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DENOMINATORS OF EISENSTEIN COHOMOLOGY CLASSES
FOR GL; OVER IMAGINARY QUADRATIC FIELDS

TOBIAS BERGER

ABSTRACT. We study the arithmetic of Eisenstein cohomology classes (in the
sense of G. Harder) for symmetric spaces associated to GL2 over imaginary
quadratic fields. We prove in many cases a lower bound on their denominator
in terms of a special L-value of a Hecke character providing evidence for a
conjecture of Harder that the denominator is given by this L-value. We also
prove under some additional assumptions that the restriction of the classes
to the boundary of the Borel-Serre compactification of the spaces is integral.
Such classes are interesting for their use in congruences with cuspidal classes
to prove connections between the special L-value and the size of the Selmer
group of the Hecke character.

1. INTRODUCTION

The relationship between the cohomology of an arithmetic subgroup I' of a con-
nected reductive algebraic group G and the automorphic spectrum of I' has been
studied extensively. In particular, it is well-known that part of the cohomology
can be described by cuspidal automorphic forms. G. Harder initiated a program
to describe the entire cohomology in terms of cusp forms and Eisenstein series (to-
gether with their residues and derivatives). Using Selberg’s and Langlands’ theory
of Eisenstein series he constructed in [26] a complement to the cuspidal cohomology
for the groups GLg over number fields. These Eisenstein classes can be described as
cohomology classes with nontrivial restriction to the boundary of the Borel-Serre
compactification of a symmetric space associated to G.

For arithmetic applications one would like to know if this analytically defined
decomposition respects the canonical rational and integral structures on group co-
homology. Harder proved for GLy that the decomposition is, in fact, rational. By
the work of Franke and Schwermer [15] a decomposition of the cohomology of a
general reductive group into cuspidal and Eisenstein parts and a rationality result
for the groups GL,, are now known. Harder also considered the behavior with re-
spect to the integral structure, in particular the case when this decomposition is
rational but not integral, which corresponds to an Eisenstein class with integral
restriction to the boundary having a denominator. For a detailed exposition of
Harder’s program we refer to [27].

We continue this analysis of the arithmetic of Eisenstein cohomology classes in
the case of GLy over an imaginary quadratic field F. In this case, the associated
symmetric space is a 3-dimensional real manifold, and the cohomology in degrees
1 and 2 is the most interesting. We prove a lower bound on the denominator of
degree 1 Eisenstein classes in terms of a special L-value of a Hecke character, as
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conjectured by Harder. As an example of the results proven, suppose m > n > 0,
let p > max{3,m} be a prime split in F, and x : F*\A}% — C* a Hecke character
with split conductor coprime to p of infinity type z™*2z~" (see Theorem 29 for the
complete statement of our result). We construct an Eisenstein cohomology class
Eisw, (for a coefficient system depending on m and n) that is an eigenvector for
the Hecke operators at almost all places such that the p-part of its denominator
is divisible by the p-part of L*8(0, ). Here L*#(0, x) is an integral normalization
of the special L-value (see Theorem [J). In Proposition [[6] we analyze when the
restriction of Eisw, to the boundary of the Borel-Serre compactification of the
symmetric space is integral. In particular, we prove this when m =n, p > m + 1,
and x¢(z) := x(T) equals Xx(z) for all x € A%..

Such classes are interesting because of the implications for the Selmer group
of the p-adic Galois character associated to x~!': The situation here should be
compared to the classical Eisenstein series of weight 2 for I'1 (p) with a character e
used by Ribet in [46]. Its g-expansion is p-integral and the constant term involves
an L-value of e. Via the congruence (of g-expansions) of the Eisenstein series
with a cuspidal Hecke eigenform Ribet proved the converse to Herbrand’s theorem.
In our case the symmetric space is not hermitian but one might try to use the
integral structure coming from Betti cohomology, as carried out for GLy/q in [29]
and [51]. If there exists an integral cohomology class with the same restriction
to the boundary as Eisw, then our result shows that there exists a congruence
modulo L*#(0, ) between Eis wy, multiplied by its denominator, and a cuspidal
cohomology class. Via the Eichler-Shimura-Harder isomorphism and the Galois
representations attached to cuspidal automorphic representations by the work of
Taylor et al. (see [52]) one can then construct elements in the Selmer group of x~*
and obtain a lower bound on its size in terms of L*!#(0,y). For this application of
the results in this paper in the case of constant coefficients see [3].

Note that for this application only the case m = n is of interest since cuspidal
cohomology classes do not exist otherwise. Also, since the interior cohomology
for complex coefficients in degrees 1 and 2 are isomorphic, we restrict our study
to degree 1. For an analysis of denominators of degree 2 Eisenstein cohomology
classes associated to unramified characters see [13].

We give a brief sketch of our proof of the lower bound on the denominator in the
special case of constant coefficient systems (corresponding to m = n = 0): In this
case we can treat split or inert primes p > 3. Fix embeddings F — Q — Qp — C
and let p be the corresponding prime ideal of F' dividing p. Let G = Resp/q(GL2/r)
and B the Borel subgroup of upper-triangular matrices. For any (sufficiently
small) compact open subgroup Ky C G(Ay) let Sk, be the differentiable mani-
fold G(Q)\G(A)/K K, where Ko, = U(2)C* C G(R). An Eisenstein cocycle for
ot (Sk;, C) is described by a pair of Hecke characters ¢ = (¢1, ¢2) with ¢1 oo (2) = 2
and ¢z o (2) = 27! and a choice of a function ¥, ; in the induced representation

Voilo ={¥: G(Ay) = C|U(bg) = 6(b)¥(g)¥b € B(Ay), ¥(gk) = ¥(g)Vk € Kf}.

We denote this Eisenstein cocycle by Eis(¥g, ). In Section 3.2 we will make partic-
ular choices for ¥y, (and corresponding K'y), the newvector \I/g‘iw and the spherical
vector \I/g . We prove that \If;WiSt, a certain finite twisted sum of \Ifgf, is a multiple
of \Ilgiw which will allow us to translate between the two. The cohomology class
[Eis(\lfgf )] is by construction an eigenvector for the Hecke operators at almost all
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places (see Lemma [) and we prove in Proposition that its restriction to the

if L8(—1,¢1/¢2)

T2 (0,01 /3 is, and proceed to show this is the case if

boundary is integral

(¢1/02)° = d1/ o
We know from the work of Harder that the cohomology class [Eis(Wy,)] is ratio-

nal, i.e., it lies already in the cohomology with coefficients in a finite extension of
F. Since we are interested in the p-adic properties we study, in fact, its image in
H'(Sk,,Fp). The denominator §([Eis(¥,)]) of the Eisenstein cohomology class is
the ideal by which it has to be multiplied to lie inside the image of the cohomology
with integral coefficients. We prove that

S([Eis(¥g,)]) C (L¥(0,¢1/¢2)).

By the functoriality of the evaluation pairing a cocycle represents an integral coho-
mology class exactly when its pairing against all integral cycles is integral. Explicit
generators for the integral homology are not known in our case, but we can obtain
the desired lower bound on the denominator by integrating Eis(¥,) against one
carefully chosen integral cycle. The (relative) cycle we use is motivated by the
classical modular symbol: we integrate along the path

g R>0 - GLQ(C)

10
=0 )

or rather a sum of such paths, one for each connected component of Sk, .
This “toroidal” integral vanishes in general for \Ilgf but we show that for \I/Z;’;i“
the result, up to p-adic units, is

. twisty L(O’(bl)L(O’(b;l)
/UEIS(%J‘ )~ L0, 61/0)

We would like to conclude from this that multiplication by at least L28(0, ¢1/¢o)
is necessary to make our Eisenstein cohomology class integral. For this we need
to control the p-adic properties of the numerator. To achieve this we use results
by Hida and Finis on the non-vanishing modulo p of the L-values L*8(0, 0¢: ') as
6 varies in an anticyclotomic Zg-extension for ¢ # p. We replace Eis(\Ilfﬁ“;iSt) by

another “twisted” version Eise(\lffz)";i“) for a finite order character 6 of conductor
q", defined by

. , 1 —=

-0 wis — . wis =

B0 = S o @Esre (o F) )
z€(0q/q7)* q

where O, is the ring of integers of the completion of ' at ¢g. The sum of paths

making up the cycle is also weighted by values of 6. See Section [Tl for the definition

of this cycle gy. Up to units the result of this toroidal integral is

1O ptwisty L(05¢19)L(07¢Q_1971)
[ e ~ 2

The results of Hida and Finis allow us (under certain conditions on the conductors
of the ¢;) to find a character 6 such that the numerator is a p-adic unit. Apart from
differences in the conditions on the conductors Hida deals only with split p, whilst
Finis also treats inert p for constant coefficients. Given a character y satisfying
certain assumptions we prove in Theorem the existence of characters ¢; and
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@2 with x = ¢1/¢2 for which the L-values in the numerator can be simultaneously
controlled. This involves the construction of characters with prescribed ramification
and a careful analysis of Artin roots numbers.

The twisting by 6 also has the effect of making Eise(\lffz)";i“) vanish at the 0- and
oo-cusps of each connected component. By a result of Borel (see Proposition [{])
it therefore represents a relative cohomology class with respect to these boundary
components. We prove that this relative cohomology class is again rational and that
its denominator bounds that of Eise(\I/:b";iSt) from below. We can therefore interpret
the toroidal integral as an evaluation pairing between relative cohomology and
homology and deduce that the ideal generated by L*8(0, ¢ /¢2) gives a lower bound
on the denominator of the relative cohomology class represented by Eise(\I/g’;iSt).
We conclude the desired bound on the denominator of [Eis(\Ilgf)] by using the
divisibilities

B([Bis(Y,)]) € A([Bis(VE™)]) € 8([Bis (W5)]) C ([Eis” (W) )

Our results generalize and extend the work in [40] for F' = Q(¢) and unramified
@1/ P2, where the toroidal integral is calculated for the spherical vector. Konig pro-
ceeds to show in his case that the L-value gives an upper bound on the denominator.
Before this, Eisenstein cohomology for imaginary quadratic fields had been studied
in [24], [25], and [58]. Previous work on calculating or bounding denominators for
GL3 over Q and totally real fields include [22], [35], [43], [45], [51], and [57]. [35] and
[51] also use twisting techniques and a result by Washington on the non-vanishing
modulo p of Dirichlet L-values in cyclotomic towers. New about our method for
getting a lower bound is that we introduce the auxiliary cocycle Eise(\I/fb"}’iSt) and
prove that it represents a relative cohomology class, which allows us to work just
with the toroidal integral, making the calculation of additional boundary integrals
as in [22], [35] unnecessary. Our method does not allow to prove upper bounds
because of the transition to the finite twisted sum, but one might be able to get an
upper bound by applying this idea to prove a lower bound on the denominator of
the dual cohomology class in degree 2. In principle, our method should extend to
general CM-fields, where Hida’s result is still applicable. Since the arithmetically
interesting classes appear in the middle degrees this would, however, be notationally
more cumbersome (but see [43]).

These results generalize part of my thesis [2] under C. Skinner at the University
of Michigan, where this problem was considered in the case of constant coefficient
systems and split p. The author would like to thank Thanasis Bouganis, Vladimir
Dokchitser, Giinter Harder, Joachim Schwermer, and Chris Skinner for helpful dis-
cussions and an anonymous referee for improvements to the introduction and cor-
rections in the statement of Theorem Bl This article was written during visits to
the Max Planck Institute in Bonn and the Erwin Schrodinger Institute in Vienna.
The author would like to thank both for their hospitality and support.

