Contemporary Mathematics

Miraculous Cancellation and Pick’s Theorem.

K. E. Feldman

ABSTRACT. We show that the Cappell-Shaneson version of Pick’s theorem for
simple lattice polytopes is a consequence of a general relation between charac-
teristic numbers of virtual submanifolds dual to the characteristic classes of a
stably almost complex manifold. This relation is analogous to the miraculous
cancellation formula of Alvarez-Gaume and Witten, and is imposed by the
action of the Landweber—Novikov algebra in the complex cobordism ring of a
point.

Introduction

Studying gravitational anomalies Alvarez-Gaume and Witten [1] discovered a
remarkable cancellation which they called the miraculous cancellation formula. The
formula is a consequence of the following relation between Pontryagin characteristic
numbers of 12-dimensional oriented manifolds:

(1) L(M) = 8A(M,T) — 32A(M),

where L(M) is the L-genus (the signature) of M corresponding to the power series
L(z) = z/tanh(z), A(M) is the A-genus of M corresponding to the power series
A(z) = x/2sinh(z/2), and A(M,T) is the twisted A-genus defined by cohomology
Kronecker product

QLA [ e +e |y

(£z; are the formal Chern roots of C ® 7(M) in ordinary cohomology and [M] €
HYIMM (A7 Q) is the fundamental class).

The miraculous cancellation formula was generalized by Kefeng Liu [22] to
higher dimensions with the use of modular invariance of certain elliptic operators
on the loop space, it was strengthen further in [17].

Motivated by this development Buchstaber and Veselov suggested in [5] that a
general formula exists which relates characteristic numbers of virtual submanifolds
Poincare dual to cobordism characteristic classes of a given manifold. In particular,
they found that the signatures of manifolds Poincare dual to the tangent Pontryagin

2000 Mathematics Subject Classification. 5TR77.
The research was supported by EPSRC grant GR/S92137/01.

©0000 (copyright holder)



2 K. E. FELDMAN

classes with values in complex cobordism of an oriented manifold M*™ are related
as

L(M*™) + i(q)’% ([P (r(M*))]] = 0 (mod22®),
k=1

where «(n) is the number of ones in the binary expansion of the number n. The
general formula which expresses all relations between Chern characteristic numbers
of virtual submanifolds was obtained in [14].

Various applications of miraculous cancellation type formulae to the questions
of divisibility of topological invariants were found in [13, 14, 17, 23]. In this
paper we show that Cappell-Shaneson version [9] of Pick’s theorem is, in fact, also
a consequence of a cancellation formula for the Chern characteristic numbers of
virtual submanifolds.

Classical Pick’s theorem [28] states that the area of a convex polygon P with
all vertexes in the standard two-dimensional unit lattice Z? C R? can be expressed
in terms of the number of lattice points inside the polygon as
Bd(P) 1

2 )

where Int(P) is the number of lattice points strictly inside P and Bd(P) is the
number of lattice points on the boundary of P. Numerous generalizations (see [4,
15, 18, 19, 25, 29] and references there) of this statement to higher dimensions
are based on the theory of toric varieties [12]. Toric varieties are algebraic vari-
eties naturally associated with a simple lattice polytope in R™. The twisted Todd
genus of a toric variety is the number of lattice points in the corresponding lattice
polytope. Lack of elementary description of the Todd class results in complexity of
combinatorial formulae for the number of lattice points [25, 29].

One may look at the classical Pick’s theorem from a slightly different angle. We
may argue that in Pick’s theorem lattice points should be counted with different
weights depending on the dimension of faces they belong to. Then for a lattice
n-gon P Pick’s theorem takes the form

Edg(P) . Vert(P) 4-n
2 4 4
where Edg(P) is the number of lattice points inside each edge of P and Vert(P) =n

is the number of vertexes of P. Cappell and Shaneson observed that for a general
simple lattice polytope P C R™ the sum

f(relint(P) () Z") +Z( > cm; (rel int(F ﬂZ”)

dim F=(n—Fk)

Area(P) = Int(P) +

Area(P) = Int(P) +

can be expressed in terms of the polytope algebra over the ring of infinite order
constant coefficient differential operators on R™. In this paper we prove that for
any stably almost complex manifold M?" with some fixed cohomology class w €
H2*(M?",7)

