E[Y|=2x1/2=1
and
AX+Y)=EX+Y|=3x1/6+1x1/6+0x1/3+2x1/3
—4/3 £ AX +AY

BX =EX*=16x1/3+1x2/3=6
BY =EY'=2x1/2=1
and
B(X+Y)=EX+Y)*
=81x1/6+1x1/6+0x1/3+4x1/3
=89/6 # BX + BY.
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EXERCISE 2.5.12

Use induction or direct calculation. Let a; = EX; and set Y, =

X; —aj. The Y; are independent and EY; = 0. Thus

var(ZXj) = var <Z X; — Zaj))
= var <in>
()

_E<ZY2+2 > YY)

1<j<i<n

_ZEY2+2 > E

1<j<i<n

- ZEY2+2 > EYEY,

1<5<i<n

= ZEvarY + 2 Z 0= ZEvarX

1<j<i<n



EXERCISE 2.5.14

Set

Z=Y1+Yo+ - +Y,)— (1 +p+ -

Then

87

'+/~Ln)

EZ = (EY: — ) + (EY2 — po) + -+ + (BY, — 1) = 0

and
varZ =var(Y1+ Yo+ - +Y,) =varY; + varYs +
Thus by Tchebychev’s inequality
2
1/2 var Z o
Pr(|Z] > n'/%a) < a) < =

and this is the required inequality.

o+ vary, < no’.
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EXERCISE 2.5.15
Set Z; = Y; —EY;. Then EZ; = 0, varZ; = varY; < o2 and
Z; <Y; — p. Thus
Pr(Yl—i-Yg—i-~~+Yn>(1—c)nu)

=Pr((Yi —p) + (Yo —p) + -+ (Yo — p) > —cnp)
2Pr(Z1+Zg+~~+Zn>—cn,u)
:1—Pr(Z1—|—ZZ+---+Zn)S—cnu)
21—Pr(!Z1+Z2+~--+Zn|ch,u)

2 2 9
>1- 7 1979 51y
(cnp)? nu?
whenever
b2 o2
n>—;
]

So take

b2 o2
2

N =1 + integer part of

If we take a long series of similar bets with return greater than a
certain proportion of our stake then with high probability the average
return over a long series of bets will not be much smaller than that
proportion.



EXERCISE 2.5.17
Let 2 = {0, 1}™ with

Pr(a) = [J(1—277) 279,
Jj=1
and

X;(a) = a;2’.

89



90

EXERCISE 2.5.18

var X; = (EX;)* — EX] = p —p* = p(1 - p).
Since the X; are independent

var(X; + Xo 4+ -+ X,,) = np(l — p).
(ii) Completing the square

pl=p)=p-p*=5-(p-
with equality if and only if p = %

)? <

o=
=

(iii) We thus have, using Tchebychev’s inequality,
Pr(|X —p| > a)
=Pr(| X1+ X;+ -+ X,
—EX; —EXy + -+ + EX,| > na)

np(l—p) _p(l—p) _ 1
(na)? na®>  ~ 4a?

(iv) Set a = 1/10, n = 1000 in (iii).
(v) We must take n = 4000.
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EXERCISE 2.5.19

(i) Observe that

m

0<> (pr—m™P=> (7 —2m 'p+m™?
r=1

m m = m
= pr - 2Zpr+m_1 = ZP?« —m™!
r=1 r=1 r=1

with equality only if p, = m~" for each r.

(ii) If you choose the jth grotto

n
7= X
k=1
= number others at jth grotto
= number others at your grotto

as required.

Since Y and Xj;, are independent
EY; X, = EYEX;, = pjz

and so
EZ=E> ) Y;X;
j=1 k=1
=2 D EViXu=D np]
j=1 k=1 J=1
D]
j=1
By part (i)
EZ =n Zp? > %

=1
m~! for each r, which is the desired result.

with equality only if p, =
If m > 1 the expected number of hermits at your grotto including

yourself is
n+1

1+EZ>1+ 2 >
m m

the average number of hermits per grotto. You are more likely to choose
a popular grotto and popular grottos are more likely to have crowds of

hermits.
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EXERCISE 2.5.20

(i) Observe that X; = 1 if and only if exactly one child at the jth
desk has the sniffles at the beginning of the day. Thus

Pr(X; =1) =2p(1 —p), Pr(X; =0)=1-2p(1 —p).
Thus
EX; =EX; =2p(1 —p)
and
var X; = EX? — (EX;)?
=2p(1 = p)(1 = 2p(1 = p)) = 2p(1 — p)(1 — 2p + 2p?).
It follows that
EX = iEXj = 2np(1 — p)
j=1

and, since the X; are independent,

var X = Zvaer =np(1 —p)(1 —2p + 2p?).

=1

Since

pl—p) =p-p =1—(p—3)

it follows that p,,, takes its largest value when p = 1/2.
(ii) Observe that so

Pr(Y; = 1) = Pr(exactly one of the two children starts with sniffles)

_zk X2n—k_k3(2n—k)
T2 2n—1 n2n-—1)

and
k(2n — k
EY; — EY? = Pr(y; = 1) = 20 =)
n(2n —1)
Thus using symmetry
& k(2n — k)
BY = ) BY, = nBYi =

J=1

Next observe that Y;Y5 takes the values 0 and 1 and that Y;Y; =1
if and only if exactly one child at each of the two desks starts with the
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sniffles. Thus

EViY; = Pr(ViY; = 1)
k(2n — k) « (k—1)(2n—k—1)
2n(2n — 1) (2n —2)(2n — 3)
Ck(k—=1)2n—-k)(2n -k - 1)
o —-1)2n—-1)(2n—3)

=4 x

Now, using symmetry,
n 2
Eyﬁ:E<§:m>
j=1
2(Sve o)
J

i#]
S BV + Y ENY,
J i#]
= nEY}? + n(n — 1)EY;Y;
_ 2k(2n—k) k(k—-1)2n—k)2n—k—1)
- -1 (2n —1)(2n — 3)

Thus
varY = EY? — (EY)?
_ 2k(2n—k)  k(k—1)2n—-k)2n—-k-1) </€(2n—k)>2

2n—1 (2n —1)(2n — 3) 2n—1
_ k(2n—k) Ay (k—=1)@2n—-k—-1) k@2n—k)
- 2n-—1 2n — 3 2n —1
(iii) Writing p = k/2n we have
EY = nM £LEX
1—(2n)-!

so that fig, # pkjonn if 2n —1>k > 1.
On the other hand, setting p, = k,,/2n, we have
,akn,n o 2pn(1 _pn)

= — 2p(1 —
n 1—(2n)~! p(l=p)
and ’
P op(1 —
" p(1—p)
SO ~
Hhnn 4 9.

Hp,n
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EXERCISE 2.6.1

n = ) 10 20 30
27"~ 3.1x107% 9.8x107* 9.5x 1077 9.3x107°
(11/5)"~ 51x10 2.7x10* 7.1x10° 1.9 x 10!

)n
K 1.6 2.5 6.7 1.7 x 10

(11/10
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EXERCISE 2.6.3

(i) Observe that Y; depends only on the jth throw and the tosses are
independent.
i) If Zy, Zs, ... Z, are independent so are f(Z,), f(Z2), ... f(Z,).
iii) Tchebychev’s inequality.
v) Take a = §, N > 2§ % L.
vi) If we take 6 = log k, then
log X,

(
(
(iv) log X, = > 7 log Y.
(
(

1
<dEepn—0<

—f

& log(k™'L) <
s (kD) < X, < (kKL)"

and the result follows.
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EXERCISE 2.6.5

(i) Since tp is a strict maximum for the function
f(t) =plog (1 + (u—1)t)) + (1 — p)log(1 — 1)
Choose 6 > 0 with
f(tp) =36 > f(ta), f(tn).
By Theorem 2.6.2, there exists an /N such that

Pr<k%Xﬁ—f@@ 25><ew

Pr( - f(@))‘ > 5) <3

of

for all n > N. Thus
Pr(X,, Z, <Y,) =Pr(log X,, log Z, <logV,)

zm(“%X”—ﬂm>,“ﬂ%—ﬂ@»L

)

log X,
n
log X,

- ftte)| 2 9) <

logZ ~ flte)| <

ogX

<1-P ( —ftA)Z)
(kgy‘—ftw zd)
(logZ —ftc)S)

>1—e
[Thanks to Nigel White for corrections.)

(ii) Since f is strictly increasing on [0,tg] we can find a 6 > 0 such
that f(t4) > 25. We can find an N such that, if n > N

Pr( log X — f(ts)| > 5) <€

Pr(X, >1)>1—Pr ( — f(tB)

and so

log X,
n

25)<e

(iii) Observe that f is strictly decreasing (and continuous) on [tg, 1)
with f(t) - —oo as t — 1—. Since tp > 0 there is a tp with 1 > tp >




tp such that
>0 fOI'tBSt<tD,

FH{=0 ift=tp,
<0 fortp <t<l.

The stated result follows using the arguments of (ii).

97
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EXERCISE 2.6.6

A Kelly bettor never bets with u < 1 so u —1 > 0 and we have
pu—1 _pu—p
u—1 =7 u—1
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EXERCISE 2.6.7

We have
B (11/10) — 1 1

s -1 12
With this choice

Pr(Y; =.9) = Pr(Y; = .1.12) = 1/2
i = ElogY; ~ 0.00419
5% = var(log Y;) = E(log Y;)*(Elog Y;)* ~ 0.00831

Thus

175

EZlong ~ log 2.
j=1

Rest of calculation needs redoing so continue at your own risk.

If we take n = 500 and try our Tchebychev estimate we get

500 x 52
Pr(|log Vi + log Vs + - - - + log Yao — 1.99] > 1.3) < % ~ 35

which tells us nothing.

If we take n = 5000 and try our Tchebychev estimate we get

5000 x &2
Pr (Jlog Y; + log Vs + - - - + log Yagoo — 19.9] > 19) < 1—92“ ~ 0.16.
Thus
1Og}/1 + lOg}/Q + - +1Og}/5000 —19.9>19
and so

log Yy +log Y2 + -+ - + log Y5000 > log 2

with probability at least .74. In fact the situation is rather better than
this but Exercises 2.6.1 and 2.6.7 show that it is hard for individuals
to make a living by gambling at only slightly favourable odds.
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(ii) We have

i =ElogY;

1 1

= élog (tu+ (1 —1)) + §log(1 —t)
1

=3 (log (14 (u—1)t) +log(1 — t))
1

=3 (log (1 + (u—1)t) +log(1 —t))
1 (u—1)%2 t?

S TR | T ? AL N T
5 ((u )t 5 t 5 T
1 (u—1)%2 2

= (-2t -
5 ((u )t 5 5 +

1 ,  (u—1)%* ¢
1

- §(u— T(u—=2)+ ...

so fi behaves like 2 for small t.
Also

EY? = %(log (tu+ (1 —t))) + %(log (tu+ (1 —t)))
_ %(((u—l)t)2+t2+...>

Cu’—2u+ 2752

B 2
so EY}? and thus 2 behave like £ and when ¢ is small the the standard
deviation is very much bigger than the difference of the mean from zero.
It is going to take a very large number of throws for the law of large
numbers in our form (or indeed in any form) to give us any certainty.
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EXERCISE 2.6.8

Kelly suggests gambling 4/5 of your fortune at each go.

n = 20 19 18 17 16 | 15 | 14
probability 122 270 285 | 095 |.045 | .015 | .004
(i) gives 3325.3 1108.4 | 369.5 | 123.2 | 41.1|13.7| 4.6

(ii) gives 127482.3 | 14164.7 | 1573.9 | 174.9 | 194 | 2.2 | .23
(iii) gives | 1048576.0 0 0 0 0 0 0
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EXERCISE 2.6.9

Can write out more or less generally. The following is on the less
general side.

Let T" < 1. Suppose that we are presented with a series of indepen-
dent bets with probability p; of success and our jth bet has payout
ratio u; < U with

s — 1
M < T
U; — 1

] Suppose we start with ! we bet a proportion ¢; of our fortune on each
go with ¢; < T'. Then our fortune satisfies Xy = 1 and

{Xj(tju + (1 —1t;)) if the jth throw is heads,
Xj =

X;(1-1) if the jth throw is tails.
We set
Yo — Xjn1 _ Jtju; + (1 —t;) if the jth throw is heads,
i X; 1—t; if the jth throw is tails.

Observe that
varlogY; < (log(1 — T))* + (log T + log U)?
so we may apply Tchebychev’s theorem to tell us that when n is very
large the probability that
log X;, logY; +logYs +---+logV,
no n
differs greatly from

ElogY; + ElogYs +---+ElogV,
n

is small.

Since maximising n~! log X,, is equivalent to maximising X,,, I wish
to maximise ElogY; and so follow the Kelly criterion.

More generally (with much the same proof) offered the a sequence
of bets which multiply my fortune by Y, or Z; on the jth go, then
provided

varlog Y;, varlog Z; < K
and
ElogY; > kElog Z;
for some fixed K and some fixed k& > 1, I should choose Y} to maximise
my fortune (in the long run with high probability).
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EXERCISE 2.6.10

Write Z; = 1 if the jth throw is heads, Z; = 0 if tails. Observe that
EZ; =p, varZ; = p(l —p) = 71 — (p—%)2 < i.

(i) If pu < 1, then using Tchebychev’s inequality,

j=1

=Pr (i Z; < 0)
> Pr ( Zn:(Zj - IEZj)> < np>

j=1

1 n
>1-— S var (Z Zj>

J=1

Pr(X,(t) < X,(0)) = Pr (i tuZ; —tn < 0)

1
>1——2>1-
- dnp? — ‘
for n > 4 te lp=2.
(ii) If pu > 1, then using Tchebychev’s inequality,

Pr(X,(t) < X,(1)) = Pr iu(l -1)Z;— (1 —t)n > 0)

Jj=1

= Pr Zuzj—n>o>
j=1

> Pr Z(Zj — EZj)) <n(p-— u_1)>

j=1
> 1 ! a iZ

— var

= n2(p — u-1)2 p j

1
>1— — >1—ce€

np

forn >4 e (p—ut)2



104

EXERCISE 2.7.1

(i) If the first horse wins, she gets back

U2 % Uy — U1Us . 1 _ K
1= - -1 —
Uy + Ug Ul + Usg Uq + Uy

A similar calculation works for the second horse.
(ii) If the jth horse wins X = p;u; for the Kelly bettor. Thus
Elog X = pilog prur + p2 log paus
= p1logpa + palog pa + p1logus + pa log us.

If we set t = K~'u; ', we have u,' = K~'(1 —t) and
F(u1, uz) = f(1)
with
f(t) =log K + p1logps + palog pa — p1logt — palog(1 —¢).

Since ;
P1 D2 — D1
"t) = —= =
==+ =y

f(t) attains a strict maximum for 0 < ¢ < 1 when ¢ = p;.

Thus

]ElOgX = F(U17u2) > F(Kpl, Kpg) = IOgK
with equality only when u; = K pj’l.

(iii) Without loss of generality, suppose u1p; > usps. For the maxi-
mum expectation bettor,

EX = uip;

Uy
= X uipy +
(51 + (5) U1 -+ U9
Uy

X Uuip1

>

X UgPa +
U1 + Usg U + U

U — K
U1+U2

X ui1p1

with equality only when u; = K pj_l.
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EXERCISE 2.7.2

(i) We have
, d
J(z) = - (pilog ((uis; + sp+1) + wiz) — pjlog ((u;si + Spt1) + ujz))
b biju;

(uiS; + Sna1) + wix B (u;jsj + Sp+1) + ujz
If s;,5; # 0 we must have ¢'(0) = 0 so

Dill; _ Dju;
- 9
UiS; + Sn+1 U;Sj + Spt1

If s; = 0 we must have s,,.1 # 0 (otherwise we lose our entire fortune)
and ¢’(0) > 0 so

Dit; Dju;
>
UiS; + Sp+1  Snt1

If s;, =0 and s; > 0 we must have ¢’(0) < 0 which is impossible.
Thus if s; = 0 we have s; = 0.

(ii) Let
h(z) = f(s1+x,82,...,841 — )
Then
h'(x)

dzx

d n
=— (pl log ((u1 — 1) + u1s1 + Spq1) + ij log(ujsj + spy1 — x))
=2

n

pi(ur —1) _ Pj
UjSj + Spy1 — T

(w1 — 1) + w181 + Snt1 s

SO
n

pi(u —1) _ Dj
U1S1 + Spt1 U;Sj + Spa1

1(0) =

j=2

If sy # 0 and s,,41 # 0 then A/(0) = 0 and we have
C P1 P2 T Pn _ p1uy

U181 -+ Sn+1 U289 -+ Sn+1 UpSn, + Sn+1 U151 —+ Sp41

If s,,41 = 0 we must have A/(0) > 0 and so

1 1 1
(B) —+—+--+—<1and 5,11 =0.
Uy U2 Un
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If ss =0(sos; =0forl <j<nand s,y = 1) by our earlier
results, we must have A/(0) < 0 so

n
ij > prug
=1

ie pru; <1 (case A).

(iii) In case (A) we have s; = 0 for 1 < j < n so we do not bet. In

J
case (B) s,41 so we bet everything and by (i)
pi _ i
Sj S;
for all 1 <1,7 < nsos; = ap; for some . Summing, a = 1 and so
Si = ap;

(iv) In case (C) parts (i) and (ii) tells us that that there is an m with
1 <m < nand a k > 0 such that

Pit =kforl<j5<m,
UjSj + Snt1
_ Pty .
s; =0, <kform+1<j57<n
Sn+1
and
LR .- RIS B
U1S1 + Spt1 U2S9 + Sp41 UpSp + Spt1
Thus
pjuj = kZUij —|— ksn+1
and
_ k,—l -1
Sj =K Pj— Sn+1ly
for1<j<m,s;=0.
The equation
1 + P2 4+ - 4 P =k
U181 + Sp+1 U282 + Spyi UpSn + Sn+1
yields
k k k m n
_+_+...+_+p+1+..._|_p =k
U U2 U, Sn+1 Sn+1
SO |
1+ —D
.
St -7
where p =p; +p2 + -+ + pp, and
1 1 1
T=—4—++—.
(51 (5) Um,

But
s1+ 83+ A s =1
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SO
E'p —Tspiq + sp01 =1
and £ = 1. Hence
S‘_{pj—i;—jl for 1 <j<m,
7o form+1<757<n

and
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ExERrcISE 3.1.1

(i) We have

and
ElogY = —1log2+ 1log2 = 0.

(ii) We have

and
]ElogY:—%logl—l—%log;i:O:%logg > 0.



EXERCISE 3.2.1

(I-2) A +x+2>+ - +2™)

=(+a+22+-+a™) —(r+2> +2°+ -+ 2™
=1— g™t

so provided x # 1 we can divide by z — 1 to get
1— xm—i—l

l4+z4a°+4a2m=
11—z

109
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EXERCISE 3.2.2

If I start with z, T will have k(z—1) just before the second withdrawal

so I need
k(z—1)==x

ie

The working is reversible.



EXERCISE 3.2.3

so kl — pl = k and
[—1

:k:—
p I

The figures given suggest
11

pa1.04 x — = .95.

12

111
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EXERCISE 3.2.4

If you want to draw a fixed income for the rest of your life and leave
your present fortune to your children you can only enjoy an income
a/(a + b) times as much as if you bought an annuity and left nothing.

(In C.S. Forster’s The African Queen the heroine’s father leaves her
nothing because he has put his little money into an annuity.)

If b is large, then there is a high chance of your dying soon so the
annuity company can be generous. If b is small, the annuity company
expects to be paying out for many years and will pay close to bank
interest.

Perhaps a = b = 1/25. These figures are plucked out of the air but
it is easy to find bank interest rates and not hard to find annuity rates.



EXERCISE 3.2.5

N-1
E cost = Z(] + 1) Pr(die in j-th year)

j=0

—Zyﬂ/zv N™ Z]
(N 1)/2

113



114

EXERCISE 3.2.6

(i) We have, by differentiation

142+ +ma™ ! = Lo _ (m+ D™
(1 —x)? 1—x

so differentiating again
(1x2)+(2x3)z+ (3 x4)z* - +m(m—1)z2™?
d (l—azm“ (m+1)a:m>

T dw (1—x)? 1—x
=2t (mADa™  m(m A a™
(1 —x)3 (1 —x)? 1—x

(ii) (Corrected by Nigel White.) We have

(
12+22:B+32$2---+(m—1)2xm_2
=(1x2)+2x3)r+ (3 x4)2* - +m(m—1)z™?

—1-2z——(m—1)z™?
1—a2™ (m+1)2™ mim+1)z™ 11—z maz™!
(1 —x)3 (1 —x)? l—x (1—-2)? 1-—=x
_21 —a™ 2m4+ D™ +1 m(ma —a+1))am ! —1
T (1 —g)3 (1—x)? -z '

(iii) The probability that there is a payout at the beginning of year
jis
1 — Pr(both dead at beginning of j) = 1 — j%/N?
= NN —j(j —1) —J)

so the expected value of the annuity is

3NN G- 1) - )

=N+NZ2Y ((G+10 -1 =i -0 -2)/3

—((G+1Dj =40 -1)/2
=N-N'YN+1)(N-1)/3-NYN+1)/2
2N? —3N +1

6N ‘

—_

o

— N —
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If k£ # 1, the expected value of the annuity is
N-1
Z N*Q(NQ _ijfl)
j=0

which can be computed by (ii).
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EXERCISE 3.2.7

(i) We have
A =14k +k2qrpo+ -+ Vgn
=1+ k"D + kD@12 + o+ K VN pgria N
=1+ k"0, (L4+ k" grropa+ -+ K Ngn)
=1+pk A

If I want to pay an annuity of 1 unit a year to someone of age r, I can
pay them 1 now and bank k~'p, k1A, ;. At the end of the year with
probability p, they will still be alive and I will have p, A,1 to buy an
annuity then.

(ii) Since
Qr,s = PrPr+1 - - - Pr4s—1, and Qr,s+1 = Pr41 - - - Dr+s
we have

Pr4s = QT,S—H/QT,s'
forall0 < s < N —1. Thus

Ds = QO,s+1/CIO,s-
for0<s<N-—1.

o,s is the probability that a newborn will live at least s years. No
one lives longer than N.
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EXERCISE 3.2.8

The probability that at least one of the pair will be alive at the
beginning of the uth year is

1 — Pr(both dead at beginning of jth year)

=1- (1 - QT,r+u)(]— - qt,t+u)
= Q’I",T+u + Qt,tJru - QT,rJrth,H»u

so the expected present value of the joint annuity is
N

Z k_j(qr,f+u + Gt t4+u — QT,T—i—th,t—i—u)

u=)

where ¢; ; = 0if j > N.
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ExXERCISE 3.3.1

We have

i () r()s'(D)
“ ) = s(t) s(t)?
f'@) ') S
y f@)  r(t)  s(t)
e P(t) S s(t)
r0) sy Py
we get
@) T
f(t) f(t)
and
') =pf(t) —pq
whence
f@)
f—a 7

It follows that
d
E(log(f(t) —q)—pt) =

and so
log(f(t) —q) —pt =A
for some constant A.

Sine 7(0) = s(0), f(0) = 1 and, setting ¢ = 0 in the last equation of
the previous paragraph, A =log(1 — ¢). Thus

log(f(t) —q) — pt = pt +log(1 — q)
and applying exp to both sides

ft) —q=(1—q)e”
that is to say

whence
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EXERCISE 3.3.2

One half of the population dies from A and 1/4 from B so the prob-
ability of dying from A is 1/2 and of dying from B is 1/4. However,
as stated the probability of dying from an attack of A is 1/2 and the
probability of dying from an attack of B is 1/2.

The probability of dying from an attack of smallpox, is 1/8 and that
the probability of dying from smallpox is 1/13 because, as may be seen
from Bernoulli’s table, many people die young and so may have escaped
attacks of smallpox. The probability of dying from smallpox cannot be
smaller than the probability of dying an attack of smallpox because in
order to die from smallpox you must first have an attack of smallpox.

EXERCISE 3.3.3*

EXERCISE 3.3.4*
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EXERCISE 3.3.5

As the age increases the probability that you will have had an attack
of smallpox in your life up to then increases. However, if you are
inoculated you will eventually die of something else so the number
‘saved from smallpox’ must start to decrease.
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EXERCISE 3.3.6

If there is no smallpox p = 0 and R(t) = r(t) so
R'(t) = —R(t)u(t)

SO R
R —u(t).

Earlier we showed that

so that
R(t) r'(t) s(t)

Rt ey Py
But in Exercise 3.3.1 we showed that

s(t) 1

r(t) g+ (1—q)e?

R(t) () pq
R(t) r(t) q+(1—qert

SO

Now
Pq _, =g
g+ (1—q)ert ¢+ (1—q)e?
SO
d
pr (1og R(t) — logr(t) — pt + log(q + (1 — q)ept))

_ R () p(l—q)e”

R(t)  r(t) S T

and
log R(t) — logr(t) — pt + log(q + (1 — q)e?') = C
where C' is a constant.

Now R(0) = r(0) so setting ¢ = 0 in the last formula of the previous
paragraph we get C' = 0. Thus

log R(t) — logr(t) = pt —log(q + (1 — q)e?)
and applying exp to both sides we get
R(t) ert
rt) g+ (1-ger

Ast —
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Suppose smallpox does not kill but with probability ¢ colours your hair
green. When ¢ is large almost everybody will have had smallpox and
only a proportion 1 — ¢ will not have green hair. The result is what we

expect.
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EXERCISE 3.4.1

If we expect that the ‘unlucky’ children would if uninoculated suffer
the same diseases (including smallpox) and die in the same proportions
as other children then we expect

B(n)
B(n—1)
(If we think that the ‘unlucky’ children are more likely to die of ordinary

smallpox then this improves Bernoulli’s figures in the sense of increasing
the expected lifetime with universal inoculation.)

D(n) =~ D(n—1) x

The number of children who would be alive at n if not inoculated at
birth but would die from inoculation must be subtracted from the size
of the population of age n calculated by assuming that inoculation is
riskless.
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EXERCISE 3.4.2

If someone in immune with expected lifetime u then with probability
(1 — a) they will die one year hence and with probability a they will
survive one year and their expected lifetime at the beginning of that
year will be u. Thus

u=(1l—-a)+a(l4+u)=1=au
and v = (1 —a) L.

If someone who is not immune and will not be inoculated has ex-
pected lifetime v then

(1) With probability (1 —b — ¢) they will die one year hence.

(2) With probability b they will be alive but not immune in a year’s
time and their expected lifetime at the beginning of that year will be
v.

(3) With probability ¢ they will be alive and immune in a year’s time
and their expected lifetime at the beginning of that year will be w.

Thus
v=(1-b—c)+b(1+v)+c(l+u)=1+bv+ cu.

Thus
(I1-bv=14cu

B 1 14 c
U_l—b l—a)’

(The same results can be obtained by summing appropriate geometric
series. )

and

If the individual is inoculated they have a probability of dying of r
otherwise their expected life time is (1 — a)~'. Thus there expected
lifetime is

1—r
1—a
so the ‘gain in expected lifetime’ is

l—r 1 (1 L ) ‘
l—a 1-0 l1—a
They will have strictly positive gain if
o, b (1 + - ) .
l—a 1-0b 1—a
If a child is inoculate late it runs the additional risk of dying from
smallpox until it is inoculated.
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EXERCISE 3.4.3

We have already estimated the probability of dying from other causes
between the ages of n — 1 and n as

C(n)
B(n—1)
and we have estimates for p the probability of catching smallpox in a
year and ¢ of dying from an attack.

Pn—1~

Thus if u,, is the probability that a uninoculated child of 4 will survive
to age n without catching smallpox and v, is the probability that a
uninoculated child of 4 will survive to age n having caught smallpox
at sometime

Up = (1 - p)(]- _pn—1>un—1
Up ~ (1 - pnfl)vnfl + (1 - pnfl)pqunfl

with uy = 1, v4 = 0. The probability that a uninoculated child of 4 will
survive to age n is u, + v, and its expected lifetime is approximately

30 tn + U
If w, is the probability that a inoculated child of 4 will survive to
age n then
Wy, = (]- - pn—l)wn—l

and its expected lifetime is approximately Ziozg) W,.

EXERCISE 3.4.4*
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EXERCISE 3.4.5

This must be very much a back of an envelope calculation. Suppose
we have a country with a population of 70 million an a lifetime ex-
pectancy of 70 years. This suggests a million births a year. If the birth
figure remained unaltered but smallpox became endemic and the risk
of dying from other causes remained the same then, since the death
rate for young people is presently negligible and essentially everyone
would expect to get smallpox, there would be a million cases of small-
pox a year. If the death rate was one in 14 this would give 70 thousand
deaths a year. If we took the overoptimistic assumption that modern
medicine could get this down to 1 in a hundred we would still have 10
thousand deaths a year.
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EXERCISE 3.5.4

(Corrected by Nigel White.) We have f'(t) = 1/t and f"(t) =
—1/t* < 0 so f is a smooth concave function.

With probability 1/2 my fortune will be
2a —av = a(2 —v)
and with probability 1/2 my fortune will be

sa+kav —av =a(3 + k —v).

Thus
Ef(Y)=g(v) = %1og (a(2—v)) + %log (a(t + (k= 1)v)).
Now
oy 1 1 k—1 1 (2k=3) —2(k— 1)
g =3 (_2—2; %+<k—1)v) T2 20t (k- 1))
Thus, if we take
_ %3
O ok 1)

g is strictly increasing for v < vy and strictly decreasing for v > vy.
Thus I will buy insurance only if

vg > 0
and I will then set v = vy.
The insurance companies expected gain is
u(k) = avy — 3kavy
_a (—4k* + 13k — 10)

8 k—1
% 2k?> — 8k + 3
a — Ok +
/k - - - =
vk = 5= m =1

and the insurance company should take
k=3/2.
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EXERCISE 3.5.6
(i) Let
Pr(X=x2)=t Pr(X=y)=1-1.
Then
tf(x) + (1 —t)f(y) = Ef(X) < f(EX) = f(tz + (1 - t)y)
forall0 <t <1.
(i) fx <v<yand weset t =(y —v)/(y —x) then 0 <t <1 and

(y—v)z+ ((y—2)— (y—0))y

tr+ (1 -ty = -
_ (y—v)z+ (v—2))y _,
y—w '
Thus
tfx)+ (1 =1)f(y) < flv)=tf(v) + (1 =) f(v)
t(f(x) = fv) <A =8)(flv) = f(y))
whence

(y—v)(f(x) = fv) < (v—2)(f(v) = f(¥)).
It follows that
(y—v)(f(v) = f(z)) > (v —2)(f(y) = f(v))

and

(iii) By (ii)
f(0) — f(a)
b—a c—b d—c
Note that it follows that
fla) = f(b) o fle) = f(d)
a—b — c—d

(iii) If |k| < (y — z)/2 we may apply (ii) to get
fle k)~ f@) _ fly+ k)~ 1)
k - k '
Allowing k£ — 0 we get
f'(x) < f'y)

(remember that we suppose f well behaved). Since f’ is decreasing
1"(t) <0 for all ¢.
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EXERCISE 3.5.7

EX, =74, var X; =1
EXQ = 75, var XQ =25
2 200
EX; =80, var X3 = =10 = —
3 3
The first player never wins, the second player wins with probability 1/2
and the third with probability 1/3. I should choose the second player.
(Moral, the mean and variance do not tell you everything.)
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EXERCISE 3.5.8

If I am in a shop and suddenly the price of everything is doubled
but the amount of money in my purse is doubled I will make the same
choices.
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EXERCISE 3.5.9

(i) We use induction on n. The result is trivially true when n = 1.
Suppose it is true for n = m. Then Using Theorem 3.5.3, we have (if

tmt1 7é 1)
ftixr+taxs + -+ + tpp1Timt1)

= f ((1 — thrl) Z 1— _Z__«Ij + tm+1mm+1>
=1 m-+1
m

t.

< (I =tm)f (Z #) + tmg 1 f (Tmy1)-

=1 m+1
But
L > (0 and i £
I —tm = I —tmn

so our inductive hypothesis shows that

m

1- tm—‘rl j=1

m

2

j=1
and so
fltizr +taza + - -+ tp1ma) < f(tizg +toxg + - + 6 Zmp1).
The full result now follows by induction.

