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Abstract
We show that the elliptic curves of conductor 11 have Mordell-
Weil rank zero over the cyclotomic field Q(u11). Our method makes
use of the Galois equivariance of the Cassels-Tate pairing, and does
not require any computer calculations. As an application we find all
rational points on the modular curve X(11) over Q(u11). With a
modest amount of computer calculation we extend our results to the

field Q(us)Q(u11)™.

1 The elliptic curves of conductor 11

The elliptic curves over Q with conductor 11 are

Ap = Xo(11) v +y=2a%—12?— 10z — 20 11A1
A = X (11) v +y =13 —2? 11A3
Ay v +y =% — 2? — 7820z — 263580 11A2

Here the labels 11A1-3 are those used in [Cr], whereas the labels Ay, Ay, Ay
are taken from [CS]. When there is no need to distinguish the three curves
we shall simply write A to denote any one of them. From Cremona [Cr| we
learn that there are isogenies of degree 5 defined over Q

Al 2 Ag & Ay (1)

with
ker(A; — Ag) ~ Z/5Z
ker(Ag ol Ag) ~ s ®Z/5Z
ker(Ay — Ap) ~ ps.
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The modular curve A; = X;(11) has 10 cusps. There are 5 cusps defined
over Q and 5 defined over Q(u11)" := Q(u11) N R. Naturally we take the
point at infinity on A; to be one of the rational cusps. The irrational cusps
generate a cyclic subgroup C of order 25. We write p : Gq — (Z/25Z)* for
the character defined by o(P) = p(o)P for all P € C. In fact C is the kernel
of the isogeny A; — Ag — Aj of degree 25. We deduce that p takes values
congruent to 1 mod 5.

2 Explicit descent via 5-isogeny

We aim to compute the rank of the elliptic curves A over certain number
fields F'. We begin by giving a description of the Selmer groups attached to
the 5-isogenies (1). By definition they are subgroups of H'(F, us) = F*/F*®
and H'(F,Z/5Z) = Hom(Gr,Z/5Z).

Proposition 2.1 Let F' be a number field. Then

S(Ay — A, /F) ~ { 0 € F*/F

ordy(#) =0 (mod 5) for all p
and F(~/0)/F split at p|11

S(Ay — Ao/F) ~ { x € Hom(Gr,Z/5Z) | x unramified at all pt11 }
S(Ay — Ag/F) ~ {6 € F*/F*| ordy(f) = 0 (mod 5) for all pt11 }

N X unramified at all p
S(Ag — Ay /F) ~ {XeHom(GF,Z/5Z)‘ and x split at p|11
(Here x split at p means p splits in the fized field of the kernel of x.)

Proof. More generally in [F1] we considered pairs of 5-isogenous elliptic
curves C) and D, with ker(C\ — D))~ us and ker(D) — C\)~Z/5Z. For
each prime p there is an exact sequence

6 * *
CA(Fy) — Di(F,) — F;/F?.
We recall [F1, Propositions 2.15 and 2.16] that ¢, has image
F;‘/F;‘5 if ord,(A) # 0

imd, = ¢ O;/0;° if ordy(A) = ordy(\* = 11X = 1) =0 (2)
1 if ordy(A\? — 11X —1) > 0 and p15.



We further recall that our co-ordinate A on X;(5) was chosen such that D,
has Weierstrass equation

y? 4 (1= Nay — \y = 2° — \a®. (3)

We see that Ay = D; and Ay = D;;. The descriptions of S(Ay — A;/F)
and S(Ay — Ag/F) now follow from (2) on taking A = 1, respectively A\ =
11. Tate local duality tells us that the images of the local connecting maps
attached to an isogeny and its dual are exact annihilators with respect to the
Tate pairing. The descriptions of S(A; — Ay/F) and S(Ay — Ay/F) follow.
O

Suppose F' is number field for which we have a working knowledge of
the unit group and the class group. It is now a straightforward exercise in
Kummer theory to compute the Selmer groups S(Ay — A;/F) and S(Ay —
Ap/F). If us C F, then the Selmer groups attached to the dual isogenies
may be treated similarly. However there is a better way.