2. NOTATION AND DEFINITIONS

2.1. Basic notation. Let F' be an imaginary quadratic field, o its nontrivial au-
tomorphism, D the different of F'; and dp = Nm(D) the absolute discriminant. For
a place v of F' let F, be the completion of F' at v. We write O for the ring of
integers of F', O, for the closure of O in F),, ‘B, for the maximal ideal of O,, m,

for a uniformizer of F,, and O for [ L, finite Ov- Complex conjugation is denoted by
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z +— Z. We use the notations A, Ay and Ap, Ap s for the adeles and finite adeles
of Q and F', respectively, and write A* and A% for the group of ideles. Let p > 3
be a prime of Z that does not ramify in F. Fix embeddings F — Q — Qp — C
and let p be the corresponding prime ideal of F' over p.

2.2. The algebraic group and symmetric spaces. For any algebraic group
H/Q and any ring A containing Q we write H (A) for the group of A-valued points.
We shall abbreviate Ho, = H(R). We consider the algebraic group

G:= RCSF/Q(GLQ/F)

The group Go/F = GLy,p contains the Borel subgroup of upper triangular matrices
By, its unipotent radical Uy, the maximal split torus Ty, and the center Zy. The
restriction of scalars gives corresponding subgroups B/Q,T/Q,U/Q and Z/Q of
G. We single out the element wy = (_01 (1)) € G(Q).

The positive simple root defines a homomorphism

ag: By/F — G,,,/F
t
(01 t*g)Htl/tQ

and we denote by a the corresponding homomorphism B/Q — Resp/qGi,. From
[26] we take the notation || for || o aa : B(A) — C*, where || : F*\A% — C* is
the idelic absolute value x — |z| = [[, |zv|». Here we take the usual normalized
absolute values for the local absolute values, in particular, |Zoo|oo = ZooToo at the
complex place.

In Go = GLy(C) we choose the subgroup Ko = U(2) - Zo(C) = U(2) - C*
containing the maximal compact subgroup of unitary matrices. The symmetric
space X = G /Ko can be identified with three-dimensional hyperbolic space
H3 = R>0 x C.

The Lie algebra g = Lie(G/Q) is a Q-vector space and we define goo = g ®q R.
It carries a positive semidefinite K o-invariant form, the Killing form

(X,)Y)= 1—16trace(adX -adY’),
and with respect to this form we have an orthogonal decomposition go, = € & p,
where o, = Lie(K ) and

10 0 1 0
p_RHEBREl@REg.—R(O 1)@R(1 0)@R(i 0).

0 1 0 i .
Sy i=1/2 (i (1 0) ®r1- (l (’)) ®Rz) € pe.

A maximal open compact subgroup of G(Ay) is given by

GLy(0) = {(‘CL Z) :a,b,c,de@,adbde@*}.

We will deal with the following congruence subgroups: For an ideal 9t in O and a
finite place v of F' put 9, = NO,,. We define

K'(M) = {(i Z) GGLQ(@),a—l,CEO mod ‘J’(},
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K'(M,) = {<(CL Z) € GL2(0y),a—1,c=0 mod ‘ﬂv} ,
and
U'M,) = {k € GLy(0,) : det(k) =1 mod M, }.
For any compact open subgroup Ky C G(Ay) the adelic symmetric space
Sk, = GQ)\G(A)/ Kok
has several connected components. In fact, strong approximation implies that the
fibers of the determinant map
Sk, —» 7T0(Kf) = A}v,f/det(Kf)F*
are connected. Any v € G(Ay) gives rise to an injection j, : Goc — G(A) with
Jv(goo) = (goo,7) and, after taking quotients, to a component
Fw\Goo/Koo — SKf,

where I, := G(Q) N yKy~!. This component is the fiber over det(y). Choosing
a system of representatives for 7y (K ;) we therefore have

SKf =~ H FV\H3.

[det(y)]emo (K )

We denote the Borel-Serre compactifications of Sk, and I',\H3 by Sk, and I',\Hj,
respectively. Following [5] we write e(P) = H3/Ap = Up(R) for each rational
Borel subgroup P of G. Here Up denotes its unipotent radical and Ap the identity
component of P(R)/Up(R), and the action of Ap on Hj is the geodesic action.
The boundary of ', \Hj is the union of tori I',, p\e(P) =: ¢/(P) with T, p =T\, N
P(Q) over a set of representatives for the I',-conjugacy classes of Borel subgroups
(equivalently of B(Q)\G(Q)/T', =2 P! (F)/T). We recall from [26] §2.1 and [25] p.
110 that 0Sk ; is homotopy equivalent to

(1) 0S8k, := B(Q\G(A)/K Ko = 11 II 7T.5\Hs,
[det(y)]€mo (K ) [n€P(F)/T,

where B"(Q) = n~1B(Q)n for n € G(Q) and the boundary component Iy p»\H3

gets embedded in 0Sk; via goo = Jny(900) = N(goor¥)-

f

2.3. Hecke characters. A Hecke character of F' is a continuous group homomor-
phism A : F*\ A} — C*. Such a character corresponds uniquely to a character on
ideals prime to the conductor (see [31] §8.2), which we will also denote by A. The

* _, C* is of the form z % for t € C,a,b € Z. We
will say that A\ has infinity type % We define the (incomplete) L-series L(s, \)
for Re(s) > 0 by the Euler product

archimedean part A\, : C

L(s,A) == [T(1 = A(R)Nm(B,) %),
vifa
where fy is the conductor of A\. This can be continued to a meromorphic function
on the whole complex plane and satisfies a functional equation (see e.g., [31] §8.6
or [11] 37).
Define the character A° by A°(x) = A(o(x)). Since o just permutes the Euler
factors we have L(s,\) = L(s, \°). Also let \*(x) := \(o(z)) ||
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Recall from [I1I] p.91 and [4I] XIV Theorem 14 the definition of the global root
number W (\) appearing in the functional equation. Note that W (\) = W ()) for
A the associated unitary character A/|A|. If A* = X then one shows using the
functional equation that W (\) = £1. For X of infinity type (z;)—n;m with m € Z we
have

W =i~ (Nm(i)) "2 [ w0 J[A@5,
vlfx vifa

where the Gauss sum 7, is given by
)= Y. (ep)(er (D)),
€€0;/(1+fx.0)

Here ep is the standard additive character of F\Ap defined by er = eq o Trr/q
in terms of the standard additive character eq of Q\A normalized by eq(zs) =
e?m%e Put 7(\) = [L,5, 7o (V).

We will use the following formula of Weil as stated in [I] Proposition 2.4:

Proposition 1. Suppose that A\y and Mo are unitary Hecke characters of infinity
types (k1,71) and (ka, j2) with relatively primes conductors f1 and fo. Then

W()\l)\g) Zf (kl —j1)(k/’2 _j2) Z 0,
(=YW (MA2) if (k1 — j1) (k2 — j2) <0,

where v = min{|k; — j1|, |k2 — j2|}. H

W(AD)W (A2) M (f2) X2(f1) = {

For ease of reference we record the following:

Lemma 2. For A : F*\ A} — C* with infinity type 29%Z° with a,b € Z we denote
by Oy the ring of integers in the finite extension of F, obtained by adjoining the
values of the finite part of A. Then for any x € A*F_’f

ord, (A(z)) = —a - ordy(zy) — b - ordg(xy).

Proof. Let v be any finite place of F'. Since A has finite order on O} it suffices to
prove the statement for A\(m,) for any uniformizer m,. If h is the class number of
F, we have P" = (a) for « € O and o € O for w # v. Now

1=, ay...)) = Ao (@) Ay (@) H Aw ().
w#v

Since [[,, Aw(@) € OF we deduce that
h - ordy, (A(my)) = ordy (Ay (@) = —ordy (Aeo ().
(]

Define €2 € C to be the complex period of a Néron differential w of an elliptic
curve E defined over some number field such that F has complex multiplication by
O, F has good reduction at the place above p and @ is a non-vanishing invariant
differential on the reduced curve E.

Let X be a Hecke character of infinity type 292Z° with a,b € Z. Precisely for a > 0
and b < 0or a <0 and b > 0 the L-value L(0, \) is critical in the sense of Deligne.
Damerell showed in this case that 7™&(=%=)Q=la=bI1,(0, \) is an algebraic number
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in C. We recall the following results (due to, amongst others, Shimura, Coates-
Wiles, Katz, Hida, Tilouine, de Shalit, and Rubin) about the integrality of the
special L-value at s = 0:

Theorem 3. Let \ a Hecke character of infinity type z°z° with conductor prime

to p. Assume a,b € Z and a >0 and b <0. Put
2

LY8(0,)\) := Qb <—> _bf(a) - L(0,\).
Vdr

(a) If p is split then
(L =A@ = A*(p)) - L¥E(0, A)

lies in the ring of integers of a finite extension of F},.
(b) If p is inert and a > 0,b = 0 then for any ideal b coprime to Gp and the
conductor of A
(Nm(b) — A~'(b)) - L5(0, 1)

lies in the ring of integers of a finite extension of Fj.

References. If p is split then the normalization in (a) is the one appearing in the
p-adic L-function constructed by Manin-Vishik, Katz, and others. Together, [36]
Chapters 4 and 8, [38] Theorem 5.3.0, and [34] Theorem II prove that it is a p-adic

integer in F,. With our fixed embedding F' < F, this shows that the value lies
in a finite extension of F}, and is p-integral. See also [32] Theorem 1.1 and [11]
Theorem 11.4.14 and 11.6.7.

Part (b) uses the relation of elliptic units to special values of L-functions. For
the proof in the case when A is the power of a Grossencharacter of a CM elliptic
curve and F' has class number one see, for example [49] §7, in particular, Theorem

7.22. To extend to the general case use the arguments in [II] Chapter II. i
Remark. (1) If p is split then Lemma [ shows that for a > 2 the factor (1 —

A*(p)) is a p-unit.

(2) If F has class number one, p > a, and X is the power of a Grossencharacter
of a CM elliptic curve then [I2] Lemma 3.4.5 proves that there always exists
an ideal b such that Nm(b) — A~1(b) is prime to p.

(3) For completeness we want to mention that for inert primes p additional
divisibilities have been obtained in [37], [39], [48], [17], and [9].

2.4. Modules and Sheaves. The group GLz(F') acts on the F-vector space M™ :=
Sym" (F?) of homogeneous polynomials of degree n in two variables X and Y with
coefficients in F' by right translation:

d

Applying first the field automorphism o to the entries a,b,c and d, we get an-
other representation M. We also have one-dimensional representations F[k, ¢] for
(k,0) € Z2, on which g € G acts by multiplication by det”(g)-o(det(g))f. We obtain
the representations M(m,n, k. £) := M™ Qp M @p Flk, 0. Let M(m,n, k,£)V :=
Homp (M (m,n,k,£), F). There is an isomorphism of GLy(F')-modules

M(m,n,k, 0)Y = M(m,n,—m —k,—n — ()

(‘C‘ b) XY™ = (aX + Y )i(bX + dY) .
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induced by the pairing
(,): M(m,n,k, ) x M(m,n,—m — k,—n — ) — F,

—1 —1
Xij_ij?n_k % XHY”TL_HYV?"_V — (—1)]""]9 (7.7) (Z) 5j7mflu.5k,n71/'

This is the coordinatized version of the pairing induced by the determinant pairing
on F? (cf. [31] p. 169).