(ii) Since f”(t) = —1/t* we know that f is concave so
1 1 1 1 1 1
—logxy + —logze +---+ —logz, <log | -1+ —22+ - -+ —x,
n n n n n n

that is to say
T+ 29+ t+x,

log(z125 . .. 2,)Y"™ < log

so applying exp to both sides
1+ Lo+ -+,
- .

(2120 ... 2p)Y" <

(iii) We have
J(z) = xp‘lfl(l + xp‘l)(pfl)
SO
9'(0) = (7! = a7 (14 a0
+ (=D = D2 (L )
<0

S0 g is concave.
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Taking

Tp = and t, = af,

RSHECA

Jensen’s inequality
tig(z1) +tag(xa) + - + tag(xn) < g(tizy +taxa + -+ + to1,)
gives

n b P n l/p p
Zag<1+a—i) < 1+<Zb§)
k=1

k=1

which simplifies to

and taking pth roots we obtain the required inequality.

j=1"7
inequality of (iii) the holds and, multiplying through by 7', we obtain

1/p

1/
iv) Take T = now ) and set a; = ¢ T, b; = s;/T. The
j j j j

((t1+ s1)P+(t2 + 82)7 + -+ 4 (tn + 50)P)

< Bty ) ”

+(8’f+3§'+--~+sﬁ)l
Thus
(Jur + o1 P + |ug + vaf” + - + |u, + vn\p)l/p
< ((Jua] + Joa] P + (fus] + [oa])? + - - + (] + |oa?)) 7

< (Jual? + usl? + - 4 Junl?) 7+ (Jal? + Joaf? + -+ + [o2]) .

OU| + [0V = (uf +u)"? + (v] + v3)"/2
= (u} + )" + ((—00)? + (—02)?) 2
> ((u1 _ ,01)2 + (u2 B v2)2)1/2
= |UV]
In three dimensions
OU| 4+ |OV| = (u? + u2 + ud)Y? + (v + v2 + 0v3)Y/?
= (uf +u3 +u3)"? + ((—v1)? + (—v2) + (—v3)?)

> ((ur — v1)* 4 (ug — v2)” + (us — ’03)2)1/2
= |UV]

1/2
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(v) b'(x) = —(logz 4+ 1) so h"(x) = —1/x. Thus
h(tu+ (1 —t)v) > th(u) + (1 — t)h(v)
for 1 >t >0, u, v > 0. Taking

a )
e T e T
this gives
_$+y10gx+y>_ ! xlogz—Lylogg
a+b a+b— a+b a a+b b

so, multiplying by —(a + b) we obtain
T+ Y

b

(z +y)log

for all a, b, z, y > 0.

Y T
< zlog = 1
a+b_x0ga+yog
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EXERCISE 3.5.10

It is sufficient to deal with the case a,b > 0. Observe that
fla) = —ar
defines a concave function so, by Jensen’s inequality,
f(Ga+5b) > 5f(a) + 5 f(b)
SO
(a+b)P <207 aP + bP)
But,ifa=b=1,
(a+b)P =2""1(a? + V) £0

so ¢, = 2P~ is the required constant.
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EXERCISE 3.5.11

Observe that p;q; > 0 and

Zzpz% ZPZSUTnJ 1495 = 1x1=1.

=1 j=1

Thus by Jensen’s inequality

Z Zpinh(tij) > h (Z Zpintij)
i=1 j=1 i=1 j=1

for all t;; > 0. Setting

Uryi

Piq; ’

tij -

we get
n m

—ZZW”log— > h(0)=0
i=1 j=1
so I <0.

We have equality when m;; = p;¢;. (And only then, by drawing
a diagram we see that we have strict inequality unless all the ¢;; are
equal.)

Suppose X and Y are random variables with X taking distinct values
1, T, ..., T, and Y taking distinct values yq, y2, ..., Ym. Suppose
Pr(X:xi,Y:yj)>Ofor1<i§n, 1 <j <m. Then

Pr(X =uz,,Y =vy;)
I= Pr( =431 ’ ]
e =

=1 j=1

is maximised when X and Y are independent.

EXERCISE 4.1.1*
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EXERCISE 4.1.2

If k, =2" — 1, then
kpi1 =2k, +1=2"""—241=2""" 1
But k; = 1 = 2! — 1 so, by induction,
k, =2" —1
for all n > 1.
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EXERCISE 4.1.3

With 256 disks at one operation per Planck time it will take at least
1

31600000
years. She should stick to old fashioned ways.

(20 —1) x 5 x 107 x ~ 1.8 x 10%
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EXERCISE 4.1.4

Let P(n) be the statement that, if we follow the rules we will move
a tower of size clockwise one place if n is odd and anticlockwise one
place if n is even taking 2" — 1 moves.

By inspection P(1) is true.

Now suppose P(n) is true. By the inductive hypothesis the first
27+l _ 1 moves will move the top n pieces one place clockwise if n is
odd, anticlockwise if n is even. The largest piece is now exposed and
moved to the empty peg anticlockwise if n is odd, clockwise if n is even
by the 2"*1th move. The remaining 2" moves take the top n pieces
one place clockwise if n is odd, anticlockwise if n is even so they form
a tower over the largest piece. Thus P(n + 1) is true.

The desired result follows by induction.
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EXERCISE 4.2.2

(i) If d divides a and b then a = k xd, b =1 x dso a = k x d,
—b = (=I) x d. Thus d is no greater than the s greatest common
divisor d' of a and —b. Similarly d' < d so d=d'.

(i1) 182 = 2 x 7 x 13 and 140 = 2 x 5 x 7 so the greatest common
divisor is 2 x 7 = 14.

(iii) 815055 = 3 x 5 x 67 x 811, and 208427 = 257 x 811 all factors
being prime. (It is not hard for me to multiply primes together. It is
much harder for you to find them.) The greatest common divisor is
811.
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EXERCISE 4.2.4

If ¢ divides a and b then a = k¢, b = lc and using the notation of
Lemma 4.2.3,

d = ma + nb = mkc+ nlc = (mk + nl)c

so ¢ divides d.
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EXERCISE 4.2.5

(i) If a, #0

(ii) Long division.

The result is true when P has degree 0. (If n = 0 then K = P/Q,
R=0;ifn>1then K =0, R=P.)

Suppose it is true whenever P has degree m or less. If P has degree
m+ 1 either m+1<nand K =0, R= P or

P(t) = byp1-nt™ T "Q(t) + S(2)

where b, 11, is the value of the leading coefficient of P divided by the
value of the leading coefficient of () and S has degree at most m. By
the inductive hypothesis,

S(t) = L()Q(t) + R(t)
where R has degree strictly less than n and so
P(t) = (bps1—nt™ "+ L(1))Q(t) + R(t).
The required result is thus true when P has degree m + 1 or less.
The conclusion follows by induction.

(iii) Since 1 divides P and @ and no polynomial of degree strictly
higher than the degree of P divides P there must be a monic polynomial
S of highest degree dividing P and Q).

(iv) Consider the collection of polynomials U(x)P(x) + V(2)Q(x)
with U and V not both zero. This must contain a polynomial of lowest

degree and so a monic polynomial 7" of the same degree. Since S is a
factor of P and @, S divides T

Now P = KT + R where R has degree less than 7. Thus (for
appropriate U and V)

R=P-KT=P—-K(UP+VQ)=(1-KU)P+ (—KV)Q

and so R = 0. Thus T divides P and similarly 7" divides ). Thus The
degree of T is less than or equal to the degree of S and T'=S. (Thus
T and S must be unique.)

(v) We call S the highest common factor of P and Q. Since
S(z) = U(z)P(z) + V(2)Q(x)
it follows that if W = AS we have W = (US)P + (UV)Q.
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If W =UP + VQ then since S divides P and @, S divides .
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EXERCISE 4.2.6

(i) We want
1 =13u+ 10v

and a little experimentation (or thought about last digits) suggests
u="7v=-9.

(ii) Rather you than me.
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EXERCISE 4.2.9

lal, [b] < 10%%0 = 1000 < 21090,
Now apply Lemma 4.2.8.

EXERCISE 4.2.11x%
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EXERCISE 4.2.12

Suppose they start with n coconuts and the captain’s initial share
is ny, the First Mate’s share ny and so on down to the cabin boy who
gets ns. Let the the number of remaining coconuts be 5m. We have

n=5o;+1
4TL1 = 5712 +1
4ng = dng + 1
dns = bng + 1
4714 = 5”5 +1
dns = dm
Thus
45n =5 x 4°nq + 4°
=5x4%(5ng +1) +4° =52 x 4'ny + 5 x 4* +4°
=5m + +4 x 5 ... +4%)
56_46
=5m + — 5% =5%m + 55 — 45 5
5—4
Thus
* 1024n = 15625m + 8404.

Let us apply Euclid’s algorithm to 15625 and 1024 We have

15625 = 15 x 1024 + 2651024 = 4 x 265 — 36
265 =7 x 36 =13
36=3x13-3
13=4x 3+ 1.
Thus

1=13-4x3=13-4x(3x13-36)=4x36—11x13

=4x36—11x (265 —7x36) =81 x 36 — 11 x 265

=81 x (4 x 265 — 1024) — 11 x 265 = 313 x 265 — 81 x 1024

= 313 x (15625 — 15 x 1024) — 81 x 1024
= 313 x 15625 — 4776 x 1024.

Thus one solution of ¥ is

n = —8404 x 4776 = —40137504, m = —8404 x 313 = —2630452.
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But since 1024 = 4% and 15625 = 5% are coprime we know that the
solutions of Y% are given by

n = —40137504 + 15625k

m = —2630452 + 1024k
with k integer. Since 2630452 = 2569 x 1024 — 204 we see that m = 204

gives the smallest possible positive value of m corresponding to the
smallest positive value of n which is 3121.
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EXERCISE 4.2.13

This is really a repetition of known results. If d divides a and b then it
must divide the highest common factor. But, by Lemma 4.2.10 (ii) the
highest common factor must divide d. Thus |d| is the highest common
factor.
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EXERCISE 4.2.14

(i) The set of strictly positive integers divisible by a and b contains
|ab| so is non-empty and has a least member.

(ii) Choose the integer v so that
0<n+wve<e.
Now a and b divide n + ve so, by definition of e, n + ve = 0. Thus

n = (—v)e and e divides n.

(iii) Observe that
ab_ b _ e
d d d

so a and b divide e. Thus ab/d > e.

By part (ii), e divides ab so ab/e is an integer with
abe abe
a = ——7 = -_—
eb ea
Thus ab/e < d so ab < de < ab and ab = de.
If @ and b are not necessarily positive repeat the argument with |a|
and |b|.
(iv) We have
22015 = 4 x 5291 4 851
5291 =6 x 851 + 185
851 =5 x 185 — 74
185 =2 x 74 4+ 37
74 =2x37

Thus 22015 and 5291 have highest common divisor 37 and lowest com-

mon multiple
22015 x 5291

37

= 3148145.
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EXERCISE 4.2.15

Given polynomials P;, P, with the degree 0P, no larger than 0P,
then either
P =P
for some polynomial ) and (after multiplication by a constant to make
it monic) P, is the required polynomial or
Py =0Q1P+ P
with OP3 < 0P, but P3 # 0. We observe that if S divides P, and Pj
then S divides P, and P, and conversely so (if gecd(A, B) is the monic
polynomial of highest degree dividing A and B)
ng(Pl, PQ) = ng(PQ, P3)
Further if
A2P2 —+ A3P3 = B
then
AsP 4+ (Ay — Q)P = B.

We can repeat the process but since the degree of at least one of
the polynomial pairs decreases at each step the process must terminate
giving us S = ged( Py, P;). Reversing the process as indicated computes
U and V such that

S(z) =U(z)P(x) + V(2)Q(x).

EXERCISE 4.3.1*
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EXERCISE 4.3.2

(i) In 279 months a certain number of years and 3 months will have
passed. Count 3 months forward.

(ii) Every breakfast is 2 hours earlier so the 200th breakfast is 400
hours earlier, that is to say a certain number of days and 16 hours
earlier which is to say a certain other number of days and 8 hours
later. She will breakfast at 4 am.

(i) Odd.
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EXERCISE 4.3.5

Observe that

10=1 mod?9
SO
10'=1"=1 mod9
10" + ap 10" P+ fag =an F an_1 + -+ ago
and

(010" + @ 110" 4 - 4 ag) X (b, 10" + by 110" 4 -+ 4 bg)
(@p + ap_1+ -+ ag) X (by +bu_1+ -+ +by).

(ii) Casting out nines produces an equation involving smaller integers
which remains true modulo 9. After a finite number of steps we have
integers between 0 and 8 which must be equal.

Reverse obviously false

18— 9 —=0
and
3x9—-3x0=0
but 18 # 3.
Since

(an10™ 4+ ap_110""" + -+ 4+ ag) X (b,10" 4 b,_110" " + - -+ 4+ by)
= (ap+an1+---+ay) X (by+by1+ - +bp).
and
(an0" + an_110" " 4 -+ + ag) X (b,10" + by110" 7" + -+ + by)
= (an+ ap_1+ -+ +ag) X (by +byg + -+ bp).

modulo 9 the method will also work for addition and subtraction.
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EXERCISE 4.3.6

(i)Observe that if n > 2

=== () ()« () ()

modulo 2 thus there must be an even number of r with

(n) =1 mod?2
,

and this is what is claimed.
If n=0then (1+1)"=(1+1)° =12 0 modulo 2.
(ii) We have
1
11
101
1111
10001
110011
1010101
11111111
100000001
1100000011
10100000101
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EXERCISE 4.3.7

By observing that x = —1 is a solution and that any other solu-
tion must have the form —1 + K with K divisible by 6 and 10 whilst
everything of this form is a solution we see that the solutions are

—1+30n

Now 1000000 = 10 modulo 30 so the least number of the required
form is 1000019.
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EXERCISE 4.3.8

We wish to solve
r=2 mod 3,
=1 mod 4.

If z is a solution so is x 4+ 12k and inspection of the table shows that
there is precisely one solution (viz z = 5) with 0 < x < 11.

Thus there are 3 solutions with 0 < 2 < 35

(ii) In the following table ry = r mod 4, 0 < r; < 3 and rp, = r
mod 6,0 <r <6

r= 01234567289 10 11
m= 0123012301 2 3
rp= 0123450123 4 5

We note that
r=x+12n mod 4,
r=x+12n mod 6.
Thus by inspection of the table

r=2 mod 4,

r=4 mod 6.
has 4 solutions with 0 < z < 47 but

r=3 mod 4,

r=4 mod 6.

has none.
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EXERCISE 4.3.11

We first seek to solve

y=1 mod 17,

y=0 mod 19.
that is, to find a, b such that

19a+ 170 =1
Now

19—-17=2

and

17=2x8+1
SO

1=(19-17) x (=8)+17=(—-8) x 19+9 x 17
Thus y = (—8) x 19 = —152 is a possible solution.
If we set z =9 x 17 = 153 then
z=0 mod 17,
z=1 mod 19.

Thus (since 17 and 19 are coprime) the general solution to our prob-
lem is

T =3x(=152) =2 x (153) +n x 17 x 19 = —762 4 323n = 207 + 323m

with m an integer.

The smallest positive solution is 207.
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EXERCISE 4.3.12

Since a and b have highest common factor 1, Euclid’s algorithm tells
us that there exist m and n such that

am +bn = 1.
Similarly, there exist » and s such that
ar +cs = 1.
Thus
1 = (am + bn)(ar + cs) = a(mar + mcs + bnr) + be(ns).
Setting N = mar + mcs + bnr and M = be, we have
1= Na+ Mbc

so a and bc have highest common factor 1.
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EXERCISE 4.3.13

By Exercise 4.3.12, a; and asas are coprime so we can find a z; such
that

z1=1 mod ay,
z1 =0 mod asas.
Thus
z1=1 mod ay,
z1 =0 mod ao,
z1=0 mod as
More generally we can find z; with z; =1 mod a; and 2, =1 mod ay

for k # j. Now & = w12, + us2e + ugzsz satisfies sk

If g and z; are solutions of ¥ then x(0 — z; is divisible by ay, a;
and az so xo — x7 is divisible by the lowest common multiple of a;, as
and ag ie by |ajasas|. Thus

To = x1 mod ajaqas.
The converse is immediate.

The same arguments show that if we have non zero integers a;, [1 <
k < n] such that each pair (a;,a;) with ¢ # j has highest common
divisor 1 then given integers u; we can find an z such that

r=u, mod a.
If xy is a solution then the solutions are given by

ro =21 mod ajas...a,.
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EXERCISE 4.3.14

Note that 3, 5, 7 are coprime. By rapid search (or we could use
Euclid’s algorithm).

—35=1 mod 3,
—35=0 mod 5,
—35=0 mod 7.
21 =0 mod 3,
21=1 mod 5,
21=0 mod 7.
15=0 mod 3,
15 = mod 5,
15 = mod 7.
Sunzi’s problem is to solve

r=2 mod 3,
r=3 mod 5,
r=2 modT7.

Thus the general solution is
x=—70+63+ 30+ 105n = 23 + 105n

and the least positive solution is 23.
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EXERCISE 4.3.15

A=0-1039470 =0 mod 3
A=3240-(-1)"=9)x1-0=1 mod5
A=(1P40- (2 x4-3)x(-1)=5=—-(1-4-3)-5=1 mod 7

so using the results of Exercise 4.3.14 their age
r=0x(=35)4+1x21+4+1x 15+ 105n = 36 + 105n
so they are 36.
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EXERCISE 4.3.16

If n, m. k, r are strictly positive integers with
n=mk+r
and m > r then
2" —1=2"-2"4+2"—-1
= 2r(2m — 1)(2tk-Um pglk=2m 1) 2 -1

SO
M —1=M2"-1)+ (2" —-1)
and Euclid’s algorithm works in parallel with the indices.

Thus ged (2" — 1,2™ — 1) = 28edmm) 1,
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EXERCISE 4.3.17

(i) If d divides a; and a; and
*k

r=u; mod a;,

r=u; mod a;
then since a; divides x —u; and a; divides x —u; it follows that d divides
x —u; and x — u; so d divides
w —uj = (r—u;) — (r —w)
and
mod d.

Taking d = ged(a;, a;) gives the desired result.

Suppose
=wu; mod ay,
=uy, mod asg,
=uwusz mod as.
Then
¥ =u; mod ay,
2 =uy mod as,
2 =wus mod as.

if and only if
z—2' =0 mod ay,
z—2'=0 mod as,
r—2 =us3 mod as.
that is to say a; divides « — 2’ for each j.

Let us write e for the lowest common multiple of a;, as and as.
Suppose a; divides y for each j, then we can find a k such that

e>y—ke>0.

Since a; divides y — ke for each j it follows by minimality that y = ke
so e divides y. The converse is trivial.

Thus
¥ =u; mod ay,
¥ =us, mod as,
¥’ =wus mod as.

if and only if e divides x — 2/, ie if and only if

=

mod e
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(ii) Set x1 = uy
Now 1 —us and a; are both divisible by the highest common divisor
of a; and as so by Euclid’s algorithm we can find £ and m such that
ka, +may = 11 — us.
Thus setting
To = 1 — kay
we have
To =21 =u; mod aq,
Ty =21 — kay = us +mag = us  mod as.
Let f be the lowest common multiple of a; and a,. We observe that

x1 —uz and f are both divisible by the highest common divisor of f
and ag so by Euclid’s algorithm we can find K and M such that

kf+ Mas = x9 — us.
Thus setting
x3=x9— Kf
we have
r3 =29 — Kf =29 =u; mod ay,
r3=19o — Kf =129 =uy mod as,

r3 =29 — Kf =u3 — Masz =us mod ag

(iii) The system
* X r=w; mod a,

T =us mod as,
=wu3 mod as
is soluble if and only if
w; =u; mod ged(a;,ay)

for all 1 <i < j < 3. If z is a solution of %, then 2’ is a solution of
%% if and only if z = 2’ mod e where e is the least common multiple
of the a;

The system

* r=wu; mod aq,
r=uy; mod asg,

=wu3 mod agz,

r=u, moda,
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is soluble if and only if
w; =u; mod ged(a;,aj)

for all 1 <i < j <n. If z is a solution of %, then 2’ is a solution of
% if and only if z = 2’ mod e where e is the least common multiple
of the q;.
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EXERCISE 4.4.2

If n is not prime then we can find » and s such that n = rs and
r,s >2sor#0and s # 0 but

rxs=0 mod n.
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EXERCISE 4.4.4

(ii) Suppose a is a book number. If a; = ¢; for j # k then, if c
satisfies the check,

0=10c; +9¢co + - -+ + 2¢c9 + 19

=10c; +9¢c5 + -+ - 4+ 2¢9 + c10 — 10ay + 9as + - - - + 2a9 + aqg

= (11 — k)(cr — ax)
modulo 11 so, since 11 is prime

cp, —ap =0
and so ¢, = ay.
(ili) f a; =b; =0for 1 <j <8andag =5, ajgp=1, bg = byyp =0

then a and b are both ISBNs but differ in exactly two places.

(iv) and (v) Suppose a is a book number. If a; = ¢; for j # p,q
a, = ¢, and a, = ¢, then, if c satisfies the check,

0=10c1 +9co + - - - + 2¢c9 + c19
= 10c1 + 9¢y + - - - + 2¢9 + 10 — 10a1 4+ 9as + - - - + 2a9 + aqg
= (11— q)(cy — ¢) + (11— p)(c — ¢,)
= (¢ —p)(cp — ¢q)
modulo 11 so, since 11 is prime
cp—Cq =0

and so ¢; = a; for all j. The check works for any single transposition.
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EXERCISE 4.4.6

By Fermat’s little theorem
10°"'=1 modp
so that
10~ D* =1 mod p
and 101k — 1 is divisible by p for each k > 1. If p # 3 this tells us

that (10~Y* —1)/9 (which has the form 111...1) is divisible by p for
each k > 1.

If p = 3, then, since 10¥ = 1¥* =1 mod 3, we have 111...1 divisible
by 3 whenever the number has 3k digits.
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EXERCISE 4.4.8

(i) If > = a?, then r = @ mod 2.

2 —

(ii) The equation 7 = u mod 2 has exactly one solution for all u
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EXERCISE 4.4.9

If
am?*+bm+c=0 modp
then
m?*+ab+ale=0
SO
(m+2"a'0)? =4"ba ') —atc
and

(2a(m + 2_1a_1b))2 = b? — dac
so b? — 4ac is a square.
Conversely if b?> — 4ac = u? then arguing as before
am?+bm+c¢=0 mod p
if and only if
(2a(m + 2_1a_1b))2 =?
Thus * holds if and only if
(2a(m+2""a""b) — u) (2a(m+27"a"'b) —u) =0
so if and only if
2a(m +2"'a"'h) —u=0or 2a(m+2"1a"'b) —u=0
Thus the solutions of ¥ are given by
m=2"(~b+u) mod p.

If we work modulo 2 then a =1 and
0?4+b0+c=c, 1*+bl4+c=1+b+c.
The equation has solution 0 if ¢ = 0 and the solution 1 if b+ ¢ = 1.
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EXERCISE 4.4.11

(i) If u? = —1 then by Lemma 4.4.10 (ii)
(m2)PHV/% = or (um?)P*Y/* =m mod p
for all m contradicting Lemma 4.4.7 (iii).

(ii) If u?> = a and v? = —a then (u~'v)? = —1 which is impossible

by (i).

(iii) Thus at most one of a and —a has a square root for each a # 0.
But by Lemma 4.4.7 (iii) exactly half of the non-zero integers modulo
p have square roots so exactly one of a and —a has a square root for
each a # 0.

(iv) Thus using (iii) and Lemma 4.4.10, u? = a has solution if and
only if uP+1/2 =y,
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EXERCISE 4.4.12

We have
20 =16x16x4=(-3)*x4=-2
so 2° = —6 is a square root of —2. Thus u? = 2 has no solution and
u? = —2 has solutions u = +£6.
We have

30 =973%x3=8"%x3=7x8x3=-3

so 3> = 8 x 9 = —4 is a square root of —3. Thus u? = 3 has no solution
and u? = —3 has solutions u = +4.
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EXERCISE 4.4.13

Observe that a? " = (a?")? so by induction a®" can be computed by
squaring n — 1 times.

We may compute 2, 22, ..., 2"~ with n — 2 multiplications and then

oM — || 27
wy;=1,j>1

with n — 1 multiplications so we have used at most 2n multiplications.

Modulo 43 we have

Thus
22 =210 %2 x22=4x16x4=16" = -2
and so v = 2 mod p has no solutions by Exercise 4.4.11 (iv).
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EXERCISE 4.4.14

(i) We draw up a table of squares modulo 21

n= 0123 4 5 6

78 9

n=0149 -5 4 -6 7 1 =3

Thus
n? = 0 has one solution n = 0,
n? = 1 has four solutions n = £1, &8,

n? = 4 has four solutions n = £2, &5,

n? = —5 has four solutions n = +4, £10,

n” = —3 has two solutions n = +9,
n” = —6 has two solutions n = +6,
n® = 7 has two solutions n = +£7.
n? = 9 has two solutions n = +3.

Otherwise n? = u has no root.

(ii) We draw up a table of squares modulo 15

n= 01 2 3 4
n2= 01 4 —6 1

Thus
n? = 0 has one solution n = 0,
n? = 1 has four solutions n = £1, 44,

n? = 4 has four solutions n = £2 + 7,

2 —

n —5 has two solutions n = £5,

n? = 6 has two solutions n = 46,

2 —

n —6 has two solutions n = £3.

Otherwise n?2 = u has no root.

5 6 7
-5 6 4

10
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EXERCISE 4.5.1

Either observe that if ¢ # 0 mod p and a # 0 mod ¢ then a and
pq have highest common factor 1 so by Euclid’s algorithm we can find
u and v such that

au + pqu =1
and so au =1 mod pgq.
Or use Euclid to show that there exist r, s with
ar=1 modpandas=1 mod gq.
Now use the Chinese remainder theorem to give a v with
u=r modpandu=s modq

SO
au=1 modpandau=1 modq

so by the uniqueness part of the Chinese remainder theorem

au=1 mod pq.
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EXERCISE 4.5.2

u? = a mod pq has one solution corresponding to each pair (7, s) of

solutions
=0 modp
s>=0 mod ¢
(i) If a = 0 mod pq then the only pair is (0,0) so exactly one solu-
tion.

(i) If a = 0 mod ¢, @ = v* mod p with a # 0 mod p then two
pairs (£u,0) so two solutions.

If a =0 mod ¢, a # v? mod p for any v then two pairs (4-u,0) so
two solutions.

Similar with roles of p and ¢ reversed.

Ifa 20 mod panda# 0 mod g then either a = u?> mod p, a = v?
mod ¢ so four pairs (+u,+v) and four solutions or no solutions.

(iii) There are (p—1)/2 non-zero values of u* modulo p and (p—1)/2
non-zero values of v2 modulo 2.

We thus have

1
Hue A :u?=0 modp}|=z%
1
Hue A :u*=0 modq}]:%

Hue A:u*=0 modpg}| =1
ptqg—2

{u € A : v> =a mod pq has exactly two solutions}| = i

There are (p — 1)/ x (¢ — 1)/2 pairs (r, s) with

2:

r a mod p

SQE

a mod ¢
when a 20 mod p, a Z0 mod ¢ so
{u € A : u”>=a mod pq has exactly four solutions}|
=(-1Dlg-1)/4
Since there are pg — 1 non-zero integers modulo pg

{ue€ A : u? =a mod pq has no solutions}|

ptg=2 p-lg=1_pg=1 (p=Dla-1
2 2 2 2 4

=pg—1-—
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EXERCISE 4.5.3*
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EXERCISE 4.5.4

(Corrected by Nigel White.)

If ¢ = 2 we know that u? = a always has exactly one root. Thus

r’=a mod 2

s?=a mod q
has exactly the same number of solution pairs as
s?=a mod ¢
Thus
(i) v = a mod 2q has exactly one solution if a =0 mod gq.

(ii) If a # 0 mod ¢ then u* = a mod 2q either has no solutions or
has exactly two solutions.

(i) Let A={a : 1 <a<2q—1}
{u € A : u®>=a mod 2q has exactly two solutions}| = (¢ — 1),
{uec A : u?=a mod pq has no solutions}| = (g — 1)
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EXERCISE 4.5.6

If p and g are odd primes and a =0 mod ¢, a Z0 mod p then if v
is a solution of u? = a mod pq it follows that —v is the other distinct
solution.

To see this observe that

w?*=a modpgeu’*=a modpandu?’=0 mod g

S (u—v)(u+v)=0 modpand u=0 mod g
&S u=2v modpandu=+v modgq
< u=+v mod pg
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EXERCISE 4.5.7

(i) Since 103%° ~ 2199 we know from Lemma 4.2.8 that we need only
a few thousand operations.

(ii)) Our proof of Lemma 4.3.10 showed that we need only apply
Euclid’s algorithm and the method of Lemma4.2.10 twice (actually we
need only do it once) and do few more steps.

(iii) Since 103% ~ 2'9%° Lemma 4.4.13 shows that we need only a
few thousand operations.
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EXERCISE 4.5.11

Roughly speaking, we will get a satisfactory answer once in a thou-
sand times but if we ask our question 200000 times the probability
that we will get less than 64 is very small (how small can be estimated
using Theorem 10.5.3 or less well using Tchebychev) and, if we have
64 satisfactory answers, then Exercise 4.5.10 tells us that with high
probability we can determine p and q rapidly.
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EXERCISE 4.5.12
By considering cases we find 1333 = 31 x 43. We wish to solve

u? = -3 mod 31
uw? =11 mod 43

Now
(=3)*=9, (-3)*=12, (-3)°=11 mod 31
so u = £11 mod 31.
Also,

112= -8, 11* =21, 11¥* =11 mod 43
M =11x 112 x 118 = (—8) x (=8)? x (—=8)® = —21 mod 43
so u = +21 mod 43.

We now need to use the Chinese remainder theorem. Applying Eu-
clid’s algorithm we have

43 =1x31+12

31=3x12-5
12=2x5+2
D=2x2+1
Thus
1=5-2x2=5-2%x(12-2x5)=5x5—-2x12
—2x1245x(3x12-31)=13x12—-5x 31
=13x (43—-31)—5x31=13x43—-18 x 31
and

59 =13 x43 =1 mod 31
559 =0 mod 43

—558 =0 mod 31
—558 =1 mod 43

Thus the possible roots are
559 x 11 + 558 x 21 = 538and — 538 = 795
559 x 11 — 558 x 21 = 1096and — 1096 = 237.
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EXERCISE 4.5.13

Write u and v for the first and second encoded message. Observe
that N and N’ are coprime. (If not, I really have been stupid, since
Euclid’s algorithm will now give SNDO the common factor.) SNDO can
use the known N and N’ together with the Chinese remainder theorem
to compute w with w = m? (mod NN') and 0 < w < NN’ — 1. But
0<m? < NN’ —1sow=m?and m is the positive square root of m.

[SNDO uses Euclid’s algorithm to find a, b with aN + bN' = 1.
If w= bN'u+ aNv (mod NN’), then w = u (mod N) and w = v
(mod N').]

SNDO is no further forward in reading other messages. For we have
proved that even if we encode messages known to SNDO and give
SNDO the results the code is still unbroken. Effectively SNDO knows
m and m? (modulo N) in one case and nothing else (since N’ and m?
(modulo N') are irrelevant).
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EXERCISE 4.5.14

My problem is, knowing b and s with
r?4+br—s=0 mod pg,

to find r. I can do this by using the Chinese remainder theorem and
solving

r4+br—s=0 modp
r?+br—s=0 mod q.
The solutions of these equations are
r=2"Yb+u) modp
r=2"Yb+v) mod q.
where u and v are solutions of
u? =b> —4s mod p
v =0 —4s mod q.

Thus I can decode the messages by finding square roots and using the
Chinese remainder theorem.