(exp(uw)Td(M +Z<—> (exp(uwy) T (fex(r(M))]), ex (r(M))]) =

m

= {1 tanfi/ . Ty M),
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where [c;(7(M))] are manifolds Poincare dual to the cobordism Chern character-
istic classes of 7(M), Td is the Todd class, x; are the tangent Chern roots of M
and wy € H?([cx(T(M))],Z) are the pullbacks of w under the canonical embed-
dings [cx(T(M))] € M x RM. In the case of toric varieties this formula displays a
duality between cobordism invariants of a smooth toric variety and its canonical
submanifolds defined by faces of the corresponding polytope. Twisted Todd genera
of these submanifolds are exactly the numbers of lattice points inside the closures
of the corresponding faces and the Pick’s type theorem reads as

e N

Nz (-3) X (N = [ enton [T ity

FCP Mp j=1
dim F=(n—k)

where wp is the Kahler class of a toric variety Mp corresponding to the simple
lattice polytope P, and z;, i = 1,...,m, are Chern classes of the canonical line
bundles corresponding to the codimension one faces of P. The right hand side
of (2) is a weighted analogue of the twisted signature of Mp.

In lower dimensions the twisted signature can be developed explicitly. We use
it for evaluation of a Pick’s type theorem for a three-dimensional example. As an
intermediate step in order to compute the twisted signature we obtain a general
expression for monomial Chern characteristic numbers of a smooth toric variety of
any dimension in terms of primitive vectors which define codimension one faces of
the polytope.

The paper is organized as follows. The first three sections give a brief account
of the facts used for the proof of the miraculous cancellation type formula. All
information in these sections is well know to experts and is given mainly to set up
the notations. The cancellation formula itself is proved in Section 4. In Section 5
we show how the cancelation formula of Alvarez-Gaume and Witten can be deduced
within the same cobordism technique. In Section 6 we state basic facts about toric
manifolds and give an expression for the Gysin map in terms of the fixed point
data. Finally, in Section 7 we derive Cappell-Shaneson type formula and evaluate
Pick’s theorem for some low—dimensional examples.

1. Bordism Ring of Manifolds with Line Bundles

Let us consider a set of all pairs consisting of a compact stably almost complex
manifold without boundary and a complex line bundle over it. We introduce an
equivalence relation on this set by means of a standard construction from cobordism
theory. We say that two pairs (M7, 71) and (MZ,n2) are equivalent if there is a
compact stably almost complex manifold W of dimension n+ 1 with a complex line
bundle n over it such that

8W:M{”UM2”, nlarp =, nlarp = n2,

and the restrictions of the almost complex structure in the normal bundle v(W) of
W on M}, i = 1,2, coincide with v(M{") and (1] ® v(M) respectively ([1]c is the
trivial complex line bundle). Where it is necessary we write (M,v(M),n) instead
of (M,n) to underline the fixed (in the normal bundle) stably almost complex
structure on M.

The set of pairs (M, n) factorized by the above equivalence relation, is a graded

Abelian group with an addition given by a disjoint union of manifolds. The inverse
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to (M,v(M),n) is (M,[1]c ® v(M),n). Zero is the empty set. We refer to this
group as QLU

We introduce a multiplication in QLU by the formula given on representatives
of bordism classes:

[(My,m)] - [(M2,m2)] = [(My x Ma,n1 ® n2)].

Obviously, QLY equipped with such an operation becomes a commutative ring with
a unit (pt, [1]c). We can easily calculate the ring QLU.

PROPOSITION 1. The graded Abelian group QLY is isomorphic to the complex
bordism group of the infinite complex projective space:
QLY = U, (CP(x), ).
Therefore, the ring QLY is the polynomial ring QU[[t]], where QU is the complex
bordism ring (complex cobordism group of a point).

For any pair of topological spaces (X, A) with basepoints we define the cor-
responding QLV-bordism group LU, (X, A) which consists of all triples (M,n, f),
where M is a compact stably almost complex manifold with boundary, 7 is a com-
plex line bundle over M and f is a continuous map:

[ (M,0M) — (X, A),
factorized by the bordism relation:

(Mi,m1, f1) ~ (Mz2,n2, f2),
if and only if there is a triple (W, n, F'), such that

ow =M MV,  F:(WV) - (X, A),
F|M¢:f, V|M1:V17 V|Mz:m(c@V1~

Denote the Thom space of the tautological complex vector bundle 7, over
BU(n) by MU(n). Let Eg, k=0,1, ..., be the wedges CP(c0)+ A MU (k), where
X is a disjoint union of a topological space X and a point {pt}, we will also use
an identification X = (X, 0). Set Fagt1 = L Fa. Define a sequence of maps:

fo 1 XEy — B
by the formulae
f2k = Zdv
fors1 : SEopsy = N2 By, = CP(00)4 A S2MU(k) "2 OP(00)s A MU(k + 1),
where ji : S2MU (k) — MU (k + 1) is the standard embedding.