For an O-module N we denote N ®¢» A by N4 for any O-algebra A. Denote by
M(m,n,k,0)o the polynomials with O-coefficients. Note that M(m,n,k,£)% =
Home (M (m,n, k,£), O) corresponds under the duality above to

{ g A (m) (n) XHym XY ay,, € O} C M(m,n, k, ).
w) \v
TR

We now define local coefficient systems on the symmetric spaces. For I' C G(Q)
an arithmetic subgroup and N an O[I']-module we define a sheaf of O-modules on
F\Hg by

NU):={f: 7 (U) — N locally constant :
f(Bx) = B.f(x)Vx € 7 (U) and 5 € T},
where 7p : Hg — I'\H3 is the canonical projection.
Let Ky C G(Af) be a compact open subgroup and M an F[G(Q)]-module.

Assume that there exists an O-lattice Mo in M such that My = Mo ® O is

stable under K. (For M = M(m,n,k,¢) and K; C GLy(O) one can take Mo =
M(m,n,k,l)o.) For each open subset U C Sk, we let

f(Bg) = B.f(9), f(9) € grMep }

— - o .
Mo(U) == {f :m (U) — M locally constant Vg € 71 (U) and 8 € G(Q)

where 7 : G(A)/Ko Ky — Sk, is the projection. This defines a sheaf of O-modules
on Sk, (cf. [55] §1.4, [40] §1.5, and [13] §1.2). For any O-algebra R we define Mp
as M@ ® R, where R is the constant sheaf associated to R.

For vy € G(Ay)let M, := MN~y.Mg. Then M, is alocally free, finitely generated
O-module with an action by I'y = G(Q) NyK sy~ *. The two constructions of ]Tjo
and M7 are compatible with j,; one checks that jf;(]T/fo) = J,\Zy.

2.5. Cohomology. For a sheaf F on a topological space X, we denote by H!(X, F)
(resp. HY(X,F)) the i-th cohomology group of F (resp. with compact support),
and the interior cohomology, i.e., the image of H!(X, F) in H (X, F), by H{ (X, F).

Let M be an F[G(Q)]-module with Mo C M an O-lattice as above and R an
O-algebra. Since Sk, < §Kf is a homotopy equivalence, we have a canonical
isomorphism

Hi(SKfvj\Z/R) = Hi(gKf;i*MR)

and in what follows we will replace Z*M R by M, r and also write M, r for the sheaf
j*’i*MR on 8§Kf, fOI'j : 8§Kf — gKf.
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The decomposition of the adelic symmetric space into connected components
gives rise to canonical isomorphisms (see [40] §1.6 and [13] §1.2)

H'(Sk,, Mp) = @ H(\H;, M, 9 R)
[det(v)]€mo(Ky)
and
HY(8k,, Mp) = 4 P HE@,5\H;, M, 2R).
[det(m)]emo(Ky) [neP (F)/Ty
The above cohomology groups and isomorphisms are all functorial in R.
For an arithmetic subgroup I' C G(Q) and an O[I'-module N we can in many

cases relate the sheaf cohomology H*(I'\H3, Nr) to group cohomology H*(T', Ng)
(for the proof see, e.g., [23]):

Proposition 4. For O-algebras R in which the orders of all finite subgroups of I'
are invertible there is a natural R-functorial isomorphism

H'(T\H3, Ng) = H'(T', Ng).
O

The lemma in [13] §1.1 shows that for any O-algebra R, R ®o O[] satisfies the
conditions of the proposition for any arithmetic subgroup I' C G(Q).

For complex coefficient systems we have analytic tools available. For a C*°-
manifold X (like Sk, 6S’Kf, or I'\H3) denote by Q(X) the space of C-valued
C°-differential i-forms and by Q'(X, Mc) = QY(X) ®c Mc the space of Mc-
valued smooth i-forms. By the de Rham Theorem (cf. [21] IV.9.1, or [31] Appendix
Theorem 2) we have

HY(T'\Hs, M¢c) & H (Q*(Hs, Mc)").
Furthermore, the de Rham cohomology groups are canonically isomorphic to rela-
tive Lie algebra cohomology groups. For the definition of the latter we refer to [6]
Chapter 1. The tangent space of Hj at the point Ko € Go /Ko can be canoni-
cally identified with goo/tse. For g € Goo let Ly : Hy — Hg be the left-translation
by g and Dy, the differential of this map. Assume that the G(Q)-action on Mc
extends to a representation of Go. Let warg : Z(R) — C* be the character de-
scribing the action on M¢ and write C'™ (F\GLQ(C))(WI;&j ) for those functions in
C*(I'\GL2(C)) on which translation by elements in Z(R) acts via w;&j.
We can then identify the C-vector spaces
Q'(Hz, Mc)" = Homg, (A" (goo /b ), O (I\GL2(C)) (wyph,) © Mc),
by mapping an Mc-valued differential form @ to the (g, K )-cocycle w given by
w(@) (L Ao NG = g_l.&(gKoo)(DLg (01),...,Dr,(6;)). The differentials of the
complexes corresponds and we get (cf. [6] VII Corollary 2.7)
HY(I\H3, Mc) 2 H'(goo, Koo, % (P'\GL2(C))(wL,) ® Mc).

Similarly, one obtains

H'(Sk;, Mc) = H' (g0, Koo, C(G(Q)\G(A)/Ky)(whse) © Mc)
and

H'(0Sk,, Mc) = H (900, Koo, C*(B(Q)\G(A)/ K ) (wy1s) ® Mo).
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For any cocycle w we will denote by [w] the corresponding cohomology class.

For I'\H3 and N an O[I']-module the natural isomorphisms of the de Rham
Theorem and Proposition @l compose to give an isomorphism between de Rham
cohomology and group cohomology. We state this isomorphism explicitly on the
level of cocycles for degree 1 (for a proof see [2] Proposition 2.5 or, more generally,
[10] Proof of Lemma 3.3.5.1):

Proposition 5. The natural isomorphism
HY(Q*(H3, No)') = HY(T'\H3, N¢) = HY(T', Nc)

is induced by any of the following maps on closed 1-forms: For a choice of basepoint
xo € Hs assign to a closed I-form & with values in N¢ the (inhomogeneous) I-
cocycle

gmo(uN}):OéH/. @.
O

For each g € G(Ay) with gMo C Mo we have the Hecke algebra action of the
double coset [K;gKy] on the cohomology groups Hi(SKf,]T]R), Hi(aEKf,MR),
and H!i(SKf,MR) for any O-algebra R (for its definition see [55] §1.4.4).

For R = C this can be described on the level of relative Lie algebra cohomology:
If V is any G(Ay)-module then [K;gK/] acts on a K -invariant vector v € V' by

[KrgKylv = Z ~y.v.
VEKfgKy /Ky
Taking this action on C*(G(Q)\G(A)/Ks), C>*(B(Q)\G(A)/Ky), and
CX(G(Q)\G(A)/Ky), respectively, induces via relative Lie algebra cocycles the
Hecke action on the cohomology groups. For x € O® 7 we single out the operators

T, = [K; (g (1)) Ky

2.6. Relative (co-)homology. We refer to [7] 1T §12 and V §5 for the definitions
of relative sheaf cohomology and relative Borel-Moore homology, but want to recall
the following facts:

Let I' C G(Q) be an arithmetic subgroup , Ky C G(Ay) a compact open sub-
group, and M an F[G(Q)]-module with Mo C M an O-lattice as above. Then for
X =T\H; or Sk ;and Y C X a closed subspace we have the long exact sequence
(functorial in the O-algebra R)

. HY(X,Y,Mg) — H(X,Mg) — H'(Y, Mg) — H(X,Y, Mg) — ...

Note that for Y = 8Sg, we have H'(X,Y, Mpg) = Hi(X, Mpg).

ForY Cc 0Sk + we get the following analytic description: We say that a function
f € C=(I'\GL2(C)) has moderate growth if there exists an integer N > 0 and a
constant ¢ > 0 such that

[f(9)] < cllgl|™, for all g € GLy(C).

For any Borel subgroup P of GLs defined over F' we say that a function f €
C>(I'\GLy(Q)) is fast decreasing at P if f has moderate growth and if there exists
an integer N > 0 such that for every Siegel set S C GLy(C) relative to P, every
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compact set w C P(R), and every r € R there exists a constant ¢(S,w,r) > 0
satisfying

|f(awgk)| < (S, w,m)lla]¥lg]",
foralla € Z,w € w,g € SNSLy(C), k € K.

Let C(T') be the set of I'-conjugacy classes of Borel subgroups of GLo defined
over F. For ¢ C C(I') denote by C>°(I'\GL2(C)) the space of functions f which,
together with all their derivatives D f, D C U(g), are of moderate growth and fast
decreasing at every P such that [P] € ¢. We then get the following extension of the
de Rham theory recalled in Section

Proposition 6.

H'(T\Hz, | J ¢(P), Mc) = H' (goc, Koo, O (I\GL2(C)) © Mc).
[Plec
Sketch of proof. We need to show that the inclusion of the complex of differential
forms with compactly supported coefficients on I'\Hz — (U[ P]ael ( P)) into the
forms with fast decreasing coefficients induces an isomorphism in cohomology. The
corresponding statement for cohomology with compact support (and for general
locally symmetric spaces) is proven by Borel in [4] Theorem 5.2. Since the proof
uses sheaf theory and considers stalks in the boundary it extends to our case of
relative cohomology with respect to subsets of C/(T). (I

From the comparison theorem with relative singular cohomology (see [7] X §14)
we obtain the evaluation pairing

HZ(Xv Y7 M]\é)ﬁree X Hz(X; Y; ]/\ZR)free - R;

which is perfect for any O[#]-algebra R (see [13], Satz 3, and [18] §23). For R = C
this pairing can be calculated by ([w],[0]) — [ w for w a relative Lie algebra
cocycle and o a differentiable singular cycle. Note that for R C C a class [w] €
HI(X,Y, M) lies in Hi(X,Y, M})gee = im(HI(X,Y,M)) — Hi(X,Y,MY)) if
and only if all the pairings of [w] with homology classes in H;(X,Y, M, R)free have
values in R.

3. EISENSTEIN COHOMOLOGY

In this section we recall Harder’s construction of Eisenstein cohomology, con-
struct explicit classes, and calculate their Hecke eigenvalues and restrictions to the
boundary. We also investigate the integrality of the latter by translating to group
cohomology.

3.1. Eisenstein cocycles. Let m,n € N>, k,{ € Z, and M := M(m,n,k,?).
We want to construct certain cohomology classes in H!(Sk + MC) with nontrivial
restriction to the boundary following the work of Harder in [24], [25], and [20].

Let ¢1, ¢2 : F*\A% — C* be two Hecke characters with conductors 9t and 9,
and of infinity type either

D1.00(2) = 21 7FZ7" 7 and do.00(2) = 277127 (Case A)

or
B1.00(2) = 27 7FZ 0 and ¢ oo(2) = 2 FZ7" 71 (Case B).
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They determine a character ¢ = (¢1,¢2) on T(Q)\T'(A). We put x := ¢1/¢p2 and
denote its conductor by 1.