Proposition 2.2 Let F' be a number field with ry (resp. o), real (resp. pairs
complex conjugate) embeddings and m primes above 11. Then
#S(AO — Al/F
#S(A; — A/ F

3 = #us(F) x 5127l 57m

A2 —>A0/F)
AQ—>A2/F)

zgg = H#us(F) x 52l 5™,

Proof. This is an application of Cassels’ formula [Ca2, Theorem 1.1]. Let us
note that for p|11, inspection of the j-invariants shows that the Tamagawa
factors are c¢,(Ag) = Hordy(11) and cp(A1) = cp(A2) = ordy(11). At each
infinite place, it follows by Vélu’s formulae [V1] that the periods €; are
related via €y /Qy = Qg/Q = 5. O

Remark 2.3 In simple cases, for example if F' has class number 1, it is a
tolerable exercise in class field theory to deduce Proposition 2.2 directly from
Proposition 2.1. The beauty of Cassels’ formula is that the class number of
F' does not appear.

We shall also require a description of the Selmer group attached to the
cyclic isogeny A, — A; of degree 25.



Proposition 2.4 Let F be a number field containing Q(u11)". Then

S(AQ%Al/F)E{QGF*/F*zg)

ord,(#) =0 (mod 25) for all p{11
and § € F;° for all p[11

Proof. Since F' contains Q(u11)" we have

ker(/h — AQ) ~ Z/25Z
ker(AQ — Al) =~ l25.

Thus S(Ay — Ay/F) C HY(Gp,pes) = F*/F**. Our description of this
Selmer group is no more than one would expect upon generalising [F1, Theo-
rem 1] from curves parametrised by X;(5) to curves parametrised by X;(25).
In the interests of brevity we take a rather more ad hoc approach. For each
prime p we consider the diagram

Ay(Fy) — Ao(F) 2% F/FP
I ! !
Ay(Fy) — AF) 5 F/E
! I !
AF) — AF) 5 FJFP

and claim that

FP/E  if p|11
im(521 = { P / P p| (4)

Or/0  if ptll.

Indeed if p|11 we saw in the proof of Proposition 2.1 that im dyg = F;/F;‘E’
whereas imdg; = 1. A straightforward diagram chase now gives imdy; =
F3° JF3? as required. Now suppose p{11. The proof of Proposition 2.1 gives
im dgp = im dp; = O}/ 925. A diagram chase convinces us it is enough to show
imdgy D O}, /9325 . By Tate local duality this is equivalent to showing im d;5
consists of unramified cocycles. But the latter follows by a standard argument
[S, Theorem 4.2], since ker(A; — As) ~Z/25Z has trivial intersection with
the formal group mod p. Indeed A; has minimal Weierstrass equation y?+y =
3 — 2% and ker(A; — Ag)~Z/5Z is generated by (z,y) = (0,0). This
completes the proof of (4) and the proposition follows. O



3 Initial estimates for the rank over Q(j11)

Let F' = Q(u11) and let 7 in Gal(F/Q) be an element of order 5. It is well
known that F' has class number 1, and that the only units in F' are cyclotomic
units. Explicitly, writing eg = (11 — (3" and e; = 7(eg), a set of fundamental
units is eg/e1, e1/es, ex/es, es/ey. We also note that ey generates the unique
prime above 11. It is an easy exercise to deduce from Propositions 2.1 and 2.2
that

S(Ag — A/F) ~ (Z/5Z)? -
S(A; — Ag/F) = 0

and

S(Ay — Ag/F) ~ (Z/5Z)° (6)
We know A; has a cyclic subgroup of order 25 defined over F'. Reducing

modulo a couple of primes, say 23 and 67, the Hasse bounds are sufficient to
prove

A1 (F)tors = Z/257Z.
Since Q(A»[5]) = Q(us, v/11) is linearly disjoint from F it follows

AO(F>t0rS ~ Z/5Z and AQ(F)tors =0.

Taking these torsion contributions into account, the estimates for rank A(F')
given by (5) and (6) are 2 and 4 respectively. We shall improve on these
estimates by making use of the Cassels-Tate pairing.

4 Preliminaries on the Cassels-Tate pairing

Let E'and E' be elliptic curves defined over a number field F. Let ¢ : £ — E'
be an isogeny of degree m, with dual isogeny 1 : £’ — E. There is an exact
sequence of G p-modules

0— E'[¢] — E'[m] - Ef)) — 0.

Taking Galois cohomology and restricting to Selmer groups we obtain an
exact sequence

EW)(F)— S(E' — E/F)— S(E' 2 F'/F) — S(E — E'/F).



Proposition 4.1 (Cassels-Tate pairing) Let E — E’ be as above.