There is a sequence of canonical maps i, : S™ — FE, which is inherited from
the canonical embedding S?" C MU(n). We also define a graded paring for any
two spaces Fy and E,,:

Hikm - ExNE,, — Ek+ma

by the formula given on even spaces E,:
fizk,2m : By A Bay = (CP(00) x CP(c0)), A MU (k) A MU (m) 2%
— CP(c0) ANMU(k+m),
where ® : CP(0c0) x CP(0c0) — C'P(00) is the classifying map for the tensor product

of Hopf’s line bundles over CP(c0), i : MU(k) A MU(m) — MU(k + m) is the
canonical embedding.
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PROPOSITION 2. The set of spaces {E}32, and maps {fi,ji, ttmn} forms a
multiplicative spectrum, and, thus, defines a (co)homology theory:

hS(X, A) = thm 7Ts+t(X/A AN Et),

(X, A) = tlim [SHX/A), Esyd]
The corresponding cohomology theory is multiplicative.
By the standard Thom transversality arguments we deduce

PROPOSITION 3. The bordism theory LU,(-) coincides with the homology theory

We denote the corresponding cobordism theory by LU*(-) = h*(-).

2. Poincare Duality and the Euler Class

Let us consider a compact stably almost complex manifold M™ without bound-
ary. Assume that this manifold is equipped with a complex line bundle . Any
element o« € LU*(M™) can be realised as a compact stably almost complex sub-
manifold L, dim L = n — k, in M™ x RY (N is large) without boundary, equipped
with a complex line bundle {;, and with a fixed stable complex structure v in the
normal bundle of the embedding L € M"™ xR¥ satisfying v(L) =¢c vdv(M xRY)|z.
Denote the embedding L € M™ x RY by i and the projection M™ x RN — M™ by
p. Define a map:

D:LU*(M") — LU, —.(M")
by the formula
D[(La v, CL)] = [(L7 CL ® Z*p*C)]

PROPOSITION 4. For any compact stably almost complex manifold M™ equipped
with a line bundle ¢ the map

D=D(M"™(): LU*(M™) — LU, (M")
is an isomorphism.

COROLLARY 1. For any compact closed stably almost complex manifold M™
equipped with a complex line bundle n, the fundamental class of M™, i.e. D-dual
to 1€ LU°(M™), is

[M™,n] = [(M",id,n)] € LU, (M").

Let us consider a complex n-dimensional vector bundle £ over a base space X.
Assume that X is equipped with a complex line bundle (.

DEFINITION 1. The canonical Thom class of (£,() is an element u(§,() €
LU (T€) represented by the map

pAid fenge

a:TEPY X, AT S5 CP(00)y A MU(n),

where p(x,v;) = x is the projection outside infinity, fr: X — CP(co) is the map
classifying ¢, g : TE — MU(n) is the map classifying €. The homotopy class of a
lies in [TE,CP(00)4 A MU(n)| and, thus, it defines an element

o € lim [22*T¢, CP(00)y A MU (n + k)] = LU™(T€);
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PROPOSITION 5. For a pair (§,() of two complex vector bundles over a finite
CW-complex X (dimg¢ § = n, dime ¢ = 1) the multiplication by u(&, C)

LU*(X,0) — LU*T?"(T¢),

is an isomorphism.

Consider a complex n-dimensional vector bundle £ over a topological space X.
Assume that X is equipped with a complex line bundle ¢. Denote the classifying
maps for ¢ and ¢ by f, g respectively:

f:X—>BU(n), &=fn, f:T¢— MU(n);
9:X = CP(),  C=g"m.
Let sg : X — T¢ be the embedding onto zero section of £.
DEFINITION 2. The Euler class of the pair (§,() is

x(&, ) = sou(§, Q);
X(&CQ) =[gA(foso) € tlirgo[EQt(XJr),CP(OO)Jr AMU(n +t)] = LU*™(X, D).

Once we have defined the Euler class we can continue and introduce the other
characteristic classes for (£, () following techniques from [6, 10].