Remark. These are the infinity types of Hecke characters contributing to the coho-
mology of the boundary as calculated in [26] §2.9 and 3.5. The two cases get
swapped by the action of the Weyl group, which is defined by wo.(¢1,d2) =
(2] - |, 01 - |71), and we are in the so-called “balanced case” (cf. [26] §2.9)

For a continuous character 7 : T(Q)\T'(A) — C* we define the induced module
U(bg) = n(b)¥(g), Vb € B(A),
Voc =< ¥:G(A) - C |VY(gk) = ¥(g) Vk € Ky C G(A) compact open
U is K*°-finite on the right
We use here the following convention: for any Q-algebra R we consider characters
1 of T(R) as characters of B(R) by defining 7(b) := n(t) if b = tu for t € T(R) and
u € U(R). Note that the definition for V;, follows the one used in Harder’s work and

is not the usual unitary induction. The induced representation V;, ¢ decomposes
into a product @, V;,,,c, where

an,c = {\I’v : GO(Fu) - C|‘Iiv(bvgv) = m(bv)‘l’(gv)w’ € BO(FU)}

denotes the local induced representations. By V;. ¢ = ®u4o0Vy, ,c we denote the
finite part of V;; c. We will be interested in the operation of the Galois group
Gal(Q/Q) on V;, ¢ and write V;,, (resp. Vj, for v { co) for the Q-subspace of
Vi,.c (resp. V;, c) consisting of Q-valued functions. Every o € Gal(Q/Q) defines
a o-linear isomorphism
oV, = Vg
U U,

where for each g € Go(F,) we define U7 (g) := ¥(g)°. By [56], ch. 1.2 (see also [44]
p. 94) we have V), ¢ = V;;, ® C which implies V,), ¢ = V;;; ® C. The Galois action
on V. is defined similarly to that on V), .

Given ¢ of infinity type (A) or (B), ¥ € qujf , and an appropriate open compact
subgroup Ky C G(Ay) we will first define a boundary cohomology class
[wo(e, ¥)] € Hl(agKf,Mc)
and then an Eisenstein cohomology class
[EIS(¢5 \IJ)] 6 Hl(SKfv MC)

Harder describes the cohomology of the boundary as a G(A f)-module in Theo-
rem 1 of [26]:

(2) }[1 (6§Kf,Mf) = @ (V(;jf D Vuifd)f) .
¢:T(Q\T(A)— C~
of infinity type (A)

By the proof of Theorem 2 of [26] (see also Proposition 2.12 of [2]) relative Lie
algebra cocycles giving rise to non-trivial cohomology classes in

HY (08K, M) = H' (9o, Koo, C(B(Q)\G(A) /K f)(wijt,) @ Mc)
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can be described by certain elements in
Hom. (oo /o0, Vs ® Mc) 2 (pc ®c Mc ®c V&)<
using the map in relative Lie algebra cohomology induced by the embedding
K 0o _
Vyb = CF(BQ\G(A)/Ky)(wiy,)-

Recall |a| : B(A) — C* from Section 222l Following [26] p. 80 and [40] p. 101 we
define

WZ('v ¢7 \Ij) : G(A> - ﬁc ®c MC

for > € C and ¥ € VX7 .2 . 88
¢f|a‘f ,C
(3) ws (9,6, V) 1= w(bookoo - g, Plaf/?, ) =

kb (S @Y™mX") Case (A),

= (¢hoo - |@|?/?)(boo) - Y(gy) {ko_ol' (-S_)® X™Y")  Case (B).

Here K acts on pc by the adjoint action. By [24] Lemma 1.5.2 wy is a relative

Lie algebra 1-cocycle. We write [wq(¢, ¥)] both for the corresponding cohomology

class in H'(goo, £, Vi ® M) as well as its non-trivial image in H1(8§Kf,]\/4vc).
We now have for Re(z) > 0 an operator

Eis : V7 — A(G(Q)\G(A)/Ky)

¢rlali’?.C

given by the formula

U Eis(P)(g) = Y. ¥(yg).
YEB(Q\G(Q)

This can be meromorphically continued to all z € C. Via the map on cocycles the
operator induces a map in cohomology. Define Eis(p|a|*/2, ¥) := Eis(w. (¢, ¥)) for

vevih o
¢f‘a|f ,C

Harder shows in [26] Theorem 2 that for z = 0 we get a holomorphic closed
form. For g € G(A) and A € g/t we use the notation Eis(g, ¢, ¥)(A) for
the Lie algebra 1-cocycle in Hompg__ (§oo/ 8o, O™ (G(Q)\G(A)/Kf)(w&é) ® Mc).
The corresponding de Rham 1-form in Q'(G(A)/K ;K. ® Mc)®Q is denoted
by Eis(x,¢,¥)(0,) for 2 € Sk, and 0, € T,Sk,. We write [Eis(¢, ¥)] for the
cohomology class in H'(Sk f,m). We will later drop ¢ in the argument if it is
clear from the context.

3.2. Special vectors. We now want to single out some special vectors

z/2.

\II = ®U+OO\IIU € Vd’f‘alf

At finite places we define the following functions:
1 s
(a) For any finite place v we define 2V to be the newvector spanning vE &)

$ulaly/?’
where B2 || M. By [§] §1 P75 is the conductor of V. 122 and we normalize

vlal
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Tnew hy:
z/2 . a b 1 0 L
U U fg= k. ke K'(B
grew(g) = | O10(@P20@ ]G] ifg <0 d) (w: 1) i
0 otherwise,
where P7 || ;.

(b) For v {9 we also have the spherical vector U9 V¢U| (9‘7:/1;)

W0(g) = 61,0(a) B2, ¢1,U(det(k:)) for g = (8 Z) k,k € GL2(O,).

Note that U0 = Wnew for ¢ J( MM,
Denote by S the finite set of places where both ¢; are ramified, but x = ¢1 /2
is unramified. We put

defined by

Knew
\I/new ; = \I/new c V f
¢slal}’? [ bslaly’?

vfoo
. new 0
¢|\z/2‘_ I[ v ]]ove ¢\|”2’
v¢S,vtoo veS
where
K}]ew = Kl(m1m2>
and

Kf =T U ) [ K (0902),).
veS vgS
The following lemmata from [2] tell us how to translate between W0 and Wiev:
Let n = (n1,7m2) : T(Q)\T(A) — C* be a continuous character, e.g. 7 = ¢|a|*/.

Lemma 7 (([2] Lemma 4.3)). Let v be a place where both n; are unramified, and
p: By — C* a continuous character. If V% is the newvector in Vy, and \Ifguu 18

the spherical vector in V. then Wp™(g)u(det(g)) = W9  (g) for allge Fr. O

Lemma 8 (([2] Lemma 4.4)). Let v be a place where both n; are unramified, and
w: Y — C* a continuous character with conductor B,, r > 0. If \Ifgw s the

spherical vector and VW the newvector in Vi, ., then we have

1 % _ ) r —1,M new

E I ( )\Ilguu( v ):M 1(_1)_2(%1))1;111(_1’0) lI/’r]Uu( )
0 1 m 2

z€(0,/P5)*

1 = N .
Proof. Put ¥ (g) := Zze(ou/m;;)* p (@) wd (g (0 ’Tlv)) To simplify notation

we will write g for 7], . It is easy to check that

\1;"((0 Z) 9) = m(a)u(a)nz(d)u(d)¥” (g)

and we refer to [2] Lemma 4.4 for the proof of right invariance under K*((¢?)).

This implies that ¥” € V ((q Vs a multiple of the newvector, which is nonzero

only on By(F,) (ﬂlr (1)) K 1(((]2)). We now give the calculation of this multiple.
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The non-trivial character  on O} descends to a non-trivial character on (O, /B! )*,
which implies that er(ov/‘m)* p=t(z) = 0. In fact, (O,/%P7)* can be replaced by
the subgroups (1 +P7)/(1+P7) forn=1,...r—1ifr > 1.

We have the Iwasawa decomposition

T 1 22
1 0\ /1 (N (s -2 i 0\

(This works for all  in our sum if we avoid = —1 in our choice of representatives

for x € (O, /PBr)*). We obtain

(5 = X w@mme .

iy
Y 2€(0,/Py)*

Q8

For r =1 we have
1 0 _ —
vi(y = X @ e - D)
v 16((9«1/‘1% *1(14’1)#&]31:
Using that >° ¢ o, /3. p~1(x) = 0 this equals
(e = 1) ((n2/m) (mo) = 1) = p= (=1) (/1) (Bo) - Ly (n1/n2,0).
For r > 1 we have
10 _ _
Bl = X @ X aemedim/men),
Y T€(OL/BL)*(z+1)¢B. PTON

We rewrite the second sum as

p (=1 (2 /m) () + pH(=1) i(m/m)(ﬂﬁ) > p ).
n=1 e (0, /P

Let S5, := Zue((ﬂu/‘m’")* p (1 4+ 7). Now we make the following observation:

Since
> wly) =0
yel+P

form=1,...,r — 1 by our initial remark we have
0 ifn<r—2
Sp = 1147 w)— La4rn ) = - ’
D VA R DI (S AR S

weou/m; " weou/‘ﬁﬁ "

We are left to evaluate

v((p 1) - Y aw

! 2€(0u /)" (a+1) Py
+ T (D e /m) () = e (=) (2 /m) (7).
The sum in brackets turns out to be zero as well, since

T T TV RTINS S

zZ—1 mod P, zZ—1 mod P,
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We conclude that

(g D)= H DR (0 o fe)(m),

Tr’lj
as desired. O

To translate from the spherical vector to the newvector we therefore also define
the finite twisted sum

is 1 = Fnew
4 \Ijtwmt = —1 \I/O oY c V f
( ) ¢f|a‘;/2 Z ZT ¢1 (‘T) ¢f|0¢‘;/2(g 0 1 ) d)f‘aljt/Z’
vES 2E€(Oy/Py¥)* v
where B+ || ;. Lemma [ shows that W™Vt equals U™V _ . up to essentially

drlaly brlal}
the L-factors for v € S.

3.3. Hecke algebra action. The definition of our special vectors was chosen such
that the Eisenstein cohomology class is a Hecke eigenvector for almost all T, =

S [ Tv 0
Kflo 1
relative Lie algebra cocycles). By the definition of the Eisenstein cohomology class

S
[Bis(¢, W})], it suffices to check the effect of the Hecke operator T, on \Ifgf € Vdf;f .

We note that for any ¥ = [[, € qu;f with Ky = [[,, K the action of Ty, is
described by (T, ¥)(g) = [Tz V(0w (5 Tulguni)) , where K, (”Ov 2) K, =

IL; 7K. By [8] we know that V;j ) for P2 ||, 9N is 1-dimensional so we get
for v ¢ S that

K f] (see Section for the definition of the Hecke operators on

T, (\I/gf) = av(qﬁ)\llgf for some a,(¢) € C.
Lemma 9. For v ¢ S the class [Eis(¢, \Ilgf)] is an eigenvector for T .

If in addition v { 91, for example, the eigenvalue is

o) = vy 2 3w o)

a€Oy /Py
= ¢2,0(Bv) + Nm(Po) 1, (Puo).
For the calculation of the eigenvalues in other cases see [2] Lemma 3.11.

3.4. Constant terms. We will be interested in the image of the Eisenstein coho-
mology classes under the restriction map

res : HI(SKf,MZ:) = Hl(gKf,M;) — Hl(agl(f,]\%) = Hl(agKf,]\%)-

We are in the case that Harder calls “balanced” where the restriction map maps
diagonally into the cohomology of the boundary, in the sense that on the level of
functions
T 6% Ky Ky
resoBis: V,"/ =V, " &V, "

L(=1,¢1/¢2)
L(Oa ¢1/¢2>

for an intertwining operator T, : Vd)Kf — Vui !, and some non-zero factor x.