(i) There is an alternating pairing (, ) on S(E — E'/F) taking values in
Q/Z whose kernel is the image of S(E' %' E'/F).

(i) If we have isogenies E — E' — E" then the pairings on S(E — E'/F)
and S(E — E"/F) are compatible.

(11i) Suppose E, E', ¢ are defined over Fy C F. If F is a normal extension
of Fy then the pairing (, ) on S(E — E'/F) is Gal(F/Fy)-equivariant. It is
to be understood that the Galois action on Q/Z is trivial.

Proof. See Cassels [Cal] or Milne [Mi]. O

This theorem has an even better known corollary.

Corollary 4.2 Let F' be a number field and E/F an elliptic curve. There is
an alternating pairing (, ) on II(E/F) taking values in Q/Z whose kernel
is the divisible subgroup of III(E/F).

For our calculations we also require

Proposition 4.3 Let ¢ : By — Ey be an isogeny of elliptic curves over a
number field F'. Then v and v are adjoints with respect to the Cassels-Tate
pairing, i.e. (Yx,y)s = (x,Yy), for all x € UI(E,/F) and y € UI(E,y/F).

Proof. See Cassels [Ca2, Theorem 1.2]. O

5 An application of Galois equivariance
Again we take F' = Q(u11) and 7 in Gal(F/Q) an element of order 5.

Proposition 5.1 Let F'= Q(p11).
(i) The Cassels-Tate pairing on S(Ay — Ag/F)~(Z/5Z)° has rank 2.
(ii) The Cassels-Tate pairing on S(Ag — A1/F)~(Z/5Z) has rank 2.

Proof. (i) We consider the exact sequences

0— S(Ag — Ay/F) — S(Ag 3 Ay/F) — S(Ay — Ay F) (8)

From (7) we learn that S(A i Ay/F)~(Z/5Z)3. Then (8) and Proposi-
tion 4.1(i) tell us the Cassels-Tate pairing on S(Ay — Ay/F') has rank 2.
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(ii) We shall use the Galois equivariance of the Cassels-Tate pairing to de-
duce this from (i). Let us note that it is sufficient to show that the pairing
on S(Ayg — A;/F) is non-zero. We consider the exact sequence

0— S(Ay — Ayg/F)— S(Ay — A /F) — S(Ay — AL/ F). (9)
By Propositions 2.1 and 2.4 we have

S(Az—>A0/F):<€0,€1,€2,63,€4> CF*/F*5
S(Ay — A1/F) = (ege; *eq, €165 €3, €963 %y, €3, €5) C F* | F*
S(Ag — AL/F) = (epe; ey, e16; €3, 62652e4> C F*/F*.

In particular (9) is exact on the right. Let
R := Zs[7] = Zs[X]/(X° - 1).
Then the group

~

F = F*® Zs = lim F*/F*"

which we write additively, has a natural structure of R-module. Let M C F
be the R-module generated by ey = (11 — (;;* and let N = (7 — 1)2M. Then
(9) yields an exact sequence of R-modules

0— M/5M =% (N +5M)/25M — (N + 5M) /5M — 0. (10)

These groups admit alternating pairings (, )oq, (, )9y and (, );-

Lemma 5.2 The pairings (, ),, are related via

(Z) <xvy>20 = <5.’E,5y>21 fO’l” all T,y € M.
(11) (x,y)o1 = (x,5y)o1 for all z,y € N +5M.

Proof. (i) This is immediate by Proposition 4.1(ii).
(ii) Let ¢ be the 5-isogeny Ay — Ag. By Proposition 4.3, (¢x, 2)g = (x,12)s.
Writing z = 1y and noting that our identification of the exact sequences (9)

and (10) suppresses the map 1, we conclude (x,y)o1 = (x,5y)21 as required.
O

Lemma 5.3 There is a unit u € R such that T —1 and u(t — 1) are adjoints
with respect to the pairings (, )oo and (, ),,. For the pairing (, ), we again
have

<(T - 1).7}, y>21 - <$, U(T - 1>y>21

~

provided y belongs to (1 — 1)F.



