ON PAIRS OF 17-CONGRUENT ELLIPTIC CURVES
T.A. FISHER

ABSTRACT. We compute explicit equations for the surfaces Z(17,1) and Z(17, 3)
parametrising pairs of 17-congruent elliptic curves. We find that each is a dou-
ble cover of the same elliptic K 3-surface. We use these equations to exhibit the
first non-trivial example of a pair of symplectically 17-congruent elliptic curves
over the rationals. We also compute the corresponding genus 2 curve whose
Jacobian has a (17, 17)-splitting.

1. INTRODUCTION

Let p be a prime number. Elliptic curves over the rationals are said to be
p-congruent if their p-torsion subgroups are isomorphic as Galois modules, and
symplectically p-congruent if the isomorphism can be chosen to respect the Weil
pairing. For example if ¢ : E — FE’ is an isogeny of degree d, and d is coprime to p,
then E/ and E’ are p-congruent, and symplectically p-congruent if d is a quadratic
residue mod p. Such congruences, arising from an isogeny, are said to be trivial.

Examples of non-trivial symplectic p-congruences were previously known for all
primes p < 13. We exhibit the first such example with p = 17. Specifically, the
elliptic curves

By 4+ ay = a® — 2? — 128973503459z + 17827877649739965
Ey: y* 4+ xy = 2° — 2% — 1842012155425437142 — 34187608332483214491862380
with conductors

N(E,) = 279809270 = 2-5-13 - 59 - 1912,

N(E,) = 3077901970 =2-5- 11 - 13 - 59 - 1912,

are symplectically 17-congruent. This claim may be verified using either of the
techniques we review in Sections 2 and 3.

A pair of anti-symplectically 17-congruent elliptic curves was previously found
by Cremona [B, CF, F1]. These are the elliptic curves

E}: v+ ay = 2% — 8x 4 27
o 4+ 2y — 2 + 81244022 — 11887136703
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with conductors
N(E}) = 3675 =3-5%-7%
N(E}) = 47775 = 3 - 5% - 7% - 13.

In [F3] we completed the proof that for all primes p < 13 there are infinitely
many non-trivial pairs of p-congruent elliptic curves (with infinitely many pairs
of j-invariants) both symplectic and anti-symplectic. The Frey-Mazur conjecture
predicts that for p sufficiently large, there are no such examples. We suggest the
following strong form of their conjecture.

Conjecture 1.1. Let p > 17 be a prime. Then any pair of p-congruent elliptic
curves over the rationals is either explained by an isogeny, or the elliptic curves
are simultaneous quadratic twists of one of the pairs (Ey, Ey) or (B}, EY).

We say that a p-congruence has power k if the isomorphism of p-torsion sub-
groups raises the Weil pairing to the power k. Let Z(p, k) be the surface parametris-
ing all pairs of elliptic curves that are p-congruent with power k, up to simultaneous
quadratic twist. This surface comes with an involution ¢ whose moduli interpreta-
tion is that we swap over the two elliptic curves. We write W (p, k) for the quotient
of Z(p, k) by t. These surfaces only depend (up to isomorphism) on whether k is
a quadratic residue or a quadratic non-residue mod p. As above, we call these the
symplectic and anti-symplectic cases.

For p < 13 it is known [F2, F3, Kum]| that the surfaces W (p, k) are rational
(i.e., birational to P?) over Q.

Theorem 1.2. The surfaces W(17,1) and W(17,3) are birational over Q to the
elliptic K3-surface with Weierstrass equation

(1) v 4+ (T + 1)(T — 2y + Ty = 2° — 22

The surfaces Z(17,1) and Z(17,3) are birational over Q to the double covers
2?2 = F\(T,x,y) and 2*> = F3(T,x,y) where Fy and Fy are recorded in Appendiz A.

Let j; and j3 be the rational functions on Z(p, k) giving the j-invariants of the
two elliptic curves. Then j; + j» and j;jo are rational functions on W(p, k). In the
cases (p, k) = (17,1) and (17,3) we have also computed these rational functions.
The formulae are too complicated to record here, but are available electronically
from [F4].

We used these formulae to find the pairs of elliptic curves (Fy, E») and (E7, EY)
specified above. In each case the curves are not isogenous, since for example
they do not have the same conductor. The only previous method for finding such
examples was to search in tables of elliptic curves with small conductor. (See for
example [CF, Section 3] or [BM, Section 4.3].) Accordingly only the second pair
was previously known.
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Our evidence for Conjecture 1.1 when p = 17 is that we searched for further
rational points on Z(17,1) and Z(17,3), but none of the points we found give rise
to new pairs of 17-congruent elliptic curves. Conjecture 1.1 has also been verified
by Cremona and Freitas [CF, Theorem 1.3 and Section 3.7] for all pairs of elliptic
curves with conductor less than 500 000.

We have no theoretical explanation for our observation that the surfaces W (17, 1)
and W (17,3) are birational. It would of course be interesting to find one. We note
that a wealth of information about the complex geometry of the surfaces Z(n, k)
was computed by Kani and Schanz [KS|. In particular the surfaces Z(17,1) and
Z(17,3) are surfaces of general type with geometric genus 10. We do not expect
that these surfaces are birational.

In Section 2 we verify the 17-congruences claimed above by comparing traces
of Frobenius mod 17. In Section 3 we compute a genus 2 curve whose Jacobian
is isogenous to F; x Fs, and note that this gives another proof that E; and Fs
are 17-congruent. We construct our birational models for Z(17,1) and Z(17,3)
as quotients of X (17) x X (17). In Section 4 we give explicit equations for X (17),
and in Sections 5 and 6 we compute the quotients in the symplectic and anti-
symplectic cases. In the final two sections we describe some of the interesting
curves and points that we have so far found on these surfaces.

2. VERIFICATION VIA MODULARITY

In [Ma, p.133] Mazur asked whether there are any non-trivial symplectic n-
congruences for any integer n > 7. The question was answered by Kraus and
Oesterlé [KO] who gave the example of the pair of symplectically 7-congruent
elliptic curves 152a1 and 7448el. (We use the subsequent labelling of these curves
in Cremona’s tables.) They also established the following results.

Lemma 2.1. [KO, Proposition 2| Let p be a prime number. Let E and E' by p-
congruent elliptic curves over Q, with minimal discriminants A and A'. Suppose
that E and E' have multiplicative reduction at a prime £ # p and that the exponent
ve(A) is coprime to p. Then vy(A’) is coprime to p, and the p-congruence is
symplectic if and only if the ratio vy(A)/vy(A') is a square mod p.

Lemma 2.2. [KO, Proposition 4] Let E and E’ be modular elliptic curves over
Q with conductors N and N'. Let S be the set of primes for which one of the
curves has split multiplicative reduction, and the other has non-split multiplicative
reduction. Let M = lem(N, N')[],cq ¢ and

u(M) = [SLo(Z) : To(M)] = #P(2/MZ) = M [J(1 + 7).
oM

Then the following conditions are equivalent.
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(i) The Galois modules E[p] and E'[p] have isomorphic semi-simplifications.
(i) ae(F) = a(E’) (mod p) for all primes £ < (M) /6 with vy(NN') = 0; and
ay(E)a(E') = €+1 (mod p) for all primes ¢ < u(M)/6 with v(NN') = 1.