If I can decode messages, then I can solve
r4+br—s=0 mod pq
and so find w with
w? =1b*> —4s mod pq.
But given any n I can set s = 47! x (b> —n) to obtain a square root of
n modulo pq. The new system is exactly secure as the old.
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EXERCISE 4.6.2

If aj = ap with r > k > j > 1 then
a; = T*jH(aj) =T g, = Ao—jt1
and r > k — j + 1 > 1 which is impossible.
Observe that

a Hfl1<s<r-—1
Tkas+1 :Tk-i-las :{ s+2 ‘ >~ >~
ay ifs=r

If
{al, as, ..., aT}ﬂ{bl,b%...,bk} 7é %)
then we can find p and ¢ such that a, = b,. If we write down the cycle
expressions starting with a, and b, we will get the same cycles. Thus,
by the previous paragraph, r = k,

{ala ag, ..., ar} = {bh 627 e 7br}7
and taking u = ¢ — p, we have and by, = T"a, for all s.
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EXERCISE 4.6.3

(a) We have
(12481615139)(36127 14 11 5 10)(17)

(b) We have
(1611164914271217510 153 8 13)

(c) We have
(139101351511 16 1487 4 12 2 6)(17)

(d) We have Ty(16) = 1 = Ty(1).

(e) S1(5) = 51(15) so Sy is not a shuffle.
(f) S is a shuffle given by
(1611)(2 7 8)(3 8 11)(4 9 12)(5 10 15)

(g) S3 is a shuffle given by

(1)(2 8)(3 12)(4)(5)(6)(7 13)(9)(10)(11)(14)
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EXERCISE 4.6.4

(i) Observe that
Tkaj =a; for all j & Tray = ay.
Suppose that T*a; = a;. Choose m such that
r>k—mr>0.

Then T*"""q; = T*(T")"™a; = a; and so, since r is minimal, k—mr =
0. Thus k = mr. The converse is immediate.

(i) Using (i),
T"z =z for all x < k is divisible by dj, for all 1 < k <m
< k is divisible by lem(dy, ds, . . ., d,)

(iii) 77 has period 16, T has period 17, T3 has period 16, Sy has
period 3 and S5 has period 2.
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EXERCISE 4.6.6

(i) Without loss of generality u > v > 2 and
uv > 2u > u+ .

(ii) By Exercise 4.2.14

wv = ged(u, v) lem(u, v) = lem(u, v).

(iii) Suppose that dy, ds, ..., dj are strictly positive integers and d;
a~nd dy have highest common factor ¢ > 2. Then setting d; = d;/c,
d; = d; for k > j > 2 we have

lem(dy, ds, . .., dy) =lem(dy, ds, . .., dy)
and B B ~
di+dy+--+dp <dy+dy+ -+ dp.

Thus there is no loss of generality in supposing dy, d, .. . dj, coprime.
Suppose dj is not a power of a prime. Then we can write dy, = dj X dj11
with dj, and dj41 coprime. Setting d; = d; for 1 < j < k — 1 we have
(by part (i))

dy+dy+- - +dp+depy SdyHdy+ o+ dy
and
1cm(d1, dg, . 7dk) = dldQ . dk
= dydy . .. dydis
= 1C1’I1(CZ1, CZQ, Ce ,Jk, CZkJrl)

Thus lem(dy, da, . . ., di) is maximised subject to d; > 1 and dy +dy +
-+ +d <n, m > 1 by taking the d; powers of distinct primes.

(iv) By Lemma 4.6.5 and part (iii) the longest period of a shuffle
with n cards is given by the maximum value of
7171(1) m(2) lm(l)

PP P
where [ is a strictly positive integer, p1, p2, ..., p; are distinct primes
and mq, ma, ..., my are strictly positive integers with

pT(l) +pm(2) 4. +p;”(l) <n.
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EXERCISE 4.6.7
I do not know any better method than exhaustive search using
Exercise4.6.6 (iv).
n = 1. Longest period 1.
n = 2. Longest period 2.
n = 3. Longest period 3.
n = 4. Since 22 > 3, longest period 4.
n = 5. Since 2 X 3 > 5, longest period 6.
n = 6. Since 2 X 3 > 5, longest period 6.
n = 7. Since 3 x 22 > 7, longest period 12.
n = 8. Longest period 3 x 5 = 15.
n =9. Since 22 x 5 > 2% > 3 x 5, longest period 20.
n = 10. Longest period 2 x 3 x 5 = 30.
n = 11. Longest period 2 x 3 x 5 = 30.
n = 12. Longest period 22 x 3 x 5 = 60.
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EXERCISE 4.6.8

(i) We have

n = 1, shuffle is (12), 2 shuffles to return.

n = 2, shuffle is (1243), 4 shuffles to return.

n = 3 shuffle is (124)(365), 3 shuffles to return.

n = 4, shuffle is (124875)(36), 6 shuffles to return.

n = 5, shuffle is (12485[10]9736), 10 shuffles to return.

n = 6, shuffle is (124836[12][11]95[10]7), 12 shuffles to return.

n = 7, shuffle is (1248)(36[12]9)(5[10])(7[14][13][11]), 4 shuffles to

return.

When n = 4, cards 3 and 6 just swap places each time (so return to
original position after any even number of shuffles). When n = 7, cards
5 and 10 just swap places each time (so return to original position after
any even number of shuffles).

(ii) Mr Jonas prefers the out-shuffle because the first and last cards
do not move. (Very useful indeed.)

We have

n = 1, shuffle is (1)92), stays in place.

n = 2, shuffle is (1)(23)(4), 2 shuffles to return.

n = 3 shuffle is (1)(2354)(6), 4 shuffles to return.

n = 4, shuffle is (1)(235)(476)(8), 3 shuffles to return.

n =5, shuffle is (1)(235986)(47)([10]), 6 shuffles to return.

n = 6, shuffle is (1)(23596[11)[10]847)([12], 10 shuffles to return.

n = 7, shuffle is (1)(235947[13][12][10]6[11]8)(14), 12 shuffles to re-
turn.
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EXERCISE 4.6.9

This is a simple generalisation of Lemma 4.4.3 (i). Since ged(a,n) =
1 Euclid’s algorithm tells us that we can find v and v such that

au+nv=1

and so
au=1 mod n.



190

EXERCISE 4.6.11

(i) Observe that
Ajay N Ajo) N Ay

_ —kjy, —kj2) —kjes) . kiqy, ki2) K;j(s)
={rp;) Py P LS TSP Pyl Py

and so
n

[Ajy N Aj) N - Ajy | =

ki, ki) Ejcs) "
Pjy Pj2) - Pjs)

(ii) By the inclusion-exclusion formula

U4
j=1

S

=> (-1 > [ Ay N Aj) N - Ay

u=1 1<j(1)<j(2)<-<j(s)<u
o - _1)\s+1 n
- Z( 1) Z kjy, ki) Ej(s)
u=1 1<j(1)<i(2)<-<j(s)<u Pj1y Pj(2) -+ - Pj(s)
SO
¢<n>=‘X\UAj -0,
j=1 j=1
=nl1 s 1)* L
=n —Z(— ) Z ki), i@ kis)
u=1 1<j(1)<j(2)<~<j(s)<u Pj(1) Pj(2) - - Pj(s)

1 1 1
() (3 03)
P b2 Pu
1 1 1
:p’fl (1——)]752 (1——)...])5‘ <1——).
y4! b2 Pu

(iii) We have ¢(p) = p(1 —p~!) = p — 1 when p is a prime so

B2 =1, 93) =2, 6(H) =P x =2, 6(5) =14,
1 2 1
¢(6):2><§><3><§:2, o(7) =6, ¢(8):8><§:4,
M%:9x§:&¢ﬂ®:2x%x5x§:&

2
#(11) = 10, ¢(12):22><%><3><§:4.
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EXERCISE 4.6.13
If p is prime, then ¢(p) = p(1 —p~') =p—1 and

A P=a*® =1 modp

whenever ged(a,p) = 1 ie whenever @ # 0 mod p.
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EXERCISE 4.6.14

(i) Observe that
wW=1le(u—-1)(u+l)=0<u==+1 mod p.

Thus if rs = 1 and » Z +1 we have r # s. By choosing exactly one
member of each pair r, s with rs = 1 and r, s # +1 we obtain a B with
the required properties. Now

Hrle—lXHuHu ElX—lXHuHu_l

rcA ueB u¢B ueEB u€EB
Elx—leuu =
ueEB
modulo p.

(ii) If » is not a prime and n > 4 we know that either n = rs with
n—1>r>s>1sorsdivides (n —1)! and

(n—1)!'=0 modn
orn=r?andn—12>2r >rso (2r) xr and thus 72 divides (n — 1)!
and

(n—1)!'=0 mod n.

Since (2—1)!=1'=1 mod 2 and
I'=6=2#-1 mod4
the required result now follows fro (i).

(iii) We have p =4n+ 1 so

2n 2n
—i=- 0 =TI (1™ = (- 1)/2) modp
r=1 r=1
If p=—1 mod 4 so p=4n — 1 the same argument gives
2n—1 2n-—1
“1=p-=J]r[J(-= D™ '@n)!=—(p-1)/2)"
r=1 r=1

SO

(- 1)/2)!)2 =1 modp

(iv) We know that u> = 1 mod pq has four distinct roots a, —a, b,
—b. Call the set of four roots X. Thus if rs = 1 and r ¢ X we have
r # s. By choosing exactly one member of each pair r, s with rs = 1
and r,s # £1, we obtain a B such that BN X = @ and if u ¢ X
u~! € B if and only if u ¢ B.
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Thus
Hr:HuXHuHu Ea2b2xHuHu_1
reA ueX u€B u¢B ueEB u€eB
E—lx—leuu’lzl
ueB

modulo pq.
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EXERCISE 4.6.15

(i) Observe that, if 1 <r < n, then
2r=2r mod 2n+1
and, if n +1 < r < 2n, then
20r—n)—1=2r—(2n+1)=2r mod 2n + 1.

If we start in position j, then, after m shuffles, we are at 2™j modulo

2n + 1. By the Euler-Fermat theorem,
200+ =1 % j =4 mod 2n+1,

so the pack returns to its original order after ¢(2n + 1) shuffles.

Since 53 is prime, ¢(53) = 52 and a standard pack returns to its
original order after 52 in-shuffles.

(ii) Observe that, if 2 <r < n, then
2(r—1)=2(r—1) mod2n—1
and, if n+1<r <2n—1, then
2((r—1)—n)—1=2(r—1)—(2n—-1)=2r—1 mod 2n — 1.
We ignore the fixed first and last card and use the renumbering. If

we start in position 7, then, after m shuffles, we are at 27 modulo
2n — 1. By the Euler-Fermat theorem,

20— =1x%xj=4 mod2n—1,

so the pack returns to its original order after ¢(2n — 1) out-shuffles.

Since 51 = 3 x 17, we have ¢(51) = ¢(3)p(17) = 2 x 16 and a
standard pack returns to its original order after 16 out-shuffies.

(iii) Working modulo 51, we have 2% = 4, 2* = 16 and

20 =16"=64>x16=13"x16=16"=64 x4 =13 x4 = 1.
Thus
2j=1xj=j mod 51,

and a standard pack returns to its original order after 8 out-shuffles.

The statement that a pack returns after m shuffles does not exclude
the statement that it returns after k& shuffles. [This is the minimum
answer. A more expansive discussion would remark that if a pack

returns after m shuffles and after after £ shuffles, then it will return
after the highest common factor of m and k shuffles.]

(iv) There is really no problem in just calculating powers of 2 up
to the 26th. Since the minimum return period must divide any return
period and since 2 must return to 2 after a return period this does it.
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Shorter ways are possible, since the only possible periods are 1 (ob-
viously not a period), 2, 4, 13 and 26. But 2? = 4 modulo 53, 2* = 16
and

28 =2x64>=2x 11 = 30
whilst
2% =900 = —1.
No doubt even quicker ways are possible but only at the expense of
thought.
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EXERCISE 5.1.1

No changes are required if the reals are distinct.

If the reals are not distinct then we can (for example) instruct our
assistant not to swap cards if the numbers they bear are equal. We will
find one of the largest cards. (So, if there is only one largest card, we
will find it.)

EXERCISE 5.1.2*
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EXERCISE 5.1.3

The pack contains n pairs. Place the larger of each pair in pile A and
the smaller of each pair in pile B. The requires n comparisons. Pile
A must contain the largest card in the pack so find the largest card in
pile A using n — 1 operations. Pile B must contain the smallest card
in the pack so find the smallest card in pile A using n — 1 operations.
We have used 3n — 2 operations.

EXERCISE 5.2.1*
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EXERCISE 5.2.2

Let k € A if and only if the kth card is a record.
X1+X2+...+XHZZ1:|A]

JEA

where |A] is the total number of records.

1
EX; =1xPr(X;=1)+0x Pr(X; =0) = -
J

SO

1 1 1
n
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EXERCISE 5.2.3
(i) If n < 2 < n+ 1 then since f is increasing f(n) < f(x) and
flz) < f(n+1).
Since
fn) < flr)<f(n+1)forn<z<n+1

we have

n+1 n+1 n+1
[ tmars [ f@de<( [ s

” n +1 '
f(n) < flz)de < f(n+1)
Thus
N-1 N-1 n+1 N-1
f(n) < Z/ fla)dr <" fln+1)
ie " "~ "=
N-1 N N
Zf(n)ﬁ/l f($)dx<2f(n)
If f(x) > 0 for all x then f(1) > 0 so
N N N
Do)=Y fm) > [ ) dr

Replacing N by N + 1 in the inequalities of the previous paragraph

N N+1

S <Y [ s

(iii) The area under the big rectangles includes the area under the

curve so
N-1 .pit1 N-1
Z/ f(:v)dxﬁZf(n—i—l).
n=1v" n=1

The area under the small rectangles is included includes the area
under the curve so

S < [ rwar

(iii) Suppose that g is a well behaved decreasing function. Then

gn) >g(x)>gn+1)forn<z<n+1
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SO

=2
L
2
L

ie

WOE / g@)dr >3 g(n)

(Or we could simply set f = —g and apply (i).)
(iv) We have g(x) = 1/ decreasing so

and
N N
1
> Loy
n=2 n=2
N-1
< / g(x) dx
1
N
§/ g(x)dr =log N
1
so that
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EXERCISE 5.2.4
Set X, = 1, if the kth card is a record, and X, = 0, if not. Then
Yr::)gl+'jg‘+"'%_)QMﬂ

is the total number of records. It follows that

1 1 1
EY = EX,, + EX e+ EXpy = — et —
+ 2+ + [bn)] n+n+1+ +[bn]
Now
[bn]—1 i
1 1 1 AR
SR T I - d
n+n+1+ +[bn]_,z/ P
j=n—1YJ
[bn] 1
:/ —dx = log([bn]/n)
n T
and
[bn] i1
1 1 1 AR |
- e > Zd
n+n+1+ +[bn]_;g P
> —dx
j=n Y37
[bn] 1
_/ L g = log(jbn]/(n — 1))
n-1 T

Since [bn]/n — band [bn]/(n—1) = ([bn]/n)(n/(n—1)) — 0asn — oo
the expected number of records between the nth and the last card is
approximately log b.



202

1111112234342234342234314
223434111111342243342243
342243342243111111434322
434322434322434322111111

EXERCISE 5.3.1

(i) If m = 3 we win if either the third card is 4 which happens with
probability 1/4 or the fourth card is 4 and the third is not 3 (since
the third card should not be the largest of the three first cards) which
happens with probability (1/4) x (2/3) = 1/6. The total probability of
winning is 5/12.

(i) If m = 1 we win if the first card is 4 ie with probability 1/4. If
m = 4 we win if the first card is 4 ie with probability 1/4.

If m = 2 we look at the table marking our choice with boldface. The
probability of winning is 11/24.

(iii) With three cards if m = 1 or 3 we must pick the card we are
on so we have probability 1/3 of winning. With m = 2 we win if the
second card is 3 or if our second card is 1 and the last card 3 so we
have probability 1/3 4+ 1/6 = 1/2 of winning.
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EXERCISE 5.3.4

If m =1 the probability of success is 1/5.

If m = 2 the probability of success is
4 1 1 4 3 1 1 4 3 2 1

1
5X1 X5 13353 T
If m = 3 the probability of success is
3 2 1 3 2 2 1 3 2 1 13

55172 5133 5 13 3w
If m > 4 the probability of the largest number being among the mth
or larger is 2/5 < 5/12. Since 13/30 > 5/12 we should take m = 3.
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EXERCISE 5.3.6

The probability of dealing u given cards before the tnth card and v
after is

[tn] " [tn] — 1 " [tn] —u+1

n n—1""T"n—u+1
n—ltn] n—[tn]—1 [tn] —u—v+1
X X X ...
n—u n—u—1 n—u—uv+1
-1 -1 -1 -1
71 n~tn] — n n~ttn] — n(u—1)
= t —_— X ...
(n"ltm]) 1—nt I1—n"Yu-1)
1—n"ttn] 1-—n"'tn]—n"? ntltn] —n= (v —1)
1—nlu I1—n1u—-1) T l-nYutv-—1)
— (1 —1)".

as n — oo. Thus
Pr(largest k cards after [tn], k + 1st card before) ~ t(1 — t)*
and so
Pr(largest k cards after [tn], k + 1st card before
and largest card before other k£ — 1 largest)
Ct(1—t)k
k
so as before

t1—16)* t(1—1t)>
> T 3

Pr(stop at largest card) ~ t(1 —t) +
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EXERCISE 5.3.7

If f(t) = —tlogt, then

f'(t)=—logt—1
so f'(t) > 0 and f(t) is increasing for ¢t < e™!, while f'(¢t) < 0 and f(¢)

is decreasing for t > e~!. Thus f attains its maximum at e~
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EXERCISE 5.3.9

(i) If the largest card is dealt before m then no new card will be a
record and we will stop at the last card and it will not be a record. If
we stop at the last card and it is not a record no card on or after the
mth can be a record so none of them can be the largest in the pack.
Thus the largest in the pack is in the first m — 1.

If n is large

Pr(stop at last card and it is not largest) = Pr(largest in first m — 1)

m—1

= ~ e
n
Pr(stop at last card and it is largest) < Pr(last card is largest)
1
= — = 0
n
Thus
Pr(stop at last card ~ e™*
Also

Pr(choose largest card or stop at last) = Pr(choose largest)
+ Pr(stop at last card and it is not largest)
~ 2!

Thus the probability that we neither choose the last card nor the largest
is approximately 1 — 2e~!.

(ii) If n is large
Pr(stop at last card and it is not largest)
= Pr(largest in first m — 1)

_in—1
on
Pr(stop at last card and it is largest) < Pr(last card is largest)
1
n
S0
Pr(stop at last card) <t
Also
Pr(none of the k largest cards is turned over before the mth card)
n—-m mn—-m-—1 n—m-—=Fk+1
= X X e X
n n—1 n—k+1

<(1-1t)
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But, if we do not stop at one of the highest k£ cards, then either none
of the k largest cards is turned over before the mth or at least one of
the k largest cards is turned over before the mth in which case we must
have stopped at the last card.

Pr(stop at one of the k th largest cards)
> 1 — Pr(non of the k largest cards is turned over before the mth)

— Pr(stop at last card)
>1—t—(1—t)F

If we choose €/2 >t > €/4 and k such that (1 — e/4)F < €/2
Pr(stop at one of the k largest cards) > 1 — ¢

however large n is.
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EXERCISE 5.4.1

(i) Is the first digit 07 Is the second digit 07 Is the third digit 07

Label the objects by sequences of n zeros and ones (there are 2" such
sequences). Now ask ‘Is the jth digit 07" for 1 < j <n.

(i) If N is the number of head words then we are told that N < 22
so the result follows from (i).

We could label the kth word by the sequence

X = T1,kT2k - - - T20,k

20
k= E 23_1$j,k-
=1

with
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EXERCISE 5.4.4
(i) We have for all values of n

nl=nxn—-1)xn—-2)x---x2x1

<nXnXnX--xnxn=n"

and
:HTZ H T
r=1 r=n/2
n n n\ n/2
> — == .
=11 5=()
r=n/2
Thus
n/2
nlogn = logn™ > logn! > log ( )
2(logn—log2) %lg
if n > 4.

(iii) There are lots of different variations. For example, if n is odd
and n > 9,

Thus
n/3
nlogn = logn™ > logn! > log (2)

= §(logn —log3) > Zlogn.
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EXERCISE 5.4.6

ay =22 +2x2=2x4=38

a3 =2 +2x8=3x8=24
ay=2"+2x3x8=4x2'=64
as = 2° +2 x 4 x 2 =5 x 2° = 160.

If a,, = m2™ then
ami1 = 2"+ 2a,, = 2 4+ m2™ = (m + 1)2™.
Since a; = 2 = 1 x 2! it follows by induction that
Ay, = M2™

for all m > 1.
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EXERCISE 5.4.7

We could add 2™ — n dummy cards.

If 2m~1 < n < 2™, we can sort a pack of n cards in m2™ operations.
But
(m—1)log2 <logn
SO
1+ logn
log 2
SO
1+ logn

m2™ <
log 2

2n.
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EXERCISE 5.4.9

Suppose that we know that e, < 4rlogr for all 2 <r <mn — 1. By
% and Lemma 5.4.8

= L2 (e2+ -+ +en)
1 T a1\ Cn-1

n? 4 =
< oo i
_n—1+n—1j2;J °8J

n? 4 <n210gn n2>
< i _n

“n—1 n-1 2 4
_ 2n”logn
- on-—1
< 4nlogn.
Since
ea =1<4x2xlog2
the result follows by induction.
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EXERCISE 5.4.10

Let Ijoo0)(t) = 1if t > a and Ij, o0y (2) = 0 if t < a.
alljg o) () <X

for all t > 0, so
CLH[WX,) (X) < X
and
aPr(X > a) =E(alj)(X)) <EX
as stated.

Thus the probability that the number of operation required is greater
than a times the expected number is less than 1/a.

(Of course if we work harder we can get better bounds but this is
already satisfactory for many purposes.)
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EXERCISE 5.4.11

If the pack is well shuffled then the two packs we construct in the
first round will be well shuffled and so, by induction, will all the further
packs we examine. But if a pack is well shuffled the bottom card will
be equally likely to be any card in the pack so choosing it will be the
same as choosing a random card.

If the pack is already sorted, then at each stage we divide into a pack
of one card and a pack of the rest taking
n(n—1) n?
(or thereabouts depending on the fine details of our procedure) opera-

tions.



215

EXERCISE 5.4.12

(8 x 10%)2
2

The long way requires 4 x 10? seconds or about 12000 years (see Exer-
cise 4.1.3).

On the other hand
4 x (8 x 10?) x log(8 x 10?) ~ 10 x 730

so the short way takes about 12 minutes.

=4 x 108,
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EXERCISE 5.5.1

Observe, for example, that

min a; = — max —a;.
1<j<n 1<j<n
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EXERCISE 5.5.2

Starting from the first airport we may choose the first port of call in
n — 2 ways (we cannot choose the starting or end point), the second in
n — 3 ways, ..., the n — 2nd in one way and the fly to the destination
airport. Thus there are

mn—2)x(n—3)x...1=(n—2)!

routes.

EXERCISE 5.5.3*
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(i) We have

77,2

Z—T

(n—r)=

EXERCISE 5.5.4

n? — dnr + 4r?

4
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EXERCISE 5.5.5

Let us write
a={P,W,G,C}, b={P,W,G},c={P,W,C}
f=4{P,G,C}, g={P,C}, h=02
Then
dapy = dpg = dpe = dep = dpy = dfpy = deg = dge = dpg = dgy = 2

dgn, = dpg = 1 and all other distances are co. We get shortest paths
abcgh and abfgh both of length 7.

(ii) An obvious notation is to write (n, m, k) for the state when there
are n pints in the 8 pint jug, m in the 5 pint jug and £ in the 3 pint jug.
We observe that the distance from any (n,m, k) to (8,0,0) is 1 (just
pour everything in to the big jug). On the other hand if 8 > n > 0,
5>m >0 and 3 > k > 0 then the distance from any other point is co
(how do you know when to stop pouring?).

In fact there are very few paths and a little thought gives
(8,0,0) = (3,5,0) = (3,2,3) — (6,2,0) — (6,0,2)
— (1,5,2) — (1,4,3) — (0,4, 4).
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EXERCISE 5.5.6

i) At the first stage A; is a ‘new settled town’. All the signposts
g g
point upwards.

At the nth stage we simply make the ‘new settled town’ an ‘old
settled town’.

(ii) We claim that at the beginning of the rth stage the signposts in
the settled towns show the shortest route to A;. Assuming this observe
that the shortest route to A; from a given unsettled town through a
settled town is either via an old settled town in which case the distance
shown on the signpost will be no larger than the distance to the new
settled town plus the shortest distance from the new settled town and
the town council will do nothing or the distance shown will be greater
in which case the town council will make the appropriate alteration.
In each case the signpost will now show the shortest distance from the
unsettled town to A; via a settled town. Just as in the old algorithm
an unsettled town which now has a sign showing a distance no larger
than any other unsettled town has a signpost showing the next town on
the shortest route to A; and the total distance required. If we choose
one of these as our new settled town the inductive hypothesis holds
with r replaced by r + 1. The case r = 1 is trivial so algorithm works
by induction.

(iii) Each town council makes at most one comparison and there are
n councils. We then have to find the smallest of the distances shown
on at most n signposts and this requires less than n comparisons. Thus
we need less than 2n comparisons at each stage. Since there are n steps
we need at most 2n? comparisons in all.

EXERCISE 5.5.7*
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EXERCISE 5.5.9

(i) There are n? ordered pairs (i,k) and to compute ry we need
to find the smallest of the n numbers p;; + g;. This requires n — 1
comparisons so we use n? x (n — 1) < n® comparisons.

(ii) Let A=Ue(VeW)and B=(UeV)elV.
We can find a S such that
a; = msin (um + mtin(vst + wtj)) = U5 + mtin(vSt + W)
and a 7' such that
mtin(USt + wy;) = vsr + wrj.

Now
min(u;s + vsr) < Ui + Vsr
S

SO
bij < mtin (msin(uis + vgt) + wtj)
< Hlsiﬂ(uis + vgr) + wrj
< Uis + Vs + Wrj = Qjj.

Similarly a;; < b;; so a;; = b;; as required.
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EXERCISE 5.5.10

(i) and (ii) Sometimes false. Set

01 4 0 4 4
U=[104), v=1_4 01
0 4 4 410
Then
min(uy; + v;3) =min(0+4,1+1,440) =2
J
and

min(vy; + u;3) = min(0+4,4+4,440) =4
J
so U eV #£V eU although U and V' are symmetric.

(iii) Always true. Write A = VI, B = UT, C = (Ue V)T D =
VT ¢ UT. Then

dir, = min(a;; + bj) = min(aj; + bjx)
J J
= min(by; + aji) = ¢
j
as required.

(iv) Sometimes false. Take

o= (88 v (38 w0

Then
UeW =U, VeW=V
but
0 5
U+V—(5 0)
SO

U+V)eW=WHU+V)=UeW +VeW.
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EXERCISE 5.5.11

Clearly

dZ-n] = d;; = shortest distance from A; to A; through at most 1 town.

Suppose that dZ-] is the shortest distance from A; to A; by a route

passing through at most r towns. If we want to travel from A; to A,

we must go to a town Ay, (possibly A; or A;) and then take the shortest

rout from Ay to A; passing through at most » — 1 towns. Thus
shortest distance from A; to A; through at most r towns

= mkin(d,-k + shortest distance from Ay, to A; through
at most  — 1 towns)
— i [r=1]\ _ glr]
= mlgn(dik +dy ) =di; -
The stated result follows by induction.

(ii) Since the distance between any two towns is positive there can be
no advantage in visiting the same town twice so the shortest route (if
one exists) must pass through at most n—1 towns. (Similarly, but more
simply, if any route exists, then one exists passing through n — 1 towns
or fewer.) Thus D™ = DIP=U for all m > n — 1. and, if dg?_” = o0,
there is no route of any kind from A; to A;. Since D™ = D=1 for all
m>n—1 dg?] is the length of the shortest path from i to j.
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EXERCISE 5.5.12

(i) Since 2V~ <'n we have, on taking logarithms,
(N —1)log2 <logn

SO |

ogn

N<1 .

=t log 2
(ii) Choose N so that 2V~! < n < 2¥. Then we can compute

pl — pl2]

in less than |
N<1+ ogn < Klogn
log 2

operations. (We can take K = 1 if n is not too small. For the purposes
of the question we could take K = 10.) so we can compute D" with
less than Kn?logn comparisons.
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EXERCISE 5.5.13

diyie) + di2yiz) + - +F dig—1yiy =1 =2+ 1 -2+ ...

_J2—r/2 if r is even
]l -(r—=1)/2 ifrisodd
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EXERCISE 5.5.16

() If

diyj) + dj@)ie) + -+ djseie) = —k <0

then defining j(rs +t) = j(t) for 1 <t < s, r > 1 we have
Ns—1

S dyagusn) = =Nk = —o
u=1

as n — 0.

(ii) Given k and [, take a path from Ay to A;(), go round the length
decreasing loop many times, then take a path from A1) to A;.
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EXERCISE 5.5.17

The closest town to A; is As, the closest town to A; via A, or directly
is A3 reached via Ay so our algorithm gives the path A; A3 As. There
is only one other possible path from A; to As. It is A; A4 A3 of length
0 and is thus the shortest path.
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EXERCISE 5.5.18

(i) Since there are only n towns any cycle without repetition contains
at most n towns. Given a length decreasing cycle follow it until the
first return. Either we have performed a negative cycle with at most
n towns or we may throw away the first cycle and obtain a smaller
negative cycle. Since the process terminates (we have only a finite
number of cycle steps) we must eventually find a negative cycle with at

most n towns ie we can find r < n and ¢ with dﬁ] < 0. Automatically
"l < 0.

(i) If d% > 0, then there is no shorter path from k to k than staying
at k. Thus

dﬁjﬁ = length of shortest path from k to k in n or less steps = 0.

Since there are only n towns, it follows that, if there is any path from
A; to A;, then by removing cycles there is a path P involving at most
n — 1 steps so having

[n]
d;; < length of P < oco.

Since there are no negative cycles, removing cycles decreases the
length of paths from A; to A;. Thus the shortest paths from A; to A,

have at most n — 1 steps and so have length equal to dl[?].



229

EXERCISE 5.5.19

Before 1835 melt down US gold dollars. Exchange in France for
French gold coins at a slight loss. Exchange French gold coins for
French silver coins. Melt down French silver coins and use to buy US
silver coins. Exchange US silver coins for US gold coins and start again.
You have increased your holdings in gold by a little less than 15% /15 =
31/30 but decreased the amount of gold coin in US circulation and
increased the amount of silver.

After 1835 run the process backwards.
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EXERCISE 5.5.20

(i) There must be a route from A; to A,. There must be no cycles
(if there are then we can go round and round to produce ever longer
paths).

We can use Floyd’s algorithm to solve the problem with d;; replaced
by _dij (fOI' dij 7é OO)

(ii) If task A; must be completed before A; and take time «, set
d;; = a. Otherwise take d;; = 0. The longest path from A; (start
building) to A, (stop building) gives the time to completion.

In general those tasks on the longest path will produce delay if they
take longer. (If a task is not on a longest path then increasing the time
taken on that task by a small amount will not increase the total time
required.)
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EXERCISE 5.5.21

(i) Roads (12), (23), (34), (45), (46) join all towns. The cost is
minimal because we need at least 5 roads so a 5 unit cost is cheapest.

(ii) The method works for n = 2 since there is only one route.

Suppose it works for n = m. Suppose we have m + 1 towns with
towns A; and A, the closest. If we have any collection of linking roads
for the m + 1 towns then there is a set of roads linking A; to Ay. If we
remove one of those roads and build a road direct from A; to Ay then
we still have collection of linking roads for the m + 1 towns (after the
deletion each town must still be linked to at least one of A; and As,
and after the rebuild each town must will be linked to A;) which will
be at least as cheap. Thus a cheapest set of roads will contain the road
from A; to As so we may start by linking A; to Ay. This reduces the
problem to linking the ‘city’ {41, A3} and the towns As, ..., A1 By
our inductive hypothesis our method will produce a cheapest solution
to this problem and so to the full problem.

The required result follows by induction.

(iii) We first give an upper bound. We need to find the least ele-
ment of at most n? numbers at most n times so we need at most n?
comparisons.