Proof. For (, ),, and (, )y, this is immediate by Proposition 4.1(iii). Indeed
7—1and 77!'—1 are adjoints, and 7 is a unit. For (, ),, we should take slightly
more care, since the identification of (9) and (10) does not respect the natural
Galois module structures. In fact there is a twist by the character p defined
in §1. Since p takes values congruent to 1 mod 5 and 5(t —1)R = (1 — 1)°R,
the lemma follows as before. O

Now M /(1 — 1)M ~Z5 and the pairing (, ), is alternating, so

(, )go is non-zero <= ((7 — 1)M, M) # 0. (11)
Similarly N/(7 — 1)N ~Z5 and N = (7 — 1)?M give
(, oy is non-zero <= (1 —1)°M, (1 — 1)>M)q; # 0. (12)

With these preliminaries we compute

(1 =1PM, (1 =1)°M)ar = 0
< ((t—=1°M,5(t1 —1)*M)y; = 0 by Lemma 5.2(ii)
— ((1—=1°M,5M)y =0 by Lemma 5.3
<~ (B(r —1)M,5M)9 =0 since 5(1 — 1)R = (1 — 1)°R
<~ ((1—1)M,M)s =0 by Lemma 5.2(i)
Now (11) and (12), together with this last calculation, show that Proposi-
tion 5.1(ii) follows from Proposition 5.1(i). O

6 Conclusions over Q(u1)

Let F = Q(pu11). We now have enough information to compute the groups
A(F) and III(A/F)(5). First we consider the exact sequence

0=2S(A, — Ag/F) — S(A; 22 4,/F) — S(Ay — A, /F).

By Propositions 4.1(i) and 5.1(ii) we have S(A; = Ay JF)~Z/5Z. We
deduce rank A(F) = 0 and III(A;/F)(5) = 0. The exact sequence (7) gives
S(Ay 2 Ay/F)~(Z/5Z)3. By Propositions 4.1(ii) and 5.1(ii) the Cassels-
Tate pairing on this Selmer group has rank 2. Thus III(Ay/F)(5) ~ (Z/5Z)>.
Finally the exact sequence

0—Z/5Z — S(Ay — Ay/F) — S(Ay 23 Ay)F) — S(Ag — Ay /F)



tells us that S(Ay =3 Ay/F)~ (Z/5Z)* but that the Cassels-Tate pairing on
this Selmer group only has rank 2. Since the multiplication by 25 map on A,
factors through A, and we have already shown III(A;/F)(5) = 0, we deduce
that III(As/F)(5) has exponent 25. We summarise our results

Theorem 1 Let F = Q(u11) or Q(p11)™. Then
Ao(F)~7Z/5Z UI(Ay/F)(5) ~(Z/5Z)?
AVF)~Z/25Z  TI(A,/F)(5) =0
Ay(F)=0 UI(Ay/F)(5) ~(Z/5Z)* & (Z/25Z)>.

We have treated the case F' = Q(u11), but all our proofs, with trivial modi-
fications, carry over to the case F' = Q(uq1)™.

7 Rational points on X(11) over Q(u11)

The modular curve X (11) was described by Klein [K] as the singular locus
of the Hessian of the cubic threefold

2 2 2 2 2
C = x5 + 2720 + 2503 + 504 + 520 = 0.

Here g, . .. , x4 are co-ordinates on P*. Equivalently X (11) is defined by the
4 x 4 minors of the matrix (92C//dx;0z;). We refer to Adler [AR] for details.
In fact X (11) has degree 20 and genus 26, and so lies on 15 quartics. These
are

Lo 23 + vir3wy — 2iriwy = 0
wdrs + xoxt + 23zy = 0

2.2 3 .2 _
THTS + Tox3 — TET3T4 + T1T20374 = 0O

and their cyclic permutes. The action of PSLy(Z/11Z) on X (11), given by
relabelling torsion, lifts to an action on P*. As special cases, the diagonal
matrices give an action of Z/5Z

(o @y :@o:x3:2q) — (Ty:T0: X1 : X T3)
. 1 =\ . .
whereas the matrices g 1) &ivean action of puqq

(zo: @1 w9 a5 xy) = (2o : Crwy Tyt (s Cary).



X(11) has 5 cusps of the form (1:0:0:0:0) and 55 cusps of the form
(C=¢: === =) (13)

Quotienting out by the action of pj; gives a morphism X (11) — X;(11) of
degree 11. This leads to alternative (affine) equations for X (11)

2 3 2
yr+y=x"—-x 2
{a:yQ(a:—l)(x—y—l)B’:t“}CA x Gm

the relationship being

T = —mor1x3/Ti14 r—1 = —xdv /7323
_ 37,3 _ 3 3

y = mori/r5Ty y+1 = —xjr3/T5T

t = —mwoxy/23 r—y—1 = —zirizy/z}.