T, eV, eV,

wo.P?

Ui— U+ %
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By [24] Proposition 1.6.1, or [60] Proposition 2.2.3 (see also [50] Satz 1.10 in the
case of automorphic forms) the restriction of a cohomology class in H'(Sk,, Mc),
represented by a relative Lie algebra 1-cocycle

w € Hompe (goo/too, CF(G(QN\G(A)/Kf) @ Mc),

is given by the class of the constant term wp, where the constant term with respect
to a parabolic P is defined as

wp(g) = w(ug) du

/UP(Q)\UP(A)

for an appropriate Haar measure du. Recall the decomposition of
05k, = B(Q)\G(A)/K Kx

into its connected components given in ([Il). For the parabolic B” with n € G(Q)
and v € G(Ay) let

res), : H'(Sk,;, Mc) — H'(T'y,5»\Hs, Mc)
be the restriction map to the boundary component I', gn\Hs N GSKf. It is easy
to check that
resp, (W] = j3lwpn] = j; [wB]-
It suffices therefore to calculate the constant term wg.

Proposition 10. (a) If ¥ = \Ifg af2/2 then
Flely

. _ 0
EIS(\II)B - WZ(\II) + c(¢a Z>W*Z(\ijO_(¢f|a‘;/2)>a

where

(b 2) = -1/2 2 _1\n 1.L(Z*17X>. c 5

v

{610, 02,0} is ramified then ¢, (¢, z) = 2l
(b) If O = WY . then
¢f|0¢‘f

. _ / new
EIS(\II)B - WZ(\II) +c (¢7 Z)W7Z(\Ilwg.(¢f|a\;/2))7

with ¢, (¢, z) = on(Fv) WY (1, (Wltu (1)) Ydu,, where Pt || My. If only one of

where

C/((b, Z) = C(¢’ Z) : H[(l - Nm(mv)) ’ (X/Nm)(mgv) 'Lv(za X)]a

veS
with T || Oy

Proof. See [26] Theorem 2(3) and [2] Proposition 3.5. O



DENOMINATORS OF EISENSTEIN COHOMOLOGY CLASSES 19

3.5. Translation to group cohomology. The decomposition ({l) and Proposition

imply that we have an isomorphism

(5) HY(8k,, Mc) = &5 P H'@ 5, MC).
[det(v)]€mo(K ) [n]eP! (F)/T

The following Lemma calculates the image of the boundary cohomology class we

defined in Section B.I] under this isomorphism:

Lemma 11. For ¢ : T(Q)\T(A) — C*, ¥ € V(;;f, and w = wo(¢, ¥) as defined in

(3) the image of [w] in HY (T, gn, Mc) is represented by the 1-cocycle

1t -

oo (o )Y it 6 of infinity type ()
_1f{a =z
N (0 d) Moo = L (117) 1 to

z [y 0 X™Y"dtif ¢ of infinity type (B).

(Here we denote by ny and 1o the images of n € G(Q) in G(Ay) and G, respec-
tively.)

Proof. Put P = B". Recall from Proposition[H that for the basepoint zg = 73! Koo
the image of [w] is represented by the cocycle given on U" by

G @) (o 7)) = | O / AL

oo Koo Koony)
Here @ € Q' (G(A)/K Ko @ Mc)P@ is the closed 1-form associated to w, given
by
@(x)(T) := goow(goc, 95)(Dy-1 T))
for = (Too, 9f) = (9o Koo, 97) € Hy x G(Ay)/Ky and T € T, Hs, independent
of the choice of go,. To calculate the path integral we apply the following lemma,
adapted from [58]:

Lemma 12 (([58] Lemma 5.1)). Given h: R — Go a differentiable homomorphism
and goo € Goo, 95 € G(Ay)/Ky, define c: R — Hg by c(t) := h(t) - goo - Koo. For
ag,a1 € R let y; := c(a;) and denote h := (Dh)oTy € goo. Then one has the
following equality:

/ Yoo / " (h(8)g00) (1) g 97) (92 higoo .

ap

We take yo = Ko, goo = 1, gr = N7, h(t) = (é lj'lt) € G, a0=0,a1 =1,

and obtain:

G550 (5 )= [ TPy ) (§ e

One calculates that for x € C
o (0 z/2\_ (0 =z
xSy —xTS_ = (E/Q 0 ) = (0 0) mod £.

To complete the proof one checks that G, (4 - (@)) is always zero on n3! <8 2) Moo

since w vanishes along H € pc. O
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3.6. Rationality of Eisenstein cohomology class and integrality of con-
stant term. Harder proves that the transcendentally defined Eisenstein operator
is, in fact, rational, i.e., that Eis is defined over Q so that we have

X —
V¢ff — Hl(SKf,MG)

U — [Eis(¢, U)]
and for 0 € Gal(Q/Q) and ¥ € Vdf;f the equation [Eis(¢, ¥)]” = [Eis(¢”, ¥7)]
holds (see [26] Corollary 4.2.1(a); the proof uses the “Multiplicity one Theorem”
for automorphic forms and the vanishing of residual interior cohomology in our
case).

We are interested in the p-adic properties of the Eisenstein cohomology class.
From now on, let ¢ = (¢1,¢2) : T(Q)\T(A) — C* denote a continuous character
of infinity type (A) for which the conductors of both ¢; are coprime to (p), and let
m > n (recall that x := ¢1/¢2). Let O, denote the ring of integers in the finite
extension Fy of F}, obtained by adjoining the values of the finite part of both ¢; and
L¥8(0, ). For the definition of the latter and its p-adic properties see Theorem B
Then the above discussion shows:

Proposition 13. For ¥ = \I/gf or \I/g‘;w we have
[Bis(¢, V)] € H' (Sk,, MF,)
for Ky = Kf or Ky = K3V, respectively.

Definition 14. If Oy is the ring of integers in a local field L over F}, define for
any ¢ € H'(Sk,, Mr) the denominator (ideal)

5(c) ={a € Op :ace H'(Sk,, Moy )trec}-
Here we identify Hl(SKf,]T/f@L)free with im(Hl(SKf,MoL) — Hl(SKf,]T]L)).

In this paper we prove (under certain conditions on the conductors of the char-
acters ¢;) that L*8(0, x)- O, is a lower bound on the denominator of the Eisenstein
cohomology class.

For the arithmetic of the Eisenstein cohomology class its constant term is, of
course, of great importance. Put N := M(m,n,—m — k,—n — £). Note that since
NY =2 M = M(m,n,k,0) as G(Q)-modules, [Eis(, \Ilgf)] can also be interpreted

as a cohomology class for the local system Né The following result shows that
under certain conditions its constant term is integral already with respect to the
lattice (No)¥ € Mo C M. We first prove the following Lemma:

Lemma 15. Assume in addition that p > m + 1. We have
[wo(9, ¥Q)], [wo(wo.¢, ¥4, )] € H' (8Sks, (No,)Y tree.
Proof. We recall from Section that we have an R-functorial isomorphism

H'0Sks, Ny) = D @D H'Cs (V) OR).
[vl€mo(K§) Inl€P (F)/T

We will show that for [wo(¢, ¥3)] € Hl(aS*Kf,Ng) the restrictions to each of
the summands on the right hand side lie in the image of H*(I'y gn, (N,)Y @ Oy)
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inside H(T',gn, (N5)¥ ® C). We showed in Lemma [[I] that for each v and 7 this
restriction is given by

1
1 ({a = 0 1 tzx mn
n <0 b> ne oWy, (nf'y)/o <0 1 > Y™MX dt.

To check the integrality we choose representatives v and 1 whose p- and p-components
are units (i.e., they are elements of GL2(Op) := [[,, GL2(Ov)). This is possible
for v by the Chebotarev density theorem. For 7 this follows from

GLy(F,) := [ [ GL2(F,) = Bo(F)GLy(Op).
vlp

For such v we get NY ® Oy = (No,,)" and we need to show that the values of the
group cocycle satisfy that the coefficient of X iym=i 7" lies in (T) <?> Oy.
Firstly, \Dgf (ngy) € Oy, by the definition of the spherical vector at places away
from the conductors of the ¢; together with Lemma We also note that I'y N
G(Qp) C GL2(0,), so x lies in Oy. Lastly, the integral provides us with the correct
coefficients for the monomials up to p-adic units if we assume p > m + 1.

A similar argument for [wo(wo.¢, ¥, )] proves integrality if p > n + 1 (and
m > n by assumption). O

We proved in Proposition [0 that Eis(¥g )5 = wo(¥,) + (¢, 0)wo(¥7, 4,)- By
[26] Corollary 4.2.2 we know that c(¢,0) € F4. The following proposition analyzes
conditions when ¢(¢,0) (and so by the preceding Lemma the constant term of the
Eisenstein class) is integral.

Proposition 16. Assume in addition that p > m + 1 and that the conductors of
¢1 and x = ¢1/d2 are coprime.

(a) The constant term [Eis(o, \Ilgf)B] is integral if and only if % € 0.
(b) For m = n, we have [Eis(g, \Ilgf)B] € H1(8§K1§, (No,)Y)tree if and only if
L(OX
LgO,;; € Oy.
(¢) If m =n and x°(z) := x(T) = X(x) for all x € A%, then
[Eis(¢, Uy, ) 5] € H' (0S ks, (No,)¥ )iree-
Remark. (1) In [2] we called characters x satisfying x¢ = X anticyclotomic.

These include, in particular, the everywhere unramified characters.

(2) As explained in the introduction, the integrality of the constant term of the
Eisenstein cohomology class (together with the bound on the denominator)
is interesting for finding congruences between cuspidal and Eisenstein co-
homology classes controlled by the L-value L*#(0, x). Since cuspidal coho-
mology classes only exist for m = n by Wigner’s Lemma (see, e.g. [28] §3)
these are the coefficient systems we are most interested in.

(3) By considering ¢(¢,0)c(¢,0) and using c(¢,0) = ¢(¢,0) (cf. [26] Corollary
4.2.2) one can show that the quotient of L-values in (b) is always integral
for either p or p.
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Proof. One easily checks that

L0, x] - [71) 1yt
C(¢a )* W ];[ncv ¢7

Since 9 is coprime to p and the conductor of ¢; we have ¢,(¢,0) = 1\?;2’93111)) €0;.

For (b) we can apply the functional equation (cf. [II] p. 37) and use that m = n,
and therefore yX = | - |2, to obtain

c(6,0) = HOX iy () /N(@) [] 0(6.0)

L(0.)" o

where W(x) is the Artin root number for x (see Section 23). By the assumption
on the conductor of x both \/Nm(9) and the root number W (x) lie in Oj.

Lastly, if x¢ = X then we have L(0,%) = L(0, x¢) = L(0, x), so éEO,xg 1

4. TOROIDAL INTEGRAL

In this section we calculate the integral of twists of the Eisenstein cocycle defined
in Section 3 against certain relative cycles.