Since X(17) is a rank 0 elliptic curve, there are only finitely many j-invariants of
elliptic curves over Q admitting a rational 17-isogeny. As noted in [C, Section 3.8],
the exceptional j-invariants are —172 - 1013/2 and —17 - 3732/2'7. Ignoring these
two j-invariants, the conclusion of Lemma 2.2(i), when p = 17, is that E and F’
are 17-congruent.

Example 2.3. Let E; and E; be the elliptic curves defined in the introduction.
For the primes ¢ < 50 the traces of Frobenius are as follows.

14 ‘ 2 35 7 11 13 17 19 23 29 31 37 41 43 47
a(Eh)(]-1 01 -1 -5 1 2 4 -1 -3 -2 —-11 5 —4 -9
a(Er) -1 01 -1 1 1 2 4 -1 -3 -2 6 —12 —4 -9

In the notation of Lemma 2.2 we have S = () and M = N(FE,). It takes about
three hours® to verify that a,(E;) = a,(Es) (mod 17) for all primes ¢ < u(M)/6 ~
1.033 x 230 with ¢ # 11. This shows that E;, and E, are 17-congruent. Since

A(E)) =2°-5%.13-59%-191%,
A(By) = =251 117 . 13 .59 - 191,
it follows by Lemma 2.1 (with £ = 2,5, 13 or 59) that the congruence is symplectic.

Example 2.4. Let E} and E} be the elliptic curves defined in the introduction.
For the primes ¢ < 50 the traces of Frobenius are as follows.

f\23571113171923293137414347
aE) =11 00 0 -3 2 -1 =2 -8 8 —7 0 8 —10
aE)-11 00 0 1 2 -1 -2 9 -9 10 0 8 7

In the notation of Lemma 2.2 we have S = () and M = N(E}). It takes a fraction
of a second to verify that a,(F1) = a,(E;) (mod 17) for all primes ¢ < u(M)/6 =
15680 with ¢ # 13. This shows that E| and EY are 17-congruent. Since

A(E}) = —3°-5%. 7%,
A(EY) = —3%.5%.7%. 1317,
it follows by Lemma 2.1 (with ¢ = 3) that the congruence is anti-symplectic.

'Running Magma on a single core of the author’s desktop.
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Remark 2.5. (i) It may be possible to reduce the Sturm bound, and hence the
runtime, in Example 2.3 by using a result similar to [St, Theorem 9.21] or by using
level lowering. We did not pursue this.

(ii) Methods for determining the symplectic type in situations where Lemma 2.1
does not apply have recently been studied in [CF, FKr].

(iii) The existence of a prime ¢ for which Lemma 2.1 applies, together with the
WEeil pairing and the fact our elliptic curves do not admit a rational 17-isogeny, is
already enough (see [Se, Chapter IV, Section 3.2]) to show that in each case the
mod 17 Galois representation is surjective.

3. VERIFICATION VIA GENUS 2 JACOBIANS

Let E; and E5 be n-congruent elliptic curves over Q, where the congruence
reverses the sign of the Weil pairing. Then the quotient J of F; X Fy by the graph
of 1 is a principally polarised abelian surface. It is shown in [FKa, Section 1] that
if n is odd and F; and Es, are not isogenous, then J is the Jacobian of a genus 2
curve C' defined over Q, and there are degree n morphisms C' — E; and C' — FEj,
also defined over Q. For further details of this construction of reducible genus 2
Jacobians, see for example [BHLS, BD, FKa, Kum, Kuh, Sh].

Since —1 is a quadratic residue mod 17, the elliptic curves F; and E5 defined in
the introduction are of the form considered in the last paragraph. In this section
we compute the corresponding genus 2 curve, and note that this gives another
proof that E; and E5 are 17-congruent.

Lemma 3.1. Let By = C/(Z4+n1Z) and Ey = C/(Z+1Z) with Im(1y), Im(7) > 0.
Let v : E\[n] — Es[n] be the isomorphism given by *(r + s1i) — (r — sm) for
r,s =0,1,...,n— 1. (Note the minus sign!) Then the quotient J of Ey X Ey by
the graph of 1 is represented in the Siegel upper half-space by

nm T

(i +m)/n

T =

Proof. We have J = C?/A where A is the lattice spanned by the columns by, . .., by
of the matrix

T1 Tl/n 1/n 0
0 —m/n 1/n —1

The principal polarisation on J is given by the Hermitian Riemann form

H((21,2), (wr, w3)) = n(

lel ZQ@Q
Im(7y)  Im(7)
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whose imaginary part is given with respect to the basis by, ..., by for A by
0 I
—I, 0

We therefore take

0
T = (b3|b4)—1(b1|52) _ n T T/n _ nm 7_1 L
1 -1 0 —m/n no (n+m)/n

The elliptic curves E; and Es defined in the introduction are represented in the
upper half-plane by 71 ~ 0.1142862335¢ and 75 ~ 0.5000000000+1.415897663:. We
computed 7 in the Siegel upper half-space corresponding to our genus 2 Jacobian
by applying Lemma 3.1 (with n = 17) to 7y and 75, = (6475 —15)/(—1775+4). The
formula for 7} had to be guessed, but since the congruence must respect complex
conjugation there were only 8 possibilities to try. We then used the methods
described by van Wamelen [W] to compute the Igusa-Clebsch invariants of our
genus 2 curve to 300 decimal digits of precision. Recognising these as rational
numbers, we next used the method of Mestre [Me] to find a genus 2 curve over Q
with these invariants. Up to quadratic twist, this gave the genus 2 curve C' with
equation y* = fi(z) fo(z) where

fi(x) = 1960819312 + 114333803722 — 801791940z + 135616700,
fo(x) = —259962° + 16982602% — 6845267x + 3822078.

We chose this particular quadratic twist since it satisfies # Jac(C)(F,) = #E1(F,)-
#E5(F,) for many primes p of good reduction.

To prove that our equation for C' is correct (without relying on the numerical
approximations in the last paragraph) we also computed the degree 17 morphisms
¢1 : C — E; and ¢9 : C — E,. The z-coordinate of ¢; is given by &;(x) =
hi(z)/(fi(z)gi(x)?) where g; and h; are certain polynomials of degrees 7 and 17.
Working mod p = 101 we find

g1(z) = 2527 4 5625 + 312° + 992* + 1002° + 422% + 792 + 5,
g2(z) = 32" + 762° + 442° + 972" + 522° + 3827 + 75w + 2,
hi(x) = 162" 4 62'% 4 572 + 54a™ + 942" + 792" + 772" 4 55210
+ 742 4+ 782° + 972" + 792° + 252° + 962 + 982% + 4627 + 4z + 99,
ho(x) = 672" 4 2520 + 2'° 4+ 222 + 842" + 94212 4 932 + 95210
+ 342% + 402° + 992" + 8420 + 432° + 122" + 592> + 1322 + 262 + 98.