The inverse map is

—yt4 e

(z,y,t) — (xy(x —-1): ey Bl vy Tyt yt2).

We write P € X;(11) for the image of the cusp (13). Then P generates
a subgroup of order 25. By Theorem 1 these are the only Q(z1;)-rational
points on X;(11). To find all Q(uq;)-rational points on X (11) we tabulate
the points mP and look to see when zy*(z — 1)(z —y — 1)% is an 11th
power. We write eg = ( — (7%, e = 3 — (73, ... so that (13) is the point
(o : €1 : ey : ez : eq). Incidentally our table also allows us to identify the
character p defined in §1. Indeed if 7 : ey — €; then p(7) = 16.

We find that the only Q(p11)-rational points on X (11) lie above the points
mP for m = 0,1 (mod 5). Since the latter are the cusps on X;(11), we
deduce that the only Q(p11)-rational points on X (11) are the 60 cusps. We
have thus proved

Corollary 7.1 There are no elliptic curves E over F = Q(u11) with
E[1)(F)~(Z/11Z)*.

Remark 7.2 This is a special case of a theorem of Merel [Me]. In fact Merel

and Stein [MS] have shown that the corresponding statement holds for all
primes p with 7 < p < 1000 and p # 13.
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Rational points on X;(11) : y* +y = 2% — 22 over Q(u11)

x Y vy’ (r — (@ —y—1)°
P —eperes/edes  eped/edey —cilel /e?

2P —epe1/eae3  eperey/eies —eSeled [ed?el
3P —egegferes  eles/ereses —eé%i/e{ege%
4P —ejesey/eles  erel/edes —exdel/elbered
5P 1 1 1

6P  —epeqezferes  eged/eied —edlell JeX?
7P —e1ea/ezes  egeresfesey —e2ebel ed?ed
8P —eseyq/eper  e3e3/egeren —636}12/686?63
9P  —ejeseqfepel  eley/eped —e18el/efesley
10P 0 1 (4}

11P  —egeqes/eles  edeys/edes —cilel! /e
12P —ege3/e0ey  e1e9e3/epes —e2eSel [edel?
13P —egez/epes  exel/egerey —eded? febelel
14P  —egesey/eles  esei/edes —ebel® Jetbeqel
15P 0 0 (5}

16P  —ejeqeq/egel  er€3/epes —etledl /e?
17P —eseyfeper  egezeqfede; —e3eSel fep?ed
18P —e1ea/ezeq  ere3/egesey —eded? [edelel
19P  —egeses/ered  epes/erel —edded Jegeles®
20P 1 0 {9}

21P  —ejezeq/cies  esel/edes —eilel! /e2?
22P —egeg/eres  egeseys/elen —epesel fet?es
23P —eger/eses  eged [exesey —606%2/656263
24P —epejes/eses  epes/esey —epdel Jedbese

Here {n} in the right hand column denotes a zero of multiplicity n.

8 A further example

As explained in [CH] and [CS], there is some interest in computing rank A(F’)
for number fields F' C Q(A[5*]). In this section we explain how, with a
modest amount of computer calculation (the author uses pari), we may

prove rank A(F) = 0 for the field F' = Q(us)Q(p11)"
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Again let 7 in Gal(F/Q) be an element of order 5. We find that F' has
class number 5, and the Hilbert class field is the composite with Q(A;[5]).
The primes above 11 are inert in this extension, and so generate the class
group. The unit group O3 is generated by norms of cyclotomic units from

Q(us5) together with +£¢ where ¢ = 1+ (5 + (2. Writing ¢ = 14 (2 + (2,

up=1-(C1 +¢1)o, vo=1—(Ci1+¢q)os

u; = 7' (up) and v; = 7'(vp), a set of fundamental units is
¢7 Uy, Uz, Uz, Uy, V1, V2, Uz, V4.