Let CG} (&) be the complex grassmannization of the complex vector bundle
¢. Denote the canonical k-dimensional complex vector bundle over CGE (&) by
&(k). Let pg : CGE(§) — X be the projection on the base space X, and 7(py) :
SN A Xy — SN ACGR(E)4 be the transfer map of Becker-Gottlieb [3] for fibre
bundle (CG}(§),CGR, X, pi).

DEFINITION 3. Characteristic classes cEU(€,¢) with values in LU*(X,0) of
(&, Q) are defined by

Cim (€,€) = T(pr) " {Xx(E(k), pi¢™)} € LU (X, 0),
here dim¢ £ = n, dime ( = 1.

3. The Chern-Dold character

For any multiplicative cohomology theory h*(-) there is a unique multiplicative

transformation

chy : h*(-) — H*(-sh* (pt) © Q),
such that for a point it is the identical embedding. Tensored with the rational
numbers this transformation is an isomorphism of cohomology theories.

Consider a compact stably almost complex manifold M?" with a fixed complex
structure in its normal bundle v, dimcv = m. Let ¢ be a complex line bundle
over M. Chose 1 € LU°(M?",()). This element can be represented by a triple
(M7, 1], id).

PROPOSITION 6. Let p : M?" — {pt} be the constant map. In the notations
described above:

[M?",¢] = chpy o ptY (1) = (Tru (v), [M>"]),

where ptY : LU*(M?",(0) — LU*~2"(S%) is the Gysin map, Try is the Todd class
of the transformation chry, [M?"] is the fundamental class of the manifold M>"
in homology H,.(M?"; QLU © Q).
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Proof. The first equality follows from Corollary 1 and the second equality is
the standard consequence of the Riemann—Roch theorem.

For any compact closed stably almost complex manifold M?" equipped with a
complex line bundle ¢ we define normal mixed characteristic numbers:

er(M.¢) = (er((M))e;~(): M),
where ¢y is the Chern class in ordinary cohomology corresponding to the partition
I = (i1,eyip), I| = i1+ ... + i < n. It is a well-known fact [31] that two
compact closed stably almost complex manifolds My, Ms equipped with complex
line bundles (;, (; respectively represent the same element in QLU if and only if
they have the same mixed characteristic numbers.
Let S(z) be an infinite power series in x defined by the formula:

o0
S@) = [t =)™,
i=1
where y;, ¢ = 1, ..., are independent variables. Define a map:

S, QLU Ay [t],
Se([(MP", v(M>™),Q)]) = (e ") HS(%‘)» [M27])

where A, is the ring of symmetric polynomials over Q in variables y;, = 1,2,.
and z;, j = 1,2, ..., are the Chern roots of the normal bundle v(M?").

ey

PROPOSITION 7. The map S; is a monomorphism which induces an isomor-
phism
Si: QY @ Q — A [t].
COROLLARY 2. For every ring homomorphism ¢ : QU — Q there is such a

rational valued specialization for elementary symmetric functions e; = e;(y1, Yz, .-.)
and for variable t, that Sy for this specialization coincides with ¢.

Let S be the transformation
H* (5% @ Q) — H* (5 Ay[t)),
induced by the coeflicient ring homomorphism S;.

PRrROPOSITION 8. The Todd class of the composition T = S} ochry is

o0

T (z,2) =e '* H(l — )L
i=1
In this expression for a pair (£, C) of complex bundles over the base space X (dimg ¢ =
1) the variable x is fixed for the Chern roots in ordinary cohomology of £, and the
variable z is fixed for the first Chern class of C.

Let us calculate LU*(CP(n),0). We fix the canonical line bundle 7; over
CP(n). Observe also that CP(n + 1) ~ T7;. Thus we have

LEMMA 1. There is an isomorphism
LU*2(CP(n+1)) = LU*(CP(n), (),

via multiplication by the Thom class u(fj1,m1).
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COROLLARY 3. The ring LU*(C'P(n),0) is a polynomial ring QLY [u] /{u"T! =
0}. It is additively generated by [(CP(k),n? % ix)], ir : CP(k) 2 CP(n), k =
1,...,n. The multiplication is given by the rule
[(CP(k), 0™ ix)] - [(CP(m), ™™ im)] = [(CP(k +m —n), " "™ ipym—n)],
PROPOSITION 9. Via the map
T =28 ochry : LU*(CP(c0),0) — H*(CP(c0); Aylt])
the canonical generator v € LU*(CP(0), () goes to

oo

ze " H(l —yx) !

i=1
where x is the canonical generator of H*(C'P(00), Ay[t]).