The full expressions for g1, go, hi, he € Z[z] may be found in [F4]. We do not
record these here, since some of the coefficients have nearly 100 decimal digits.
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Our method to compute these polynomials was to compute them mod p for
many primes p and then use the Chinese remainder theorem. To compute them
mod p we looped over all possibilities for the map C(F,) — E;(F,), compatible
with the group laws on the Jacobians, and then solved for the rational function &;
(with numerator and denominator of degree at most 17) by interpolation.

The y-coordinates of the maps ¢; : C' — E; are of course even more complicated
to write down. However, a convenient alternative to recording these directly is
to note that the invariant differentials on E; and F5 pull back to the following
“elliptic differentials” on C"

1

& ( dz >  (273857x — 336364)dx

2u+x y ’
5 ( dz ) _(2758x + 1630)dx
\oy+z/) Yy '

Our second proof that E; and E, are 17-congruent is completed by the next
lemma, which we record for convenience, but is essentially well known. Compared
to the proof in Section 2, this proof takes a fraction of the computer time, since
we only have to check that our formulae for ¢; and ¢5 do indeed define morphisms
C-)El andC’—)EQ.

Lemma 3.2. Let C' be a genus 2 curve and let p be a prime. Let ¢; : C' — E;
and ¢o : C — Ey be morphisms of degree p, where Fy and Fy are non-isogenous
elliptic curves. Then Fy and FEy are p-congruent.

Proof. Since E;, F5 and J = Jac C are principally polarised abelian varieties, we
identify them with their duals without further comment.

The map ¢, : C — E; induces by pull back a map F; — J. This map is
injective since otherwise, by [BL, Proposition 11.4.3], ¢; would have to factor via
a non-trivial isogeny of elliptic curves, which is not possible by our assumption
that ¢; has prime degree. Since F; and FE, are not isogenous, the composite of
the maps Fy — J and J — E5 induced by ¢; and ¢ must be the zero map. The
same observations apply with the roles of F; and E, swapped over. The pull back
and push forward maps associated to ¢; and ¢5 therefore define dual isogenies

E1XE2i>Ji>E1XE2

whose composite is multiplication-by-p. In particular deg¢ = degg/b\ = p? and
there are isomorphisms of Galois modules F[p] = J[¢] = Ey[p]. O
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4. THE MODULAR CURVE X (17)

Let ¢ = €™/ and &, = (¥ 4+ (7%, Let G = PSLy(Z/17Z) be the subgroup of
SLg(C) generated by My and M;; where

1 11 1 1 1 1 1

§3 & & & & & &% &
§s & & & & &% & &
§r & & & G & & G
S & & &% & & & &
& & & & & & & &
S &% & & & & & &
S & & & & L & &
§1 & & & & & & e

and Mi; = Diag(1,¢, (%, ¢13,¢15,¢16,¢8, ¢4, ¢?). The pattern of subscripts in the
definition of M, is the sequence of powers of 3 in (Z/17Z)/{£1}.

We write C[xo, ..., xg]q for the space of homogeneous polynomials of degree d.
An invariant of degree d is a polynomial I € Clxy, ..., zs|q satisfying [ og = I for
all g € G. In degrees 2 and 3 the only invariants are

=
I

|
—_
i“'_l

RN NN NN NN =

[\]

Q = $(2) + T1Ts + ToZg + 3Ty + T4y,
D = 2$0($1I5 — ToZg + T3T7 — I4l’g)
— xixy + 23T5 — x§x6 + 2577 — :chg + xéxl — x?xg + xgxg.
In degree 4 we have the invariants Q2 and
F = 2§ + mo(27y + 2575 + 2376 + 1377 + 2378 + 177 + 1275 + T3T)
+ 123527 + ToX4TeTg + T1T2T5T6 + T2X3TeX7 + L3L4T7T8 + T1T4T5T8
+ xfxgmg + xla:%:m + $2x§x5 + :rgxia:(; + x4x§x7 + :E5:v§3:8 + x1x6x$ + x2x7x§.
Proposition 4.1. Let C' C IP® be the curve defined by the vanishing of Q and all
partial derivatives of F'. Then C = C7UCy where Cy and Cy are curves of degrees
96 and 168, each isomorphic to the modular curve X (17). The 144 cusps on C

are cut out (each with multiplicity 2) by the cubic form D. Moreover D vanishes
identically on Cs.

Proof. Let p > 5 be a prime. The group PSLy(Z/pZ) acts on X (p) with quotient
the j-line, and the group of divisor classes fixed by this group action is an infinite
cyclic group, generated by \ of degree (p? —1)/24. Let m = (p —1)/2. Klein gave
equations for X (p) embedded in P! and P™ with hyperplane sections (m — 1)\
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and mA. Following [AR] we call these models the z-curve and the A-curve. See
[AR, Section 24] or [F3, Section 4] for further details.

We take p = 17. Let 21, ..., 23 be coordinates on P7. We write 2o = 0, z_; = —z
and agree to read all subscripts mod 17. According to [F1, Section 2] the z-curve
for X (17) is the curve in P7 defined by the 4 by 4 Pfaffians of the 17 by 17 skew
symmetric matrix (z;—;2;4;). We define maps ¢; : X(17) — P® for ¢ = 1,2 by

¢ (1 Z9 Z2¢ —R1 —R3 R8 —R7 Z4 —25)
1= = — | —

Z1 23 z8 z7 24 Z5 Z9 26
and
2242722
G2 = | 2124 + 2228 + 2325 — 2627 —
<1
o 2252722 o 2202426 o 2252621 o | 2212223
- 8 - - . 27 - . 4 + . 25 + -
<1 <3 <8 27

2 . . 1 .
24 6 z5 29 3 26

Let C} and Cy be the images of ¢; and ¢o. We find using Magma [BCP] that
Q, the partial derivatives of F, and the quartics :vé + x12370527 and xé + Tox 46Ty
vanish on (4. Likewise, ), D, and the partial derivatives of F' vanish on Cj.
These equations are sufficient to define each curve set-theoretically. In fact, the

2232628 2212827 223272 2242875
24 : 22— D —2% — D23+ .

homogeneous ideal of (' is generated by one quadratic form, 9 cubic forms and
117 quartic forms, and the homogeneous ideal of (' is generated by one quadratic
form and 28 cubic forms. To prove the decomposition C' = C] U Cy we checked
that (z§ + z1232577)D? and (z§ + zew4w6rs) D? belong to the ideal generated by
() and the partial derivatives of F'.