Next we give a lower bound. If we are on the mth step and 3n/4 >
m > n/4 then there are at least [n/4]* possible roads from towns to
the city. Thus we need to make to find the least element of at least
[n/4]? numbers at least [n/2] times. Thus (making underestimates) we
need at least (n — 8)%/32 comparisons.

Combining these we see that the number of comparisons
(iv) The inductive proof is a repeat of that for (ii).
The method works for n = 2 since there is only one route.

Suppose it works for n = m. Suppose we have m + 1 towns with
towns A; and A, the closest. If we have any collection of linking roads
for the m + 1 towns then there is a set of roads linking A; to Ay. If we
remove one of those roads and build a road direct from A4; to Ay then
we still have collection of linking roads for the m + 1 towns (after the
deletion each town must still be linked to at least one of A; and As,
and after the rebuild each town must will be linked to A;) which will
be at least as cheap. Thus a cheapest set of roads will contain the road
from A; to Ay so we may start by linking A; to A,. This reduces the
problem to linking the ‘city’ {41, Ay} and the towns As, ..., An41. By
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our inductive hypothesis our method will produce a cheapest solution
to this problem and so to the full problem.

The required result follows by induction.

(v) Initially each town is a conurbation. Read the list of distances
in order of increasing size. If you come to a route joining two distinct
conurbations build the road and assign the towns in the two conurba-
tions to a single conurbation removing the two original conurbations
from the list. When all towns are in a single conurbation stop.

(vi) If we use quicksort we need at most

nn—1), n(n-—1)
5 log 5

4 < 8nlogn

comparisons.

(vii) If we enter Ay, A5 or Ag by a 1 unit route we must leave by a
10 unit route. We must enter and leave all three so either we enter and
leave one by a 10 unit route or we use three 10 unit routes. Thus we
must use at least two 10 unit routes and our cost is at least 24 units.

A route which is this cheap is given by is given by
A1 A A3 A5 AL AGA,.

EXERCISE 6.1.1*

EXERCISE 6.1.2*
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EXERCISE 6.1.3

Consider the table of preferences.

A’s preferences B > C > D
B’s preferences A > C > D
C’s preferences D > A > B
D’s preferences C' > A > B

The if we group as (A4, B) and (C, D) everyone has their first prefer-
ences.
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EXERCISE 6.1.4

First stage (A, j)

Second stage (B, j), A

Third stage (B, j), (A, k)

Fourth stage (B, j), (A, k), (C,m)
Fifth stage (D, j), B, (A, k), (C,m)
Sixth (D, j), (A k), (B,m), C
Seventh (D, j), (A k), (B,m), (C,])

EXERCISE 6.1.5*
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EXERCISE 6.1.6

Those without partners have taken no part in the events. We have
thus witnessed an application of the algorithm to the r gentlemen and
ladies who have been paired. The pairing is thus stable for those in-
volved.
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EXERCISE 6.1.7

Not terminating Six participants A, B, C, D, E and F'.
A preferences B > C' and prefers C' to any of D, F or F
B preferences C' > A and prefers A to any of D, E or F
C preferences A > B and prefers B to any of D, E or F
D, E and F'’s preferences irrelevant.

A, E and F' in room, B, C, D to enter in stated order.

Room sees
AEF— (AB),E,F — (B,C),AE, F
— (A,C),B,E,F — (B,C),A,E,F — ...

Terminating but at unstable point Apply the algorithm to the par-
ticipants in Exercise 6.1.2 with A and B inside the room, C' coming
in first and D having preferences A > B > (. C matches with A,
D is turned down by A and B and proposes to C' who must accept.
However the system of Exercise 6.1.2 is unstable.
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EXERCISE 6.1.8

(i) The system gives:-

First stage (A, j).

Second and final stage (4, 7), (B, k).
The reversed system gives

First stage (j, B).

Second and final stage (4, B), (k, A).

Gentlemen prefer our procedure (they get their first choice). Ladies
prefer reversed procedure (they get their first choice).

(ii) Each gentleman enters in turn, proposes to his preferred lady
and is accepted.

(iii) The following are stable by inspection.

(4,5) (B, k), (C,1), (D, m)

(A4, k) (B, j), (C,1), (D,m)

(4,7) (B, k), (C,m), (D,1)

(A, k) (B, 1), (C;m), (D,1)

(vi) Let the gentlemen be A, the ladies a,, [1 < m < 2N]
If Ay, has first preference as,._1, second ay,.,

As,_1 has first preference as,, second as,_1,

a9,_1 has first preference A,,, second Ag,._1,

a9, has first preference As,_1, second As,.,

then any pairing with
<A2r717a2r71>7 (A27'7a27") or (A2r717a2r)7 (A2r7 @27«71)
for each 1 <7 < N is stable and there are 2V such pairs.

If we add Asn1 with first choice asyi1 and agnyg with first choice
Agn 11 then the pairings already given remain stable if we add the pair
(A2N+17 AaN+1)-

(v) If we have n gentlemen A; and n ladies a; such that A; has first

preference a; and a; has first preference A; then the only stable pairing
has (Aj, CLj).
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EXERCISE 6.1.12

Suppose that at the first rejection Agatha rejects Albert. Then
Agatha must have rejected Albert in favour of someone else, let us
say Bertram. (Either Albert proposed and she preferred to stick with
Bertram or Bertram proposed and she let go of Albert to take up
Bertram.) Thus Agatha prefers Bertram to Albert and (since there
were no previous rejections and Bertram starts by proposing to his
favourite) Agatha is Bertram’s first choice.

There can be no stable solution in which Agatha and Albert are
married since Bertram can always leave his wife for Agatha (his first
choice) and Agatha will drop Albert for him.
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EXERCISE 6.1.13

Suppose that two applications of our algorithm give two different
results. Then there must exist one man Albert, say who is married
to two different ladies Bertha and Caroline in the two applications.
If he prefers Bertha to Caroline the second application gives a stable
arrangement in which his married to someone he likes less well than
in the first contrary to Lemma 6.1.9. A similar objection applies if he
prefers Caroline to Bertha so we get a contradiction. All applications
of our algorithm must give the same result.
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EXERCISE 6.1.15

Since the solution does not depend on the order in which the suitors
(copies of universities) enter we can leave the fictitious university copies
to last. Just before the first fictitious copy enters the students can be
divided into the happy (who have a fiancé) and the unhappy. Each
fictitious university copy will be rejected by each happy student and end
up with an unhappy student so the same students will fail to find a place
and the same students will be assigned to each university regardless of
the preferences of the fictitious university copies.
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EXERCISE 6.1.16

[There are many possibilities and these are not claimed to be the
most efficient.] (i) Suppose there are N students. We introduce N
extra fictitious universities each offering one place and such that the
jth fictitious university U; prefers the j th student to all others. The
jth student places the universities she wants to go to in order then
university U; then the remaining fictitious and undesired universities
in some order.

Since the solution does not depend on the order in which the suitors
(copies of universities) enter we can leave the U; to last. U; will propose
to student j who will accept (finishing the process) if she has not got
an acceptable place or reject in favour of the acceptable place she has
already got.

If the universities have a total of M places they introduce M shadow
applicants. Each university lists the k£ applicants it wants in order
then M — k shadows, then the M remaining shadows and unwanted
applicants. If a university copy proposes to a shadow that university
copy will already have been turned down by all its wanted applicants
(who will have been accepted by universities they prefer).

(ii) The university of Pismo splits in two ‘Scholarship Pismo’ and
‘Place Pismo’ and students may order the list of Scholarship U’s and
Place U’s in any way they wish (eg A with S, B with S, A without S, C
with S, ...). [This used to be done with College choice in Oxbridge.)
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EXERCISE 6.1.17

Since any lady will leave her present partner if the universal favourite
offers himself, the only stable solution will marry him to his first choice.
With these two removed the problem reduces with n pairs reduces to
the problem with n — 1 pairs so the only stable choice has the second
favourite choosing his favourite amongst the remaining n — 1 and so
on.

In the context of university entrance the top candidate chooses her
university, the second chooses from all the universities which are not
already full, the third chooses from all the universities which are not
already full, and so on.
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EXERCISE 6.1.18

We can replace the non-strict old preferences by new preferences such
that

(1) If A (alady or gentleman) strictly prefers a to b in the old system
then A strictly prefers a to b in the new system.

(2) If A gives equal preference a to b in the old system then either A
prefers a to b in the new system or A prefers b to a in the new system

We then solve the new problem using Gale-Shapely. Since the result
is stable with the new preferences it it is stable under the old.

On the other hand if gentleman A and B like ladies a and b equally
and vice versa then neither (A,a); (B,b) nor (A,b); (B, a) satisfy the
condition that there do not exist one lady and one gentleman in differ-
ent pairs by like each other at least as much as their present partner.

EXERCISE 6.2.1*
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EXERCISE 6.2.2
Since there are only two issues (2') and (3') which deal with 3 issues
are vacuously satisfied.

If everybody prefers A to B then at least half the voters prefer A to
B and the society prefers A to B.

If everybody prefers B to A then it is false that at least half the
voters prefer A to B so the society prefers B to A.

Thus (1') is satisfied in every case.

EXERCISE 6.2.4*
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EXERCISE 6.3.1

Suppose you choose B and I choose C. The following table shows
the winner for the various combinations of throws.

co o
QO w
QQTw
QI

We see that the probability that C' beats B is 5/9.

Suppose you choose C' and I choose A. The following table shows
the winner for the various combinations of throws.

1 6 8
2 AC C
4 A C C
9 A A A

We see that the probability that A

—

eats C'is 5/9.
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EXERCISE 6.3.2

We have
Pri(X>Y)=Pr(X=4)=1-p
Pr(Y >Z)=Pr(Z=0)=1—-p
Pr(Z>X)=Pr(Z=3 X=1)=p°
Since 1—p is a decreasing and p? an increasing function of p for p > 0 it

follows that min(1—p, p?) attains a maximum for p > 0 when 1—p = p?
ie p> +p—1=0. Thus

p=—-1+52 p>0
SO
p=T= V5 —12
(note that 1 > 7 > 0) maximises
min (Pr(X >Y), Pr(Y > Z), Pr(Z > X))
and with this choice
Pr(X >Y)=Pr(Y >Z)=Pr(Z>X)=1.

You will be able to and will choose a more advantageous lane than the
red car. He will then been able to and will choose a more advantageous
lane than the you. At every stage one of the drivers will be unhappy
and choose a new lane.
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EXERCISE 6.3.3

(i) We have
2
Pr(A beats B) = Pr(A throws 4) = 3
2
Pr(B beats C') = Pr(C' throws 2) = 3
and
Pr(C beats D) = Pr(C throws 6) 4+ Pr(C throws 2 and D throws 1)
112 2
3 273 3
Pr(D beats A = Pr(D throws 5) + Pr(D throws 1 and A throws 0)
1112
2 273 3

A wins against B if B throws 2, 3 or 4 or if B throws 15, 16 or 17
and A throws 18. Thus the probability of A winning against B is

1 1 21
—+-x16=—.
SRR
B wins against C' if B throws 15, 16 or 17 or if B throws 2, 3 or 4
and C' throws 1 Thus the provability of A winning against B is

1%—1><16—21
2 2 36

C wins against A unless A throws 18 or A does not throw 18 but C'
throws 1, Thus the provability of C' winning against A is

1 5 1 25
[
6 6 6 36
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EXERCISE 6.3.4

C and A prefer a to b. A and B prefer b to ¢. B and C prefer ¢ to a.

By symmetry we need only consider the case when c is left out of
the first vote. Then a will win the first vote and then lose the second
vote to c.
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EXERCISE 7.1.1
If your opponent chooses A and B then one of them will beat the

other. Suppose A beats B. If you always play A then you will draw
when your opponent plays A and win when they play B.

EXERCISE 7.1.3*

EXERCISE 7.1.5*
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EXERCISE 7.1.7

(i) Whether the second pass is defended or not, it will always be
quicker than the first path, whether defended or not. Since Colonel
Schroder will always take the second pass, Lieutenant Lukas must de-
fend the second pass.

(i) Suppose Lieutenant Lukas decides to use a random strategy and
defend the first pass with probability ¢ and the second with probability
1 — ¢g. If Colonel Schroder uses the first pass his expected time to
destination is

filg) =4(1 = q) +6g =4+2q
and if he uses the second pass his expected time to destination is

f2lg) =3(1—¢q)+2¢=3—q¢.

Assuming that Colonel Schréder can guess the chosen ¢ and makes
the correct decision, the expected time for his troops to reach their
destination will be

f(g) = min(fi(q), f2(q)) = f2(q) =3 —¢q

Thus f is a decreasing function of ¢ and Lukas should take ¢ = 0 and
always defend the second pass.

EXERCISE 7.2.1*
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EXERCISE 7.2.3

If Calum take ¢ = ¢ and Rowena takes p = p then Rowena’s expected
winnings are e(p), and Calum’s expected losses are f(§). Since Calum’s
losses are Rowena’s gains, e(p) = f(4).



252

EXERCISE 7.2.4

(i) He gets a1y regardless of what happens.
(ii) Calum will have a non-unique choice if
f(q) = max(aiz + (a1 — a12)q; azz + (az1 — az)q)
has a horizontal section on which it takes its minimum value ie if
aj; — ajz = 0 and a2 < max(ag, as)

or
a1 — Q9o = 0 and agy < HlaX(CLH, alg)
or
11 = Q12 = 421 = Q22.

(iii) Consider the following matrix of Rowena’s winnings

(5

Calum can play any strategy which takes the second column with prob-
ability ¢ > 1/2. Rowena must pick the first row (ie has the unique
choice p = 1).
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EXERCISE 7.3.1

We have an n x m matrix A = (a;;). If Rowena has chosen row i
and Calum has chose column j, then Calum pays the amount a;; to
Rowena. The object of Rowena is to maximise the expected sum paid
to her and the object of Calum is to minimise that sum.

We shall say that Rowena adopts strategy p if she chooses row ¢ with
probability p; and that Calum adopts strategy q if he chooses row j
with probability ¢;. If Rowena adopts strategy p and Calum adopts
strategy q, then the expected gain for Rowena is

e(p,q) =anip1q1 + a12p1ge + a13p1qs + . ..
+ a21p2q1 + A22P2G2 + A23P2g3 + - ..
+ a31p3q1 + azp3qz + a23p3q3 + . ..
+...

which may be written more briefly as

n 3 n 3
e(p,q) = Z Z @ijPid5 = Z Zpiaiij

i=1 j=m i=1 j=m

or, still more briefly, in matrix notation

e(p,q) = p’ Aq.
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EXERCISE 7.3.5

3 2
H— (1 0).
Then

maxmin h;; = max{2,0} =2 # 1 = min{3, 1} = min max h;;.
[ 7 ? J

Take
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EXERCISE 7.4.1

[11] | [12] | [21] | [22]
A1 0 [ 1 | —-1] 0

2] -1 0 | 0 | 1
R 1 [ 0| 0 | —1
2] 0 [—1] 1 | ©

The game is symmetric so the expected winnings with best play is
0. If row chooses each play with probability 1/4 the expected value of
the outcome for column is 0 whichever column is chosen. Thus row’s
play is optimal.

The same argument shows that for the general game each player
should choose each outcome [r, s| with equal probability.

EXERCISE 7.4.2*
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EXERCISE 7.4.4

If row plays each row with probability 1/9 the expected value to row
of column playing column [rs] is

1
o = g D sl
(i3]
Thus
eny =3/9=1/3, eng =0, epz = —3/9=—1/3,
e = 3/9=1/3, epy =0, ep3 = —3/9=-1/3,
€[31] = 3/9=1/3, ez = 0, ep3 = -3/9=-1/3.

Since ef;) > 0 row’s strategy cannot be right. Column can gain an
advantage by always guessing 3.

I would always guess 3. (Does not matter how many fingers I hold
out.)
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EXERCISE 7.4.5

Since the game is symmetric the outcome of best play must have
expected value 0. If row plays p. then expected value of the game to
row if column plays row [rs] is ef with

ep] =3 X (—2)+3x04+3x4=3>0

ey =2 X0+ 1 x(=3)+1x4=0

eng =3 x0+2x0+1x0=0

ep =3 X (=3)+3x4+1x0=>
epy =3 X0+3x04+3x0=0
eps) =5 X0+ 3 x4+ 1 x(=5) ==
e =13 X0+3x04+3x0=0
ey =2 X4+ 1 x(=5)+1x0=0
ey =5 x4+ Ex0+1x(=6)=1%>0

(ii) Follows from the table.

(iii) No. For example, if we know they are always going to play [2, 2]
we can always play [3, 2].
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EXERCISE 7.4.6

Rowena will always do better by choosing R; rather than Rs. Our
system thus reduces to

C Gy G
R | 4 —2 —5
Ry|—2 4 3
Ril—=3 6 2

Now Calum can always do better by choosing C5 rather than Cs. Our
system reduces to

| C1 Gy
Ri| 4 =5
Ry|—2 3
Ry| -3 2

Now Rowena can always do better by choosing R, rather than R3. Our
system reduces to

G Gy
Ri| 4 -5
Ry| -2 3

Suppose Rowena chooses R, with probability p and Ry with proba-
bility 1 — p. If Calum chooses C}, Rowena’s expected winnings are

e1(p) =4p —2(1 —p) = 6p —2.
If Calum chooses C3, Rowena’s expected winnings are
ea(p) = —bp+3(1 —p) = 3 — 8p.
Rowena chooses p to maximise
6p—2 ifp<5/14
min(6p — 2,3 — 8p) = 4 ¥ ifp <5/
3—8p ifp>5/14.

Thus Rowena chooses R; with probability 5/14, Ry with probability
9/14 and never chooses R3 or Rj.

Suppose Calum chooses C'; with probability ¢ and C'3 with probabil-
ity 1 — ¢. If Rowena chooses Ry, Rowena’s expected winnings are

filg) =4q—5(1 —q) =9¢ - 5.
If Rowena chooses Ry, Rowena’s expected winnings are
fo(q) = —2q¢+3(1 — q) = 3 — 5q.
Calum chooses ¢ to minimise
3—5q ifq<4/7

max(9q — 5,3 — 5q) = {9(1—5 if ¢ >4/7
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Thus Calum chooses Cy with probability 4/7, C3 with probability 3/7
and never chooses R».

Observe that Rowena’s expected winnings E; if she plays as advised
and Calum chooses C; are

Ei=4x2Z-2x2
Ey=(-2)x Z+4x2=2>
Elz(—5>><15—4+3><

ESTIEEEN TN I

and Rowena’s expected winnings F} if Calum plays as advised and she
chooses Ry, are

— 4 _ 3 1
Fi=4x2-5x2==2

F=(-2)xz4+3x2=1

Fy=(-3)x1+2x2=-0c<

_ 4 3_ 6 _1
F4—3><7—6><?——7<?
Thus our strategies are indeed optimal.
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EXERCISE 7.4.7

Bingham should always bet if the card is black since he is always
better off betting whatever you do. Thus b = 1.

If you always fold, then Bingham’s expected winnings are
er=3+3(p—(1x(1-p))=p
If you always call, then Bingham’s expected winnings are
ec=2x3t—-2pxi—(1-p)xi==11-p).

Thus if you know what Bingham is going to do, his expected winnings
are

. ] p if p <
min{p,s(1 —p)} = )

so Bingham should take b=1, p = % and his expected winnings are

U= Wl

1
g .

Now consider your play. If Bingham always passes on red (but always
bets on black) his expected winnings are

fpz—%+%(2q+(1—q))=%~

If Bingham always bets, his expected winnings are
fB=2¢x(3—3)+(1—q) =1—q¢.
Thus if Bingham knows what you are going to do his expected winnings
are
1—q ifqg<
max{3¢,1 — ¢} = {1

34 if ¢ >

Wl wWiN

so you should take ¢ = 2 and (as already found earlier) his expected

3
. . 1
winings are 3"
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EXERCISE 7.4.8

(i) If n =1, then a; = by. If n = 2 a; = by, ay = by . We always
have a draw.

(ii) Suppose A always takes a; = 1 or a; = 0. Let X be the set of
Jj where a; =1, Y the set of j where b; = 1 and Z the set of j where
b; > 2. Then A wins on battlefields with j € X \ (Y U Z) and B wins
on battlefields with j € ZU(Y '\ X). Otherwise we have draws. Writing
|W| for the number of elements of W, we have
X\ Y UZ)|-|Zzu\X)
= (IXI =X nY[=[xXNnZ]) - (12| + Y] - X nY])
= (X =12] = IY)) = XN Z| = |X| - 22| - |Y]
=n-=2Z|-|Y|>0
so A has a draw or better.

(iii) Without loss of generality we suppose that A has chosen a; >
as > -+ > a,. Since m > n we have a; > 2. If B chooses by = a; — 2,
bg =asg + 1, b3 =as+ 1, bj = aj fOI'j 2 4, she will win.
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EXERCISE 7.6.1

(i) If @ > b then
h(b) = f(b) + g(b) > f(a) + g(b) > f(a) + g(a) = h(a).
Thus h is strictly increasing. Since the sum of continuous functions is
continuous, A is continuous.
(ii) A(0) = f(0) +g(0) =1+1=2and h(1) =0+ 0= 0.

(iii) The intermediate value theorem tells us that (i) and (ii) imply
the existence of an xg with 0 < xg < 1 with h(xy) = 1. Since h is
strictly increasing the solution is unique.
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EXERCISE 7.6.2

(i) Suppose y > xo. If z >y
Pr(George paintballed) = f(2) < f(x0).
If 2z <y
Pr(George paintballed) = 1 — g(y) > 1 — g(zo) = f(x0).
Thus Fred should choose z < y and, with this choice,
Pr(George paintballed) = f(y) > f(x).

(ii) Suppose y < zgso f(y)+g(y) > 1. If z >y
Pr(George paintballed) = f(z) < f(y).

Ifz<y
Pr(George paintballed) =1 — g(y) < f(y).
Ifz=y
Pr(George paintballed) = f(y).
Thus Fred should choose z = y and, with this choice,

Pr(George paintballed = f(y) > f(zo).

(iii) Suppose y = zo. If If 2 >y
Pr(George paintballed) = f(z) < f(x).

Ifz2<y
Pr(George paintballed) = 1 — g(xo) = f(zo).
Thus Fred should choose z < x7 and, with this choice,

Pr(George paintballed = f(z).

(iv) Thus Fred should fire at zy and, by the same argument with
roles reversed George should fire at xg.
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EXERCISE 7.6.3

If they do not fire simultaneously, either the one who did not fire is
paintballed and the firer is not paintballed or the one who fires misses
and will certainly be paintballed. The number of paintballed players is
1.

The probability both paintballed is pg, probability neither paint-
balled is (1—p)(1—¢). The expected number of paintballed participants
isp+qg=1.

If they fire at © > x( the expected number of paintballed participants
is f(x) +g(z) < 1.

If they fire at © < x( the expected number of paintballed participants
is f(z) +g(x) > 1.
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EXERCISE 7.6.4

It is what one would expected if customers go to the nearest ice-
cream seller and customers are evenly distributed.

If the first seller is at x < 1/2 then the if the second goes to y =
%(x + %) then, since y > x, the first seller will have
flz,i(z+3) =32z+1<1)/2
By symmetry, or by repeating the argument, if the first seller is at
x > 1/2 then there is a y with

fla,y) <1/2
However if z = 1/2 then, if y > 1/2,

flzy)=(3+y)/2>1/)2
and by symmetry, or by repeating the argument, if y < 1/2,

fley)=(G+y)/2>1/2.
Finally
fz3.3)=1/2
Thus the first ice-cream seller will choose x = 1/2 and by symmetry
the second will also chose y = 1/2.

Presumably (but this is not really a mathematical question) they
will move towards each other and when they have met they will jostle
for the more central position slowly moving to the centre.
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EXERCISE 7.6.5

Suppose that the other bus company chooses to start at a minutes
past the hour. Then the expected proportion of passengers carried by
the first company is

1 59 1 59 .
@;f(m) = @;mm

11 &
:@<5+2@>

=

1 1+w 1
S 60\2 2/ 2o

By symmetry, if each company employs its best tactics they must get
equal expected return. Since the total expected return (as a proportion
of passengers) is 1, if each company employs its best tactics they must
get return 1/2.

If the first company knows the departure time of the second and
decides to leave a minutes before, then it will get (60 — a)/60 of the
total carried for 1 < a < 59 and 1/2 if @ = 0. Thus it will leave one
minute earlier than the other company. Thus each week the company
can move will go 1 minute before the other. (So after the second week
the changing company will move its departure time 2 minutes earlier.)
The author believes that has actually seen this happen with the dates
of college research fellowship interviews.
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EXERCISE 7.6.6

The travellers should finish together (otherwise the one who arrives
later could spend a little longer on the horse and arrive sooner yet still
not beat the first traveller). Thus the travellers must spend the same
time on the horse and the horse must be left at the halfway point.
It takes the first rider z/(2v) to get to the halfway point riding and
x/(2u) to finish walking. The time taken is

1+1
2u QUI‘

If they do something more complicated then they must still finish
together. If they met earlier then they meet for the first time and the
argument above shows that their best average speed up to this point is
((2u) '+ (2v)™) !, The same holds for the average speed between the
kth and k 4 1st meeting so they can not improve their average speed
over the course so they can not arrive earlier.

The same arguments show that with the clever horse they can not
do better than the first rider riding a certain distance the leaving the
horse to walk back toward the second who then mounts and proceeds
to the finishing line crossing at the same time. Each must spend the
same time in the saddle so the first leaves the horse at %(1 + a)z. The
noble and sagacious steed will then walk back meeting the walker at
11— a)z.

2

The time taken by the first traveller is
L o 1— il
Hi+a)T +3(1-a)
The time taken by the horse is

2 X (1—|—0¢)£—|—0¢xw.
v

These two times must be equal so

l+a 1—a 14+«
+ =2 + 2 X aw.
v U v

whence

l+a 11—«
— +
v U

=2 X aqw

and

vl —u~

T U o+ 2w

1

(67
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Thus the total time taken is
-1

L (v_l puhy 4 — 2 v O u_l))

2 w1l +ou- 1+ 21

B (u ! —vt)?
ut o7t 4+ 2wt

T

uvtw ”
1+ v utw
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EXERCISE 8.1.2

Since t, 1 — ¢, p;, ¢; > 0 we have tp; >0, (1 —t)g; > 0 and
tp; + (1 —1t)g; = 0.

Further
dltpi+(1—t)g) =ty pi+(1—t)) g=t+(1-t)=1
§=0 §=0 §=0

Thus

wveK, 1>t>0=tu+(1-t)ve K

and K is convex.



270

EXERCISE 8.1.3

Write
K= {(z,y) €R : [(x) > y).
Then

(z1,11),(22,92) € K, 1>t>0
= f(z1) =y, flz2) 292, 1 2¢2>0
= f(ter + (1 — t)w) > tf(21) + (1 — 1) f(22)
>ty + (1 —t)ys
= t(z1,91) + (1 — 1) (22, 92)
= (try + (1 = t)zg, tyr + (1 = t)ya) € K

so K is convex.

EXERCISE 8.1.8*
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EXERCISE &8.1.10

(i) If (ax*,by*) is a best choice for K,;, when we use the status quo
point (azg,byo), then (x*,y*) = (a 'az*, b~ 1by*) is a best choice for
K = (Kup)a—1p-1 with status quo point (xg,y0) = (@ taxe, b= byp).

(ii) We have

(ur,v1), (ug,v2) € Lap, 1 >1>0

= (a'uy, by, (@ tug, b ly) €L, 1>1>0

= (ta  up + (1 —t)a tug, tb oy + (1 — )b 1wy) € L

= (a(ta 'us 4+ (1 — t)a s, b(tb~ w1 + (1 — £)b~'wa) € Ly
= t(ug,v1) + (1 —t)(uz,v2) € Lyy.
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EXERCISE 8.1.12
Observe that

tu+z1,v+y1)+(1 —t)(u+ 22,0 + yo)
= (u+ (try + (1 = t)a), v + (tyr + (1 = t)ya)).
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EXERCISE 8.1.14

We carry out the argument with n people.

Rule 1 (Pareto optimality) Let K be a set of options in R™. If x and
yare distinct points of K, x; > y; for all j and x, > y, for some k,
then x is preferred to y.

Lemma A Consider a set of options
K:{X:ijgl}.
j=1
The set of best choices under Rule 1 is

E:{X:Zn:xjgl}.
j=1

Proof. 1877wy < 1,sety1 =21 +1-37"  xjand y; = ; for j > 2.

Then y is preferred to x. |

Rule 2 (Fairness) Let K be a set of options which is symmetric between
Alice and Bob in the sense that x € K, y; = x,, for all j and some
bijection
o:{1,2,....,n} = {1,2,...,n}
If the status quo point z has the form
z=(2,2,...2)

any best choice must be of the form

z = (w,w,...w).

Lemma B Consider a set of options

with status quo point 0. Under Rule 1 and Rule 2 there is a unique
best choice (1/n,1/n,...,1/n).

Proof. Since K and 0 are symmetric we can apply Rule 2. Observe
that the only symmetric point in the set E of Lemma A is

x"=(1/n,1/n,...,1/n).
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Rule 3 (Indifference to rejected alternatives) Let K and K’ be a sets
of options with z € K’ C K. Suppose that x* € K is a best choice for
K with status quo point z. Then, if x* € K’, it will be a best choice
for K’ with status quo point z.

Lemma C Consider a set of options

K C {x : Z < 1}
j=1
with status quo point 0. If (1/n,1/n,...,1/n) € K, then under Rules 1
to 3 it is the unique best choice.
Lemma D Suppose that K is a convex set such that
u=(1/n,1/n,...,1/n) e K
and [[7_, x; <n™" for all x € K with z; > 0 for all j. Then

Kg{xégl}.

Proof. Suppose x € K and x; > 0 for all j. Then
uttlx—u)=((1-thu+xe K
forall 1 >¢ >0 and so
n = L7+t =0 )
j=1

and so
£y (aj—n ') +£2P(t) <0
j=1

for some polynomial Px(t). Thus, dividing by ¢,

n

D (xj—n7) +tP(t) <0

Jj=1

for all 1 >t > 0. Allowing t — 0+, we obtain

Z(:Uj -n1) <0

Jj=1

ie

as stated. [ ]
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Lemmas C and D combine to give us Lemma E.

Lemma E Suppose that K is a convex set such that
u=(1/n,1/n,...,1/n) € K

and H?Zl zr; < n " for all x € K with z; > 0 for all j. If the status
quo point is 0, then, under Rules 1 to 4, u is the unique best choice.

Rules 4 and 5 (Scale and translation invariance) If a; > 0 and b € R"
define T, : R* — R" by

Tap(x) =y
with
y; = a;x; + b;.
We demand that, if x* is a best choice for some set K with status quo

point u, then 7T, ,x* is a best choice for T, /K with status quo point
Taybll.

Theorem Consider a convex set of options K with status quo point
u. If x* € K, x> uj; for all j. and

J

for all x € K with z; > u; for all j, then, under Rules 1 to 5, (z*,y*)
is the unique best choice.

n
(zj —uy) < | | (2] — uy)
1 j=1

Proof. Use Lemma E together with rules 4 and 5 applied with b = —u,
aj =n"t(z; —u;)" [ ]

EXERCISE 8.2.1*
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EXERCISE 8.2.2

(i) Since the status point is (0,0) the only points (z,y) to consider
must have y > 0 so y = 0 so be (2,0). If 0 < 2 < 1 then (1,0)
is preferred to (z,0). There is no point preferred to (1,0) which is
therefore a unique best choice.

(ii) Suppose (a) and (b) false. Then we can find (z,0) € K with
x> 0and (0,y) € K with y > 0. By convexity
(2/2,y/2) = 5(2,0) + 3(0,y) € K
yet £/2,y/2 > 0 contradicting the condition on K.

Part (i) shows that (b) may be false but (a) true. Interchanging x
and y this shows that (a) may be false but (b) true.

If we take

(aOvb(J) = (07 0)? (alabl) - (Oa _1)7
(ag,b2) = (—1,0) and (ag,b3) = (—1,—1)

and status quo point (0,0), then the only point (x,y) in K with = >
0, y > 01is (0,0) so both (a) and (b) are true.