4. General Cancellation Formula

The theory LU* possesses an algebra of stable operations similar to that of
Landweber—Novikov algebra in complex cobordism [20, 26]. Namely, we can com-
bine them in one multiplicative operation which on the Thom class w(n,,n1) of
(CP(00)4) A MU (n) takes the following value:

Sz) (wmn,m)) = u(n,m) (1 + Z hA(Z)m/\(nn)> ;

A>0

where hy(z) is the complete symmetric function corresponding to the partition
A=A > A > .- >0) [24], mr(n,) is the LU*-Chern class corresponding to
the monomial symmetric function my and a trivial line bundle. Similar to [14] we
conclude that

ProPOSITION 10. The composition © = S(*y’t) ochry o &y):
©: LU ()= H"(-,Ay® A, ® Q[t])

is a multiplicative transformation of cohomology theories and its Todd class is

n oo O -1
) — et R (1_00%9@) ,
o0n0) = TN IT0 —wed ™ TT (0 e 70

where u is the first Chern class of the complex line bundle {, x;, i = 1,...,n, are
the Chern roots in integral cohomology of the complex vector bundle n, n = dimc 7).

Applying the Riemann—Roch theorem to the transformation © and to the con-
stant map p : M — {pt} with LU-oriented manifold (M?", (), we deduce the
following theorem:

THEOREM 1. Let ([my(v(M?"))],i3¢) be manifolds LU -dual to the LU-Chern
classes of the normal bundle v(M?*™) which correspond to the monomial symmetric
functions mx, A= (A1 > Ag >---0). Then

<T@(V(M2n)?€)a [M2n]> =
= (T ((M>"), Q) [MP]) + D ha(2)(Tr (v, 850), [ma(w(M™)))),
A>0

where vy, is the normal bundle of mx(v(M?>")) with the induced stable almost com-
plex structure.
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Let M be a stably almost complex manifold and z;, i = 1,2, ..., be the Chern
roots of the stable complex tangent bundle to M. We define the Todd class of M
by

— e i

o0
x;
Td(M) = —_—
on =Tl
i=1
This is a symmetric polynomial in z;, ¢ = 1,2,..., which can be expressed as a

series in tangent Chern classes of M in ordinary cohomology.

THEOREM 2. Let M be a stably complex manifold and w € H*(M,Z). Then
for the manifolds [ck(T(M))] dual to the complex cobordism Chern classes ¢{ of
T(M) the following formula holds

o] L

n

— (cap(w)Td(M +Z(—) (exp(we)Td((ex (r(M))]), lex (r(M))]),

where x; are the tangent Chern roots of M and wy € H?*([ci(T(M))],Z) are the
pullbacks of w under the canonical embeddings [cp(T(M))] € M x RN,

Proof. Let us substitute the following values for the variables ¢, z; and y; in
the series To(n, (), where 7 is the normal bundle of M, and ( is a line bundle over
M with ¢;(¢) = w:

t=-1, z1=1/2, zo=23=..=0,

o0
1—e
-1 _
For these values of variables we obtain

wlrl—e 2, 1y tanh(z;/2)
Uf—eili[l x; 1+e—$i_6i1j[1 ’

—X

where z; are the Chern roots of  and u = ¢;(¢). Therefore, for the tangent Chern
roots 4, i =1,2,..., the left hand side of the formula in Theorem 1 becomes

o0 ] gy 0

Because ¢, (7(M)) = (=1)*hy(v(M)) for our choice of variables z;, the right hand
side of Theorem 1 is exactly

n k
(eap(w)Td(M), [M]) (—2) (eap(wr) Td((ex (M), [ex (D))
k=1

Therefore, the statement of the theorem is verified.
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5. Cancellation Formula of Alvarez-Gaume and Witten

The gravitational anomaly cancellation formula (1) of Alvarez-Gaume and Wit-
ten [1] can also be obtain from Theorem 1 by a suitable substitution. Let us consider
a 12-dimensional compact stably almost complex manifold M without boundary.