Since () and F' are invariants, the group G acts on C, and hence on C; and
Cy. Tt is shown in [AR, Lemma 20.40] that for p > 7 a prime, the curve X(p)
has automorphism group PSLy(Z/pZ). So up to an automorphism of G, the G-
actions on C; and Cy correspond to the usual action of PSLy(Z/17Z) on X (17).
The points on X (17) above j = 0, 1728, co form G-orbits of sizes 816, 1224, 144.
All other G-orbits have size |G| = 2448. The intersection of C with {D = 0} has
3 X 96 = 288 points counted with multiplicity. Being preserved by the G-action,
it must therefore be the set of cusps, each counted with multiplicity 2. O

Remark 4.2. The formula for ¢; (up to signs and ordering) is that given in [AR,
Section 51|, and accordingly C is the A-curve. The formula for ¢o was found by
using the G-actions to compute a complement to the image of S2£(¢) in £(2¢),
where £(0) denotes the Riemann Roch space of a divisor §, and { ~ 7\ is the
hyperplane section for the z-curve.
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Definition 4.3. A covariant of degree d is a column vector v of polynomials in
Clxo, . . ., xg]q satisfying vo g = gv for all g € G.

Starting from an invariant I of degree d we may construct a covariant of degree
d—1 as

(9[/8x0
(2) Vol =H@Q)™" |
8[/8x8

where H(Q) is the 9 by 9 matrix of second partial derivatives of (). Going in the
other direction, if v and w are covariants of degrees d and e then

(3) v-w = v H(Q)w = coeff(Q(v + tw), 1)

is an invariant of degree d + e. If we think of a covariant as a G-equivariant
polynomial map C° — C? then the composition of covariants v and w of degrees
d and e is a covariant v o w of degree de.

We put vq = (x,. .. ,xg)T, vy = VoD, vy = VgF', vy = vy0ovy and vg = v3zovs.
Then ¢4 = v4 - v¢ is an invariant of degree 10.

Lemma 4.4. Let X = X(17) be the curve denoted Cy in Proposition 4.1. Then
the j-map X — P is given by j = —27¢3/ D,

Proof. The calculation at the end of this proof shows that ¢4 does not vanish
identically on X. So the intersection of X with {¢4 = 0} is a set of 10 x 96 =
816 + 144 points. Arguing as in the proof of Proposition 4.1, this set is the union
of the points above j = 0 and j = oo. Our formula for the j-invariant therefore
has the correct divisor, and so is correct up to scaling.

Let u = (0 — 6% —0+2i —1)/4 where § = v/1 — 44 and i = v/—1. Let o be the
generator for Gal(Q(#)/Q(7)) given by o(f) = if. The point

(1:u:o(u):o?(u):o®w) u:ou):o*(u):o*(u)) € X

is fixed by a permutation matrix of order 2 in GG, and so lies above 7 = 1728. The
function ¢ /D' takes the value —1728/27 at this point. O

5. COMPUTATIONS IN THE SYMPLECTIC CASE

Let X = X(17) C P® be the curve denoted C; in Proposition 4.1. By [F3,
Lemma 3.2] the surface Z(17,1) is birational to the quotient of X x X C P® x P8
by the diagonal action of G = PSLy(Z/17Z). We write xg,...,zs and yo, ..., Us
for our coordinates on the first and second copies of P®.
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Definition 5.1. A bi-invariant of degree (m,n) is a polynomial in z, ...,z and
Yo, - - -, Ys, that is homogeneous of degrees m and n in the two sets of variables,
and is invariant under the diagonal action of G.

In principle we may find equations for Z(17,1) by computing generators and
relations for the ring of bi-invariants mod (X x X). In practice we find it is
sufficient to compute only some of the generators and some of the relations.

The calculations that follow rely on showing that certain bi-invariants vanish
identically on X x X. Initially we only checked that they vanish at many IF,-points
for some moderately large prime p. For a full proof in characteristic 0 we used the
G-action and numerical approximations to verify the conditions in the following
lemma. This is sufficient since if the absolute value of the norm of an algebraic
integer is less than one, then it must be zero.

Lemma 5.2. Let I be a bihomogeneous form of degree (m,n) with m,n < 22. If
I wanishes at all points (P,Q) € X x X with j(P),j(Q) € {0,1728, 00} then I
vanishes on X x X.

Proof. This follows from Bezout’s theorem, using that 144 4+ 816 + 1224 > 22 x 96.
The argument is then identical to that used in the proof of [F3, Lemma 6.2]. O

It is easy to compute the dimension of the space of bi-invariants of any given
degree from the character table of G. However we need to work with explicit bases
for these spaces. Let ), D and F' be the invariants of degrees 2, 3 and 4 defined
in Section 4. We define bi-invariants );;, D;; and Fj; by the rules

Q(Azo + f1yo, - - -, Mg + pys) = XNQao + AuQu1 + 11 Qo
D(Azo + piyo, - - -, Aws + puys) = XN’ Do + A2 Doy + ... + p1° D,
F(Axo + pigo, - - Azs + pys) = X Fag + XpFa + .+ i Fou.

Then, writing H for the 9 by 9 matrix of second partial derivatives with respect
to xg, ..., xs, we put

D, = H(Q)'H(Dyy), D, =H(Q) 'H(Ds), F,,=H(Q)"H(Fy).

The space of bi-invariants of degree (2, 2) has dimension 4, with basis Ay, ..., A4
where Ay = Q20Qo2, A2 = Q3,, A3 = Fy, and

tr(DIDnyy) = —16A1 + 8A2 - 8A4

Each of these bi-invariants is symmetric (under interchanging the z’s and y’s), but
only the first vanishes identically on X x X.

The space of bi-invariants of degree (3,3) has dimensional 16. Under inter-
changing the x’s and y’s, this breaks up as the direct sum of symmetric and
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skew-symmetric subspaces of dimensions 14 and 2. The subspace of symmetric
bi-invariants has basis By, ..., B}, given by

Qu s, QuAs, QuAs, DsoDos, DaiDra, tl‘(Dng); tf(DiDyDzDz);
tr(D2D.F,,), tr(DyDyDyD,F,,), tr(DyD,Fy2), tr(Fy),
QuAi, Quoliz + Qu2Fs1, 2VF (wo,. .., x8)  VoF (Yo, .-, ys),

where in the final expression (for Bf,) we use the notation (2) and (3).

We changed our choice of basis for this space of bi-invariants first so that the
bi-invariants themselves have small integer coefficients, then so that the relations
considered below have small integer coefficients, and finally to facilitate writing
down an elliptic fibration. To simplify the calculations that follow, we therefore
(with the benefit of hindsight) switch to the basis By, ..., By, that is related to
the basis Bj,..., B, (as specified in the last paragraph) by the first change of
basis matrix recorded in Appendix A. In fact we keep the first and last three basis
elements the same, i.e. B; = B for i =1,2,3,12,13, 14.