(iif) By translation we may suppose (zg,%) = (0,0) Take K = K
in part (ii). If (a) and (b) are true then the status point is the unique
best point. If (b) is false then by the argument of (i) the unique best
point is (z*,0) with z* the largest z with (0,z) € K.
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EXERCISE 8.2.3

(i) Observe that
a’ +b* —2ab = (a —b)* > 0.
(i) Write
x|l = (2 +y*) V2.

Using the triangle inequality (see Exercise 3.5.9 (iv)), we see that, if
1>t>0,

wveD=|u|v]<1
= [[tu+ (1 = )v| < ftal + [[(1 = t)v]| = tlull + (T = t)[jv]| <1
=tu+(l—-t)ve D
Thus D is convex.
In a similar manner
u,veD=|ul|v|]<1
= [[tu+ (1 = )| < [[tu] + [[(1 = )v]| = t]al + (1 =t)[lv]| <1
=tu+(l—t)veD
Thus D is convex.
(iii) If 0 < k < 1 then (k'/2,kY2) € H,N D so H,N D # @.
However if kK > 1
(z,y) EHy=ay>1=0*=y*>2= (v,y) ¢ D.
so H.ND=g.
(iv) Set z* = y* = 1. Then (z*,y*) € D and
z? + y? o

ry
for all (z,y) € D with z,y > 0.
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EXERCISE 8.2.5

(i) We may take (zg,yo) = (0,0) since
K ={(x—z0,y —w) : (x,y) € K}
is also a closed convex set such that
(a) Whenever (z,y) € K we have z,y < M + |zo| + |yo|,
(b) (21 — 0,41 — o) € K and @y — 29 > 0, y1 — o > 0.

(ii) Suppose (x*,y*), (x**,y**) € K distinct and z*y* = x**y** = k.
Then

(3(a* +2™), (" +y*)) = 3" y") + 3 (@™, y) e K

but
]{7 I* I**
_k (2 - )
4 .T** x*
PN\ 1/2 e\ 172 2
=k+k ((x) = (x )) )
xr x
>0
unless

£\ 1/2 e\ 1/2
(=) () -
T T

that is to say z* = 2** and so y* = y**. Thus the point (z*,y*) is
unique if it exists.

(iii) Since (0,0) € K, 0 € E, condition (i) tells us that e € E implies
e < M?.

(iv) By the definition of the supremum we can find k, € E with
k, — k. Choose (z,,y,) € K with z,,y, > 0 such that x,y, = k.

(v) We know that 0 < x,, < M so we by the theorem of Bolzano—
Weierstrass we may find a subsequence m(j) — oo and an z* € R such
that x,,;) — 2*. We can now find a subsequence n(j) = m(j(k)) of
the m(j) with n(j) — oo and a y* € R such that y,;) — y*.

(vi) Now @,,(;y — *. Since @,(jy > 0 2* > 0. Similarly y* > 0. Since
K is closed (z*,y*) € K. By continuity z*y* = k so

xy < k=z"y"
whenever (z,y) € K and z, y > 0.
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EXERCISE 8.3.1

If weset X =2+4+3,Y =y+ 1, we see that we must solve the
bargaining problem for X +Y < 13. By symmetry and Peano we know
that X =Y = 13/2 so x = 7/2 and y = 11/2 represent the Nash
solution. Since B makes 1 from the new arrangement, A must pay B
an extra 9/2.
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EXERCISE 8.3.2

(i) The expected outcome for each is
f(q) = =100¢* — 5q(1 — q) + 5(1 — q)g — (1 — q)°
= —1+2¢—101¢> = —101(¢ — 101712 + 10172 — 1
which is maximised by taking ¢ = 1/101.

(ii) Since the situation is symmetric between Jules and Jim, the Nash
solution will be, so p3 = p4. If they decide on a choice with p; = ¢; and
g2 > 0. Then p; = g2 + q4, p2 = @2, p2 = 0 will make them happier.
Thus for the Nash solution p, = 0, p3 = p4.

For both suggested status quo points the only point in the quadrant
{(z,y) : ®,y > 0} is p3 = ps = 1/2 so this is the Nash solution (with
p1=p2 =0).

(iii) Exactly as in (ii) we are looking for a solution p3 = ps = z,
pe =0 p; =1 — 2z with 0 < x < 1/2 which maximises

r(5+a)—(1—-2x)=2(7T+a)— 1.

If a > —7 we want x = 1/2 and p3 = py = 1/2 (with p; = py =0). If
a < —7we want x = 0 and ps = 1, p1 = p3 = ps = 0 so both always
swerve.
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EXERCISE 8.3.3

Since the situation is symmetric between the two prisoners, the Nash
solution will be symmetric ie both confess with probability p, one or
other confess with probability ¢, and neither confess with probability

1—2q—p.
The expected sentence for each is then
—2p—=3¢+0¢—(1-p—2¢)=-1-p—gq
which is minimised by taking p = ¢ = 0 and both keeping stum.
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EXERCISE 8.4.5

We need the following result.
Theorem Let
B={(r,y,z€ R : 2> +¢y* + 2> < 1}
OB = {(z,y,2) € R® : 2* +y* +2* =1},

We cannot find a continuous function F : B — 0B with F(x,y,2) =
(x,y,2) for all (z,y,z) € IB.

We now prove Theorem 8.4.4.

Suppose that f : B — B is a continuous function with no fixed
point, that is to say that f(x) # x for all x € B.

We can now define a function F' : B — 0D by the recipe ‘starting at
f(x), draw a line through x and continue it until it cuts the boundary
0D at F(x)’.

Observe that, if we make a small change in x, there will only be
a small change in f(x) (since f is continuous) and so only a small
change in F'(x). Thus F' is continuous. By construction, F'(x) = x for
all x € B and we have a contradiction with the result of with our first
theorem.

Thus no f of the type described can exist and the result follows.
The generalisations are immediate.

Theorem Let
B={(xeR": |x]| <1}
OB={(xeR": ||x| =1}

We cannot find a continuous function F : B — 0B with F(x) = x for
all x € 0B.

Theorem We the notation as before if f : B — B is continuous, then
there is an (x) € B such that f(x) = (x).
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EXERCISE 8.4.7

We go directly to general, the result for 3 being obtained by setting
n=3J3.

Lemma Let

B={(xeR": |x|| <1}
Suppose that F is a set in R"™ such that there exist continuous functions
hy: B — E and hy : E — B with the properties that

ha(hi(x)) =x for all x € B
hi(ha(u)) =u for allu € E.

Then, if h : F — FE is continuous, there is an uy € FE such that
h(UQ) = Up.

The proof runs unaltered.

If we set
1) = ha (f(a(x))).
then f is a continuous function from B to B and so has a fixed point
Xg. Set ug = ha(xp). Then

g(10) = g(ha(x0)) = hy <h1 (h2 (g(hl(xo))>)> = hy(f(x0)) = .

EXERCISE 8.5.2*
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EXERCISE 8.5.3

Write
Riy={zeR:z>0}
Consider the set
n m l
E= {(p,q,r) pERL,qERT TR pi=) ¢ = qu} .
i=1 j=1 k=1
We observe that E is a bounded closed convex subset of R* T+,
(4]

Let pg-i] =1 for i =7, p;

;= 0 otherwise. Define

Uy (p7 q, I') = maX(O, a(p[Z]qa I') - a(pv q, I')
and
vy = <p7 q, I') = maX(O, Oé(p, qb]a I') - Oé(p, q, r)
maX(07 &(pa q, I‘) - Oé(p7 q, r[k]>

e
Ead
I
T
=
!

similarly.
We now set h(p,q,r) = (p/,q/,r’) where
: pi + ui(p,q, 1)

T YT wp.a )
;g tvip,q,r)
G+ wpar)
o= 7. + wi(P, q,T)

1+ wa(pa,r)
We observe that h maps F to E and h is continuous so h has a fixed
point (p*, q*,r*).
Suppose, if possible, that
a(p, q*, r*) > a(p*,q",r*) whenever p > 0.

Then
pfa(p[i],q*,r*) > pia(p®,q*,r*) for all ¢
and
p}‘oa(p[io], q’,r*) > p; a(p®, g, r*) for some iy
SO

a(p*,q’, 1" sz (P",q",r) > > “pra(p*. g 1) = a(p*, g, 17)

which is absurd. Thus our original assumption must be wrong and
there must be some ¢; with

(p[“],q r’) < a(p,q",r") and p;, > 0.
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Without loss of generality and to fix ideas, we suppose i; = 1.

We now know that
a(p q*, r*) < alp*,q*,r*) and pi > 0
and so

w1 (p*,q", r*) = max (0, a(p[l], q',r* — a(p”, q*,r*)) =0.

Thus, by the definition of A,
o P Fudhr) P ‘
1+Z¢:1 ui(p*, q*, T*) 1+Zi:1 ui(p*, q*, r*)

Since pj > 0, it follows that

n

Zui(p*7q*7r*) =0

=1

and so u;(p*,q*,r*) =0 for all 4.
Thus
(4]

a(p,q",r*) < a(p”, q*,r")

for all 7 and so
a(p,q’, 1’ sz (P, q",r" <sz a(p*,q’,r*) = a(p”, q", ")

for all possible ch01ces of p.

The same argument shows that
B(p*.q",r") > B(p*,q,r") for all q,
v(p*,q",r*) > ~v(p*,q", ) for all r.

EXERCISE 8.5.4*
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EXERCISE 8.6.1

Suppose that Albert is driving one car and Bertha the other. If
Albert chooses left with probability p and right with probability 1 — p
whilst Bertha chooses left with probability ¢ and right with probability
1 — ¢, then the expected value of the game to Albert is

a(p,q) = apg—p(1—q)—q(1—p) = (a+2)pg—p—q = ((a+2)g—1)p—q.
If a > —1 then writing go = 1/(a + 2)

if ¢ > qo, then o(1,q) > a(p,q) forall 1 >p >0

if ¢ < qo, then «(0,q) > a(p,q) for all 1 > p > 0.

In addition, we observe that a(qo, q0) = a(p, qo) for all p. Since similar
results apply for Bertha, we see that there are exactly three Nash equi-
librium points (p,q) = (0,0) with expected value to each the players
of 0, (p,q) = (1,1) with expected value to each the players of a and
(p,q) = (qo, q0) With expected value to the two players of —gqq.

If a = —1 then
a(p.q) =(¢—Lp—q
and
if ¢ < 1, then «(0,q) > a(p,q) for all 1 > p > 0.

and a(p,1) = —1 for all p. Since similar results apply for Bertha, we
see that there are exactly two Nash equilibrium points (p,q) = (0,0)
with expected value to each the players of 0 and (p,q) = (1,1) with
expected value —1.

If a < —1 then, since

a(p,q) = apg—p(1—q)—q(1—p) = (a+2)pg—p—q = ((a+2)q—1)p—q,
we have

a(0,q) > a(p,q) for all 1 > p > 0 and all g.
Since similar results apply for Bertha, we see that there is only one
Nash equilibrium point (p,q) = (0,0) with expected value to each the
players of 0.
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EXERCISE 8.6.2

Suppose that Albert is driving the row car. He chooses left with
probability p and Bertha (driving the column car) chooses left with
probability ¢g. The expected value of the game to Bertha is

a(p,q) =plag— (1 —¢q)) + (1 = p)(—¢+0) = (gla +2) = )p — q.
If a > —1, then
if ¢ > (24 a)”! then B(1,q) > 3

if ¢ < (24 a)"! then 3(0,q) > B(p,q) forall 1 > p >0

if g = (24 a)"! then 3(0,q) = B(p,q) forall 1 > p >0

(p,q) forall1>p>0

Since similar results hold for Bertha, there are three Nash equilibrium
points (p, q) = (0,0) with expected value to Albert of a and to Bertha
of 0, (p,q) = (1,1) with expected value to Albert of 0 and to Bertha of
a and (p,q) = (1 — (24 a))™*, (2 + a)™') with expected value to both
players of —(2+ a)™').

If a < —1 then

£(0,q) > B(p,q) forall 1 >p >0

and, since similar results hold for Bertha, there is one Nash equilibrium
point (p,q) = (0, 1) with expected value to Albert of —1 and to Bertha
of —1
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EXERCISE 8.6.3

If the value to Row of the various possibilities is given by

[« o

then if Row plays first row with probability p and Column plays first
column with probability ¢ the expected value of the game to Row is

p(p,q) = apq + bp(1 — q) + (1 = p)g + d(1 —p)(1 —g)
=Apg+Bp+Cq+ D = (A¢g+ B)p+Cq+ D.
Similarly the expected value of the game to Column is

k(p.q) = (ap+ B)g+p—+0

If A+ B,B > 0 then
p(1,q) > p(p,q) forall 1 >p >0
and weset p* = 1. f a+ 8 >0weset ¢ =1,if a+ 5 < 0 we set
¢* = 0 By inspection we have Nash equilibrium at (p*, ¢*).
If A+ B, B <0 then
p(1,9) > p(p,q) forall 1 >p >0

and we set p* =0. If § > 0 we set ¢* =1, if @ < 0 we set ¢* = 0. By
inspection we have Nash equilibrium at (p*, ¢*).

If A+ B and B do not have the same sign but a +  and a do we
interchange to role of row and column.

In the remaining cases A + B and B do not have the same sign and
a + f and § do not have the same sign then, taking p* = —f/«, we
see that k(p*, q) does not depend on ¢ and, taking ¢* = —B/A, we see
that p(p, ¢*) does not depend on q. Thus (p*, ¢*) is a Nash equilibrium
point.
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EXERCISE 8.6.4

(ii) As D becomes large (so the costs of fighting become large) p and
q become small so the players become more and more dovelike (but it
is still worth an occasional hawk play) and the expected payoff
V(iD-V) V ( V) %
e —

2

1— —
D

2D 2
the dove pair payoff.
As D — V+ the rewards of being a hawk against a dove remain high

but the cost of being a hawk against a hawk diminishes towards zero.
p,q — 1 so the players play dove less and less often and the expected

payoff
VID-V) V V S0
2D 2 D
the payoff for two hawks when the cost of fighting equals the reward.

(iii) If V' = D then, with the notation of the previous paragraphs

V-Dg V

(1 —
5 p+2( q)

alp,q) =
soifg#1
a(l,q) > a(p,q) for 1 >p>0.

The only Nash equilibrium point is (p,q) = (1,1) and the payoff for
both players is then 0.
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EXERCISE 8.6.5

(i) Since there are slightly more lefters than righters a righter is
more likely to collide (with a lefter) than a lefter (with a righter).
The average lefter will collect fewer damage points and outbreed the
average righter by a bit. Thus the next generation will contain a higher
proportion of lefters and the selective pressures against righters will
increase. Eventually the flock will consist of lefters (who will then
write books on the obvious merits of lefters as demonstrated by their
success against righters).

If here are slightly more righters than lefters the reverse process will
take place.

(ii) If the proportion of lefters in the population is p then, roughly
speaking, the average breeding points a lefter will collect will be

L(p) = A(pa — (1 —p))

and the average number that a righter will collect will be

R(p) = —Ap.
Now

L(p) — R(p) = A(p(a +2) — 1).

Ifa < —1so(a+2) <1then L(p) < R(p) for all 0 < p <1 so lefters
will die out.

If a > —1 then taking p* = (a+2)~! (and observing that L(p) — R(p)
increases as p increases and decreases as p decreases) we see that if a
some stage p is at least a bit larger than p* the lefters will eventually
take over, but if p is at least a bit smaller than p* the righters will.
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EXERCISE 8.6.6

If we release a few bourgeois into a flock of doves then since bourgeois
on average, do better than doves in an encounter with a dove and better
than doves, in an encounter with other bourgeois the bourgeois are
likely to replace the doves.

If we release a few bourgeois into a flock of hawks then since bourgeois
on average do better than hawks in an encounter with a hawks and
better than hawks in an encounter with other bourgeois, the bourgeois
are likely to replace the hawks.
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ExXERCISE 9.1.1

Suppose that the distance to the cemetery is x yards and B drives
at speed u yards an hour. If A sets of at time 0, then A arrives after a
time z/(4u) and B after a time (z — 100)/u. Thus

x x — 100

w S u
Simplifying, we get

r < 4z — 400

so 3x > 400 and z > 133%.



293

EXERCISE 9.1.2

Let us take the time when the race starts to be 0 The hare overtakes
the tortoise half a kilometre from the starting post at time 1/(2v) so
the hare has travelled a distance

(53)

Thus
1 1 1
(%‘5)“5
and
1 1
1 - — —=1.
(1) .y

At the second meeting the tortoise has travelled X — % in a time
T = (X — 2)/v and the hare has travelled X + 2 running for 7' — 1

hours. Thus
5\ 1 5
((X—Z)B—l)V—XjLZ
and so
5\ 1 5\ 1
o (e 2)2 (e 2) Lo
5 1 5\ 1
(D)) (D) e

Simplifying gives

SO

10
Y=ix
We have
1_1+ 1 _1+4X—9_4X+1
vV 10 10
and so
1
)
The hare runs 1/2 hours to cover a distance 2X so
5 Vv
=—=2X
4X -9 2

and
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Thus

X_Qi\/92+40_9i11
B 8 8

Since X > 0 we have X =20/8 =5/2.

The tortoise travels at 1 kilometre per hour and will take 5/2 hours
to reach the cabbage patch.
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EXERCISE 9.2.3

(i) [Note this part of the execise has been changed in the corrections|
If b < 1/4, then ¢ < 1/4 so 3b+ ¢(1 —b)*> < 1. If b > 1/3, then
3b+c(1 —b)% > 1.

(ii) If C' misses on his first shot, then either B hits A and C has
first shot in a two sided duel against A or B misses A and C' has first
shot in a two sided duel against B. In either case C has a probability
¢ of hitting his remaining opponent with his first shot and becoming
outright winner.

(iii) If b and ¢ are very small then, with high probability, C' misses
A (by accident or design), B misses A, A hits B, C' misses A and A
hits C' so winning outright.

If b is very close to 1 and ¢ is very small then, with high probability,
C misses A (by accident or design), B hits A, C' misses B and B hits
C so winning outright.

If b and ¢ are very close to 1 then, with high probability, C' misses A
(by design), B hits A, and C hits B so winning outright.

The verbal arguments can be verified algebraically but there is no
need to do so.
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EXERCISE 9.2.4

(i) Since pq is very small compared with p + ¢ the probability that
P wins if she shoots first
p D
p+q—pg p+gq

Since ¢ is small compared with 1, the probability that P wins if she
shoots second
I-qgp _ p
pt+tq—pg p+tgq

Since P will probably miss with her first shot it makes it makes little
difference whether she shoots first or second.

(ii) Since the order of firing in the two-sided duel now makes little
difference the participants simply want to make sure that they are faced
with the weakest possible opponent in that duel. Thus everyone will
fire at the strongest player who is not themselves (thus A fires at B
while B and C fire at A).

Since a, b and ¢ are small A is in effect engaging in a two-sided
duel in which he has probability b of hitting and his opponent has
probability b + ¢ of hitting him. The probability of A surviving this
duel is approximately a/(a + b+ ¢). If he survives, he must now duel
C' with a probability approximately a/(a + ¢) of surviving to win. His
chances of winning outright is thus about

a a CL2

atbtc ate (a+b+c)a+c)

Py =

The probability of A not surviving the first duel is (b+c¢)/(a+b+c).
If A does not survive, then B and C duel with B having a probability
b/(b+ ¢) of winning. Thus B has approximate probability

_ bte b b
Ca4b+c b4+c a+b+c

B

of winning outright.

The probability of C' winning outright is approximately
Pc =1 —Pr(A wins) — Pr(B wins)

B a® b
(a+b+c)lat+c) a+b+c
2ac + c*

(a+b+c)a+c)
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(iii) We have

T @101 0(@t0) @irbrdlato

a? 1

~ (a+a+a)(a+a) 6

If a is fixed, P4 — 1 as b, ¢ — 0. If A is much better than B and C
then he is likely to win. If A, B and C have approximately equal skill
then A must engage in a duel in which he has one shot for every two of
his more or less equally opponents so two out of every three paintballs
are aimed at him and he has probability about 1/3 of surviving. If he
survives then he faces a duel on more or less equal terms for which his

survival probability is about 1/2 thus his worse case chances are about
1/3x1/2=1/6.

We have

1 b b

> > >0
2 a+b a+b+c
If ais fixed, Pg — 0 as b,¢c - 0, Pg — 1/2 as b — a, ¢ — 0. Thus
Pg can take all values between 1/2 and 0. B’s best chance is if he his
almost as good as A so has chance about 1/2 of surviving to duel with
C. If C is incompetent B’s chance of triumph remains 1/2. If Py is
close to 1, Pg must be close to 0.

We have

1 2d2+d? - 2ac + ¢* - 2ac + ¢* -
2 (a+2a)(a+a) (a+2c)(a+c)” (a+b+c)(a+c)

C will always survive to the second duel where his best chance is to
be almost as skilled as his opponent in which his chance of triumph is
almost 1/2 so C’s best case is when A, B and C are almost equally
skilled. If P4 is close to 1, Pc must be close to 0.
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EXERCISE 9.2.6

(i) The fly is approaching B at speed ¢ + b so it takes time
ta(z) = v
A c+b
to reach B. The cyclists are approaching each other at speed a + b so
the distance apart of the cyclists when the fly reaches B is
x c—a

b —
c+bxa+ c+b

DAZZ‘—

x.

(ii) We have
Sa(x) =da(x) + Sp(Da(x)), Sp(r) =dg(x) + Sa(Dp(x))

SO
c—a cT c—a
pr— t pr—
Sa@) CA+SB<c+b$) c+b+SB(c+b$)
and )
cr c—
SB<$): C+CL+SB (C+aI>.
Thus

_cr clc—a)x (c—a)(c—0b)
Salr) = c+b * (c+a)(c+b) 5 ((c+b)(c+a)x)
Now Sa(x) = xSa(1) so writing SA(1) = A,
(1_(c—a)(c—b))81_ c c(c—a)

(c+b)(c+a) c+b  (c+a)ctb)
((c+a)(c+b) — (c—a)(c—1b))S1 =c(c+a)+clc—a)
and
2(a + b)cS; = 2¢2
whence c or
S1= 55 =

(iii) We have

i) = (15 ) S (e Y

=0 et
B 2c%w (e—a)(c—) -
‘<c+a><c+b>(1 <c+b><c+a>>
- a+b

(iv) The cyclists meet after a time x/(a + b) and the fly has flown
cx/(a+Db).
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EXERCISE 9.2.7

(Corrected by Matthew Towers) If on each throw there is a proba-
bility a of you winning and a probability b of the banker winning and
1—a—b of no decision your probability p of ultimately winning is given
by

p=a+(1—a—"0)p
ie p = a/(a+Db) the probability of throwing a 7 or 11 is (6+2) /36 = 8/36.

If you roll £ # 2,3,7,11,12 your chances of winning a particular
throw are a = r(k)/36 and of the banker winning is b = 1/6 are as
r | win probability
1/3
2/5
5/11 so your win probability for the full
5/11
2/5
1/3

follows

© 00 O U | &

L > O O = W

—_
=}

game is
P(win) = P(winl|initial roll 7, 11)(8/36)
+ P(win|initial roll 2, 3, 12)(4/36)
+ P(winlinitial roll not 2, 3, 7, 11, 12)(24/36)
= 8/36 + 0+ (24/36)(2 - (3/24) - (1/3) + 2+ (4/24) - (2/5) + 2 - (5/24) - (5/11))
— 244/495 ~ 0.493

where 2(3/24)(1/3) is for 4 or 10, 2(4/24)(2/5) is 5 or 9, and 2(5/24)(5/11)
is 6 or 8. Matthew adds ‘Wikipedia agrees with me, so I must be right’.
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EXERCISE 9.3.4

Uy = Z 2" Pr(r — 1 tails then heads)

r=1

:inQ_’”:ilzn
r=1 r=1



EXERCISE 9.3.5
(i) We have

Up = — Z Pr(r — 1 tails then heads) — (2" — 1) Pr(n tails)

r=1
:1—2_”—i2_’":0
r=1

(ii) We have

Uy = — Z Pr(r — 1 tails then heads)
r=1

—1-27"

301
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EXERCISE 9.3.6

We take >p >0, p# 1/2.
First St Petersburg.

un(p) = Z 2" Pr(r — 1 tails then heads)

r=1

=(1-p) ) p '
r=1

=2(1 - p)%
S Gt PRI

1—2p

Ifp>1/2 u,(p) — oo as n — oc.
Ifp<1/2

l-p
1—2p

un(p) — 2

and the game is trouble free.
Next Double or Quits with penalty.
Uy = — Z Pr(r — 1 tails then heads)
r=1
— (2" — 1) Pr(n tails)

n

== (L—pp '+ 2 —1)p"

r=1

=" =D+ -1)p" = (2p)" -1

If p<1/2, up(p) > —1 as n — 0.
If p>1/2, u,(p) — 00 as n — 0.

Finally Double or Quits without penalty.

Uy = — Z Pr(r — 1 tails then heads)

r=1

as n — 0.
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EXERCISE 9.3.7

Without replacement

I/n for1<r<n

Pr(suceed on rth go) = {O therwi
otherwise.

SO
n

ap = Zr/n =(n+1)/2.

r=1

Lemma 9.3.3 tells us that b, = n (since with replacement we have
probability 1/n of getting in on any go independent of what has gone
before).

Finally
:ZjPr(inonjthgo)
j=1
oo 92 j—2 1
22 n (n—l) n—2
1 (n 1?2 & 1)’
n " n(n 2)23(71—1)
7j=2
I (n—1)? 1 = [ 1
n n(n—2)<_ 1+Z](n ))
7j=1
1 (n—1)? 1
- . —1
n+n(n—2)< n—1+(n >)
1
(n—1)+ —
Thus
a, 14+n7t 1
by, 2 2
and ; .
= — 0

as n — 0.
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EXERCISE 9.3.8

(i) All tails has probability 1/4. One head and one tail (in some
order) has probability 1/2. At least one head has probability 3/4.

(ii) Each particular outcome has probability 1/8, so events can have
probability /8 and only those values [0 < r < 8].

(iii) Chose r particular outcomes. If you get one of those shout heads.
If not, tails. You have probability r/2" of shouting heads. [0 < r < 27].
If r =0 or r = 2" you can dispense with the coins and always shout
tails or always shout heads.
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EXERCISE 9.3.10

It is probably easiest to separate existence and uniqueness.

Let P(n) be the statement that if 0 < r < 2" — 1, then we can find
e; € {0,1} such that

r=e12"  f e 4 g2 4 e, 12 F e
P(1) is true (set e; = r). Suppose P(n) is true and 0 < r < 271 —1.

If 0 <r < 2" —1 then by the inductive hypothesis we can find d; €
{0,1} such that

r=di2" 4+ dy2" 4 d2" P+ 4 dy 12+ dy,

and so, setting e; = d;_y for 2 < j <n+1, e; =0 we have ¢; € {0,1}
such that

r=e2"+e2" 4+ es2" 44 e 2+ e
If not, then 2" < r < 27! — 1 and setting s = r — 2" we have
0<s<2"—1
and by the inductive hypothesis we can find d; € {0,1} such that
r=d 2"+ do2" P+ dy2" P 4 4 dyi2 + dy.
Setting e; = d;—; for 2 < j <n+1, e; =1 we have ¢; € {0,1} such
that
r=e12"+ 2" 432" 4,24 e
By induction P(n) holds for all n.
Let Q(n) be the statement that if 0 < r < 2™ — 1, the expansion
r=e2" b en2 2 e 2" 3 4o e, 1246,
is unique. Q(1) is true by inspection of cases.
Suppose Q(n) is true and
12" + 2"t f 2" 4 b e, 2+ €ntl
=di2" 4+ do2" T 4 dg2" 4+ dy2 + dpy
with e;,d; € {0,1}. If e =1, d; = 0, then
e12" + 2" Feg2" P b e 2 ey > 20

and
di 2" + dy2" T+ ds2" P 4 dp 2+ dpyy
< 444 241=2"—1<2"
which is impossible. Similarly we can not have e; = 0, d; = 1 so

dy = e; and

2" 4 e32" P b2t ey = do2" T+ d32" P4+ dy2 4 ds
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whence (since Z;L;l e;2"T1=7 < 2" — 1) by the inductive hypothesis
e; =dj for all 2 < j <n+1. Thus Q(n+ 1) is true.

By induction Q(n) holds for all n.

EXERCISE 9.3.14%*
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EXERCISE 9.3.15

(i) If
p< X274+ X277 4 X277

then the process was halted in round n or earlier with left being
recorded.

If

p> X127 4 X027 4 X272

then the process was halted in round n or earlier with left being
recorded.

(i) If
X127 4 X272 4 X, 27" < p< X127 M4 X274+ X, 27 42
then B is true and if
X127 4 X272 4 X272 < p < X274 X027 2 4 X272
then (A) is true. Clearly (A) and (B) cannot both be true.

(iii) If (A) is true the probability of a decision in the n+ 1st round is
the probability that X, = 0 ie 1/2. If (B) is true the probability of
a decision in the n + 1st round is the probability that X, ,; = 11ie 1/2.

Since exactly one of (A) and (B) is true the probability of a decision
in the n 4 1st round is 1/2.
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EXERCISE 9.3.18

Let X, = 1 if the kth purchase contains the jth poet and X, = 0
otherwise. Set M = (1 + €)Nn and

Sy = Zxk.

k=1
Then

M
ESy =Y EXy=Mn"'=(1+€¢N
k=1
and since the X are independent

= n—1 _n1
VarSM:ZVaer:Z Szﬁ:(l—l—e)N.
k=1

k=1 k=1

Thus
Pr(they obtain fewer than N busts of the jth poet)
=Pr(Sy < N)
< Pr(|Sy —ESy| > €N)

< % =(1+ee !Nt
if N > e 3.
Thus, if N > 2ne 3,

Pr(they obtain fewer than N busts some poet)

< Z Pr(they obtain fewer than N busts of the jth poet)
j=1
<e€

and they will have at least N full sets of poets with probability at least
1—e
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EXERCISE 9.3.20

(i) No gentleman proposes to the same lady twice. There are n ladies
so no gentleman makes more than n proposals. Thus there are no more
than n? proposals.

(ii) If we have n gentlemen with the same list then each proposes
to the favoured lady on entry (giving n proposals). One of them is
accepted permanently (though some others may be accepted temporar-
ily). The others then perform our algorithm as if the favoured lady did
not exist and we had n — 1 gentlemen with the same preferences. Thus
the number of proposals is

n+(n—-1)+Mn-2)+---+1=nn+1)/2
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EXERCISE 9.4.2

We write Pxy for the probability that we reach HH'T before HT' H
if the last two throws have been XY and the game is not settled.

If we are at HH then with probability 1/2 we go to HHT and I win
and with probability 1/2 we go to HH H and the probability I now win
is PHH- Thus

1
PHH = §(pHH +1).

If we are at HT then with probability 1/2 we go to HT'H and I lose
and with probability 1/2 we go to HT'T and the probability I now win
is prr. Thus

1
3 (0 + prr).

If we are at T'H then with probability 1/2 we go to THH and the
probability I now win is pyy and with probability 1/2 we go to THT
and the probability I now win is pyr. Thus

PHT =

1
PrH = E(pHH + puT).

If we are at TT then with probability 1/2 we go to TTH and the
probability I now win is pry and with probability 1/2 we go to TTT
and the probability I now win is pryr. Thus

1
PrH = §(pTH + pum).

Finally we note that after the first two throws we have probability
1/4 of being at each of HH, HT, TH, TT so

. 1
Pr(I win) = Z(pHH + pur + pro + prr).
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EXERCISE 9.4.3

(i) We write Pxy for the probability that we reach HHT before
HTT if the last two throws have been XY and the game is not settled.

1 1
pup = =(pun +1), pur = =(0+prr)

2 2
1 1
Prg = E(pHH +pur), prr = §(Z?TH + prr).
Thus
2 . 1 2
pTT—SapHH— 7pHT—37pHT—3
and ] 5
Pr(I win) = Z(pHH + pur + pro + prr) = 3

(ii)) We write Pxy for the probability that we reach THH before
HHT if the last two throws have been XY and the game is not settled.

