
↳garithmic geometry

Eyschemes . Kato : A log st--she

on a scheme is a

magic powder which

makes it non-singular.

Ret : A leacher is a triple

X = (X
,
Mx ,
(x) where

-

·I is a schone

· My is a sheaf of (commutative

monoids o X

(moncide group with inverses

· XX : Mx +Ox is a himomuphism

of sheaves of monoids
,

with

the monoid structure on Ex being
gued by multiplication.



This data satisfies are property :

(
*

)*

A morphism f : (A
, Mx,x) + (1 ,

M
,N)

of log schemes is data

· I: -I an ordinary maphism
of schores.

· fo : +"My + My a marphase

of sheaces of monoids

such that the following diagram is

commutative :

f
-

My =, My

fxyt ↓x
+"O Ox



Examples : O Thevisor , al log

Structe let D X be
-

a Weildiriso
,

N = X LD

(viewing D as just giving a closed subset,

i . e
..

if D = 29iy; with 1 : 30 ,

think of D as the closed subset

UYi
Define My by

,
for VIX,

My (v) = Ef+/+ S-
Note that we have an obvious map

*
x

: My + Ex Can incluse

Also, @ Mx is a subsheaf



andY = a
"

(*)

Given (X ,
B)

,

LX
,
El

,

a morphism

of schemes
E :X -X induces

a muphism of divisual big schemes

provided that - (E) ED .

This is because gen &M,
(1),

This is a function away from *
-

and hence f
*
& is invertible away

from f"CE)
,

honce also invertible

away from D.

-M
,

-- E
M↓

# Ex



IN = 50
,

4
,

2
,

3
,

- ..3
② The standard log point .

Speckt = (Speck, K*N
, Xx

& (r ,

n)=E
= Now" 10° = 1)

2x(k* ) = k
*
00

Emplof an "exotic" marphism :

Speckt - (12, v(xy)
C

SpeckEx, Y]

Consider only scheme

maps with image o @



MAYo = +
*

MAL.j- k*N
f

at La
O =O2Ospeck = K
/A? 0

↑

- 4(t

exercise ! Note

M
/ so

= 52x*12 =E,
gen of an

invertible function at o

Convince yourself the possibilities for

f are precises maps of the

farm

ex", +- (4(0) · 4(a ,
b)
, 2(b))

-h
* EN

where 4 : /N
*

- ** is arbitrary

and m ! /N
2
-I is arbitrary



of the form 19
,
b) = xa +Bb

for some &
,
B30.

Lots of choices.

~

hy do we care ?

There are now morphisms which

are not smarth as morphisms of salores

but are smarth as morphisms of

log schemes.

F: + #
(X

,
Y)1+ X Y

: 1) = vexy +
ngular?

Smooth"="all fabres are non-single

f : (
,
v(xy)) -> (A

, 0)



This morphism is Lysmath.

In particular, this allows us to

put a log structure in v(xy)

making it behave as if it is non-singular.

WittenHer X a non-singular

varety. A sublemap

f : c -> X is a maphism

from a curre < with at most

nodal singlorchies (locally looks like

u(xy)

↓

a)
such thatI has a finite actimophesy



geop . An automaphism of f

is an automaphism 2 : c + <

sch that fol = f-

We can also consider map

f : (C
,

p ., ...
in) + X

where P, ..., Pn
C are distinct

non-singular points of C. New

an automaphim & : (C
,
P .,

"

; Onl-

must satusfy ChPil = P;

Example : XEIP3 a non-singular

--his 3-face c = -pl

f:c- X a closed immersion

with image a
live.

There are 27 such maps.



Grama . Wither theory tells -s tant

here is a modali space of mass

Mg
,

n
<X

, B) whore

· g is the
gents of the domain cre.

· M is the number of marked

points on C

· BeHeLX,
4) is the homology

class represented by

(f
+ [c]) Car think degrees

ofsres

e . g. X the chic surface

Moo(X ,
1) consists of 2)

- degree

pants .

Gromor
.

Witten theory gies us



a way of counting the of points

·mac sera
teary

(X ,
D) X noncinator

⑮
stable

maps

Dis nice

We wish to conside

A : [C
, Pic -

- Pn) + (X
, D)

where we
impose some orders of

tangency with irred-cable components

of D at-each of the marked points.

~

Basic problem : One wants a

compact modeli specs .

We have trouble

when limits of awes fall into D,
as then it is hard to define

tangency conditions



Log gecuetry sches this !