The subspace of bi-invariants vanishing on X x X is spanned by Bis, B3, Bia.
We write Z; C Q[z1,. .., 211] for the ideal generated by all quadratic and cubic
forms vanishing on the image of the map

XXX-)IEDlO; (x07---7x8;y0;---7y8)'_>(Bl:---:Bll)-

We find that Z; is minimally generated by 13 quadratic forms and 21 cubic forms.
Moreover the subvariety ¥; C P10 defined by Z, is a surface of degree 29.

Proposition 5.3. The surface ¥ is birational over Q to the elliptic surface 3
defined by the Weierstrass equation (1) in the statement of Theorem 1.2.

Proof. The rational map 3; — P3 x A! given by
(z1:0ci211) = (21220230 24),T) = (212 221 231 24), 25/ %)
has image satisfying
2T 2% 4+ 3T 2129 — (BT — 2) 2123 — 3T% 2124 + T23 — 4T 2925 — 21 2524
+2(2T — 1)z; + T(4T — 1)2324 + T2 = 0,
(T +1)%27 + T(2T + 1)z120 — (T + 1)*2123 — T(T + 1)?2124 + T?23
— 21?2925 — T32924 = 0.

These same equations define a genus one curve in P? over the function field Q(7).
Making the linear change of coordinates

(751 :T(T—I—l)zl, Uz = (T+1)23,
ug = T(21 + 29 — 223 — T'zy), ug =T (=21 + 223 + Tzy),
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gives the simplified quadric intersection
Uty + uyug + (T 4 1)uj — usuy = 0,
U Uy + Tu% — T?uguy — Tusuy =0,

which in turn is isomorphic to the elliptic curve (1) via

—Tu, Tuy(uy — ug — uy)
rT=— y= .
Ug UgUs
Composing these maps gives a birational map ¥y — 3. The inverse map, rep-
resented as an explicit 11-tuple of elements in the function field Q(X), is recorded

in the accompanying computer file [F4]. O

Since the rational map X x X — 3 is defined by symmetric bi-invariants, it
factors via a rational map 7w : W(17,1) — 3. We will see below that 7 is birational,
thereby proving the first part of Theorem 1.2.

One way to compute equations for the double cover Z(17,1) — W(17,1) is to
find a skew-symmetric bi-invariant of degree (3, 3) that does not vanish identically
on X x X, and then write its square, modulo I(X x X), as a quadratic form
in By,...,B;;. We omit the details, since this calculation is superceded by the
calculation of the j-maps, which we do next.

We consider the symmetric bi-invariants ay; = D3gDg3, as = DisDoy, a3 =
D§1D03 -+ D?2D307 gy = C4(fL’0, c. ,$8)C4(y0, e ,yg) and

y = C4(ZL‘[), . ,l’g)Dg3D12 + C4(’y0, Ce ,yg)Dgngl,
of degrees (m,m) for m = 3,3,6,10,11. Let S = Q[u,v,w, 24, ..., 211] be the
graded polynomial ring where the variables have weights 1,2,2,3,...,3. In the
accompanying Magma file [F4] we record ¢i,...,95 € S of weighted degrees

3,3,9,15,15 and hq,...,hs € S of weighted degrees 0,0, 3, 5,4, such that each
of the bi-invariants

gi(th A37 A47 B47 R Bll) - hi(Qllu A37 A4) B47 s 7Bll)ai

vanishes on X x X. We use these expressions to solve for the «; as elements of
the function field Q(X). Then the polynomials fi(Y) = Y2 — a3Y + aiai and
L2(Y) =Y?2—a;Y + adayay have roots defined over the same quadratic extension
of Q(X). Let these roots be 11, s1 and ra, s. If we order these roots appropriately
then by Lemma 4.4, and the definition of the «;, we have

) . _27 T3 83 o 214a3
JitJ2=—45 <—2+—2) and J1]2:—104-
ai \r S aq

Let ¥ — ¥ be the double cover defined by the requirement that disc f, disc fs,
or (j1 + j2)* — 4172 is a square. Then the product of j-maps X — P! factors as

(4) X xX — Z(17,1) — % — P' x P".
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The composite corresponds to a Galois extension of function fields, with Galois
group G x G. Since G = PSLy(Z/17Z) is a simple group, the diagonal subgroup
Ag C G x G is a maximal subgroup. Therefore one of the last two maps in (4)
is birational. However if the last map were birational, then this would mean that
in attempting to quotient out by Ag, we had in fact quotiented out by G x G.
To exclude this possibility we may check, for example, that the rational function
Fy/Q?% on X x X is not G x G-invariant.

In conclusion, Z(17,1) is birational to 3, and W (17,1) is birational to . This
completes the proof of Theorem 1.2 in the symplectic case.

Remark 5.4. We initially hoped that we might compute W (17,1) using the bi-
invariants of degree (2,2), without needing those of degree (3,3). In hindsight we
see that this is not possible, since the map W (17,1) — P2 given by (Ay : A3z : Ay)
is generically 5-to-1. This may be seen by eliminating 2z, from the first quadric
intersection in the proof of Proposition 5.3, and noting that the resulting quartic
in z1, 29, z3 has degree 5 in T

6. COMPUTATIONS IN THE ANTI-SYMPLECTIC CASE

In Section 4 we defined G as the subgroup of SLg(C) generated by certain
matrices with entries in Q((), where ( is a primitive 17th root of unity. Replacing
each matrix entry by its image under the automorphism ¢ + (3 of Q(¢) defines
an outer automorphism g +— g of G.

Definition 6.1. A skew bi-invariant of degree (m,n) is a polynomial in z, ..., xg
and yo, . . ., ys, that is homogeneous of degrees m and n in the two sets of variables,
and is invariant under the action of G via g : (x,y) — (gz, gy).

Since the map g — E is an inner automorphism of G we see that if f is a skew
bi-invariant, then so too is

fT(:L‘Oa <o X85 Yoy - - - 7y8) = f(yOa <oy Y8y —To, —T2, —I3,..., —Ts, _xl)'
We have fiT = f.
The space of skew bi-invariants of degree (2,2) has basis A;, Ay, A3 where A; =

(20002 and
Ay = dadys + 3 (2xom1ysys + 224T5y0ys + TIY1Y7 + ToTsYF + T1T2Y2Y5
+ T326Y1Y2 + T173YsYs + L1861 Ys + 5 (T1T5Y2Ys + T3T7Y1Ys)),
Az = dafys + D (2zor1y2ys + 221T3y0y1 + TYoys + T3Tayi + T122Y0ys
+ T3T6Y1Y2 + T103YsYs + T1T6Y1Y3 + %(Iﬂsylys + T26Y1Ys5))-

Here > denotes the sum over all simultaneous cyclic permutations of 1, ..., xg
and vy, ...,ys (fixing xy and yy). We have A;r =A; fori=1,2,3.
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The space of skew bi-invariants of degree (3,1) is 1-dimensional, spanned by
Ss1 = —1625y0 + Y. ((3z07 125 + 32224)y0 + (6207173 + 6207475 + 32323
+ 3127 + 23 + 32478 + 6212977 + 6337578 + 6T62778)11 ).
We write Si3 = S}, for the corresponding skew bi-invariant of degree (1,3).
Earlier we wrote H(f) for the 9 by 9 matrix of second partial derivatives of
f with respect to zo,...,xs. We now write H = H,, and define H,,, H,,, H,,
in the analogous way. We further put H,.(f) = H(Q) 'Hu(f), Hay(f) =
H(Q)'H,,(f) and so on. The following are skew bi-invariants of degree (3, 3).
P = 2(Q20513 + Qo2531),
©ij = tr(Haa(Dso) Hay (Ai) Hyy (Dos) Hya (4;)),
Uij = tr(Hao (S31) Hay (Ai) Hya(45)),
Uy = tr(ny(P)ny(Ai»v
V= tr(Hay(O12) Hya(As)).-
The space of skew bi-invariants of degree (3,3) has dimension 15. The subspace
fixed by the involution f + fT has basis By, ..., B}, given by
D3y Dy3, P, ©12, O13, O, Og3, Os3, Uz, Us, Wy + \PEQ, Was + ‘1’237 V.