1 1
pun = =P +0), pur = =(Pru + prr)

2 2
1 1
Pry = 5(1 +pur), Prr= §(Z7TH + prr).
Thus
par =0, prr = pru, Pur = prH, Pra =1
and so
pag =0, prr = prag = pur =1
and

1 3
Pr(I win) = Z(pHH + pur + pro +prr) = 1

The result is also obvious from the diagram. You get to HHT' from
HHH and HHT but all other paths are blockaded.

(iii) Interchanging 7' and H, we see that:-

HTT has probability 7/8 of beating TTT,
TTH has probability 2/3 of beating THT,
TTH has probability 2/3 of beating THH,
HTT has probability 3/4 of beating TTH.



312

EXERCISE 9.4.4

If the first player chooses HH and the second T'H then unless the
first two throws are H H the second player must win. Thus the second
player has probability 3/4 of winning. Similarly the first player should
not choose T'T.

If the first player chooses HT then the second player should not
choose TT'. Suppose the second player chooses HH. Let qxy be the
probability that the second player wins starting from XY. We have

qua =1
qur =0
qrr = %QTT + %QTH

qrH = %QHT + %QHH =

NI N

so quy =0, qur = 1, qryg = %, grr = qrg = 5 and the probability of

the second player winning is
quu + qur + qre + drr
4
By symmetry if the second player chooses T'H her probability of win-
ning is also 1/2.

Thus HT and T H are sensible choices for the first player.

N | —

If one player chooses T'H and the other HT then if the first throw
is T the first player must win and if the first throw is H the second
player must win.
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EXERCISE 9.4.5

(i) This is just the statement
Pr(A°) =1—Pr(A).

(ii) We have perfect symmetry between heads and tails.

(iii) In order to obtain XY H we must first throw XY but once we
have done so we have equal probability of throwing heads or tails.

There is no particular benefit in performing the calculations but but
here they are.

Probability HHH beats HI'H We write Pxy for the probability that
we reach HHH before HT H if the last two throws have been XY and
the game is not settled.

1 1
DHH = 5(1 +pur), PaT = 5(0 + prr)

1 1
Pruy = =(pur + pun), prr= E(pTH + prr).

2
Thus
1 1 1
pra = Prr, pur = §pTT7 pPrr = Z prr+ | 1+ §pTT
and so
B B 2 B 1 Do — 3
PraH = prr = 5 PHT = 5 HH = 5
and
. 1 2
Pr(I win) = Z(pHH + pur + pro + prr) = 5

Probability HH H beats HT'T We write Pxy for the probability that
we reach H H H before HT'T if the last two throws have been XY and
the game is not settled.

1 1
DHH = 5(1 +pur), par = =0+ prr)

2
1 1
Pry = E(pHT +puH), PrT = E(pTH + prr).

These are the equations of the previous paragraph.

2
Pr(I win) = T

Probability HHH beats THT We write Pxy for the probability that
we reach HH H before THT if the last two throws have been XY and
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the game is not settled.

1 1
PHH = 5(1 + pur), PHT = §(pTH + prr)
1 1
Pry = 5(1 +pun), prr= §(pTH + prr).
Thus
1 1 1
pur = Prr = pra = =puw, pug = = | 1+ =pun
2 2 2
and so
2 ]
PHH = 3’ PHT = ITT = PTH = 3
and
. 1 5
Pr(I win) = Z(pHH + pur + pru + prr) = oS

Probability HH H beats TT H We write Pxy for the probability that
we reach H H H before TT H if the last two throws have been XY and
the game is not settled.

1 1
PHH = 5(1 +pur), PoT = §(pTH + prr)

1 1
Pry = —(pHT +pHH)7 Prr = —(0 +pTT)~

2 2
Thus
_0 B B 2 B 3
Prr =V, Par = 3PHH7 Pra = 3pHH7 PHH = 5
and so
_0 B B 2 B 3
Prr =V, PHT = 5’ PrH = 5pHH7 PHH = 5
and
. 1 3
Pr(I win) = Z(pHH + pur + pru + prr) = 10

Probability HHT beats HT'T' We write Pxy for the probability that
we reach HH'T before HT'T if the last two throws have been XY and
the game is not settled.

1 1
DPHH = 5(1 +pun), Pur = 5(0 + pru)

1 1
PrH = §(pHT +pun), prr= §(pTH + prr).

Thus 1
PHT = 5PTH, PTT = PTH, PHH = 1, pru = 3
and so
2 1
PrT = PrH = =, PHT = =, PHH = 1

3 3
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and
2

) 1
Pr(I win) = Z(pHH + pur + pro +prr) = 3

Probability HHT beats THT We write Pxy for the probability that
we reach HHT before THT if the last two throws have been XY and
the game is not settled.

1 1
DPHH = 5(1 +pun), PHT = E(pTH + pur)

1 1
Pra = §(pHH +0), prr= §(pTH + prr).

Thus
1

pun = 1, prr = pra = pru = §pHH = 5

and so

: 1 5
Pr(I win) = Z(pHH + pur + pru + prr) = ]

Probability HT' H beats T'T'H The match will be decided if at least
throws have been made and the last two throws were T'H. It is equally
likely that the throw before the last two was heads or tails so the
probability that HT' H beats TTH is 1/2.

The remaining entries have already been calculated or may be found
by applying rules (i), (ii) and (iii).
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EXERCISE 9.4.6

We do not need to do as many checks as these but it is comforting
to observe that

1
Expected value our strategy against HHH = 1 >0

1
Expected value our strategy against HHT = T2 >0
Expected value our strategy against HT'H = 0

Expected value our strategy against HTT = 0
Expected value our strategy against THH = 0
Expected value our strategy against THT = 0

1
Expected value our strategy against TT'H = 2 >0

1
Expected value our strategy against T7T7T = 1 >0

By symmetry our expected value against best play is 0 so this is an
optimum strategy.

If my opponent just plays one triple XY Z, I will have strictly positive
expected winnings against HHH, TTT, HHT and THH.

If my opponent promises to choose either HT'H or T'HT', then inspec-
tion of Table 9.2 shows that I should play some combination of HHT
and TH H and a little thought (or explicit calculation) shows that if he
uses best play (subject to his original foolish decision), I should play
each option with probability 1/2 and my expected winnings are 7/24.
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EXERCISE 9.5.1

The new game is obtained from the old by adding 3 units to the
value of each outcome.

Whatever Little Bonaparte chooses, Spats can do better for himself
by pressing. Thus Spats should press. By exactly the same argument
Little Bonaparte will press. They get 1 each.

If Bonaparte and Spats could trust each other they could agree not
to press and get 2 each.
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EXERCISE 9.5.2

The travellers may not be the most agreeable conversationalists but
they are acute reasoners. If there is exactly 1 bore then he knows
immediately who he is (since he knows no bores) and resigns on the
first evening. If there is more than 1 no one can know for certain that
he is a bore. If there are exactly 2 bores then on the first morning each
knows that there must be at least 2 bores but is acquainted with only
1 bore. They therefore know that they are bores and resign. If there
is more than 2 no one can know for certain that he is a bore. The
argument proceeds inductively and shows that if there are exactly k
bores they will resign on the kth evening and their resignation will be
announced on the kth morning after the announcement. Since there
are no resignations on the first 49 mornings everybody must be a bore
and they resign en masse and a smirking secretary posts their names
on the 50th morning.



We have
B(I,P)=3+pB(A,P)
B(I,N)=2+pB(I,N)
B(I,S) =2+ pB(I,95)
B(I,0) =3+ pB(A,0)
B(A,P)=1+pB(A,P)
B(A,N)=0+pB(I,N)
B(A,S)=0+pB(A,S)
B(A,0) =0+ pB(I,0)
Thus
B(I,N)=—— B(I,S) = L, B(A,P) =
SO g
=3+ BAN)=
Also

SO

B(I,0) =

EXERCISE 9.5.5

3
—27 B(A,O) -

1—p 1—0p

319

B(1,0) = 3+ pB(A,0) =3+ p*B(I,0)

3p

5"
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EXERCISE 9.5.6

We have
B([>P)=3+p+p2+p3+---:3+%
2
2
2 3 4 3
B(I,0)=3+0p+3p +0p° +3p" +--- = T
2, .3 1
2 3 2p
B(A,S)=1+p+p2+p3+---:rp
3p

B(A,0) =0+ 3p+0p* +3p> + 0pt - = 2

IL—p
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EXERCISE 9.5.7

If it is very likely that there will be another game our best choice
is to obtain a system where neither press and we share equally a sum
which is greater than the total available by non-cooperation.

If it is less likely that there will be another game we take the max-
imum possible by pressing. If there is a second game we sacrifice a
small sum to restablish good relations which we can exploit if there is
another round.

If the probability of another game is even smaller then at each round
we take the maximum available on that round by pressing.
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EXERCISE 9.5.8

We have B(A, P) = B(A, S) and

1—-2p
B(A, P) — B(A,N) =
(A.P) = BAN) = 1
1-2
B(A, P) — B(A,0) = — 2
I—p
B(A,N) - B(A,0) = p<12p_—;21).

Thus
B(A,P) > B(A,N),B(A,0)

for 0 < p < 1/2 and
B(A,N)> B(A,0O) > B(A, P)
for 1/2 < p <1 whilst
B(A,N) = B(A,0) = B(A, P)
if p=1/2.
Sonia should play never press if p > 1/2 and always press if p < 1/2.
If p = 1/2 all strategies have the same expected pay-off.



EXERCISE 9.5.9

Using the same notation as before we have

B(LP)=6+p+p2+p3+---=6+—1fp
2
B([,N):2+2p—|—2p2—|—2p3+...:_1
—p
2
B(I,S):2+2p+2p2+2p3_|_...:1_
—p

6

Thus B(I, N) = B(I, S) and

2 — op—1
B(I,N)-B(I,P)="L _g_-P"~
2(1 —6 2p—4

B(I,N) - B(I,0) = (1+p)=6_ 2 ,
1—p2 1—p2

p 6p* _p(l—?p)

B(I,P) — B(I,0) = il Ry

Thus
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B(I,N)> B(I,P) forp>1/2, B(I,P)> B(I,N) for 1/2 > p,

B(I,0) > B(I, N) for all p,

B(I,0) > B(I,P)) forp>1/7, B(I,P) > B(1,0) for 1/7 > p.
and Sonia should do the opposite of Tania if p > 1/7 and always press

if p < 1/7. She can follow either tactic if p = 1/7.

The total prize available if one presses and the other does not, is
greater than for any other. If the probability of many further games
is high the strategies of Tania and Sonia more or less share this total

prize.
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EXERCISE 9.5.10
If p is large tactics by which the players always hit on the maximum
total pay out and arrange to share more or less equally are optimal.

If 2¢ > d and p is large enough always play the same, if 2¢ < d and
p is large enough always play the opposite.
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EXERCISE 9.5.11

There is no mathematical argument available but since tit for tats
do well in the other type of contest and draw with each other it seems
to me that tit for tat remains a good choice.
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EXERCISE 9.5.12

(i) Any program is much more likely to meet a ‘tit for tat’ than an
‘always press’. Since ‘tit for tats’ do better than ‘always press’ against
‘tit for tats’ the ‘tit for tats’ will gain more points than the ‘always
presses’ and the population of ‘always presses’ will decline.

(ii) Any program is much more likely to meet an ‘always press’ than
a ‘tit for tats’. Since ‘tit for tats’ do worse than ‘always presses’ against
‘always presses’ the ‘tit for tats’ will gain fewer points than the ‘always
presses’ and the population of ‘tit for tats’ will decline.

(iii) Any program is much more likely to meet an ‘never press’ than
an ‘always press’. Since ‘always presses’ do better than ‘always presses’
against ‘never presses’ than an ‘always press’ the proportion of ‘always
presses’ will increase. The question of what will happen when there is
a large proportion of ‘always preses’ depends on how we fix the reward
and breeding structure.

If we have a mixed flock of ‘never presses’ and ‘tit for tats’ then the
behaviour of the two types of program in an encounter is the same.
There is no tendency for the proportion of ‘tit for tats’ to grow or
decline. (This is not the same as saying that the proportion will stay
the same, simply that there is no preferred direction of change.)
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EXERCISE 9.6.1

Consider the map
0:{0, 1} — {H,T}"
from sequences of 0’s and 1’s to sequences of heads and tails. Define
0 —
() {T if 2y = 1

and
o] =
(X)2k41 {H o= 1

Thus the 2k and 2k + 1 th throws are HT if the kth entry of x is 0 and
TH if the kth entry of x is 1 [0 < k.

0(x) contains no sequence HHH or TTT and 0 is injective. Since
{0, 1} is uncountable there uncountably many different sequences for
which the game goes on for ever.
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EXERCISE 9.6.3

Observe that if the machine spins all wheels the probability of three
letters being the same is 3/27 = 1/9, of no letters being the same is
6/27 = 2/9 and two the same is 18/27 = 2/3.

The game will certainly end if hold fails to light up and the machine
the produces three distinct letters. The probability of this is (1/2) x
(2/9) = 8/9 so the probability the game ends on a particular round is
at least 1/9. Thus he probability that she plays an n th round is no
greater than (8/9)"1.

If she must stop on round N her expected number of rounds

N ] n—1
rv< Y (§> <9
n=1

Since ry is increasing bounded above it tends to a limit so the expected
number of rounds that she plays is finite. Since her winnings and losses
on each round are bounded by 3 her expected winnings are finite. (A
more sophisticated approach is to use the comparison test.)

Let e; be her expected winnings starting with all windows different,
es her expected winnings starting with two windows the same and eg
her expected winnings starting with three windows the same.

2 1
e = —10 + 562 + 5(30 + 63)

1 /2 1 1
62:—10+— (—62+—(30+63)) ‘I——(

2 1
53 5 5 —es + =(30 + e3)

3 3

= 10+1 2 +1@0+ ) +1@0+ )
€3 = 5 362 9 €3 5 €3

Subtracting the second equation from the third gives

—1@0+ ) L2 +1@0+ )
€3 €y = 9 €3 5 362 3 €3
S0 e3 = ey + 15. Substituting back, e3 = 15, e = 0 and e; = —5.

The bettors expected loss is 5 pence.



EXERCISE 9.6.4

(i) Observe that

I
]
\'M
.
B
I

If Yy = min(X, N)

EYy = iPF(YN > k)= iPr(X > k) — iPr(X >7)

r=1

as N — oo.

(i) Let X be the number of shots A fires. We have

Pr(X > m) = Pr(m — 1 misses in a row) = (1 — a)™ "

SO
N
1—(1—&)’“rl
E (N, X) (1-— — (1 —a)"
min( mzl a)™ a ( a)
and
EX:i(l—a) 1:1.
= a

329
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(iii) Let B;, be the probability that the jth spot where an acorn is
planted does not have an oak after » — 1 plantings. Then

Pr(at least r plantings required) = Pr (U Bi,r>
i=1

=> Pr(Biy) = > Pr(BirNBj,)+ > Pr(Biy NBj, NBi,) — ...
i 1<j 1<j<k

n n n
= <1> Pr(Bl,r) — <2> PI‘(BLT N BQ,T) + <3> PI‘(BL,« N Bg’r N Bg’r) — ...
_ (T _ Y\ o T\ 3 _
(1) () ()
and so

expected number of plantings = Z Pr(at least r plantings required)

r=1

B (T)l—iq_ (2)1—1q2+(Z)l—lcﬁ*_"'+(_1)n_1(z)1—1q”'
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EXERCISE 9.6.5

The game will certainly terminate if the next three throws are H H H
or TTT (it may terminate otherwise). The probability of three the
same is 1/4, so the probability that the game terminates during the
next three throws is at least 1/4. Thus

Pr(game lasts 3n tosses) < (3/4)" — 0

as n — o0.
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EXERCISE 9.6.6

Let A, be the collection of games terminating in n goes or less.
Then A, is finite so countable. Thus ()7, A, is countable (being the
countable union of countable sets) and this is the stated result.
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EXERCISE 10.1.2

Pr(happy end) = Pr(wins 5 goes in succession) = p°
If p = 1/4, p° ~ 0.00098.

If p = 3/4, p° ~ 0.237.
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EXERCISE 10.1.3

If ¢, = qot™ then
Qn+1 = Qnt = QOth
since gy = t°qy the result follows by induction for n > 0.

The result is also true for n < 0. Either use simple induction or
observe that
d—(n+1) = tiqun
and use the first part.
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EXERCISE 10.1.4

(i) Observe that, if

l—p

then
Pnt1—Gn + (1 — p)qn—lA(p —14+(1- p))

(57 (05 (5) )

:0+B(1;p)"_1 (1-p)* = (1—=p)+p(1-p)

=0

as stated.

(ii) If go = 0 then A = —B so

s (55))

If further go56 = 1 then

SO
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EXERCISE 10.1.5

(i) With (a) I gamble 1120 dollars and have probability p of gaining
my end. If T lose (which I do with probability 1 — p) I have 320 dollars
and must win three times in a row (probability p?) to gain my ends.
My probability of success is

p+(1—p)p’.

With (b) I must win 3 times in row to gain my ends without gam-
bling my back pocket. The probability of this is p*. Otherwise, with
probability 1 — p* I gamble my back pocket and have probability p of
winning. My probability of success is

P+1-p)p=p+(1—-pp.

(ii) With bold play I have probability p of reaching my goal imme-
diately. Otherwise with probability 1 — p I will have 1440 dollars and
using (a) or (b) I have probability py = p + (1 — p)p?® of winning my
ends. Thus my probability of success is

p+ (1 —p)po.

Alternatively I can put 1280 dollars in my back pocket and then use
either strategy (a) or (b) (with one dollar being replaced by 50 cents)
to gain gain my ends without gambling my back pocket. This has
probability po. If I fail (which I will with probability 1 — pg) I gamble
my back pocket and have probability p of gaining my ends. Thus my
probability of success is

po+ (1 —po)p=p+(1—p)po.

(See How To Gamble If You Must by Dubins and Savage Chapter 5,
Section 4. The book is reprinted by Dover)
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EXERCISE 10.1.6

The expected gain on a bet of x is
prp '+ (1—p)0—x=0.

If your expected gain on any game is zero then it should be zero on
any combination of games.

Thus your expected winnings are 0. If you have probability ¢ of
gained your desired prize with a particular strategy then your expected
winnings are

—k+q+(1—-¢q0=—k+ql
Thus ¢l = k and ¢ = k/I.
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EXERCISE 10.1.7

(i) If p < 1/2 she is gambling in unfavourable circumstances and
should use bold play as described in this section.

(ii) If f is her fortune on retirement then the probability she is happy
is 1if f > 1 and zero otherwise.

We have proved the inductive hypothesis for r = 0. Suppose it is
true for r = m. If we have a fortune
f=k+02m145

with 0 < k < 2™*1 an integer then if we gamble (u + 7)27™~! with
0 < u < k an integer and 0 < n < § our new fortune will either be
(k+u+n+86)27"""or (k—u—n+0) and by the inductive hypothesis
the probability of ultimate success will either be that if we start from

27" (k+u+n+0)/2]=2""[(k+u)/2]
or if we start from

27"k —u+mn—20)/2] =27"[(k — u)/2]

(here [a] is the integer part of a) at year m independent of 1 and .
The result thus follows by induction.

(iii) If % is even she should bet (2r)2~™~! with 0 < 2r < k and the
probability of ultimate success if she then plays correctly is

p(((k+2r)/2,m) + p(((k — 2r)/2,m)

2
She should choose r = r* to maximise e(2r, k, m+ 1) and then p(k, m+
1) =e(2r*,k,m+1).

If k is odd she should bet (2r + 1)27™~! with 0 < 2r + 1 < k and
the probability of ultimate success if she then plays correctly is
p(((k+2r+1)/2,m) 4+ p(((k —2r —1)/2,m)

2

She should choose 7 = 7* to maximise e(2r + 1,k,m + 1) and then
plk,m+1)=e2r*+1,k,m+1).

e(2r,k,m+1) =

e(2r+1,kkm+1) =

(iv) If n is large we are almost back to the circumstances described in
this section and should gamble slowly. She will stake a small proportion
of her fortune.

If n is small, small bets can not produce the required outcome. She
will bet a relatively large proportion of her fortune.
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EXERCISE 10.2.1

(a) The expected return is

32
Pr(wi 32 = —.
r(win) x 23

The probability of winning with bold play is 1/33 & 0.0303.

(b) The expected return is

16 32
Pr(wi 2=—X2=—.
r(win) x T 33

To win with bold play you need to win 5 times in a row. The probability

33 - ’ .

Take my advice— when deep in debt,
Set up a bank and play Roulette!

At once distrust you surely lull,

And rook the pigeon and the gull.
The bird will stake his every franc

In wild attempt to break the bank—
But you may stake your life and limb
The bank will end by breaking him!

(Gilbert and Sullivan The Grand Duke)
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EXERCISE 10.2.2

(i) Game A has expected value 271928 = 272 and variance
2710216 o (272)2 — 26 o 274

for an investment of one dollar. The probability of winning your desired
sum by bold play in game A is 2719,

Game B has expected value 27322 = 27! and variance

27324 — (27?2 =1/4.

The probability of winning your desired sum by bold play in game B
is the probability of winning four times in succession that is to say
(273) = 10712,

Game C has expected value

9=1209160 _ (9=40y _ 910 _ =80

for an investment of one dollar. Bold play in C will involve betting
at least 277 dollars (actually rather more) each go so you will run

out of money after at most 27! throws unless you win a throw. The
probability of winning in 27! throws is

1 — Pr(losing 2™ throws) =1 — (1 — 27120)271

which is tiny (either by direct calculation or using the binomial expan-
sion and bounding terms).

2809-120 — 940 and variance

(ii) The expected value of game D is
2—1028 + 2802—120 — 2—2 + 2—40
and its variance is greater than
2—120 X 2160 _ (2—2 _|_ 2—40)2 > 239.
If we intend to try and play a few games then the game looks very much
like game B which is substantially worse than game A. If we play many
games with many small stakes then the law of large numbers says that
in practice we are betting in game C with a bet of k/2, returning 2%k

with probability 278 and the same kind of estimates as before show
that our chances of succeeding are negligible.
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EXERCISE 10.2.3

We have
EX=pxkp'4+(1-p)x0=k
and
var X = EX? — (EX)?
=px (kp™')? + (1 —p) x 0~ &
=k - 1)

Thus var X — k*(1—1)=0asp — 1— and var X — oo as p — 0+.
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EXERCISE 10.2.4

You are broke if you lose. You have 1 if you win. The probability of
success is thus kF < k.



EXERCISE 10.2.5

(i) You have (n — r)F fortune remaining so you need to win

1—(n—rn'F
to leave. Thus you take p, so that
zk’p;l =1—(n—rn'F
n
or, rearranging,
B kF
br= n(l—F)+rF

(i) You will fail if each of your n bets fail so with probability

n

gn = [ [ Pr(rth bet fails) = [J(1 - p.)

r=1 r=1

so taking logarithms,
log gn = Y _log(1 — p,).
r=1

(iii) Observe that
kF

)

<F(1-F)"L

343
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EXERCISE 10.2.6

(i) We have

— 92 _
O . :x(l 2x)>0
11—z 11—z 1—a

g(x)=1+2z —
for 0 < x <1/2 so g is increasing and
0=g(0) < g(z) = +2° +log(1 - )
ie
x4+ 2> —log(l — )
for 0 < <1/2.
On the other hand, setting f(z) = = + log(1 — x), we have
fla) =111 <0
for 0 < x < 1so f is decreasing and
0= f(0) > f(x) =z +log(l — x)
ie
r < —log(l —x)
for 0 <z < 1.

(ii) Set A = F(1 — F)~'. Provided that n > 2A, part (iii) of Exer-
cise 10.2.5 tells us that 0 < p, < 1/2 so

AQ
pr < —log(l—p,) <pr+p; <pr+ =
n
whence
< — < —
Zpr_ loan_Zpr+ 0
r=1 r=1
and
loggn+ > _pr—0
r=1
as n — oo.

We know that if G : [0, 1] — R is continuous then

%ZG(r/n)% /0 Glt) dt.

Taking
1

M e
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we obtain
u 1 & 1
;pr*k?x ﬁ;(l—]-")Jr%]-“
! dt
k I
- F/O (1—F)+F
—= —kllog (1= F) + 7))
= —klog(l —F)
as n — 00.
Thus
log ¢, — klog(l — F)
and so

qn—>(1—]:)’C
as n — 0o.
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EXERCISE 10.2.7

(i) We have
g@) =kl —a)* " —k=k(Q-2)*"=1)>0
for 0 < x < 1, so g is strictly increasing in this range and
g(x) > g(0) =0
ie
1—kr>(1—2)
for 0 <z < 1.
The probability of failure with the simple bold strategy is 1—kF. The
probability of failure with the division strategy can be made as close

to (1 — F)* as we wish. Thus the division strategy (with n sufficiently
large) is always better than our simple bold strategy.

(ii) By the definition of the derivative
1—(1—2)* 1 h(x)—"n0) K(0)

= — = 1
kz T Tk
so when F is small the ratio of the probabilities of success
1—(1-F)*
kF

is close to 1 and our division strategy not much better better than the
simple bold strategy.
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EXERCISE 10.2.8
You must win 5 times in secession so you want

p°>1/33

so p > .497 (approximately) If we take p = .497 the Casino’s expecta-
tion is about 0.006 (In the game (a) it is about 0.03.)

EXERCISE 10.2.9*
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EXERCISE 10.2.10
(i) The expected return is 2 560 000 which is what we should expect
from a fair game. We expect to get out (on average) what we put in.

(ii) [Corrected version] If p = .495 our expected return is
10,000 x .5057° ~ 2364 117.
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EXERCISE 10.2.11

This just a particularly wild modification of unlimited double or
quits. If you own o’ (with @’ < b) you you announce a bet of (0’ —a)/u
dollars. If you win, you walk away with b. If you lose you repeat the
process.

Since you walk away at the first win and since no strategy will allow
you to walk away before you have had at least one win this is a best
strategy.

The expected time to your first win is p~! (see the one sided duel)
which is independent of a, b and wu.

Useful theorems on probability must exclude wild games like this.
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ExXERCISE 10.3.1

aw” + bw' 4+ cw = a(kv 4+ u)" + b(kv + u) + c(kv + u)
= a(kv” +u") + b(kv' + u') + c(kv + u)
= k(av" 4+ bv" + cv) + (au” + bu’ + cu)
— K0+ f=T
It
au'(x) + bu(z) = f(x)
and
av'(z) + bu(z) =0,
then, if £ is constant and w = kv + u,
aw’ + bw = a(kv + u)" + b(kv + )
= a(kv' +u') + b(kv + u)
= k(av' 4 bv) + (au’ + bu)
— KO+ f=f.
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EXERCISE 10.3.2

(i) Observe that
(D —al)(D—bl)u= (D —al)(u —bu) = (u"—bu) — a(u’ — bu)
=u" —bu' —au' + abu = (D* — (a + b)D + abl)u.

(ii) If v’ — au = f then

d

(e ule) = —ae ul) + ¢ (2)

= e (v (z) —au(r)) = e f ()
so integrating

[e’“su(s)}g = /w e f(s)ds

0
SO

e “u(x) —u(0) = /Om e “f(s)ds
and

u(z) = u(0)e™ + e*® /m e f(s)ds.

(iii) Set v = (D — bl )u. Then
v'(x) —av(z) =0

and, by (i) with f(x) =0,

v(0)

— b<€ax _ebm> — Aeax_'_Bebx'

= u(0)e™ +

Thus the only possible solutions are
u(z) = Ae®™ + Beb®

for some pair constants A and B. By inspection every pair of constants
give a solution.
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To prove the last statement, either examine he argument above care-
fully or note that we have a solution if and only if
u=A+B
u; = aA+bB
and, since a # b, these equations have a unique solution.
(iv) Set v = (D — al)u. Then, as in (iii),
v(x) =v(0)e™
so, by (ii), with f(z) = e*

u(z) = u(0)e™ + eax/ v(0) ds
0
= u(0)e® 4 v(0)ze™
Thus the only possible solutions are
u(z) = (A + Bx)e™

for some pair constants A and B. By inspection every pair of constants
give a solution.

he prove the last statement either examine he argument above care-
fully or note that we have a solution if and only if

Uy = A
u = aA+ B
and these equations have a unique solution.

(v) Set v = (D — al)u. Then v(0) = uy — aug and, by (ii),

v(x) = v(0)e™ + e /I e *f(s)ds,

0
and, using (ii) again
u(z) = u(0)e? + ebm/ e " v(s) ds.
0
Thus our system has exactly one solution.

(vi) Use part (i) and parts (iii) and (iv).



EXERCISE 10.3.3

(i) We have
d
%e_’”u(aﬁ) = Kelcm)®
SO
6(c—a)ac
e “u(r)=A+K
c—a
and K
u(z) = Ae™ + e
c—a
for some constant A.
(ii) We have
d
%e’“zu(a:) =K
SO
e “u(r)=A+ Kzx
and

u(x) = (A+ Kz)e™
for some constant A.
(iii) Set v(z) = /() — au(x). Then
v'(x) — bu(z) = Ke™

and %
o bx cx
v(x) = Ce™ + R
SO "
u(z) — au(z) = Ce™ + becx
C —
and using linearity or repeating the argument of (i)
K
— A B bx e
u(z) e + Be +(c—a)(c—b)6
for some constants A and B.
(iv) Set v(x) = u/(z) — au(z). As in (iii)
K
— — C bx ax
u(z) — au(x) e’ + — ¢

so using linearity or repeating the argument of (ii)

K
u(z) = Ae™ 4 Beh + —bxe“”
a —

for some constants A and B.
(v) Set v(z) = u/(z) — au(z). Then

V'(x) —av(z) = Ke™
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and
v(z) = Ce™ + Kxe™
S0
—e “u(x) = x
dx
whence
—az K,
e u(x) :A+Bx+§a:
and

u(z) = (A + Bx + ng) e

for some constants A and B.
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EXERCISE 10.3.4

(i) If u,, is defined uniquely for some n > 0, then u, 1 = Y41 +au, is
uniquely defined. Since ug is uniquely defined, it follows, by induction
that u,, is defined uniquely for all n > 0.

If u_, is defined uniquely for some n > 0, then v_,,_; = a *(u_, —
Y_n_1 is uniquely defined. Since ug is uniquely defined, it follows, by
induction that u_, is defined uniquely for all n > 0. Thus wu,, is defined
uniquely for all n.

(ii) If w, and u,4; are defined uniquely for some n > 0, then wu, 4
and U, 0 = 2, — au,1+1 — bu,, are uniquely defined. Since ug and u; are
uniquely defined, it follows, by induction that wu, is defined uniquely
for all n > 0.

If u_,, and u_,,_, are defined uniquely for some n > 0, then u_,_;
and u_,_9 = b *(2_,_2 — au_,_1 — u_,) are uniquely defined. Since
up and u_; = b~'(z; — atiy — U;) are uniquely defined, it follows, by
induction that u,, is defined uniquely for all n < 0. Thus u, is defined
uniquely for all n.
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EXERCISE 10.3.5

Observe that
aWnp 19 + bw, 1 + cw,
= a(kvpyo + Upsa) + 0(kvni1 + unyr) + c(kv, + uy)
= k(avpi2 + buysr + cvy) + (atpio + bup + cuy,)
= k0 + yp = Yn.

Suppose that
AUy + by = Yp
and
av,+1 + bv, = 0.
If k is constant and w,, = kv, + u,, then
awp 11 + bw, = a(kvyyr + Upy1) + b(kv, + uy,)
= k(avy1 + buy,) + (auyyq + buy,)
= k0 + vy, = Yn.
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EXERCISE 10.3.6

(i) We have
(E—al)(E—blu, = (FE —al)u,q — buy,
= Upto — DUy — aUpyq + abu,
= Upt2 — (@ + O)upyq + abu,
= (E® — (a + b)E + abl )u,.

(ii) We have

(E —al)v, = Upy1 — av, = a™

n n n
Upp1 — @ "Up = " (Upy1 — Up) = "Wy,

(iii) We have
Ujt1 — Uj = Yj

SO
n n

Unat — o = Y _(Ujp1 — 1)) = ¥ _ ;.

j=0 J=0

n—1
Uy = Uy + § Y
j=0

for all n > 0, ie

for n > 1.
Also

U=(j+1) = U= = —Y=j-1
so, by what we have just shown,

n
U_p = Up — E Y—j—1
J=0
ie
—n
Up = Uy — E Y—j
J=1

for n < —1.
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EXERCISE 10.3.7

(i) By Exercise 10.3.6 (iii),
U, =1
for all n.