4.1. Definition of relative cycles. Recall that strong approximation implies that
Sk, is the finite disjoint union of connected components indexed by a set of repre-
sentative {[¢]} for mo(Ky) with £ € A% ;. The connected component lying above

—1
¢ is given by I'e\H3 with ' := G(Q) N <(1) 2) Ky <(1) 2) and we defined in
1 0) :T¢\Hs < Sk,. For each { € A% let

0 ¢
o¢=jeor:C" — Sk,

Section 22l an embedding je := j<

1
0
and the induced map to Sk,. We consider the path in Sk, given by o¢ |R*> ,» Which is

where 7 : C* — Goo 1 2 — ( (z)> We will use o¢ to denote both the map to G(A)

the restriction of a path (also denoted by o¢) in Sk, : for the component I'e\Hs that
path is o¢ : [0,00] — I'e\Hs C Sk, : t — je((¢,0)). The paths o¢ are not 1-cycles in
Sk, . They are, however, relative cycles in Cy(I'¢\Hs, d(I'¢\H3), Z) (cf. [40] §5.2).

10
they are, in fact, relative cycles for

Hy(T¢\Hs, Te g\e(B) UT¢ o \e(BY), Z).

Since the endpoints lie in the co- and 0-cusps (use

» = O

1
0

Put

Q' = X'y XY € N for 0 <m’ < m,0<n <n.
Let

(6) Omy oy + FF\AL — C*
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. —_ ’ —_—), — / .
be a Hecke character with 6,/ 5 oo (2) = 2™™™ +Thzn=n"+€ and conductor N coprime

to (pdr) and the conductors of ¢1 and ¢ such that #(O/M)* is also coprime to p.
Denote by T' the set of places where 0,/ ,,/ is ramified.
For any £ € AT, ¢ consider now the chain

(0’5 ® Qm’,n’) . 9m17n/ (f) S Cl(rg\Hg, Ng ® 09),

with Ng := N =Jé No and Oy the ring of integers in the finite extension Fy

10
0 ¢
of F obtained by adjoining the values of 0.,/ .+ r. Here we use Lemma [2] to check
the integrality of the chain. Since chains for Sk, are defined as G(Q)-coinvariants
of chains in G(A)/K ;K the sum

Z (J§®Qm’,n’)'9m’,n’(§) GCl(SKfaN(’)®00)
[€lemo(Ky)

is independent of the choice of representatives & for the connected components. As
observed above this chain is, in fact, a relative cycle with endpoints in the co and
O-cusps of all the connected components I'¢\ Hs.

4.2. Twisted version of Eisenstein cocycle. We now define the following twisted
version of the Eisenstein cocycle: Let n = (n1,12) : F*\ A% — C* be a continuous
character. For ¥ € V. let

1 ——z
Eis?(g, ¥) := Z Z 9;@}’71/ (z)Eis <g <0 Trijlrd”m) ,\IJ> .

vET 2€(Oy/My)*

Note that if ¥ = ] ¥, then the twisting can also be done on the level of the
function, i.e.,

Eis’ (9,¥) = Eis(g, ¥9),
where ¥%(g) := [T,er ¥5(90) [Toer ¥o(g0) and
Vilg) =D D (@), <g ((1) ’flﬁ) )
veT 2E(0, /My )" v
Lemmata [ and {l imply:
Lemma 17. Forv € T we have
el (g) = Wngt(9)8, " (—=det(9)) - (n2/m)(w™ ™) - Ly (i /02, 0).
Now consider 1 = ¢|a|*/?. We note that if [Eis(g, ¥)] € Hl(SKf,Z\/ZF(ﬁ) then
[Eis’(g, ¥)] € Hl(S(Kf)eaMFe),

where for K; = [[, K, we define (K;)? = [[, K, with K/, = K,, for v ¢ T and
K! = K,NnU'(M,) for v € T. We will see in Lemma 20 that this twisting makes
Eise(\lf) a relative cocycle with respect to the 0- and oco-cusps of each connected
component (in the sense of Proposition [).
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4.3. Calculation of the toroidal integral. We now want to integrate Eis’(¥)

ncw

for ¥ € V | 22 over the relative cycle defined in Section LI} Put K¢ HE =( K}leW)G
s
and let

1($,0,0,2) := > 9m/,n/(g)/ Eis? ()

GED O/
e 9] dt
= Y 0@ [ Qe B ). W) 130 )
0
[€lemo(K9)

We will first evaluate this “toroidal integral” for ¥ = U7V := \I/ge“” 5/ Rewriting

the Eisenstein cocycle as a relative Lie algebra cocycle we have

1(¢, 0,9, 2) =
= Zg]ewo(K" o (€) Jo <( 0 ) .Qm/,nr,Eise(ag(t),\I/“ew)(dag(%|t_1))> dt.

Using the K.-invariance of the Eisenstein cocycle, the argument on pp.107/8 in
[40] shows that this equals

e [ [

[E]ewU(K"
1 0 , »
<<0 u—1> -leﬁn/,Else(Jg(u%\Ijnew)(Ad(Ug(e @>)d05(%|t_1))> % A %f

with u = te’¥ € C*. Since do¢(Z|i=1) = &, this equals

H
Z em’,n/ (5) / . em/,n’,oo(xoo> <Qm’,n/7Eise(<é 5200) ,\pnew>(§)> d*xoo

[lemo(K9)

it . o= s o
Note that det(K%) = [T¢r O5[,er(1+9). Normalize a Haar measure d*z =
d*Too Hru)(oo d*x, on A% such that for finite places f(OU/mv)* d*z, = 1. Using the

right K fc—invariance we can then write

new . 10 new H *
I(¢, 0, TV z) = / Oy o () <Qm/7n/,E159(<0 x> , U )(5)> d*x.
F*\A%,

Proposition 18. For Re(z) > 0 the integral I(¢,0, V"V z) converges and the
value is
L(5,010m ) L(3, ¢2_19;L},n/) L(Z+m—m'+1)0(5+m'+1)
LS (2, ¢1/¢2) P(z+m+2)

(71>n—n/+k+€ N
(O 6) RN ) - (201NN

Remark. Here the factor ¢y (9 ,) at places v € S stands for ¢y, (my) for the
choice of uniformizer 7, in the definition of the newvector and 6y, ,(9) for the
product ], cq Om: . (7g"4™) for the uniformizers m, chosen in the definition of

Eis? (0).

#(O/7)°
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Proof. We start by unfolding the Eisenstein series

Eis”(g, U™") = Y 0"(yg)
VEBQ\G(Q)

for Re(z) > 0 and use analytic continuation to deduce the result for all z for which
the integral converges.

Following [40] §4.5 we use a refinement of the Bruhat decomposition choosing
representatives for B(Q)\G(Q) according to the orbits of the T'(Q)-action:

6 =5@ , §)vB@uus@(] )n@,

where T1(Q) = { <é (b)) :be F* } If we decompose the integral according to this

sum, the integral over the first two summands vanishes, since w, (g boo, ¢, ¥2%:%) =
\Ilr;ew’e(gf)woo(boo) is zero along H (here we factor (@) as w,(g, ¢, ¥) = Weo(goo) *

U(gr)). We would like to write the remaining term as

/A}Qm/,n/(z)\lmewﬁ(c (1)) (é $0f>)-<Qm/,n'7woo(G (1)) (é xi>)(g)>d*z

This step is justified if the latter integral converges absolutely. Since the integrand
decomposes by definition as a product of local functions, the integral can be written
as a product of local integrals:

new,6 10 1 0 *
H/p Oms s () U0 ((1 1) (0 xv))d s

vtoo

YRR I

For each finite place v we define integers r = r,, s = s, by P7 ||91; and P3|t 5.
We will treat the local integrals according to the following cases:
(1) v finite place, v ¢ T, both ¢; unramified, i.e., r = s =10
(2) v finite place, ¢; ramified, ¢ unramfied, i.e., r = s> 0
(3) wv finite place, ¢ unramified, ¢o ramified, i.e., r =0, s > 0
(4) v finite place, r >0 and s —r >0
B)veT
(6) v archimedean

Before we start, we work out the Iwasawa decomposition of our argument at the
finite places:

o 1) (0 1) if ord, (z,) > 0,

(1 0)(1 0)_(1 o)_ 0 1)\l =
1 1)\0 =,/ \1 =) )[(1 o 1 0
g if ord, (z,) < 0.

0 =z, x,

We decompose F into a disjoint union of 7, 0%, for t € Z.
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In case (1), the integrand over 7} O} is

((bl@m’,n/)f}(ﬂvﬂﬂv sz/Q if ¢ > 0,
(6280 )ly (1) [muls /% it < 0.

The integral therefore is given by two infinite sums, and since the infinity type

: 1+m—m'z—n’ —1p—1 : 1+m/zn'—n ;
of ¢10p s is 2 z~", and that of ¢5 70,/ ,, is 2 Z it converges for

Re(z) >n' — (m —m' +1) and Re(z) > (n —n') — (m' + 1)
and the value is
1 + (¢2,v9m’,n/,v)71(Wv)Nm(‘BU)iz/2
1- ((bl,vam/,n/,v)(7"'11)1\Im(q3v)_z/2 1- (¢2,v9m/,n/,v)_1(ﬂ'v)Nm(&Bv)_Z/Q
Lv(%a ¢19m’,n’)Lv(§a (¢29m’,n’)_1)
L’U(Za ¢1/¢2)

In case (2), the definition of the newvector ¥2Y shows that the integrand is
non-zero only over 7% O with ¢ < —r. The integral therefore is given by

> (G200 ,0) " () |17/ =
t>r

= (¢2,v‘9m’,n’,v)_T(7"'11)Nln(apv)_m/2 ) LU(%) (¢29m’,n’)_1)'

For case (3) we only get a non-zero contribution for ord, (z,) > 0. Since for such

Ty, (1 0) = (‘%’ ;) (i (1)) k with k € K'(3), the integral equals

1 =z,

z
> (@10 ) ()l 72 = L5, G100 -
>0
In case (4), ¥, is non-zero only on [(er ?)] € B(F,)\GL2(F,)/K'(B:). This
means we have to have ord,(z,) = —r exactly. If x, = emr, " with € € O} we have

O ) D=0 ) (e 1)-
O ) (0 ) D6 D=6 ) )62

The integral therefore is given by
/O (¢27U9m’,n’,v)_r(ﬂ'v)|7rv|gz/2d*€ = (¢2,v9m’,n’,v)_T(FU)Nm(%v)_mm-

Case (5): For v € T' Lemma [[7 implies that the local factor is given by

1 =z,

Ot (1) (B2/60) N)NM(N,) L (2, 61/ 62) /F * w?;:%@)a'zm(,((l 0))d*xu-

Proceeding as in case (4) and taking the normalization of the local measures into
account we obtain

Ot (1)L (2, 61/ 62) + (310mr )5 (OONmM(N, )72 - #(0, /N,
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In Case (6) the archimedean factor is

i m—m' —n—n' 1 0 du AN du
e ”<Qm/,n/,wm(< )><H>> T

81 Jo- 1 u utu

Here we denote (oo |t|2?) (boo )k zt.S4 by weo (bookiss), 5O
woo (bockios) (H) = (1,005 $2,00)|al3) (boo ) S (Ad (koo ) (H)) @ k! Y X

Our calculation of this factor essentially follows the one in [40] pp.111-113. One
first obtains the Iwasawa decomposition

u 1 u 1
(1 0) = (\/1+uu Vituw ) \/1-1|—uﬂ \/11L+ua )
Lo 0 Vi+ta) \Fm Ui

We therefore get

1

— —_— ke —n— P —n—m—2—2z
(Qﬁw'a'éf)(( 0" \/111%)) = ! Fu "l PV 4w

Checking the action of K, on the Lie algebra, we have

u 1

- = — — 2u

Vitwae  Itum 14 um
Lastly, we calculate
(Qu e WYY = (m1ym e T
Together this gives

<Qm',n'awoo(G 2) )(H)> — o(—1ym-m’ (uu)j/2+1ﬂm_m/_n+n/.

ukw (1 + wa)=+2+m

This gives rise to Beta-Function integrals, which converge for
Re(z/2) > —(m —m' + 1), —(m' + 1).