For the calculations that follow we switch (with the benefit of hindsight) to the
basis By, ..., Bis that is related to the basis By, ..., B, by the second change of
basis matrix recorded in Appendix A.

The subspace of bi-invariants vanishing on X x X has basis By, Bis. We write

T3 C Q[z1,. .., 210] for the ideal generated by all quadratic and cubic forms van-
ishing on the image of the map
XxX =P (x0,...,28%,...,ys) > (Bi:...: Bi).

We find that Z3 is minimally generated by 14 quadratic forms and 2 cubic forms.
Moreover the variety Y3 C PY defined by Zs is a surface of degree 24.

Proposition 6.2. The surface X3 is birational over Q to the elliptic surface %
defined by the Weierstrass equation (1) in the statement of Theorem 1.2.

Proof. The rational map X3 — P3 x Al given by
(z1:...0210) = (21221230 24), T) = ((21: 221 23 1 24), 25/ %)
has image satisfying
zf —Tz129 + T 2125 + T 2923 — Tz§ + Tz324 = 0,
zizs — Taozg + 2(T + 1)z124 — (T° — 1) 202 + (T + 1)25 = 0.
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These same equations define a genus one curve in P? over Q(7'). Making the linear
change of coordinates

up = 21 — T2, ug = (T + 1)z,
u2:(T+2)21+Zg—(T+1>(Zg—Z4), Uy = (T+1)Z4
gives the simplified quadric intersection

u% + Tugus + Tusus — Tuguy = 0,

urug + Tuiug + uguy + uzug = 0,
which in turn is isomorphic to the elliptic curve (1) via

T(Ul + TUQ) . T(u1 -+ TU2)2

)

Uy U1U4
Composing these maps gives a birational map 33 — 3. The inverse map, rep-
resented as an explicit 10-tuple of elements in the function field Q(X), is recorded
in the accompanying computer file [F4]. O

Since the B; are skew bi-invariants satisfying B;r = B, the rational map X Xx
X — ¥ factors via a rational map 7 : W (17,3) — X. We will see below that 7 is
birational, thereby proving the first part of Theorem 1.2.

For the purpose of computing the j-maps we decided to work with the skew
bi-invariants of degree (2,2), alongside those of degree (3,3). We consider the
map from X x X to the weighted projective space P(2,2,3,...,3) given by

(v,w, 21, ...,210) = (Ag, A3, By, ..., Byo).
Among the equations defining the image of this map we found the relations
vz5z10 — W(2125 — 2325 + 2126 — 2528 + 2529) = 0,
vw?zy — (2 — 23 — 25)(26 — 27)210 + 2528210 = 0.

We used these relations to extend our map ¥ — P to amap ¥ — P(2,2,3,...,3).

The space of skew bi-invariants of degree (3,2) has dimension 5. We picked one
of these skew bi-invariants, not vanishing on X x X, and called it T3,. We also put
T23 = T:;F2 We define skew bi-invariants ap = Dgol)();;7 Qg = 831813, g = T32T23,
oy = Do3S31T30 + D3oS13T03, o = S31T55 + S13T5,,

ag = c4(To, ..., 28)Ca(Yo, - -, Ys),
a7 = Dy Tozca(zo, - . ., x8) + D3y Taaca(Yo, - - -, Ys),

of degrees (m, m) for m = 3,4,5,6,7,10,12. Let S = Q[v,w, z1, ..., z10] be the
coordinate ring of P(2,2,3,...,3), i.e., the graded polynomial ring where the
variables have these weights. In the accompanying Magma file [F4], we record
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gi,...,97 € S of weighted degrees 3,6,8,8,12,18,18, and hy,...,h;y € S of
weighted degrees 0,2, 3,2, 5,8, 6, such that each of the skew bi-invariants

gi(A27 Az, By, .. ., Blo) - hi(AQ, As, By, ..., B10)06¢

vanishes on X x X. We use these expressions to solve for the a; as elements of
the function field Q(X). Then the polynomials

fl (Y) = Y2 — Oé4Y + a3,
fg(Y) = Y2 — 045Y + 042@5,
f3(Y)=Y? — a;Y + alasag,

have roots defined over the same quadratic extension of Q(X). Let f; have roots
r;, 8. 1f we order these roots appropriately then by Lemma 4.4, and the definition
of the «;, we have

) . —27 g Tg) sg o 214042
.71+.72: 9 + and jl]? - 10 °
aq T1T2 5152 aq

Let & — X be the double cover defined by the requirement that disc fi, disc fo,
disc fs or (ji + j2)® — 47172 is a square. Then the product of j-maps X — P!
factors as _

X xX — Z(17,3) — X — P! x P1.
Exactly as in Section 5 it follows that Z(17,3) is birational to % and W (17, 3) is
birational to ¥. This completes the proof of Theorem 1.2 in the anti-symplectic
case.

Remark 6.3. The elliptic K 3-surface (1) admits many different elliptic fibrations.
The fibrations we initially found on W (17,1) and W (17,3) were different, and it
was only after we discovered that these surfaces are birational that we adjusted
the calculations in this section so as to find the same elliptic fibration.