(ii) By Exercise 10.3.6 (iii),

for all n.
(iii) By Exercise 10.3.6 (iii),
Up =N
for all n.
(iv) Since 37, j = n(n +1)/2, it follows from Exercise 10.3.6 (iii)

that
u, =n(n+1)/2

We now use Exercise 10.3.6 (ii) on each of the previous four parts in
turn to get.
(V) up, = a™.
bn
b—a

(vii) u, = na”

(Vi) u, =

(vill) u,, = n(n+1)a"™/2.
Finally using linearity and parts (v) and (vi).
The general solution of (E — al)u, =0 is u, = Aa™.

The general solution of (E — al)u, = b™ with b # a is u,, = Ab".
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EXERCISE 10.3.8

(i) If
Una2 — (a4 b)vpyq + abv, =0,
then, setting u,, = v,11 — av, we get
Ups1 — bu, =0

so u, = Cb" and

Upt1 — av, = CO"
and by Exercises 10.3.7 (ix) and (v) and linearity

v, = Ad" + Bb".
Thus using Exercises 10.3.4 and 10.3.5 we have

U, = Aa" + Bb" + v,

where A and B are freely chosen constants.

(ii) If a # 0 and

2
Upao — 2aUp41 + a”v, = 0,
then, arguing as before,
Upt1 — av, = Aa"

SO
u, = (A+ Bn)a" + vy,
where A and B are freely chosen constants.
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EXERCISE 10.3.9

(i) Write v, = (£ — al)u,. Then
Upa1 — bu, = Ca™
S0

v, = Kb" + ¢ "
z—0b

for some constant K. Thus

C
Upi1 — U, = Kb + z"
xr—>b

and
C C
" @ +(x—a)(m—b)x @ +x2—(a+b)x+abx
for some constants A and B.
(ii) Write v, = (E — al)u,. Then

Upt1 — bv, = Ca”

SO

v, = Kb" + ¢ a”
a—b

for some constant K. Thus

C
Upi1 — U, = Kb" + a"

a—>b

and

u, = Aa" + Bb" + ¢ na”.
b—a
(iii) We have
(E—1)u, =C

SO

(E—Du,=B+Cn
and

un:A—i—Bn—i—%an
for some constants A and B.
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EXERCISE 10.3.10

We have
o® +ba+a=0
so taking complex conjugates
0=a?+bat+c=a’+ba+ec.

Thus @ is root. Since & # « we have § = a.

Since A+ B = Aa® + Ba® is real we know that

JA = —-SB.
Let a = u + iv with v and v real. Then
Aa+ Ba = (RA +iSA)(u + iv) + (RB + iSB)(u — iv)
is real so
u(SA+ 3B) +v(RA — RB) = v(RA — RB)

is real so, since v # 0, RA = RB and B = A.

Conversely if B = A then

Aa" 4+ Ba" = Aa" + Aa" = Aa" + Aan

so Aa™ 4+ Ba™ is real.

(i) If w; and u;4q are real then w41 ujio = —bujpq — cu; = 0 are
real. Since ug and w; are real u; is real for all j > 0. To show that u;
is real for j < 0 consider the equation

U_(nt2) + c_lbu_(n+1) +ctau_, = 0.

(ii) We have

Ug = A + B

u; = Aa + Ba
SO

(up — aug) = Al — @)

and U — QU

A=—"T

a—a
Similarly
B— uli— QUg _ A
a—a«

SO u,, is real for all n.
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EXERCISE 10.3.11
(i) We have
1
e=n(1)=("7)-(0)
T T T

_%n(n—1)...(n—r+2)((n+1)—(n—T+1>)

_ (T_l)!n(n—l)...(n—r+2): <Tﬁ1)'

(ii) Using the particular solution of of (i) and the known complemen-

tary solution we have
n
u, = A+ ( )
r

(iii) We use induction on k. If the result is true for £ = m then
(E— D)™y, =0« (E - Iu, = v, with (E—1)"v, =0

m—1
& (B —Du, = Z Ap_1-; (n)
— J
J
= Up = Z Am—j <n>
=0 J

with A; arbitrary. The result holds for £ = 1 so it holds for all k by
induction.

for some constant A.

(iv) By inspection or by using Exercise 10.3.6,
k-1 n
Up = Akl‘(.)aj-

(v) By inspection or using induction on k

— n
" \r+k

is a solution so the general solution is

k—1
n n
= E A 1 .
i (r+k)+j:0 klj(j>
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EXERCISE 10.3.12

Let
t*+at* +bt+c=0
have roots «, 8 and 7 (repeated roots repeated appropriately). Note
that since ¢ # 0 no root is zero.

(i) If «, B, v are distinct,
(E® 4+ aE® +bE +cl)u, =0 (E—BI)(E—~I))(E— al)u, =0
< (FE—al)u, = B'g" +C'y"
& u, = A" + Bp" + Cy"
for general constants B', C’, A, B, C.
(i) If  and f are distinct but v = «,
(E°+ aE® +bE+clu, =0 (E—ol)((E - BI))(E — al)u, =0
< (E—al)u, =A'a™+ B'g"
& u, = (A+ A'n)a™ + BB"
for general constants B’, A’, A, B.
(i) f If a = B = 7,
(B> + aE* 4+ bE +cl)u, =0 (E—ol)(E—ol))(E — ol)u, =0
& (E—al)u, =A"+ A"a"
S u, = (A+ A'n+ A'n*)a”

for general constants A, A’, A", A".
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EXERCISE 10.3.13

(i) Just before the nth minute the flea will be on the black dog with
probability 1 — p,_; and jump to the white dog with probability w or
it will be on the white dog with probability p,_1 and stay on the white
dog with probability 1 — b. Thus

Pn=1=pp1)w+pp1(l=b)=w+(1-b—w)p,
for n > 1 and
(E-—(1—-b—w))p, =w
for n > 0.
We seek a particular solution p,, = ¢, obtaining
(b+w)ec=w
and the general solution

b+ w
Since pg = 1, we have A =b/(b+ w) so

w b

— 1—b—w)"
P b+w+w—|—b( w)
Since 0 < b+ w < 2 we have [l —b—w| <1so (1 —-b—w)" — 0 and
w
pn_>—b—|—w

as n — 0o.

(ii) As before

w
n=——+B(1—-b—w)"
¢ b+w+ ( w)

for some constant B. Since ¢y =0, B = —w/(b + w) and
w w

:b—irw_w—irb

(1—b—w)”—>L

I b+ w

as n — 0o.
(The process gradually forgets how it starts.)

(iii) If b+ w = 0 then b = w = 0 and the flea stays on the dog it
starts on.

If b+ w =2 then b = w = 1 and after an even number of seconds it
it will be on its starting dog and after an odd number on the the other.

(In neither case does the process forget how it started.)



EXERCISE 10.4.1

We have
Uy = %unﬂ + %Un—1
SO
(E—1)*u, =0
and
u, = A+ Bn
We have up =0so A=0and uy =1sob=1/N and
n

365
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EXERCISE 10.4.2

If the casino has a fortune of n, then at the next bet it has a prob-
ability of p of gaining 1 so its probability of going bankrupt is now
Upn+1, & probability of r of neither losing nor gaining so its probability
of going bankrupt is now u,, and probability of ¢ of neither losing 1 so
its probability of going bankrupt is now wu,_;. Thus

Up = PUp_1 + TUp + qUp11
for1 <n < N—1. If n =0 it is bankrupt so ug = 0. If n = N it stops
souy = 1.
(ii) We have
(qE* = (p+ ) E + pI))u, =0
SO
(B —I)(E - (p/a))u, =0

un:A+B(z—j) )
q

Since 1y = 0 we have A = —B and since, uy = 1, A = (1 — (p/q)V) L.

Thus N
q
Uy = ——F—

)

(pE* — 2pE + pI))u, =0

so (E* — E + I))u, = 0 and, exactly as in Exercise 10.4.1,

n
U, = un(n) = —.

N

whence

(i) If p = ¢ we get

(iv) Allowing N — oo in (ii) and (iii) we see that bankruptcy is
certain if p > ¢q. If p < ¢ the probability of bankruptcy starting with a

fortune n is "
- (7)
q

which may be made as small as we wish by taking n large enough.
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EXERCISE 10.4.3

Suppose that the casino has N units. If it takes a bet, then with
probability p it will lose, have a new fortune of N — 1 and expect to
survive a further ey_; bets. With probability 1 — p it will win, pay its
owners 1 so have a new fortune of N and expect to survive a further
ey bets. Thus

en=14+peny_1+ (1 —p)en.
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EXERCISE 10.4.4

Suppose that the casino has n units with 1 <n < N — 1. If it takes
a bet, then with probability p it will lose, have a new fortune of n — 1
and expect to pay out a further f,,_; to its owners. With probability
1 — p it will win, have a new fortune of n + 1 and expect to pay out a
further f,, 41 to its owners. Thus

fn = pfn—l + (1 _p)fn+1'
Suppose that the casino has N units. If it takes a bet, then with
probability p it will lose, have a new fortune of N — 1 and expect to
pay out a further fy_; to its owners With probability 1 — p it will win,

pay its owners 1 so have a new fortune of N and expect to pay out a
further fy. Thus

* fn=pfn-r+ (1 =p)(1+ fn)
If the casino has fortune 0 it is bankrupt so fy = 0.

Our standard calculation shows that

el (52)

Equation % now gives
p(fn—fyv1)=1-p

s () (- (5)

and, so in particular,

and

whence
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EXERCISE 10.4.5

Since the game is fair, the expected return to investors is precisely
what they put in. Thus f, = n.
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EXERCISE 10.4.6

The expected time to bankruptcy e, satisfies
en =14 pe,_1+qeny1 +re,
for 1 <n < N — 1 while ¢g =0 and
ey =1+pen_1+ (¢+r)en.
Thus
(@B® — (p+ @) B +plen, =1
or
(¢F —p)(E —1)e, =1
We try a particular solution e,, = Kn obtaining K = (¢ — p)~

general solution
en=A+B (Z—)) 4+

Land a

q q—p
Since eg = 0, B = —A and

en:A(l— (Z—)) )—FL
q q—p
The condition ey = 1+ pen_1 + (¢ + 7)en gives

-1
EN —EeN—1 =D

() -0)7)-5

whence we obtain A and ey.

SO

The expected sum withdrawn f,, if the casino starts with n satisfies

fn:pfn—l+rfn+an+l
ifl<n<N-—1and fy =0,

In=pfva+riv+ql+fn)=q+ 1 =p)fn) +pfn
SO
pfN =q+pfn-1.

We have
(¢ —p)(E—-1)fn=1

q
and since fo =0, B = —A and

=a(-(2))

SO
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Applying the other end condition

SONGHE

whence we obtain A and fy.
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EXERCISE 10.4.7

Y, (r) is my fortune if I play fair heads and tails for n goes starting
with a fortune of r and I am not stopped by bankruptcy. The first
value of n, if any, with Y,,(r) = 0 corresponds to bankruptcy.

If I start with n and avoid bankruptcy by reaching N then my prob-
ability of escaping bankruptcy is n/N. Allowing N — oo we see that
if I play indefinitely the probability of bankruptcy is 1.

If I have a fortune of N —1 > n > 1 then at the next bet I have
a probability of 1/2 of gaining 1 so I will have lasted one further turn
and my expected survival time will be e,,; and a probability of 1/2
of gaining 1 so I will have lasted one further turn and my expected
survival time will be e,_;. Thus
* en =1+ %(en+1 + enfl)
for N —1>mn > 1. Since I stop at 0 and at N we have eg = ey = 0.

% gives e,.1 — 2¢e, +e,_1 = —2. We seek a solution of the form Cn?
obtaining
C(2n* +2 —2n?) = -2
when C' = 1. Since ;41 — 2u, + u,_1 = 0 has the general solution
A+ bN we have
en=-n*+Bn+ A
Since eg = ey =0, a =0 and B = —N whence

en = en(N) =n(N —n).

If n is fixed
en(N) =n(N —n) =nN —n? = oo

as N — oo.
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EXERCISE 10.4.8

(i) We note that the position of the players is symmetric and that in
each case, if the double is accepted, the player who doubles moves from
a player who can double at will to a player who cannot double facing
an opponent who can double at will. Thus the decision is always the
same.

(ii) Suppose the players are at M. Let p be the probability that the
first player wins if doubling is prohibited and ¢ the probability that
the players will reach —M before the game ends (again doubling being
prohibited).

p = Pr(players never pass through —M)

+ Pr(players pass through —M and first player wins)
=(l=q)+q(l—p)=1—¢qp

Thus, assuming that this is the first double and the second player
accepts, we know that there is a probability 1 — ¢ that the first player
will win (so the game will have value —2 to the second player) without
passing through —M and a probability 1 — ¢ that the game will pass
through —M, at which point the game will have value —2 to the first
player and so value 2 the second. Thus

—1 = expected value for the second player if accepts
=-2(1-q)+2¢
Thus ¢ = 1/4 and p = 4/5.

(iii) Observe that the players are playing a standard heads tails, so
if p, is the probability that the first player wins from the point r we
have

br = %prfl + %pr+1
and py = 1, p_ny = 0 and by standard calculations
r+ N
2N
so, if N is divisible by 5 we have critical value M = 3N/5.

DPr+1 =
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EXERCISE 10.4.9

(i) Write M for the total number of coins involved. Let e, be the
expected time to the end if Rosencrantz has fortune r. With probability
1/2 his fortune is r after one throw, With probability 1/4 his fortune

is 7 — 1 after one throw and with probability 1/4 his fortune is r + 1
1 <r<M-—1]. Thus

1
e =1+ Z_l(eTfl + 2e, + €r+1>

ie

Cri1 — 2€r +e_1 = 4.
A particular solution is e, = Ar? with A = 2. Thus

e, = Br+ C + 2r2.

Since ey = ey = 0 we have C' =0 and B = —2M. Thus

e, = 2(r* — Mr) = 2ryg.

(ii) The probability that any man wins a round is the probability

that the other two throw the opposite ie 1/4. Thus we have

ehrg =1+ Z(G(Hz)(rq)(gq) + €(h-1)(r+2)(g—1) T E(h-1)(r—1)(g+2) T Chrg
SO
* 4= e —1)(g-1) + Eh-1)(r42)(-1) F Eh-1)(r—1)(g+2) — Behrg)-

Further ey, = €uop = €uvo = 0.

We try
ehrg = Ahrg
which certainly satisfies the boundary conditions.
The equation % is satisfied if and only if
4=-A((h+2)(r—=(g—1)+(h=1)(r+2)(g—1)
+(h=1r—-1)(g+2)— 3h7’g)
= AB(h+r+g)—6)

ie

where N =h+1r+g.

Since % has at most one solution satisfing the boundary condition
and we have found a solution, this must be the unique soltion. We

have
4

3N -6

ehrg = hryg
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If they start with 100 coins each they are likely to reach England
before they finish the game.
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EXERCISE 10.4.10
(i) Jack will be paid j with probability p; if j > m. With probability

ZT:_ll p; he will take the cow home and with probability ¢ the cow will
not die and he will be in exactly the same position with expected gain

em. Thus
n m—1
=S i+ (zpj) o
j=m j=1
SO
m—1 n
(1 - quj) =S
j=1 j=m
as stated.

We claim that e,, increases and then decreases. Matthew Towers
gives the following argument. Observe that this statement is equivalent
to saying that e,,11 < e, implies e, 12 < e,,41 and this is equivalent
to saying that

Pm (m—q <m§pj+ Zn: jpj)> 20

j=m+1
m—q<m2pj+ Z jpj)ZO
Jj=0 Jj=m+1

implies

m+1—q<zpj+mzpj+ > jpj) >0
=0 =0

j=m+1
and this implication follows from the fact that

m
CJZP;' <L
=0

Let us write A, = Zglzm Jjp; and B, =1 — ngn:—ll pj. Then
Am+1 Am

Bm+l Bm

Em4+1 — Em =

B Bm — 4Pm Bm
(qu — mBm)pm
(Bm - qpm)Bm '
Thus €41 — €, > 0if gA,, — mB,, > 0 and e, 1 — e, < 0if gA,, —
mB,, <O0.
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But gA,, is a decreasing and m B, is an increasing sequence so €, 11—
em is a decreasing sequence and the result follows.

Jack should choose m = my.

(ii) If he has to take his cow home he incurs an extra cost of k& so his
expected gain e, is now

n m—1
=3 (zpj) (—k+ gen)
j=m j=1
n . m—1
Zj:m Jp; —k Zj:l pj
m—1 :
1- qzj:l Pj

Let us write A,, = Y7 jp; —k Z;:ll p; and B, =1—¢q Z;";ll p;-
Then

SO

€m =

Aerl Am

Bm+1 B B_m

A —(m+E)pn A
N Bm — 4Pm - B_m
(qAm — (m + k) B )pm

(Bm - qpm)Bm

Em+1 — Em =

But gA,, is a decreasing and (m + k) B,, is an increasing sequence so
eém+1 — €m 18 & decreasing sequence. Thus there is an integer m, with
0 < mgy < n such that e,, 1 < e, when 1 < m < mg and e, < €41
when mg < m <n — 1.

Note that in case (i) (except in the trivial cases py = 1 or ¢ = 1)
Jack will have my > 1 but in case (ii) Jack may be happy to give the
cow away (this is obvious if £ > n). We have assumed that beans are
traded in integral multiples but the ideas clearly work more generally.
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EXERCISE 10.4.11
The computation of Vj is essentially that of the onesided duel.

W = Zj Pr(A_; first unoccupied space)
j=0
SO
Vo =q(1+ Vo)
and Vp = ¢q/p.
If T use my plan with m = n then, with probability ¢, the nth state

is free and I walk n units and with probability p it is occupied and my
expected walk is that obtained by taking m =n — 1. Thus

Vo =pn+qViu1.

If we look for a solution of
Up, = PN+ QUp—1
with w, = Bn + C, we obtain
Bn+C=pn+q¢B(n—1)+qC

so B=1,C = —q/p. By inspection u,, = n—q/p is indeed a particular
solution. Thus, the general solution is

un:Aq”—i—n—g.
p

We now know that

Vn:Aq"—kn—g
p

for some constant A. Since Vy = ¢/p A = (2¢/p) so

2¢" — 1
V=g 241

p

for n > 0 as stated.

Thus .
Vi —Va=—1+2¢0—L =2¢" 1

p

and

<0 if2¢g"—-1<0
so V,, is minimised when n takes its largest value with

< log(1/2)

>0 if2¢g"—-1>0
Vn_Vn—l{_ : 1 P

log q
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EXERCISE 10.5.1

(i) We have

Pr(Law loses) = Pr(double six on a particular throw)®

1 2
= (=) ~46x10719,

(i) About 2.2 x 10° seconds.
(iii) He has paid 1 shilling for a bet worth approximately
4.6 x 10719 x 10° x 20 =9.2 x 107 ~ 107
shillings.

(iv) No. The Kelly criterion deals with the long run and even if we
bet every second of a lifetime we will not have made enough bets for
the appropriate Tchebychev inequality to give any information.
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EXERCISE 10.5.2

The probability of getting the right numbers in some fixed order is
1 1 1 1 1 1
— X — X — X — X — X —
49 48 47 46 45 44
and there are 6! ways of obtaining the right numbers in any order so
the probability of winning is
1 1 1 1 1 1 1 1 1
/X — X —X—=X—=X—X—=—X— X —
49 48 47 46 45 44 9 47 46
1

~ 13983816

1
X_
44

X

Wl
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EXERCISE 10.5.4

Observe that
d
—_— e — T8 e — 1 — —a
7 ae e ae (1—a)e

so ae~ % increases with a until @ = 1 and then decreases. Thus ae™
maximised by taking a = 1.

%13
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EXERCISE 10.5.5

Assuming that NV is so large that we may take

m _—a

Pr(exactly m winners) = —a"e™,
m!

we must seek to maximise f(a) = a™e "

Now
f'(a) = (m —a)a™ e
so f increases as a increases from 0 to m and then decreases. We should
take a = m.
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EXERCISE 10.5.6

Let X; be the sum paid out to the jth participant The expected
value of the total sum paid out is

N N
EY X;=) EX;=NEX,
j=1 j=1
N N
X — = —.
2m 2
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EXERCISE 10.5.8

Since
o0 r

m
E — < 22U
rl
r=2m-+1
it is sufficient to find a k& so that

io: m_T S um+1‘
r! 200

r=2m-+k+1

But arguing as in Lemma 10.5.7, we have

o mT o0
—r —k
E W < Ugma1 E 27" =2 Uugm 1
r=2m-+k+1 ’ r=k+1

so k = 8 will certainly do.



EXERCISE 10.5.9

511

6_5ﬁ ~ 0.0082
1021
oI ~ 0.00089

6_10

385
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EXERCISE 10.5.10

(i) We did the case —1/2 < = < 0 in Exercise 10.2.6. Now we
consider 0 < z < 1/2.

If g(z) = x —log(1 + ), then

g(x)=1-

for 0 < x so g(z) > g(0) =0 and
log(l+z) <z
for all x > 0.
If f(z) =2*+log(l+ z) — x, then

1 _2m2+x
1+ 14z

fl(z)=2x—1+ >0
for 0 <z so f(z) > f(0) =0 and

log(1+x) >z —2a°
for all x > 0.

The result follows.

(i) By (i) we know that If n > 2|a|™*

a-ree (4 )= ()

SO

as n — 0.

We have shown that
nlog (1 + ﬁ) — loga
n

so taking exponentials

as n — 0.

(iii) If



then
n 3
Zrz < D op2
3
r=1
L 2
< g(n + 3n°)
1
< g(n3+3n2+3n+1)
(n+1)?
3
S0, since

3 I

wl

1

8 1+1)3
Zr2:1§ :( +1)
r=1

the result follows by induction.

[Or we could use known formulae for >~ r2.]

(iv) Provided that n is so large that N(n)|a|/n < 1/2, we have

o es (15[ < (5)
for all 1 <r < N(n) and so

N(n) N(n) N(n)

387

N(n) 3,2 )32
V10§ (1) ¢ (0 N
Thus
N(n) 3,2
(14 N(n) Ha N(n)? Z log (1 + —) < (N(n;;l)
< 2N (n)a? 0

as n — oo and so

2 R ra
W 2 s (14 5)
N(n)2;()g —l—n —a

as n — oo. Taking exponentials we deduce that
2/N(n)?

H(l—i—E) — e,
: n
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(v) We have

Pr(some common birthday = 1 — Pr(no common birthday)

-10- )

If m is not large, then taking a = —1, n = 365, N(n) = m in (iv) we
have

Pr(some common birthday) & 1 — e®N(W*/2 — 1 — ¢=m?/365,

(vi) Thus the approximate number required for the probability of
joint birthdays to be at least 1/2 is given by
m?/(2 x 365) = log 2
so m ~ 22.49. This suggests 23 people are required.

Exact calculation shows that with 22 people the probability of coin-
cidence is about .48 (and certainly less than 1/2) and with 23 people
the probability of coincidence is about .51 (and certainly more than

1/2).
(vii) We take a 365 day year.

Pr(some common birth-hour) = 1 — Pr(no common birth-hour)

- r
=1-JJ(1-——).
H( 365><24)

r=1
Proceeding as in (vi) and (vii) with a = —1, n = 365 x 24, N(n) =m
we see that the approximate number required for the probability of
joint birth-hours to be at least 1/2 is given by
m?/(2 x 365 x 24) = log 2
so m ~ 110.19. This suggests 111 people are required.

(viii) This is just the birthday problem again. The probability of two
people getting the same password is approximately 1 — e~ ™*/2n and to
make this small we need m?/2n very small.
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EXERCISE 10.5.11

(i) This is just the basic case of the AM/GM inequality. A direct
proof is as follows.

with equality if and only if z = y.

(i) If we specify who is to have which birthday the probability is
Pi(1)Pj(2) - - - Pj(n)- But there are n! ways of assigning birthdays in this
pattern so

Pr(together the n people have birthdays on days j(1), j(2), ..., j(n))
= nlpjPie) - Pit)-

and summing over all sets of n distinct birthdays

Pr(the n people do not share birthdays)

= nl > PiPi(2) - - - Pi(n)-
1<i(1)<j(2)<-<j(n)<N

(iii) Thus collecting terms

Z Pj)Pj(2) - - - Pi(n)
1<i(1)<j(2)<+<j(n)<N
= P12 Z PijPj(2) - - - Pi(n)
3<5(3)<<j(n)<N
+(pi+p) D PP - Piw)
3<j(2) < <j(n)<N
+ Z Pj()Pj(2) - - - Pj(n)-

3<i(1)<j(2)<<j(n)<N
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iv) If ¢; and p; are as specified
(iv) If g j

Z Pj)Pj(2) - - - Pj(n)

1<5(1)<5(2)<--<j(n)<N

= p1p2 Z Dj)Pj(2) - - - Pj(n)
3<j(3)<-<j(n)<N
+ (p1 + p2) Z Pi)Pj(2) - - - Pi(n)
3<j(2)<<j(n)<N
+ > PiPi2) - - - Pitn)
3<i(1)<g(2)<<j(n)<N
= P1p2 Z 2i(1)95(2) - - - 9i(n)
3<j(3)<<j(n)<N
+ (p1 + p2) Z Di(1)q5(2) - - - 4i(n)
3<j(2)<<j(n)<N
+ Z W) 45(2) - - - 4j(n)
3<5(1)<j(2)<-<j(n)<N
< 192 Z Gi2) - - - Din)
3<j(3)<<j(n)<N
ta+e) D GOGE-- G
3<j(2)<<j(n)<N
= > GG - - B

1<5(1)<j(2)<+<j(n)<N

with equality if and only if p; = ps.
This gives the required result.

(v) If it is not true that p; = 1/n for all j then we can find r # s with
pr 7# ps. Applying (iv) we can find another set of birthday probabilities
such that coincidences are strictly less probable.

Thus if there is a set of probabilities which minimises the probability
of coincidence, this must be p(j) = 1/N for all j.
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EXERCISE 10.5.12

If £ is small and we book 500 + k people the probability that there
will be j cancellations (with j also small) is approximately

1 /5004 k)’ 500 + k 1,
— exXp | — ~ —e .
71\ 500 500 7!

Thus our expected extra profit if we overbook by k is approximately.

k
u = 100k — 200 Z(k — r) Pr(r cancellations)

r=0
1
=100k —200 ) —(k—r)e!
T
r=0

Now

k
1
up — up—1 = 100 — 200 § —'e_l = v
Tr!
r=0

say. We observe that v, 1 — v < 0 and vy — —100 as £ — oo. Thus
uy, increases to a maximum and then decreases. Now

uy — up = 100 — 200e ! ~ 26.4 > 0

and
Uy — up = 100 — 200 x 2~ ~ —47.1
so we should make 501 bookings.
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EXERCISE 10.5.13

The probability that a random combination will not contain 1 to 5

is

44 43 4241 40 38

— X — X —=— X —=X — &

49 48 4746 45 44
so about half the combinations are used. In about half the draws a
‘forbidden number will turn up’ and no one will get a prize. In about
half the draws there will be no forbidden draws and the result will be
those of lottery in which the number of possible out comes has been
more or less halved.

49

In the notation used in this section instead of the chance of any
single participant winning being m/N then (in non-forbidden weeks)
the chance of any single participant winning being 2m /n.

Pr(r winners in non-forbidden week)  ((2m)"/rl)e=2™ —
_ _ e

Pr(r winners in old scheme) — (mr/rl)em

and, as one would expect there is a much higher chance of multiple
prize winners.

In cases (C) and (D) the actions of others do not influence the prize.
Whatever you do you have the same expectation of about half a pound.

Now look at (A) and (B). In this case if you do (b) or (c) you are
guaranteed to be sole winner so you are better off than the others.
Cases (b) and (c) offer the same chance of winning. (If there were
other smaller prizes offered you might be better under (b) but that is
a different question.)

In case (d) you have the same chance of winning with & others [k =
0,1,2,...] as everybody else. If you do (a) you have probability about
1/2 of ending up in a case like (b) or (c¢) and a probability about 1/2
of ending up in a case like (d). You are better off than under (d) but
worse off than under (b) or (c).

However, in case (A) if you choose (d) and if there is then a proba-
bility p that you will win, it will then be the case that the probability
that you will win and not share is not far from 6p/7. Thus although
you are better off doing (b) or (c) you are not much better off. If you
do (b) or (c) you have expectation of about half a pound.

In case (B) it is clear that (b) and (c¢) are much better than (d). The
twenty eight million other players have bought tickets in a lottery where
with probability about 1/2 there is one prize (shared if necessary) of
fourteen million pounds. Each of their tickets is worth 1/4 pounds. You
have bought one ticket with probability about one in fourteen million
you get a prize of fourteen million. Your ticket is worth one pound. If



393

there is no roll over of prize money the organisers are delighted since
they have been given twenty eight million and have probability about
1/2 of having to disburse fourteen million.

The value of your ticket if you do (a) is 5/8 pounds since you have
probability 1/2 of gaining a ticket worth 1 and probability 1/2 of gain-
ing a ticket worth 1/4.

EXERCISE 10.6.1*
EXERCISE 10.6.2*

EXERCISE 10.6.3*
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ExXERCISE 11.1.1

(i) T toss r coins. The probability that they all come down heads is
27" and I stop, otherwise my expected time from then on is u,. Thus

u=r+(1—-2")u,

SO
27"u, =r
and
u, = 127",
(ii) This is similar to (i) except that the probability that they come
down all heads or all tails is is 27" + 27" = 277! and the argument as
before gives v, = r27"*1,

(iii) e; = uy s0 e; = 1 +27te; and ¢; = 2 = 21 — 2. The expected
time to reach r heads is e,. Once I am at r heads then after one further
throw with probability 1/2 I reach r + 1 heads or with probability 1/2
I must start again and expect to take e, to reach r + 1 heads. Thus

1
€ry1 = €r + 1+ 5€r+1

and
Cry1 — 267. = 2.
Using induction or solving the difference equation we get e, = 2771 —2.

(iii) Let g, be the expected time to throw r heads or tails starting
from one head. Observe that by symmetry g, is the expected time
to throw r heads or tails starting from one tail. Further f, = 1+ g,
(since we must throw heads or tails in our first throw) and g; = 0. The
expected time to reach r starting from one head is g,.. Once I am at r,
then after one further throw with probability 1/2 I reach 4 1 same or
with probability 1/2 I must start again with one coin already thrown
so my expected time from then to r + 1 is g,.1. Thus

Gr41=gr +1+ %gr—i-l

and

Gr+1 — 20, = 2.
Solving the difference equation we get

gr = A2" — 2.

Since gy = 0 we have A =1, g, =2"—2 and f, =2" — 1.