Chose values of variables z;, ¢ = 1,2, ..., in such a way that
O 1
H(l —zrr) =4/ 14 ZzQ,
k=1
we also define variables y;, j = 1,2,..., to satisfy
oo .
_, _ sinh(z/2)
Jj=1

Using Theorem 1 with this choice of z;, y;, %, =1,2,..., and ¢t = 0, we obtain:
1 N 1 -
S5 L) = AQM) + A (P (D)) +

(3) +%/1 (4[P(r(M)] = [PE(r(M))]) + 2% (p111 — 4p12 + 8p3),

where [Pi(7(M))], [P.(7(M))], [PZ(r(M))] are manifolds Poincare dual to the
corresponding tangent Pontryagin classes in cobordism, and pi11, p12, p3 are the
tangent Pontryagin numbers.

From the same substitution it is easy to see that

6 ) eTi e—Ti —
A ([P1 (T(M))]) = <% H xl\/l +szifrfh($;2) 2)

i=1

= A(M,T) —12A(M),
where 27, i = 1,...6, are the tangent Pontryagin roots of the 12-dimensional stably
almost complex manifold M, and A(M,T) is the twisted A-genus defined by

\t:o s [M]> =

(L A@) [ e +e7 ) ().

Observe that if W is a 4-dimensional stably almost complex manifold then
A(W) = s,([W])/24, where s, is the second Landweber-Novikov operation acting
on QF ({pt},0), and W] € QF ({pt}, ) is the cobordism class defined by W. Using
standard rules of the Landweber-Novikov algebra, we deduce that

S2 (4 [Po(T(M)] — [PE(T(M))]) = 12p12 — 24p3 — 3p111-
Collecting similar terms in (3) we arrive at Alvarez-Gaume and Witten formula.

COROLLARY 4. For a 12-dimensional compact stably almost complexr manifold
without boundary

L(M) =8A(M, TM) — 32A(M).

REMARK 1. This formula is true for any compact oriented 12-dimensional man-
ifold without boundary, as it only depends on Pontryagin classes.
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6. Toric Manifolds

A toric variety is a closure of an orbit of an algebraic action of T, and the
quotient of the variety with respect to this action is a simple polytope P C R"
(recall that a polytope is simple if at every its vertex exactly n faces of codimen-
sion one meet each other). Toric varieties are not always smooth. Polytopes for
which the corresponding toric variety is smooth, are regular (or Delzant) polytopes
and varieties themselves in this case are toric manifolds. More precisely, a simple
lattice polytope is regular if the edges emanating from each vertex lie along vectors
that generate the lattice Z™. Each face F;, i = 1,...,m, of codimension one of a
regular polytope P corresponds to a submanifold My, of codimension two in the
toric manifold Mp, dim Mp = 2n. The torus action T™ x Mp — Mp has a one-
dimensional subgroup S C T™ which keeps Mp, fixed. S can be described by
a primitive vector \; = (A}, ..., A\?) of the lattice Z" C R™ which is inward normal
to the face F; C P C R™. At each vertex p C P we get n vectors \;;, j =1,...,n,
corresponding to each of the faces in the intersection:

szilﬂ"'ﬂFin-

Together, A;;, j =1,...,n, form a basis of Z" C R".

There is also a smooth manifold £p of dimension n-+m where m is the number
of codimension one faces of P™ such that M?2" is a quotient of £p over the action
of a torus 7™ ". The manifold £p can be described as follows. Let us list all
codimension one faces of P:

S={F,F,, .. F,}

For every face F; in § we define the corresponding one-dimensional coordinate
subgroup of T¥ = T™ by T*i. Now for a general face G of P let

¢ =[] 7% c T%.
GCF;
DEFINITION 4. For a given simple polytope we define
Lp= (TS xP")/~,
where (t1,p) ~ (ta,q) if and only if p=q and tit;' € TE@,
(In this definition G(q) is the face of P which contains ¢ strictly in its interior.)

For a toric manifold Mp we define the characteristic homomorphism A : TS —
T, by means of isomorphisms

A
ANTF) = §Fi

This is a characteristic map in the sense of [7, 11]. The kernel H(X) of A is (m—n)-
dimensional subgroup of T' $ and as such it acts on £p. This action is free and the
factor space
H(\
ep TN e HO) = Mp
is the corresponding toric manifold. For each co-dimension one face F; of the
polytope P we define a representation:

pi: TS — GL(1,C) = C*



12 K. E. FELDMAN
by means of a projection T8 — T% < GL(1,C). Consider a one-dimensional
complex line bundle L; over BP = ETS x5 £p given by
L; = ET™ X(T&"pi) (EP X (C) .
The following theorem [11] describes the equivariant cohomology of £p.