The archimedean integral therefore contributes

(— 1y K2 (um)?/2Hm=m" gy A du
A7 Jo (1 4+wn)*+2+tm  uu
(=)= D(z/2+m —m' + 1)T(2/24+m' +1)
2 I'(z+m+2)

The preceding analysis shows that all the local integrals converge absolutely
for Re(z) > 0 and that their product exists so the integral over A% converges
absolutely.

To conclude the proof of the proposition by meromorphic continuation it suffices
to prove that for any £ € G(Ay)

. oo ' 10 ) I o
Eis \I/newﬁ = / O oot < ml Eis ( > 7\Ijnew; 41 >
/o-£®Qm’,n’ ( ) 0 SN, ( ) Q B ( 0 é—t ¢‘a| /2)( 2 ) t'

converges to a meromorphic function in z. The following argument is adapted from
[51] Proposition 3.5 and [58] Proposition 2.4.
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Recall that Bis(W)™7,) = Bis(w. (¢, U} ,.)). By picking out the T oQY, .-

component the integrand equals

m—m'+n—n'+k+L10: A new,f 1 0
t mis( (' 0 (5 6))

where
0

f(m',n', \I/new,e ) c VK

f m,n
olaf=2) € Vyjap-2 ® Mc

is given by

(bookooa gf) — ¢oo (boo)f(mla n/’ kOO)\IIZTOvj‘fﬂ (gf)

for a smooth function f(m’, n',): Koo — C*.
For ¢ > 0 let now

. ‘ : 1,1 ynew,o 1 0 dt

I.(z) := e Om/ n 0o (t)Eis(f(m',n ’\Ildﬂalzﬂ)( 0 ¢t )7

Since the Eisenstein series has a meromorphic continuation to all z € C this is

a meromorphic function for any ¢ > 0. It suffices therefore to show that I.(z)
converges locally uniformly for all z as ¢ — co.

Put E.(g) = Eis(f(m’,n’,\Ilzm’f/z)(g). One checks that the constant term

res(E.)(g) vanishes for g = <(1) «,?t) and g = (g ?) wp. It follows that

Io(2) = I (2) + I2(2),

o= [ s (a3 g -y §)) T

1
" 1 0\ /€& O dt
2 _ m'+n'+k+£ _ -
IZ(z) = /1/Ct (E, —res(E,)) ((0 t) (0 1) wp) -
Standard growth estimates for automorphic forms on Siegel sets (see [42] Lemma
3.4, [50] §1.10, [30] I Lemma 10) imply that for any ¢ € G(A) and r € R there
exists a constant C'(g,r,z) > 0, locally uniform in z, such that

£(y 3)o-resEa(g Vol o<ist

From this it follows that I!(2) and I?(z) converge absolutely and locally uniformly
for all z as ¢ — o0o. The limits therefore define meromorphic functions in z, as

claimed above.
O

Corollary 19. Forn—1<m/+n' <m+1, 1(¢,0, V"V 2) converges at z =0
and we get I(¢,0, \be";i“, 0) =

Z em’,n’ (E)/ EiSG(\I/g;iSt) =
[€lemo(KY) Te®Q s
L(0, ¢10m 0 )L(0, 63 0,0 1)  T(m —m/ + 1)0(m’ 4 1)

- L0, ) — T(m+2) F (M, 5, 9),
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where
(1) 1 1
5 (O s d2) ™ (DUN) - X~ (M F#(O/N)*-

TG (=0x 1 87)).

veS

C(mla Sa m) =

5. BOUNDING THE DENOMINATOR

After interpreting the toroidal integral as a cohomological pairing we combine
the calculation of Section 4 with results of Hida and Finis to bound the denominator
of the Eisenstein cohomology class. For this we need the existence of certain Hecke
characters which we construct in Section

5.1. Interpretation of the toroidal integral as evaluation pairing. Let Fj ¢
be the finite extension of Fj, adjoining the values of the finite part of 0,,/ ,,» and the
L-values L8(0, 10, ) and L8(0,¢5 0.} ) and denote its ring of integers by

m’,n’

Oy.6. Tt follows from Proposition [[3 that [Eis’ (\Ilg)“f’i“)] € Hl(SK}a,J/\&;). Let

Sq= @ rhm

[€lemo(K9)
for {[¢]} a system of representatives of 7T0(K]6c). Put
Ofo,001.¢ = T2 g\e(B) UTY guo\e(BY) C T{\Hj

and

D0.00) = (J 90,0016 € 05 s
3
The relative cycles o¢ ® Qs We described in Bl give rise to classes in

Hl (Fg\ﬁi% a{O,oo},{ajgj\vfod,,g)'

The following Lemma shows that Eise(\lfg‘;i“) has vanishing constant terms at
the oco- and 0-cusps of each connected component. Since for any automorphic form
f the function f — fp together with its derivatives is fast decreasing at P (see
[30] T Lemma 10) this implies that the cocycle gives rise to a differential form fast
decreasing at the co- and 0-cusps of each connected component. By Proposition
the cocycle Eise(\lffg’;i“) therefore represents a relative cohomology class in

D HTOH:, 000065 NE),
[€l€mo(K$)
denoted by [Eise(\llf;;i“)]rel, mapping to [Eise(\lff;;i“)] € Hl(SK?,N};YG). This al-
lows us to interpret the toroidal integral of the previous section as sum of evaluation
pairings for each connected component so that the value of the integral provides a
lower bound on the denominator of [Eis’ (\Il;)“;i“)]rel (see Section 26 for properties
of the evaluation pairing).

Lemma 20. We have
[Eis” (W57t € H' (Skcs: 10,003 N3, , )
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Proof. We claim that for P = B and P = B"°
: Wi 10
Eis’ (W57) p(goo (0 €)> -0

for all goo € G and all [§] € FO(K?). From the form of the constant term for
Eis(¢, \Ilgf) B (see Proposition [[0(a)) we deduce, by interchanging the finite sums
of the twists with the integral, that

B’ (U3 = Bis” (o (6, W3)) s = (6, (V57°)7) + (6, 0} 1w 6, (WE15)7).

We need to show that (U5"s)¢ vanishes on 7y (é 2) for n the identity matrix

and wg. Then vanishing for 1 equal to the identity matrix follows immediately from
Zze(ov/mv)* 9;;771,,1}(:13) = 0 for the finite order character 0,/ n v|o: by definition
of the conductor 9,. For n = wy the vanishing follows from our definition of the
newvectors WV of which WiVt is a multiple, and from our choice of 9 coprime
to the conductors of the characters ¢; and ¢s.

It remains to prove the rationality of [Eise(\lfg)";i“)]rel. For this we adapt an

argument in [51] Lemma 5.2. Put
w = [Bis’ (W5")] and wyer := [Bis” (U5 rer.
Let
Ir = {Tx, — ¢p2(my) — @1 (7 )Nm(my,) : v ¢ SUT, vt M}.
Then I7 annihilates both w and wye (cf. Lemma [). Proposition [[3 implies that

we H! (SK? , NI\J; 9). Thus, using a dimension counting argument, w is in the image
of

Hl(SKfcva{O,oo}v N}\F/(bye)[IT] - Hl(SKfchI\?/(bye)[IT]a

where ‘[I7]’ denotes the subspaces annihilated by the elements in Ir. Let ¢ be an

element in the left hand side mapping to w. Then c—wye € H! (SK? ;070,001 NE) 7]

is in the image of HO(Q{OW},NNé). We recall the description of the boundary
cohomology as a G(Af)-module given by Harder:

H(05 0, Mc) = F V&
wT(Q\T(A)—Cr
where in this case (degree 0) the sum is over characters p = (p1, u2) with infinity
type (cf. [26] §3.5)

f100(2) = 277 F27 " and pg oo (2) = 27 F274

By the Chebotarev density theorem we can find an inert prime ¢ such that ¢ =1

mod MMM, We claim that T, = [Kfc (q 0

0
0 1)q K}] acts by a scalar factor on

HO([)S—K?, Mc) For this consider ¥ € Vfé for some p as above. As in Lemma
we get

T,0 = (k2,4(q) + ¢ 111,4(0)) 2.
By our assumption on g it therefore acts by ¢*+¢ + ¢ - ¢™+"T*+¢ independently
of p. In particular, this also describes the action of 77 on HO(G{OQO},J\//I/C) -
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HO(&S’K? , Mc). Comparing this with the fact that T, acts on c—wyel by ¢m 14
¢? - ¢"t*1 shows that ¢ — wye; = 0. This proves the rationality of wyel. O

The next lemma shows that the denominator of the relative Eisenstein cohomol-
ogy class bounds the denominator of the original Eisenstein cohomology class from
below.

Lemma 21. Ifp > m > n then
S([Eis”(Wgr™)]) S S([Eis” (W57 )rer)-
Proof. Put wye = [Eise(\llf;}’m)]ra and w = [Eise(\llfb";i“)]. Suppose a € Oy ¢ is such
that
a-we Hl(SK?,]Vg;)ﬁee but a-wye ¢ Hl(SK?,a{O,m},Ng;)free.

Let A be a uniformizer of Oy ¢ and m > 1 the smallest integer such that A" awye is in

the image of an element, say ¢, of Hl(SK? ; 000,00} » N(\g¢ ,)- Then the image € of ¢ in
Hl(SK? , 070,00} ﬁk\?) (where k = Oy.9/)) is nonzero, but its image in Hl(SK? , Nkv)

is zero. Therefore € is in the image of Ho(a{om}, Nkv) By Nakayama’s Lemma it
even has to be in the image of

HO (8{0700}7 Nll/)/HO(a{Ovoo}’ N(\Q/abﬂ) ® k.

Note that this quotient is isomorphic to the A-torsion of H 1(8{0700}, N, (\9/¢ ). Under

0
our assumptions p does not divide the level K (i.e., K, = GL2(O,) for v | p) so
Proposition 2.4.1 (i) of [54] shows that if p > max{n, 3} then H' (99 0}, Né¢ ,) 18
torsion-free (the argument in [54] extends to our more general coefficient system).
This shows that ¢ = 0, in contradiction to our assumption, so a cannot exist,
proving our Lemma. O

5.2. Construction of special Hecke characters. Recall that for a Hecke char-
acter A : F*\A% — C* we defined A\*(z) = A\™1(%)|z|. Following constructions by
Greenberg [20], Rohrlich [47], and Yang [59] we prove the following:

Lemma 22. (a) For F = Q(v/—1) or Q(v/=3) there exists a Hecke character %)
of infinity type z with conductor 2D such that (uH0)* = 19,

(b) If F # Q(v/-1), Q(v/=3) then for any k > 0 there exists a Hecke character
pB1=k) of infinity type 2XZ' 7% such that (,u(k*l*k))* = pu®1=F) whose conductor is
given by

D if dp odd,
2D if dp even.