7. SOME MODULAR CURVES

Let m > 2 be an integer coprime to 17. Then any pair of m-isogenous elliptic
curves are 17-congruent with power k, where & = 1 if m is a quadratic residue mod
17, and k = 3 otherwise. There is therefore a copy of the modular curve Xq(m)
on the surface Z(17,k). In Table 1 we explicitly identify these curves in all cases
where Xy(m) has genus 0 or 1. The polynomials F; and F3 are those appearing
in the statement of Theorem 1.2, and explicitly recorded in Appendix A.
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TABLE 1. Copies of Xo(m) on Z(17,1) and Z(17,3)

m Formula specifying a curve on (a blow up of) 22 = Fy,(T, x,y)
2 Fi(—2+¢e,—4+8 —5e*+e3+te, 4+ 0(e)) =288t + 1)e* + O(£%)
3 F3(=1/2+¢,1/2—ec+1te31/4+ 0(?)) = —2720(27t — 16)e* + O(£)
4 Fi(1+4e,—te?, -1+ 0(g)) = 24(32t + 1)e2 + O(?)
5 F3(—2+4¢,2—e+1te%2+0(g)) = 2123412 — 11t — 1)e* + O(°)
6 F3(—1+¢e,1—2e+te?2e+ O(e?)) = (t* — 36t + 36)e'® + O(e'?)
7T Fi(te?te 3,24 0(e™h) =t2(t+ 1)(t — 27)e ™ + O(e™*7)
8 Fi(e,e? 4+ &3+ 8t e? + 23 + O(e?)) = 24t + 6t + 1)e'® + O(e'?)
9 Fi(eted+te !, 0(5_4)) = (t* +20t — 8)e™* + O(e7%3)
10 Fs((t+ 1)5 T+ 1)3et 7t + 1)3(et + €5) + O(e%))

=74t + 1)1 + 18t + 1)e32 + O(e3?)
11 F3(e2 — &%, &3+ et + (t —1)eb, &3 + 2 + O(eY))

= t(t3 + 20t + 56t + 44)e36 + O(37)
12 Fs(et, —(t+1),te24+0(E) =2 - 14t + 1)e 2+ 0(e™®)
13 Fy(—te? (t +1)e Lt 2(t + 1) 4+ O(e)) = t19(12 + 12t — 16)e=2° + O(e719)
14 F3(e7 1, 3, te™® +0(e™) =2t + D)t — 1443 + 192 — 14t + 1)e 30 + O(e7 %)
15 Fy(e? ta‘Q, —teT - O0(E3)) =2t — 122 —t — 1)(t2 + 11t — 1)~ 4 O(7 %)
16 Fi(—1+e,te, 1+O( ) = (t* — 12t + 4)e* + O(&9)
18 Fi(t,—t,—t(t+1)) =t + 1)?(t* + 10t + 1)
19 Fi(=142¢, (t+4)e, (t+4)%2+0(e¥)) = =8(t + 3)(t* — 2t + 2)et + O(&%)
20 F3(—e+t?e? e —te? e —e2+0(e%)) = (t* + 83 — 2t2 + 8t + 1)e'2 + O(e™?)
21 Fi(—e,t(t+1)e%, (t +1)%3 + O(e*)) = (¢* + 6t — 17¢* + 6t + 1)e'® + O(e'7)
24 F3(t,1,0) = (t+ D33 + 2 — )4t — 83 + 262 + 8t + 1)
25 Fi(t,t%,6%) = —t"8(t + D) (166> + 4t — 1)
27 F3(t, 2t + 1), 2t +1)%) = =t + 2t + 2)*(t — 1) (118 + 1562 + 9t + 1)
32 Byt 2t +1), >3 +t* — 1))

=100t + D)2 + ¢ + )4t + 83 + 122 + 16t + 4)
36 Fi(t,(t+ 1) +t+1),(t+1)*(* +2t+2))

= (t+ D>+ 2 + 26+ 1)2(¢3 + 262 + 3t + 1)* (4" + 863 + 12t + 8t + 1)
49 Fi(t,t(t2 = 1), —t(t> = 1)?) = 2@t + DA (t2 — t — 1)2(t* + 6¢3 + 3% — 18t — 19)
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In compiling Table 1 we used the SmallModularCurve database in Magma
[BCP] to check the moduli interpretations. For example, the entry with m = 18
shows that Z(17,1) contains a curve isomorphic to y* = t* + 10t + 1. We
parametrise this curve by putting ¢ = —7'/((T 4+ 2)(T + 3)), and find, using our
expressions for j; + jo and j1jo as rational functions on W (17, 1), that

X% — (1 + j2)X + juje = (X — j1s(T)) (X — 5as(6/T))

where
(T + 2)12 —8(T + 2)9 +16(T + 2)3 + 16)3

(T+2)°(T+2)2—=8)((T"+2)3+1)2

J1s(T) =

is the j-map on X;(18).

To find most of these curves it was necessary to blow up the surfaces in The-
orem 1.2. In such cases we specify the arguments 7', x,y of F}, as power series in
e, given to sufficient precision to determine a unique solution of (1). For exam-
ple, the entry with m = 20 shows that blowing up our model for Z(17,3) above
(T,z,y) = (0,0,0) we found a curve isomorphic to y? = t* + 83 — 2t> + 8¢ + 1.
Putting this elliptic curve in Weierstrass form we find it has Cremona label 20al,
and in particular is isomorphic to X((20).

8. EXAMPLES AND FURTHER QUESTIONS
We restate Conjecture 1.1 in the case p = 17. As usual we say a p-congruence
is trivial if it is explained by an isogeny of degree coprime to p.

Conjecture 8.1. (i) The only non-trivial pairs of symplectically 17-congruent
elliptic curves over QQ are the simultaneous quadratic twists of the elliptic
curves Ey and Ey (with conductors 279809270 and 3077901970) as defined
in the introduction.

(ii) The only non-trivial pairs of anti-symplectically 17-congruent elliptic curves
over Q are the simultaneous quadratic twists of the elliptic curves E| and
E} (with conductors 3675 and 47775) as defined in the introduction.

We make a related conjecture.

Conjecture 8.2. Let 2(17, k) be the surface in A* with equations
v+ (T + 1)(T — 2wy + Ty = 2° — 2
and 2* = F},(T, z,y) where F}, is as recorded in Appendiz A.
(i) The only Q-points on 2(17, 1) lie above one of the curves
(2,y) = (0, =T°), (=T, -T* = T), (=T, =T),(T*, %), (T*, =T* + T*),
(T3 +T%,T* +21° + T, (T* =T, T* = T? - T),

or the curve T'= 0, or one of the points in Table 2.
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(ii) The only Q-points on Z(17,3) lie above one of the curves
(8,9) = (=T, =T), (~T, ~T* = T), (T, ~T" + T%),
(T3 +T% —T° —T* +T?),
or the curve T'= 0, or one of the points in Table 2.

The points on Z (17, k) lying above one of the curves listed in Conjecture 8.2 do
not correspond to non-trivial pairs of 17-congruent elliptic curves, either because
there is an m-isogeny (with m = 18 or 25), or the j-maps have a pole, or the point
is spurious since Fj, vanishes to even multiplicity.

It should be possible to prove that Conjectures 8.1 and 8.2 are equivalent by
computing biregular (not just birational) models for Z(17,1) and Z(17,3). This
belief is based on the fact that in compiling Table 1 we carried out some of the nec-
essary blow ups, but did not find any new examples of 17-congruences. Nonetheless
we leave the full verification to future work.

The height of a rational number = = a/b (where a,b are coprime integers) is
H(z) = max(|al|, |b]). Our evidence for Conjecture 8.2 is that we found no further
points with H(7T") < 3000 and H(z) < 10000. We see little hope of proving this
conjecture using existing methods. A possibly more tractable problem, the answer
to which would still be interesting, would be to determine all curves of genus 0 or
1 on these surfaces (either over Q or over Q).