THEOREM 3. The space ET™ X s £p is homotopy equivalent to ET™ X M.
The cohomology ring

H*(ET™ x5 £p,7) = H (ET™ xpn M3, 7)
is isomorphic to the face ring of P
Zlvi, ... ,om] /I, v = c1(Ly).
Under the projection mp : ET™ Xpn M2* — BT™ the generator
uj € H*(BT",Z) = Zluy, - - , uy]

goes into
Tp(u;) = Mot + -+ M,vp, € H(ET™ X0 M3, 7).

At each vertex p = F;, ()---(Fi, of P we get n linear independent vectors
Aiys---s N, of Z™. Let M; = (Upiys---»Mpi,) be an n X n column-matrix (u, ; =

(le;,jv e >MZ,j)t) such that
MpAp:In7 Ap:(Aﬁ?"'?)‘in)’

and I, is the n x n-identity matrix. Pick a generic vector @ € Z™ which is not
orthogonal to any of 1 ;.

LEMMA 2. Under the Gysin map
(mp), : H*(ET™ x1n M3",7) — H*(BT",7Z)
the nth power of the first Chern class of L; goes into
<M ,i7ﬁ>

(4) > =

i< <ip_1#i Hj:1 </”Lp1"ij’u>
pr=F; N Fyy NN F; _ #0

n—1

)

which is independent of the choice of a generic vector u.

Proof. This is an elementary consequence of the fixed point theory for compact
Lie group actions [2, 27, 30]. We write down the fixed point formula for the action
of T™ on Mp. At the fixed point corresponding to the vertex p; we get a simple
expression in terms of v;,v;,,...,v;, ,:

n
Ui

Vs - Uil e /Uinfl

Rewriting it uniformly in terms of uy, - - ,u,, € H*(BT™,Z) and substituting u; =
i; leads to the expression in the statement.

Let w = (w; > wy > ---0) be a partition of n of length I. Denote by s,,(n) the
Chern class of 1 corresponding to the monomial symmetric function m,,. Similar
to Lemma 2 (see also [8]) we deduce
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THEOREM 4. For a smooth toric variety M*" its Chern number s, (M) corre-
sponding to a partition w of n can be computed in terms of the fized point data by
means of a formula:

so(M)= > >
h={ip<- <‘l.}} TESI(w) HJ =l+1 ('uphigul ot 'u’;hiju")

Io={ij1 1< <in

n Weo(j)—1
J 1 MPMJ N T

where the first summation is taken over Iy Iz = 0 and with

pr= B ()N VFas )V B £
The formula is independent of the choice of a generic vector @ = (u1,...,u,) € R™.
In dimension three all formulae can be rewritten just in terms of A; because
L = Ap.i» Ap,k].
detA,
In particular,
(5) (mp) (e1(Li)?) = >

i]<ig#i
pr=F; N Fyy N Fip#0

<)‘p1,i1 > )‘puiz’ ﬁ>2
<>‘p1,i7 )‘;Dz,h ) ﬁ> <)‘p17i2a /\pl,i7 ﬁ>

where for three vectors Z,#, Z € R3 we denote the corresponding oriented volume
by (Z, 4, Z).

7. Pick’s Theorem

In this section we apply Theorem 1 for the case of toric manifolds and its Chern
classes. Recall that the m-th tangent Chern class ¢, (7(M)) of a toric manifold M =
M p associated to a simple polytope P of dimension n is given by a dual cohomology
class to the sum of fundamental classes of toric submanifolds My associated to
(n — m)-dimensional faces F' = Fj(nfm) of P. Let wp be the Kahler form on Mp.
It is well known [16] that the equivariant class of the canonical Kahler form wp on
Mp is

—a1V] — = AUy € HX(ET™ xpn M2, 7),
where a;, j = 1,...,m, are defined by means of a system of inequalities:
r€P = (z,\)>a;, i=1,...,m.
We also set z; = i*(v;) where
i M? C ET"™ xpn M?" = ET™ Xpm £p
is an embedding on any fibre.
COROLLARY 5. The sum over all faces of a regular lattice polytope P C R™ of

the numbers of integral points inside the closures of the faces taken with weights
(—1/2)n=dimF s the twisted signature of the corresponding toric variety Mp:

(6)
<exp(wp)thf;(/2/2) (Mp)) = (P 2") +Z (—) > i(rNZY),
dim F=(n—k)

where x; are the tangent Chern roots of Mp (m is the number of codimension one

faces).
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Proof. This is a straightforward consequence of Theorem 2 as due to [12] the
value

(exp(wp)Td(MF), [MF])
is exactly the number of integral points in the face F.
REMARK 2. Formula (6) from Corollary 5 is valid for any simple lattice poly-

tope. In order to verify this one needs to apply an equivariant gemeralization of
Theorem 2 to the fibre bundle ET™ Xpm £p — BT™.