We note [[,u; = ¢° and [[,v; = ¢°. The subgroup of F*/F*® with trivial
valuation at all primes is generated by the units, together with the “virtual
unit” 2 4+ (5. Thus by Propositions 2.1 and 2.2 we find

S(Ay — A1/F) ~ (Z/5Z)"

S(Ay — Ay/F) ~ Z/5Z (14)

and

S(Ay — Ag/F) ~ (Z/5Z)* (15)
Since #A(Fa20) = 5412 and #A(Fs5) = 52.112 we know A(F)iors iS a 5-
group. Let ps : Gq — GL2(Z5) be the Galois representation defined by the
5-power division points of Ay. From the description of p; given by Lang and
Trotter [LT, Part I, Thereom 8.1] we deduce

Ag(Fiors = (Z/5Z)?,  Ay(F)iors ~Z /257,  Ay(F)ors ~ Z/5Z.

Taking these torsion contributions into account, the estimates for rank A(F)
given by (14) and (15) are 6 and 12 respectively. As in §5 we compute
S(Ap 22 Ag /F) in two different ways and learn that the Cassels-Tate pairing
on S(Ay — Ay/F) has rank 6. We shall show that the pairing on S(A; —
A, /F) also has rank 6.

The Selmer group S(Ay — Ag/F) C F*/F* has basis

C57¢7 Ui, U2, U3z, Uyg, V1, V2, U3, U4, 2 + C5,U0 - ¢7 Vo — ¢77
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where 7° in Q(us) is a Kummer generator for F' over Q(us). For M a
Z5|Gal(F'/Q)]-module we write

M — {m e M|o(m)=w'(o)m for all 0 € Gal(F/Q) }

where w : Gq — Z} is the cyclotomic character. By Proposition 5.1(ii) we
already know that the Cassels-Tate pairing on S(Ag — A;/F)P has rank 2.

Proposition 8.1 Let F' = Q(us5)Q(p11)™.
(i) The Cassels-Tate pairing on S(Ay — Ao/ F)2 ~(Z/5Z) has rank 2.
(ii) The Cassels-Tate pairing on S(Ag — Ay/F)2 ~(Z/5Z)* has rank 4.

Proof. (i) This is given by comparing the exact sequences (7) and (8).
(i) We shall use the Galois equivariance of the Cassels-Tate pairing to deduce
this from (i). We consider the exact sequence

0— S(Ay — Ag/F)¥ — S(Ay — A JF)B — S(Ay — A /PP (16)

Let w; = u;/v; and z = (ug — @) /(vo — ¢). Taking 7: (i1 + (it — &+ ¢
a brute force calculation gives

7(2) = —¢ Pwoz. (17)
We describe the Selmer groups in (16).

S<A2 - AO/F)[Q] :</LU1,’U)2,/IU3,'LU4,¢, Z) CFM(/F‘))<5
S<A2 — Al/F>[2] = <UJ1,U}2,U}3,U}4,¢5, Z5> - F*/F*25
S(Ag — A1/ F) = (wy, wy, ws, wy) CF*/F*

As before we write R = Zs[7] and F = F*® Zs. We define M C F to be the
R-module generated by z and ¢, and N C F' to be the R-module generated
by wp. The exact sequence (16) becomes

0— M/5M =% (N +5M)/25M — (N + 5M) /5M — 0 (18)

Again we write (, )oq, (, )9y and (, ),; for the alternating pairings. Lem-
mas 5.2 and 5.3 go through as before. Since

<M,N>20 - <5M,5N>21 — <5M,N>01 - O
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and M/((t — 1)M + N)~Zs we deduce
(, ) hasrank 2 <= ((7 — 1)M, M)9y # 0. (19)
By (17) we have (1 — 1)N = (7 — 1)2M and so (7 — 1)*N C 5M. Thus

(,)oy hastank 4 <= (7 —1)3N,N)p1 #0
<~ {((1—=1)>2N,(t—=1)N)p #0 (20)
< <(T — 1)3M, (T — 1)2M>01 7é 0

Now (19) and (20), together with the calculation at the end of §5, show
that statements (i) and (ii) are equivalent. This completes the proof of the
proposition. O

Propositions 5.1(ii) and 8.1(ii) show that the Cassels-Tate pairing on
S(Ay — Ay/F)~(Z/5Z)" has rank 6. As in §6 we now have sufficient
information to compute A(F) and IHI(A/F)(5). We summarise our results.

Theorem 2 Let F' = Q(us)Q(u11)". Then

Ao(F)=(Z/52)F  TII(Ay/F)(5) =~ (Z/5Z)°
Ay(F)~1Z/25Z (A /F)(5) =0
Ao(F) ~Z/5Z III(Ay/F)(5) = (Z/5Z)° @ (Z/25Z)°.
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