Proof. For F = Q(y/—1) and Q(v/—3) one can take the inverse of the Grossen-
characters associated to the elliptic curves y? = 2%+ (conductor 64) or y? = 23 +1
(conductor 36), respectively (for curves with minimal conductor divisible only by
ramified primes see [20] Lemma p.81). For F # Q(y/—1),Q(v/=3) we note that
Greenberg’s construction can be extended to k > 1: Let p1, po, . . ., p: be the rational
primes dividing the discriminant dr and let pi,po,...,pr be the corresponding
primes of F. Since Nm(O;,) is of index 2 in Z5 one can define a character of
order 2 on Zj; with kernel containing Nm(Oj,). Via the embedding of Z; — Oj.
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this character can be extended to a character W; of Oy, having finite order (can
choose order 2 unless p; = 2 and 4||dp). We can therefore define a continuous
homomorphism ¥ : C*-[[, O — C* so that ¥(z) = 2*z' =¥ for z € C* \Il|(9* =7,
for 1 <i <t, and ¥ is trivial on the other local units. Since —1 is the only non-
trivial unit and ¥(—1) = 1 we can define ¥ to be trivial on F*. This character ¥
can now be extended to a Hecke character p(*1=%) on A%

We check that (u(®1=*))* = (®1=F) by showing that p*1=%) s+ = wr/q - |a-
for wp/q the quadratic character associated to F'/Q (see [20] for a different proof):
Clearly (u®1=R)| . |x1)(t) = 1 for t € R, and ¢t € Q*, but

(u*1 9] 71 = -1

By construction it is also trivial on Nm(A%).

At odd primes the conductor is clearly of index 1. For the calculation of the
conductor at the place dividing 2 (and the existence of characters with conductors
as claimed) see Rohrlich [47] (8 | dr) and Yang [59] (4||dr). Note that we do not
take one of Yang’s characters with minimal conductor but one with index 4 at the
prime dividing 2. O

Remark 23. (1) We note that any algebraic Hecke character A satisfying A* = A
is of the form p®1=%) .9 for a finite order anticyclotomic character ¢ (i.e.,
such that ¥ = J = ¢¥~') and that they satisfy Aa- = wr/q| - |a+ Wwith
wrp/q the quadratic character of Q*\ A* associated to F'/Q.

(2) More generally, for unitary Hecke characters A satisfying A® = A we have

1 if Aoo(—1) = 1,
Alar = .
wriq  if Aso(—1) = —1.

In addition, we note the existence of the following character (cf. [53] Lemme 2.5,
[I1] Lemma I1.1.4(ii)):

Lemma 24. Let ¢ > 5 be a rational prime and q a prime of F dividing q. Then
there exists a Hecke character with conductor q of infinity type z.

Proof. Since q¢ > 5, q separates the roots of unity and so the character is well-
defined on F* - C*U(q), where U(q) := {x € O*|x = 1 mod qO}. Since the ray
class group F*\ A% . /U(q) is finite we can extend trivially to a continuous character
on A%. O

5.3. Bounding the denominator. Because of Lemma [2I] we now assume in ad-
dition that p > m. We are interested in bounding

5([Bis(¥g,)]) = {a € Oy : a- [Eis(¥y )] € Hl(sK}s, (Noy)Y )tree }-
Observe that
3([Bis(¥g,)]) C o([Bis(Pg}™)]) € Oy,
S(EIS(WE)]) 09  S(EIS(W57)]) C O,
and (by Lemma [21))
S([Eis” (W) C 8([Eis” (W5 ]rer)-
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In Section 5.1l we showed that the toroidal integral
(.0, 9575 .0) = > Oy e (§) / Eis’ (W7t
[e)emo(K?) 7eBQmt !
gives the value of a sum of evaluation pairings between relative cohomology and
homology. The functoriality of these pairings implies that the denominator of

Eis’ (U5"ist)],; is bounded below by the denominator of the integral. From Corol-
b5 g
lary 9 we deduce that

Lalg(o, ¢19m’,n’)Lalg(Oa (¢29m’,n’)_1)
LA18(0, ¢1/¢2)
Since the conductors of ¢; and 0,7 v and #(O/N)* are coprime to (p) one checks
using Lemma [2] that C (M1, 5,M) € OF 4. This shows that 6([Eise(\lff;’;i5t)]rel) is
contained in the (possibly fractional) ideal

( L5(0, ¢y /o) _ )>O¢,6-

I(¢,0, \Ifgj;ist, 0) = -C(My, S, M).

Lalg(()’ ¢19m/1n/)Lalg (07 (¢29)m’7n’

Proposition 25. If there exists a Hecke character Oy n as in (@) such that
LY8(0, ¢1 0,7 n) and LM8(0, (¢20,r )~ 1) lie in O3 ¢ then

3([Eis(Wg,)]) € LM#(0, )0
for x = ¢1/¢s.

We have at our disposal two results on the non-vanishing modulo p of Hecke
L-values as the Hecke character varies in an anticyclotomic Z,-extension for ¢ # p:

Theorem 26 ((Finis [14] Thm. 1.1)). Let g be an odd prime split in F, distinct
from p. Consider Hecke characters X of infinity type Aoo(2) = 2°Z17% for a fived
positive integer a with \* = X\, conductor dividing ddrpq> for some fixed d coprime
to (p), global root number W (X) = 1, and such that no inert primes congruent to
—1 mod p divide the conductor of \ with multiplicity one. If a > 1 then assume p
splits in F'. Then for all but finitely many such Hecke characters

L8(0, ) is a p — adic unit.
Hida has proved a similar result:

Theorem 27 (([33] Theorem 4.3)). Assume p splits in F. Fiz a character A of
split conductor (i.e., such that the conductor is a product of primes split in F/Q)
coprime to p with infinity type Moo (2) = 2% (%)b fora >0 and b > 0. Let q be a
split prime distinct from p and coprime to the conductor of \. Then

LM8(\9,0) is a p — adic unit
for all but finitely many finite-order anticyclotomic characters ¥ of q-power con-

ductor.

Remark. We quoted above the cases of Finis’” Theorem when all but finitely many
L-values in the anticyclotomic tower are p-adic units; in general this is not true,
see [14] for the full statement. Finis also allows ramification at p. Hida’s Theorem
is actually valid for general CM-fields and also treats the case of non-split q.

We can show then, for example, the following:
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Theorem 28. If p > m is split in F and both ¢; have split conductor coprime to
(p), then

S([Eis(¥g,)]) € L*8(0, x)O.

Proof. By Lemma [24] we can always find a character 0,,  , of the correct infinity
type with split conductor 9 coprime to (pdp) and the conductors of the ¢; such
that #(O/M)* is also coprime to (p). Applying Theorem 27 for both ¢16,, ,» and
o 19;;’”/ there exists a split prime ¢ # p coprime to the conductors of the ¢; with
g Z1 mod p and a finite order anticyclotomic character ¥ of g-power conductor
such that L28*(0, ¢10,, v9) and L28*(0, (20, ,9) 1) both lie in O} g9 and we
can apply Proposition 23] for this modified character O;n,’n, = Oy ¥ O

Remark. This is where our restriction to m > n is needed so that the infinity types
of $10p s and @5 19;;’”, satisfy the condition of Theorem By using the p-
adic functional equation it might be possible to extend Hida’s result to a < 1 and
b > 1 — a, which would remove this condition.

For finding congruences between the Eisenstein cohomology class, multiplied by
its denominator, and a cuspidal cohomology class, as described in the introduction,
we are interested in the case when the restriction of the Eisenstein class to the
boundary is integral. As described in Proposition [Tl we know that this is the case
when m = n and x¢ =X. The following theorem shows that in this situation there
exists (under some conditions on the conductor of x) an Eisenstein cohomology
class with L2!8(0, x) as lower bound on the denominator. Note that for m =n > 0
the results of Hida and Finis are applicable only for primes p split in F. Recall the
definition of the Gauss sum 7(x) from Section

Theorem 29. Let x be a Hecke character of infinity type z™T22™" form > n €
N> with conductor MM coprime to (p). Assume p > m and in addition that either

(i) p splits in F and x has split conductor

or

(i) m = n, (if m > 0 then also assume that p is split), x° = X, no ramified
primes (or 2 if F = Q(v/—=3)) divide 9 and no inert primes congruent to —1
mod p diwide M with multiplicity one, and

(%)
Nm(901)

Then there exists a character ¢ = (¢1, ¢d2) with x = ¢1/d2 such that the conduc-
tor of ¢1 is coprime to (p)MM and

O([BiS(Uy, 60,)]) S (L5(0,)).

Proof. Part (i) follows directly from Theorem 28 and Lemma 24l For (ii) we choose
m’ = m and n’ = 0 (so that the toroidal integral converges) and k = 0, £ = —m.
This means that 0,/ ,,» has to be a finite order character and ¢; should have infinity
type z. For suitable ¢; and ¢o we want to apply Theorem to find a finite
order anticyclotomic 6, , of g-power conductor, ¢ # p split prime coprime to
the conductors of the ¢; and ¢ Z 1 mod p, such that both L8(0, ¢10,, /) and
LY8(0, (¢p20m )~ 1) lie in O}y and such that

(7) W(¢19m/,n/) = W((¢29m/,n’)71) =1

wr/q(M) =1
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The characters ¢; must satisfy the conditions on the conductor imposed in Theorem
B8 and ¢f = 1, 65" = (67)".

Furthermore, (7)) imposes a condition on the root numbers of the ¢; as we will
now show: Let A be any Hecke character satisfying \* = A with conductor f) and ¢
a finite order anticyclotomic character with conductor Q" for @ € Z prime, @Q # 2
and coprime to fx. Since fy = f, we get J(f») = &1, but by assumption ¥ has only
Q-power roots of unity as values, so ¥(fa) = 1. Also it is known that W () = 1 (see,
for example, [19] p. 247 and [16]). By Remark 23 we know A\(Q") = wr/q(Q™) for

XA = M\/|\|. Proposition [ therefore shows that
(®) WD) = W)W (DAQ")I(1r) = W (Nwr/q(Q").

This implies that we need W (¢;) = W(h, ') = 1 to be able to satisfy () because
we are considering () = g split.

We now define ¢;: By possibly twisting (1'% from Lemma 22 by a finite order
anticyclotomic character ¥ with suitable inert conductor we can always ensure by
() that the resulting character, which we take as ¢1, satisfies ¢7 = ¢1, ¢1,00(2) = 2,
W(¢1) = 1, and cond(¢1) = rD, for r € Z coprime to pM and such that no inert
prime = —1 mod p divides  with multiplicity one.

One checks that under our assumptions x¢ =’ and m = n the character ¢5 -
X/ ¢ satisfies (45 1)* = ¢5'. From the definition in Section we deduce that

W(x) = T Y(D~1). Now applying Proposition [[] we calculate that

~/Nm(m)
W(p5") = W(6r'x) = =W (7 YW ()wr/q@)R(rD) 2" W (g1 ) = W(4),

as desired. Here we use again Remark 23] (¢1]a- = wp/q and x|a- = 1), and

the last equality holds because ¢§ = ¢,. By Theorem there exists now some
finite order character 6,,, ,s such that L*8(0, ¢10,,s /) and L28(0, (¢20ms /) 1) are
simultaneously p-adic units. (I

Remark. The condition wr/q (931)\/1\:(7*—()%) = 1 is satisfied, for example, by every-

where unramified characters, so the theorem holds for any split or inert prime p
and unramified xy with infinity type z2.
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