EXAMPLE 1. Let n = 2 and P be a convex polygon in R? with m integral
vertexes. Then the left hand side of (6) is:

o €T; ’LU2 o ZT;
eonton) IT ooy ) = (s D+ LT e ) =
= Area(P) + %,

where o(Mp) is the signature of the corresponding toric manifold. For any toric
variety

o(Mp) = ho(P) — hi(P) + -+ + (~1)"ha(P) = (~1)"hp(~1),

where (hg, h1, ..., hy) is the h-vector of P and
hp(t) = hot™ +--- + hy
is the h-polynomial [21]. In particular, for n = 2
o(Mp) = ho(P) — hi(P) + hao(P) =4 — m.

Combining these observations with Corollary 5 we get
Bd;m+%zlnt+%—%,
where Int is the number of integral points inside polygon P and Bd is the number

of integral points on the boundary of P. It is easy to see that (7) is equivalent to
the classical Pick’s theorem:

(7) Area(P) + 4—Tm = (Int + Bd) —

Bd
Area(P) = Int + 5 1.

EXAMPLE 2. Let n = 3 and P be a regular (Delzant) tetrahedron in R3 with
2-dimensional faces Fy, Fy, F3, Fy. Then the left hand side of (6) is

teontwom TT—2 . ol) = (2 02 + qwop T —02 (v —
Pl tanh(z;/2) 6 ol tanh(z;/2)
4 . 4 22
= Vol(P) - Z%‘(gj > - Mp)) =
j=1 i=1

2 x3

=Vol(P) = > T 5 [Mr]) = D ay{1h. [Me)) =
j=1 " i#j j=1
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Using (5) we obtain for each fixed j =1,...,4:

K <)‘p1 i1 >‘P1 029 ﬁ>2
(@3, [Mp]) = e —,
/ Z <)‘PIJ7 )‘Phh ) ’LL> <)‘p1,i2 ) /\;DI 2Jo u>

i1,i27#]
p=F; N Fiy N Fiy, #0
where @ € Z3 € R3 is an arbitrary vector. For some fixed iy,is # j chose @ = A,
i3 # i1, 12, j, because Ao, Ag, Ay form a basis of Z3 for any choice of pairwise different
indices «, 3,7 we obtain that

2
<)‘p1,i1 ) /\;Dz,iz’ )‘puig)

(e}, [Mp]) = — 1.
’ <)‘;DIJ’ >‘P1-,i1 ’ >‘p17i3><)‘m,i2a /\PI 2J )‘P17i3>
Thus,
: x;/2 aj L a;
" Ma»l) = Vol(P) — A tl
vt I 2. iy = vce) - 3% 34

Let Int, Fac, Edg be the numbers of integral points inside polyhedron P C R?, all
faces of P and all edges of P respectively. If Vert is the number of vertexes of P
then the right hand side of (6) becomes
Fac+2Edg+ 3Vert FEdg+3Vert Vert
_|_ — =
2 4 8
Fac FEdg Vert

=Int+ —+ —
n+2+4+8

COROLLARY 6. For a regular (Delzant) tetrahedron in R3:

Int + Fac+ Edg + Vert —

4

Fac FEdg Vert a;
I e M = P) — 21
nt + 5 + 1 + 5 Vol(P) jg:l 3

8. Conclusion

Applying the new cancellation formula for the twisted signature and Todd
genera of smooth toric varieties we derived a Pick’s type theorem for simple lattice
polytopes. Explicit calculations by means of this formula are possible only in low-
dimensional examples due to the lack of a simple combinatorial discription for the
L-class of toric varieties. Finding such a description could lead to an interesting
new invariant of simple polytopes.

Acknowledgements. The author expresses deep gratitude to the anonymous
referee for numerous valuable comments and to Misha Feigin for a useful discussion.
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