~
simple example of hour this notes

D = X, X non-singular, Da

non-singto print diris

C -
(X

,
D)

D
f - (D) - EP

., EBB ,
so we

do get a maphism of log schores

(C
,
EP

..
PriBh) -> (X

,
D)

Near R
,

we can wit a section of



M as R . t" where too

X

is
the local defining equation for DEX

andR is invertible .

f
*
(e . + " ) = (f) . (to)a

tof vanishes at p
,
to under I because

- is transversal to D at P,

5 if h is a local coordinate

at P
,
C

,

ton f
*(4) = 4 .

44

where It is meatiby,

At By ,

where f is simply tergent,

tot will vanish to order 2
↑

So + * (4 · + ") = 4 . 1

Recalling that** My,



mo define the glost seat if

My to be My/ox*

Records
ze

order

of o

↓ of Ed

element

pocN IN - + Mx

& f0 X

Pro
-

Pa

f : + My -> Mc

induces Eb :f+Thx + in

At each P: with fipil =D ,

we then obtain a map
IN IN

()



where a is the order of tingency of

- at the pant p;
C .



Algebraicstacks

stacks are generalizations of schemes.

dspaces : Fix a field k.

Consider a contravarent functer

F : Schlu -> Sets

(flat)
F(s) =

G
a propermarphism,
each of whose f - b -es↑
is a geness cre)/F

-

non-singular

= if I a coum-tule

diag- on

=

↳
S



e . g. if S = Speck,
tacs is just

He set of isomorphism classes of

gens of curves .

Want ! A scheme My which represents

this functor
,
se

,

for each S,

we have a bijectin

F(s) -> Hims -> Mg) .

(i. e .. an isomorphism of factors

FEhmg(
Such a scheme should have a universal

cre
e gen by the coleatitis

↓

My A
Hum (Mg ,My



with the property that for any

C

↓ F(s)
,

11 morphism
S

s -> My such that

the diagon - > &

↓ ↓
S = My

gies an Komaphism CE Sxgt .

[ Forgot to mention :

F(S
,
+ S) : F(S) + F(s)

is gien by -> CXsS

S2 s



This is a way of going from a

family of curves over 52 to a family

of cres over S .]

&roblem : F is not representable !

Consider a cure <with an

automaphism & ! -+2 with Rid

Let S = /A'\S03 = A53 = R
*

SpeckIx,x*]
E0 ! <Xspecks

↓ Cevery the

is isomorphic
S

+ C. )

Familie: ((x s)/
↓
Sl = S



where 112 acts on CX

by (c
,

s) + (e(d
,

5

Here Si 5 - IS to maphism
StS induced by KEX

,
X
"

S+ hEx, x]
x1+ x=

x
+

++ x

1
,
actions by sits"-

All fibes are isomorphic C
,

but

This is a different family !

Suppose My was representable .
We

should get two maps

S -> Mg c--espending

to these the different families.



But the images ofthese the
maps

is the save port of Mg , corresponding
to the curre C .

But only exists are such mal,

so we can't get two different families!

:Myrepresented
baa

Basic idea! replace the set FCS)

with category ,

in particular, a groped.

Apaid is a category all of whose

maphisms are isomorphisms.



A stack f is a meganyfibred

paids over Sch/k with a long
list of extra properties.

This means E is a category with

a covariant fenctor &F- > Sch/k

such that if X
,

x + ob F

with Y(x) = &/
,

then every element

of Hom (x
,

x) is an isomorphism.

Example : Mg : category whose objects

are families of gears o cures

C
as before and whose maghemus

↓

S

are commutate diagrams



4 -4

↓ ↓
5
,
+ E

inducing an iscoorphism CESX
Algebras stacks are such categories

which have
a smath cover by schemes.

Example : Let G be a
this

g
--- p,

We define BG to be the category

whose objects are G-tases

E for S schore.

↓

S Here being a G-tursor means

that G acts on Eva

commutate diagrams (for geG)



EXE

↳st
and locally on S

,
E is scoaphic

+ - Sx4

BG- > Schu

(E +s) 1+ S

If Gaots on a sire X,
me have a stack [X/G] whose

objects are diagrams

E-X
G-terse I

with
g . 2(e)

=2(g .2)
S

forg4 ,
e = E.



Canonical application is the constructor

of the modeli space My .

~
Mostaccessible reference :

Olsson : Algebraic spaces and stacks.