In Table 2 we list elliptic curves via their Cremona labels [C], writing instead
the conductor followed by a star for curves beyond the range of Cremona’s tables.
The latter convention is only needed for the first entry, where the relevant elliptic
curves are the ones defined in the introduction. The first column records whether
the congruence is symplectic (k = 1) or anti-symplectic (k = 3). The final column
records the degree of the isogeny when the curves are isogenous. Each pair of
elliptic curves we list is only determined up to simultaneous quadratic twist.

TABLE 2. Some rational points on Z(17,1) and Z(17, 3)

k T x Yy 17-congruent ell. curves | degree
1| 1/3  —2/75 —11/125 | 279809270%, 3077901970% |  —

1 -3 —27 108 1849a1, 1849a2 43

1] —=5/6 —5/24 5/16 4489a1,4489a2 67

3] 1 2 4 27a2, 27a4 27

3| 9/7 27/49 —54/49 3675b1,47775b1 —

3| —=5/14 125/392 375/1568 1225h1, 1225h2 37

3| 11/39 1771/6591 116380/257049 26569a1, 26569a2 163
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APPENDIX A. FORMULAE

We record the polynomials Fy (T, z,y) and F3(T,z,y) in Theorem 1.2. These
define the double covers Z(17,1) — W(17,1) and Z(17,3) — W (17, 3).

F\(T,z,y) = 21 = 2T(T — )28y + T(T? — 2T% — 11T + 4)2°
— T*(T* =373 — 3T% + 3T — 10)a"y + T*(8T* + 58T3 4 15T% — 64T + 5)a®
— T3(8T® + 51T* + 8073 + 5172 — 2T — 20)2%y — 274 (16T* — 4173 — 205T>
— 97T 4+ 71)z” + 2T (16T° 4 49T° — 137* — 14273 — 11372 — T + 10)z°y
— TH149T° + 576T° + 180T* — 9567 — 57972 + 148T + 5)a% — 27°(13T7
— 397 — 22975 — 2027* + 12673 4 16972 + 9T — 5)xy 4 T°(80T® 4 31877
—1927° — 18007° — 1376T* + 81972 + 75072 — 67T — 4)z° — TS(T + 1)(247"
+ 1567 — 24T° — 558T* — 28573 + 19272 4 21T — 2)a3y — T (1670 + 727°
—239T% — 130077 — 8707 + 1952T° + 2295T* + 18T — 449T% + 4T + 1)z*
+T8(T + 1)%(127°% — 50T° — 2267 + 3673 + 29272 — 31T — 6)2°y
— T8(T 4+ 1)(76T° + 27377 — 275T° — 1505T° — 6317 + 101672 4 4721
— 94T — 4)2® — TY(T 4 1)3(T° — 14T* + 5573 + 11872 — 68T — 4)zy
— YT +1)2(1317° + 328T° — 234T* — 70073 — 1872 4 1387 + 3)2?
—TY(T + 1D)4(T? — 2T + 28)y — 2T3(T + 1)%(4973 + 6372 — 63T — 27)x
— 27T (T + 1)

Fy(T,z,y) = 210 — 14T28y — T(4T? — 71T — 16)2” + T?(17T% — 89T — 18)z7y
— T?(14T"* 4 288T3 + 16512 — 2207 — 19)a® + T3(76T* + 480T> + 545T>
— 176T — 4)a8y 4+ T3(94T5 + 51375 + 2347 — 141273 — 73272 + 242T + 4)a”
— TP(1637° + 837T* 4 132073 — 7272 — 898T + 106)x’y — T (15977 + 5907°°
—1037% — 3276T* — 315073 4 132672 + 8207 — 112)2° 4 T°(807" + 4187
+ 50177 — 936T* — 2496T3 — 94872 + 390T — 4)xty + T°(98T? + 386T°
— 35077 — 343975 — 389475 + 30107T* + 487273 — 30672 — 284T + 4)2°
+ T84T + 13077 4 917T° 4 278715 + 4078T* 4 229273 — 48272 — 480T
—60)z3y — T8(27T10 + 12277 — 177T® — 149677 — 987T° + 5032T° + 84467
+ 112473 — 26217 + 54T — 61)2* — T°(107° + 1327° 4 73877 + 2126T°
+ 3179T° 4 1902T* — 718T3 — 137672 — 482T — 256)xy + T'O(T'° — 487°
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— 12278 + 88277 + 4304T° + 624475 + 9737 — 450673 — 17147 4 428T
—242)23 — TY(T' — 7% — 70T® — 36877 — 81475 — 714T° 4 237T* + 96313
+ 80072 + 5227 + 312)xy — T2(26T° + 2837 + 101877 + 12567° — 8107

— 323777 — 184873 4 64872 + 108T — 265)x* — TY(T 4 2)(T® + 1277 + 44T°
+ TAT® 4 64T* + 2073 — 4372 — 92T — 60)y — 2T (10T + 947" + 323T°
+471T° + 129T* — 367T° — 26372 + 69T + 36)x + T'O(T® + 477 — 8T

— 6675 — 1207* — 56T + 53T 4 36T — 16).

We also record the change of basis matrices we used in Sections 5 and 6. In
each case the rows of the matrix give the B/ in terms of the B;.

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
—24 —12 28 8 —4 0 4 4 0 —4 4 0 0 0
—34 —15 34 7 -8 -3 0 5 -2 -9 7 0 -1 0
—480 —288 320 160 —-64 32 192 160 0 —-96 96 512 —96 0
248 144 -96 —144 0 —-16 —192 —144 -32 48 16 448 —48 16
—24 —-56 —128 —40 0 —24 32 56 -16 —-24 -8 =32 —40 8
—384 —144 688 96 —64 0 32 —-48 —16 0 128 —64 0 8
328 204 —240 76 32 4 —144 —-92 8 36 20 24 20 —12
—-366 —180 96 72 —48 12 192 168 —12 —48 -84 36 0 36
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

—4 —12 8 —4 -8 -8 0 —4 0 0 0

0
0
-56 —176 148 —-68 —160 —-140 36 =52 24 24 -8 4
—104 —240 156 —-76 —128 —164 12 —92 8 8 8 4
—-16 —128 124 —-36 —144 —92 12 —-36 8 8 8 12
—40 —48 48 —-24 =32 —40 48 =24 32 32 0 16

—-64 —176 132 —-60 —128 —148 4 —-76 =8 -8 24 12
—36 —-72 96  —96 12 24 —36 —12 0 24 24 —12
—60 —48 48 =24 —12 —48 60 —60 48 48 72 24
36 72 72 24 60 24 —-60 12 =72 =72 24 —48
—-72 -84 108 —48 0 24 —-12 =24 12 24 0 12

—208 204 72 28 364 116 288 —44 208 224 32 104
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