[Or we could argue that half are all heads and half all tails so e, =
21

(iv) In (i) if a tails appears you have to go on throwing until you
have done a full r tosses before you start again looking for 7 in a row.
In (iii) you start again immediately after the next throw.
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EXERCISE 11.2.1*
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EXERCISE 11.2.2

number of heads out of 20 0 1 2 3 4 5 6 7

probability if p = 1/20 122 270 .285 .190 .090 .032 .009 .002
number of heads out of 20 0 1 2 3 4 5 6 7
probability if p =1/2 .000 .000 .000 .001 .005 .012 .029 .058

If we reject on 5 heads or less we will reject good coins with probability
about .02 and accept bad coins with probability about .01. (But we
might choose differently if we wished to have very small probability of
rejecting good coins or if we wished to have very small probability of
accepting bad coins.)
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EXERCISE 11.3.2

Completing the square,

2
ns®* —as = n(s* —n"'as) :n(s— —) - —

which is minimised by taking s = a/(2n).
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EXERCISE 11.3.3

(i) We have

and

(ii) If f(z) = —e*® then f"(x) = —s?e** < 0 for all x so by concavity

11—z 1+2 1—x 11—z
fla)=7f x (=1) + x1)> f(=1)+ f(1)
2 2 2 2
that is to say
1—=2 1+
ST < —S8 S
e < 5 + 5 e
for all s and all |z| < 1.
(iii) Using (ii), we have, since Y| <1,
esY < 1 - Y —s 1 + Yes
-2 2
so taking expectations,
1-EY 1+ EY
EesY S es + es
2 2
e’ +e° 2
- _ < —S8 /2
5 <e

(iv) If a = 0 the result is trivial. If a > 0set Y = X/a so |Y| <1

and
EetY < 6—t2/2

Now set ¢ = sa to recover

EesX < ea252/2
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SXj

(v) Since the X are independent, so are the e**7 and, using (iv),

Fe2Xi=1Xi — EH eSXi = HEeSXj < HEe“?82/2 = As2/2.
j=1 j=1 j=1

(vi) Set Y =377, Xj. If s > 0 s0 y = e is increasing, we have

E sPr(Y>y) Ag?
Pr(Y > y) < = < exp (TS - 8y>

esy
and setting s = A/y we obtain
2
)
Pr(Y > y) < - .
r( _y>_eXp( QA)

Replacing X; by —X; or repeating the argument we have

2
Pr(Y < —y) <exp (—éj—A)

and so, combining our two results
2
Y
Pr(lY| < <2 — ] .
(V] <) < 2w (2

(vii) Set Z; =1 if the jth toss is heads and Z; = 0 if the jth toss is
tails. If we set
X;=2;-p
then EX; = 0 and |X;| < p so

n

> X< Kn1/2>

j=1
(Kn1/2)2
<2 _
= “eXp < 2np?
for all K > 0.

KZ
<200 (55)
If 1/2 > p > 0 then since

Y, —np=—((n—Y,) —n(l-p))
we can reverse the roles of heads and tails to get

Pr(|Y, — np| > Kn'/?) = Pr (

K2
Pr(|Y, — > Kn'/?) <2 —— .
KV, =gl > ') < 2 ()
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EXERCISE 11.3.4
We have

Pr (|Yn —ng| < ne) < Pr (|Yn —np| > ne)
< 2exp (—ne*/2).
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EXERCISE 11.4.1

The symmetry of our demands suggest we try for n odd and ac-
cept the drug if number of successes exceeds 0 and reject if number of
successes less than 0.

In the notation of Exercise 11.3.3 (vii) with p = .55 we want
Pr(Y, —.5n < 0) < .05
ie
Pr(Y, — .55n < —.05n) < .05
so setting, K = .05n'/2 .we see that the result of Exercise 11.3.3 (vii)

guarantees this if s
(.05n'/*%)

exp (_W) <.05
ie if

exp(—n/(2 x 11%), < .05
ie

n > 2 x 11?1og 20

so taking n = 725 will give the desired outcome.
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EXERCISE 11.4.2

If we have an excess of r with —a+1 < r < a—1 and make a further
throw then with probability p we will then have an excess r + 1 and
the probability of acceptance will be u,,; and with probability ¢ we
will then have an excess » — 1 and the probability of acceptance will
be u,_;. Thus

Up = QUp—1 + PUpy1.

If » = a then we accept so u, = 1. If r = —a we reject so u_, = 0.
We have
(pE* — E+ql)u, =0
SO
(E—-I)(pE —ql)u, =0
and

uT:A—i—B(g)
p

for some A and B. Setting r = a and r = —a we get
) a

> —a
so subtracting we have

=((-6))

1—asn

VIR TR

o-a+s

Thus

Setting r = 0 we see that the probability of acceptance is

()
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The probability of acceptance increases as p increase so the probability
of rejection is smaller than 0.05 for p > .55 is given by

_ >
1+(.45)a > .95

gl
[@

that is to say
ie

ie
0> log 19
~ log(11/9)
We should take a = 15. By symmetry this will also ensure that the
probability of acceptance is less than 0.05 if p < .45.

~ 14.7

If a = b then fixing a to give a certain probability of acceptance for
given p = p’ also fixes the probability of rejection. for given p = p”. If
we can chose b as well we can choose both probabilities.
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EXERCISE 11.4.3

If the excess is r then, if a — 1 > r > 1 — a, making one further trial
there is a probability 1/2 we throw a head, so we now expect to wait
er+1 to the end of the trial, and a probability 1/2 we throw a tail, so
we now expect to wait e._; to the end of the trial. If r = —a or r = a,
the number of further throws required is 0 so e, = e_, = 0. Thus

e,.:1+%er_1+%er+1 for —a+1<r<a-—1,
and e, = e_, = 0.

A complementary solution of our difference equation
(B —I*u, = —1
is u, = Cr? with
C((r+1?=2r"+(r—1)%) = -2
ie C'=—1. Thus
e, = A+ Br—r°.
Since e, = u_q, B = 0. Since u, = 0 A = a®. Thus
e =a®—1r?

and the expected number of trials when we start is a?.

If a = 15 this gives 225 expected trials.
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EXERCISE 11.4.4

(i) Write e, = e,(p). If —a+1 < r < a— 1, then if the excess of
successes is r then, after 1 further trial, with with probability p we will
have an excess r + 1 and the expected number of trials remaining will
be e,,1 while with probability ¢ we will have an excess » — 1 and the
expected number of trials remaining will be e,_;. Thus

er =1+ qge,—1 +perqq
If the excess is a or —a, no further trials are required so e, = e_,.

We have
(pE?> — E +ql)e, =1
or
(pE—q)(E —1)e, = 1.

We seek a particular solution of the for e, = Kr obtaining K = (p —
q)~'. Thus

eT:A+B—T+ r .

p p—q
Setting r = a and r = —a we obtain
0=A+pL" 4+~
p pP—q
—a a
0=A+DB=- -
p pP—q
Thus
q r+a
2a 1_<5) r+a

er(p)=p_q (1_ <%>2a) .

Setting r = 0 we see that the expected number of trials required by
our test is
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(ii) If

then
1\t 1 1_
1oy 2 _ _ 2
e a<%+x) (%w (1+x>2)
and
1(0) = —4a
Thussettingp:%—i-ésoq:%—é
a _ g ¢ :i . _2 / _ 9,2
(1 (1)) = 500 - £10) > 570 = 2
and 0
R(p.a) = =~ = @ = R(}.q)
as p — 0.
(iii) We have
1 1—(§> 1 1-0 1

1
a R(p,a) = — | — =
(p.a) P—q 1+<g> p—ql+0 p—gq
p

as a — o0o. By the law of large numbers, we expect that if we have
a large number of trials N (which we must have if a is large), then
roughly Np will be success and Nq failures (with high probability) so
if we finish after IV trials

a~ Np— Ngq
and we expect N =~ a(p —q)~ .
Ifp<1/2 X
a 'R(p,a) - ——
q—7p
as a — 00.
(iii) We have a = 15, p=2/3, ¢ = 1/3 so
15 215 — 1
R(p,a) ~ 45.

T 132541
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EXERCISE 12.1.1

If A > 0 then setting u = 1, v = 0 we see that the economists’ con-
dition fails. Thus the economists’ condition implies A < 0. Similarly
the economists’ condition implies C < 0. If A, C' <0

Av® — 2Buv + Cu* = A(v —uBA™")? + (C — B* A7)
Setting u = 1, v = BA™! we see that the economists’ condition implies
C—-B?A1'<0,ieCA—B%?>0s0 CA > B2

Conversely, if A, C < 0 and CA > B? then
Av? — 2Buv + Cu? >0
implies
A(v —uBA™)? +(C — B*A™Yu? > 0
so v —uBA " =0 and u = 0 whence u = v = 0. Thus the economists’
condition holds.
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EXERCISE 12.1.2

We require xg = yo > 0, a,b > 0, u,v > 0, B> < AC, av — bu = 0,
A, C<0. Wecouldtakea=b=xg=y=u=v=1A=C= -2
B=1.
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EXERCISE 12.1.3

We have
* ulNx + vy = Ac
and ~
av —bu =0
where

a=a+ ANz + BAy, and b=b+ BAz + CAy.

Thus
(a + AAx + BAy)v — (b+ BAx + CAy)u = 0.

But au — bv =0 so
(Av — Bu)Az — (Bv — Cu)Ay =0
Using %, this gives
(Av 4+ Bu)(Ac — vAy) — u(Bv + Cu)Ay =0
S0
(Av? — 2Buv + Cu*) Ay = (Av + Bu)Ac
ie
Av + Bu

Ay = Ac.
Y= A4 —2Bww + C2™¢
y will decrease as c¢ increases if Av + Bu > 0.
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EXERCISE A.1

(ii) Rescale y axis by a and z axis by a~'. If f(z) = 1/z the graph
is unchanged.

(iii) Make the change of variable s = a~'z to obtain
b b/a b/a
1 1 1
/ —da::/ —ad:s:/ —ds.
o T . as s
(iv) We have, using (iii),
uv 1
log uv = / —dx
L@
u 1 uv 1
= / —dx + / —dx
1z u L
“1 1
= / —dx + / —dx
1z 1 T

= logu + log v.
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EXERCISE A.2

(i) By the fundamental theorem of the calculus (looked at in (i)) log

is differentiable and
d ['1 1
log'(t) = — [ —dr=-.
og (¢) dt/lx T
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EXERCISE A.3

(i) Since log'(t) = 1/t > 0, log is a strictly increasing function.

(i) Observe that
1
1
log 1 :/ —dr = 0.
LT

(iii) Since 2 > 1, we have log2 > log1 =0 so
log 2" = nlog2 — oo.

(iv) Since log is increasing (iii) tells us that
logx — oo

as r — OoQ.

(v) Since 1/x — oo as * — 0+
logz = —log(1/x) = —o0
as T — 00.

(vi) We have
e dl -1
Az 8T T drz '
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EXERCISE A .4

(iii) By part (ii), exp is differentiable with

d 1 1 1
—expr=—log "z = T —

dx dx

(iv) An appropriate answer is that log is defined only on the strictly
positive reals. But there are other ways of looking at this.
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EXERCISE A.5

(i) We have

log ((exp x)(exp y)) =logexpx +logexpy = x + v,
so applying exp to both sides yields

(expz)(expy) = exp(z + y).
ii serve that exp’z = expx > 0.
i) Observe that exp’ 0
11) I0gEeXpLr =T —> X aS T —» X0 SO eXpr =& — OO as r — Q.
(iii) logexp p

(iv) expx = 1/(exp —z) — 0 as x — —o0.
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EXERCISE A.6
(i) expnlogz = explogz™ = z™. (If you need a more detailed proof,
use induction.)
(ii)) If n =0, expOlogz = exp0 = 1. If n <0,
x "(expnlogz) = exp(—nlogz)exp(nlogx) =exp0 =1
so expnlogx = x™.
(iii) We have
m n m
(exp (— log x)) =expn (— log x) =expmlogx =™
n n
and so
() o
exp|—logz ) ==
n
where /™ has its standard elementary meaning.
(iv) We have
e’ = exp(aloge) = exp(alogexpl) = exp(a x 1) = expa.
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EXERCISE A.7

(i) Observe that

(zy)* = exp(alog zy) = exp (a(logz + log y))
= exp(alogz + alogy) = (expalogx)(expalogy) = z%y*.

(ii) Observe that

2t = exp ((a + b)log z) = exp(alog z + blog x)
= exp(alogz) exp(blog ) = xa”.

(iii) Observe that

1% = exp(ablog r) = exp (a(blog x)) = exp (a log(xb)) = (2%)*.

Thus
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EXERCISE A.8

(i) We have
log(1+ h) _ log(1+ h) —log1 S log'l =1
h h
as h — 0.
(ii) Taking h = a/n in (i), we get
log(1
o8l tafn)

a/n
as n — 00.

(iii) Multiplying through by a and simplifying, we get
nlog(l+a/n) = a
as n — o0o.

(iv) Taking the exponential of both sides we get

(1—1-9) — e
n

as n — 0o.
(v) We want
€T n
1 —) —9
(1+ 6
S0
lo (1 + i) = log2
T 00 '
If x is small, part (i) gives
x
— =~ log?2
00

SO
100 x log2 69 72
ny ——mM &8 — & —
xr n

(note that 72 has many small factors).

As an example suppose x = 4. The rule of 72 gives a doubling time
of 72/4 = 18 years. In fact

40\ 18
14+ — ~ 2.03
( + 100>
which is not bad.

If we take £ = 8 we have

8 \?
14+ — ~ 2.
< * 100)
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If we take x = 24 (a rate more often on the lips of snake oil salesmen
than respectable bankers), then

1+24 3~191
100/ ~ 7T
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EXERCISE A.9

(i) Observe that
(1=t +t++-+t")=1—¢""

so, dividing by (1 — ¢) and rearranging, we get

1 et

S .
A S g

Integrating both sides, gives

T 1 x tn—i—l
—dt = 1+t+---+t" dt
T /0 ( 4+ +1_t)

2 n

x x
S 4.+ 4R,
a:~|—2+ +n+ (x)

x tn+1
" = dt.
R,(x) /0 T

But making the substitution s =1 — ¢ gives

where

T 1 11—z 1
—dt:—/ —ds = —log(1 — x),
SO )
T x"
—log(l—2z)=2+—+---+ — + R,(x).
2 n
(ii) If |t| < |x| < 1, then |1 —¢t| > 1—|t| > 1—|z| so
tn—i—l ’x‘"+1 ’SC‘”+1
1—t| = 11—t = 1— ||
and so e |ttt _
Ro()] < / 2 ] < BT
o 1—|z] 1— |z]
as n — oo.
(iii) Combining (i) and (ii),
x? "
a:+§—|—~--—|——:—log(l—x)—Rn(a:) — —log(1l — x)
n
as n — 0o. In other words,
x? "
—log(l —xz) = — 4 —+ ...
og(l—z)=x+ 5 +- - +
for all |z| < 1.
Setting x = —y, we obtain
2 -1 n+l,n
log(1+y):y—%+---+()Ty+...

for all |y| < 1.
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EXERCISE A.10

(i) Set
h(x) if h(x) >0,
o)~ (M) A@) =
0 otherwise,
and
1 <
h(z) = h(z) if h(x) = 0,
0 otherwise.
Then

/a h(e) 4 b () da
/athr(x) dx + /abh(x) dx

< max (/abh+(x) d:z:,—/abh_(x) d:v)
= max (/abm(x) dz, /ab (= h_(x)) dx) .

/a  h(a) dr

But

S0
Similarly

SO

< /ab g(x)de.

/ab h(z) dx

(i) If 1 <r <nand
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then, using part (i),

[f" D ()] =

/0 ' FO(t) dt'

Thus, by induction,

for all |z| < X.
(iii) Since exp is increasing

0<expr <expX

for all x < X.
Now set
132 mn—l
f(x):expx_<1+$+?++m)
By induction
2 n—r—1
) () — _ ot
" (z) =expx <1+x+2+ +(n—7"—1)!)

for0 <r<n-—1and
f™(z) = exp.

Thus |f™(z)| < exp X for all || < X and f(0) = f'(0) = f7(0) =
o= f=D(0) = 0. By part (ii)
"
|f(2)] < eXPXF
for all |z| < X.

(iv) Thus

1’2 xn—l X|‘T|n
exp T — <1+$+7+~--+<n_1)!)‘§e W_)O

for all || < X. But X was arbitrary so

12 xnfl
expm—(l+x+7+~~+ >’—>O

as n — oo and this is the required result.
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EXERCISE A.11

We use the following form of Taylor’s theorem, obtained by integrat-
ing by parts and true if f is » + 1 times continuously differentiable.

n L £G)(0) 29
fla) = P 4 R

where

Ru(fa) = o [ 1 0@ =0 ar

If f(x) = exp(z) then ") (x) = expz so

expx = Z % + R, (2)

J=0

where

|R,(z)] =

1 z 1
/ exp(t) (& — t)”dt\ < Liep exp(le)) 0

n! J,

(observe (|z|"™/(n+ 1)) /(Jz|*/n!) = |x|/(n + 1) — 0. Thus

o

expr = Za;—]

J=0

If f(z) = log(l — ) then f'(z) = —(1 —x)~! for |z| < 1 and, by

induction,

") :_(r—l)!
for all > 1. Thus if |z| < 1
log(l—2)=—->» —+R,(2)
=0/
where ( )
Tz —t)"
R, (z)| = dt
mol=| [0
Now, if 0 < t < =,
r—1 11—z
< — — < — — g —
O_l—t 1 1—t_1 (1—2z)=2x=|x|
and, if <t <0,
r—t| _ |zl =t
— | < <|a].
1—t 1— |t

Thus

|| 1 |x|n+1
IRy (z)] < / 2P dt < =0
0 1 — || 1 —|z|
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as n — o0o. Thus

for |z| < 1.
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EXERCISE A.12

(i) We have

1
qlo8a® — exp (loga X IZ§Z

) =explogzr = .

(ii) We have
logry logx+logy logz logy

log, Ty = = = = log, x + log, y.
loga loga loga loga
(iii) We have
log 2% 1
log, o = 22 — 8L _ jlog o,
loga loga
(iv) We have
logz logx
loge €T = = = lOg x.
loge 1

(v) We have

1

ogb " loga _ 1
loga logb

log, blog, a =
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EXERCISE A.13

(i) We have
logyy 5 = logyy 10 — log;y 2 ~ 1 — 0.301029996 ~ .699
logyy 6 = log 3 + logyp 2 & 0.477121255 + 0.301029996 ~~ .778

correct to three decimal places.

Now
log,(3'%°/10%7) = 1001og,y 3 — 47 ~ .712

correct to three decimal places so
log,o 5 < log;,(3'°/10*") < log,, 6
whence, since log,, is increasing,
5 < 3199/10" < 6.

Thus
5 x 1047 < 3109 < 6 x 10",

and the first digit of 319 is 5.

(ii) We have
log;, 2'%% = 301 + .029
correct to three decimal places so

10301 < 21000 < 2% 10301
and the first digit of 2109 is 1.

We have
log;, 2% < 3010 + .300 < 3010 + log,, 2

SO
103010 < 210000 < 2% 103010

so the first digit of 2199 is 1.
We have
30103 > log;, 2'%°%%° > 301024999 > 30102+21log,, 3 = 30102+log,, 9

SO
1030103 > 2100000 >0 x 1030102

and the first digit of 2190990 g 9.
(iii) We have
2100000 = (910)5 = 45 —= 210 = 4 mod 10
so the last digit of 2100000 j5 4,

We have
310 =(3)"=(-1)"==1 mod 10
so the last digit of 3% is 1.
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EXERCISE B.1

Pr(at least one shows 1) = 1 — Pr(none show 1)

= 1 — Pr(single die does not show 1)*

3
g (2) 29
6) ~ 216
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EXERCISE B.2

(i) If y =2+ d then x = y — d and
a4 ay = (y—d)”+a1(y—d)”*1+-..+a0
Y+ (ay —dn)y" " + by P+ bgy" P 4+ by,
for appropriate b;.
Taking d = a;/n we have
" ax" e tag =y by T by by,
so 2" + a1zt + - +a, = 0 if and only if y" + by 2+ --- + b, = 0.

Suppose
2%+ ax® +bx +c=0.
Setting y = x — a/3 we obtain
y*+Bx+C =0.

If « is a root of the new equation (which we can solve) then o+ a/3 is
a root of the old and vice-versa.

(i) By long division (or you can establish the result by induction on
n if you prefer).

2" Fax" o a, = (2 —a) (@ b b)) + R
for some b; and some R. Write

P)=a2"+ax"  +-- +a, Q) =a"""+ba" %4 -+ by.

Since

P(z)=(r—a)Q(x)+ R
it follows that if a is a root of P,
0=0+R

so R =0 and

Thus
B is a root of P < P(3) =0
< Q(B) =0and/or =«

< (s aroot of ) and/or f = a.
(iii) By the arguments of (ii)

xn+a1xn—1+,..+an:H(x—aj)
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where the «; are the roots. Thus
n n
Pt art T et a=a" =Y e e+ (=) [ e
j=1 j=1
so, equating coefficients,

n n
a; = —Zaj, ap = (—1)”Haj.
j=1 j=1
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EXERCISE B.3

We wish to find z and y such that z 4+ y = 10 and zy = 40.

The first equation yields y = 10 — x so substituting in the second we
have
10z — 2* = 40
or
2® — 10z +40 =0
so, using the standard formula
10+ /100 — 400

x 5 = 5(1 + 3Y/24)

and

y =10 — z = 5(1 &+ 3Y2%).
Thus either z = 5(1 + 3Y/2i), y = 5(1 — 3Y/2i) or = 5(1 — 3Y/%),
y = 5(1 + 3'/%4). By inspection these are solutions.
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EXERCISE B.4

By Exercise B.1, the probability of getting at least one 1 on any
particular throw is 91/216. Thus, by independence, the probability of
getting least one 1 on each of three throws is

o1\* 1

216) ~ 13.373
so the probability is a little less than 1/13 and the odds a little greater
than 12 to 1.




431

EXERCISE B.5

If we consider the 216 ways in which three dice can land we see that
nine can be produced by the following combinations of dice in any order

1, 2, 6 appearing in 6 ways

1, 3, bappearing in 6 ways

1, 4, 4 appearing in 3 ways

2, 2, Sappearing in 3 ways

2, 3, 4 appearing in 6 ways

3, 3, 3appearing in 1 ways
so that nine can appear in 25 ways.

On the other hand ten can be produced by the following combina-
tions of dice in any order

1, 3, 6 appearing in 6 ways

1, 4, 5 appearing in 6 ways

2, 2, 6 appearing in 3 ways

2, 3, bappearing in 6 ways

2, 4, 4 appearing in 3 ways

3, 3, 4appearing in 3 ways
so that ten can appear in 27 ways.

Thus nine has probability p = 25/216 and ten ¢ = 27/216.

If we throw dice until either 9 or 10 comes up then the mathematics
of the one-sided duel shows that the bettor on 10 has a probability

~% 0519
p+q

so an expected return on a stake of 1 unit of .038. Again I wonder if the
query arose directly from play. (It seems to me more likely that people
knew that ‘numbers closer to the average are thrown more often’.)
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EXERCISE B.6

(i) If f(z) =23+ ax — b then f'(z) =32 +a >a >0 for all x so f
is strictly increasing. Since f(x) — —o0 as * — —oo and f(z) — o
as r — 00, the function f has exactly one real zero.

(i) If we set @ = u'/? + v'/3, then

22 4 ax = u + v + 3u20*3 + 3233 + au'’? + av'/?

= u+ v+ (3u'P0E 4 a) (W + /3.

(iii) If

then

2 +ar=b+0x (u/3 403 =0

(iv) Observe that, if v and v are as stated, v = v — b and

CL3

- = — . — 2_
57 = W v(v—">b) =v°—bv

so v and (by symmetry u) are the of roots

a3

2 —bt— — =0.
27 0

Since u # v they are the distinct roots.

(v) Solving the quadratic of (iv), we get roots

4a3
b+ b2+7
2
so 3 + ax = b has the root
—\ /3 —\ 1/3
b+ /b + 1% b— /0% + 2

2 2
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(vi) Note that uv must be real. Thus the only allowable possibilities

are
— 1/3 e 1/3

2 * 2 ’
5 e 1/3 5 e 1/3
ey L b— /b2 +
2 2 7
" 1/3 e 1/3
b+ /b2 + b— /b2 +

It is easy to check directly (or by looking at u + v) that these are all
solutions.

(vi) By Exercise B.2 it suffices to solve
2 +az=b.

Our earlier manipulations remain valid (though we must be careful
about taking cube roots).

(vii) and (viii) See for example lan Stewart’s excellent Galois Theory.
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EXERCISE C.1

(i) We have
Pr(at least one six in four tosses) = 1 — Pr(no six in four tosses)

= 1 — Pr(no six in one toss)*

5\ 4
=1—1|=] =~ .b177

His expected winnings if he stakes one unit is about .035. This is a
house advantage of 3%%. A casino would certainly be happy to run
such a game but I think it would be very hard work for an individual
to make it pay whilst retaining the appearance of a gentleman.
(ii) We have
Pr(at least one double six in 24 tosses)

= 1 — Pr(no double six in 24 tosses)
=1 — Pr(no double six in one toss)*
35 24
=1-1| = ~ 0.4914
(3)

If you stake one unit at evens against a double six appearing your
expected winnings are about .017. Of course, it would be possible for
an individual to lose or make a fortune making this bet, just as it is
possible for an individual to lose or make a fortune betting heads and
tails, but it would take a very long run of games and very accurate
record keeping to detect the house advantage.

(iii) We have
Pr(at least one double six in 24 tosses)
= 1 — Pr(no double six in 24 tosses)

= 1 — Pr(no double six in one toss)*

35\ 2
=1—|(—= ~ 0.5055
The house advantage is about 1%.
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EXERCISE C.2

Writing N = N(p), we want
% ~ Pr(at least one in N goes)
=1 — Pr(none in N goes)
=1— Pr(not in 1 go)"
=1-(1-p)"
so (1 —p)¥ ~ 1/2, Taking logarithms and using the standard approxi-
mation of Exercise A.8, we get

1
—log2 = log§ = Nlog(l —p)~ —Np
SO low 2
0og
N(p)%l .
ogp

As p gets smaller all our approximations improve.

Thus if p and ¢ are small. Using the results of Exercise C.1 (and the
observation that 1 — (5/6)% < .42 < 1/2) we know that N(1/6) = 4
and N(1/36) =25

Now

and

so the estimates are good.
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EXERCISE C.3

(i) We have
Pr(second side wins stake)
= Pr(second side wins innings three times in a row)
=(1/2)* =1/8.
Thus the expected winnings of the second team are 22/8 ducats.
(i) Suppose team A wins an innings with probability p and team B
wins an innings with probability ¢ where p + ¢ = 1. Team A wins if

they win r + 1 innings before player B wins s + 1 innings. Otherwise
team B wins. If the winner gets K what are the expected winnings of

A?
We answer as follows.

Pr(A wins stake)

s

= Z Pr(A wins r ins and B wins j ins, then A wins an in)
j=1

= Z Pr(A wins r ins and B wins j ins) Pr(A wins an in)
=0

r - T+ -] j
=pt! Z ( ‘ >q]
=0 N J
Thus A has expected winnings

) s N '
Kp—HZ( J)qj

=0 N J
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EXERCISE C.4

(i) The probability of A winning in a single throw is r = 5/36. The
probability of A winning in two throws is

31\> 335
—1-Pr(Al hy=1-(2) =22
D r(A loses both) (36) 1506

The probability of B winning in a single throw is » = 6/36. The
probability of A winning in two throws is

30\? 396
1206

=1-Pr(Bl both) =1— | —
q r(B loses both) (36

If A fails to win on his first throw we have a two sided duel with B
starting so B has probability of winning

T
q+p—aqp
and B’s probability of winning the game is
q 31 396 x 1296
(1—r)——— = —=x
g+p—qp 36 (3354 396) x 1296 — (335 x 396)
B 31 x 396
(3354 396) x 36 — (335 x 11)
12276
22631

so A’s probability of winning is
12276 10355
22631 22631

and the ratio is as stated. (In those days men were men when it came
to arithmetic.)

(ii) (1) We observe that

Pr(A wins) = Pr(A wins on 1st draw)
+ Pr(A wins on 4th draw) 4+ Pr(A wins on 7th draw)

4 8 7T 6 4
=— 4+ — X -—X— X =
12 1211 10

8 7 6 5 4

+—X—X-—X=X=xX

12 11 10 9 8
165 +56+10 77

11x5x9 165

-l o
ol

X
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Pr(B wins) = Pr(B wins on 2nd draw)
+ Pr(B wins on 5th draw)
+ Pr(B wins on 8th draw)
8 4 8 7 6 5 4
X — 4+ —X—X— X=X =
12 11 12 11 10 9 8

5
TR 1%

+4><3><26><4
8 7 5
_120—|—35—|—4_ 53

11x5x9 165

Thus the ratio of probabilities is 77 : 53 : 35.

(2) Each player has probability 1/3 of winning a go. If p, is the
probability of A winning, pg of B and pc of C' then considering the
result of the first trial

pa = % + %pc
PB = %pA
bc = %pB
Thus pa = 5 + (3)*pa and
2Tps = 9+ 8pa.

If follows that p4 = 9/19, pp = 6/19 and pc = 4/19.
Thus the ratio of probabilities is 9: 6 : 4.

(3) We say that the game goes to the kth round if A, B and C have
each drawn k£ — 1 counters. The kth round consists of the draws then
made by A and then (if A fails) by B and then by C' if B fails.

We observe that if we reach the kth round A has probability

4
palk) = 375
of winning in that round, B has probability
4 9—k 4

pp(k) = (1 = pa(k))

13—k 13—kI13—k
of wiining that round and C has probability

pe(k) = (1 —pa(k))(1 —PB<’f))134_ ko (193_—kk) 134— k
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and the probability that we go to the next round is
9—k\°
P = :
<0 = (5=
We note that pa(9) =1, pp(9) = pc(9) = 0.

The probability that we reach the kth round is thus given by Py (k)
where Py (1) = 1 and

Py (k) = [] Px(h) = (H 193‘_’2) .

The probability of A winning is

9
4
k=1

the probability of B winning is
8
9—-k 4
Py (k S —
> P BBk

k=1

and the probability of C' winning is
8 2
9—-k 4
Py (k :
; v )<13—k:) 13—k

(iii) The probability of a particular correct hand is
40 30 20 10 1000 1000
P=-—X—X— X — = =
40 39 38 37 13x19x37 9139
so the proportion of their chances is
pa 1000

1—pa 8139

(iv) The probability of any particular arrangement such as

BWBW BW B
18
8 7 6 5 4 3 2
g=-—X—X-—X=X=X=X =
12 11 10 9 8 7 6

There are

()-+

different arrangements so the probability of A winning is

35

1 1
35q = 35 — X = :
I=0X X %97 99
The proportion of chances is 35 to 64.
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If we allow A to win if he gets 3 or more white then we must consider
the probability that he gets 4 white. The probability of a particular 4
white hand is

4 3 2
— X — X — X
1211 10

)-=

different arrangements so the probability of A winning with 4 white
pieces

1
= — X
11

b= X

NoR=
ot =
NoR =

and there are

7
350 = —.
7= 99

Thus A’s probability of winning with three or more white counters is
35 7 42

99 799 " 99
and the proportion of chances is 42 to 57 ie 14 to 19.
(v) Enumerating we can throw 11 by throwing
1, 4, 6 in some order (6 ways)
1, 5, 5 in some order (3 ways)
2, 3, 6 in some order (6 ways)
2, 4, 5 in some order (6 ways)
3, 3, 5 in some order (3 ways)
3, 4, 4 in some order (3 ways).

Thus we have probability p = (6+3+6+6+3+3) x 673 =27 x 673
of throwing 11.

Enumerating we can throw 14 by throwing
2, 6, 6 in some order (3 ways)
3, b, 6 in some order (6 ways)
4, 4, 6 in some order (3 ways)
4,5, 5 in some order (3 ways)

Thus we have probability ¢ = (3+6+3+3) x 6% = 15 x 673 of
throwing 11.

If u, is the probability that A will win if he has n pieces of money
then ugy = 1, ug = 0 and by considering the effect of one throw

Up = PUpt1 + (1 a2 q)un + qup—1
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for 1 <n < 23. Thus
Ppi1 — (P + qQ)tn + qup—1 = 0.

Now we solve our difference equation by observing that
pm? = (p+q)m +q = (m —1)(pm — q)
S0
u, = A+ B(q/p)"
for some constants A and B.

Since ug =0, B=—A so

u, = A(1 = (p/q)")
and, using the fact that ugy = 1.

. = 1= (/g)"
(1—(p/q)*
In particular
1
Uy = —————.
4 (p/g)
Thus A probability of winning is
1512
1512 4 2712

and the ratio of A’s chance to B’s chances is

15\ 5\ 244140625
21 \9) 282429536481
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EXERCISE C.5

(i) Take X; =1 (heads) if Y] is even, X; = —1 (tails) if Y; is odd.
(iii) The expected time to return to zero is infinite.
(v) The Kelly method is scale invariant (if you double your fortune,

you double your bet) so the bumpiness is unaffected by the size of your
fortune.

If & > 1 then there will be an o/ < 1 which gives the same long term
expected rate of increase. The ride with o' is less bumpy than the ride
with a.



