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Abstract

We study in this paper Hida’s p-adic Hecke algebra for GL,, over a CM field F. Hida has made
a conjecture about the dimension of these Hecke algebras, which he calls the non-abelian Leopoldt
conjecture, and shown that his conjecture in the case F' = Q implies the classical Leopoldt conjecture
for a number field K of degree n over Q, if one assumes further the existence of automorphic induction
of characters for the extension K/Q.

We study Hida’s conjecture using the automorphy lifting techniques adapted to the GL,, setting by
Calegari-Geraghty. We prove an automorphy lifting result in this setting, conditional on existence and
local-global compatibility of Galois representations arising from torsion classes in the cohomology of
the corresponding symmetric manifolds. Under the same conditions we show that one can deduce the
classical (abelian) Leopoldt conjectures for a totally real number field K and a prime p using Hida’s non-
abelian Leopoldt conjecture for p-adic Hecke algebra for GL,, over CM fields without needing to assume
automorphic induction of characters for the extension K/Q. For this methods of potential automorphy
results are used.
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1 Introduction

Let F' be a number field, and let p be a prime. If U is a sufficiently small open compact subgroup of
GL,,(A%), then the double quotient

Xy = GLn(F)\GLn(A)/(U X KooZoo)

has a natural structure of smooth manifold. (We write Goo = GL,,(F ®g R), Ko C G for a choice of
maximal compact subgroup, and Z, for the center of G,.) This paper is an exploration of the ordinary part
of the p-adic completed homology groups of the manifolds Xy. More precisely, if U factors as U = UPU),
then for each integer ¢ > 1, we define

UP(c)=U"" HIv(cv c),
Ip

where T,,(¢, ¢) C GL,,(OF,) is the subgroup of matrices which, modulo w¢, are upper-triangular with constant
diagonal entry (see Equation ) Then the manifolds Xy» (. fit into a tower

= Xyee) = - = Xuee) = Xue),
and there is a corresponding tower of homology groups (which are finite Z,-modules):
= Ho(Xyw (o), Lp) — -+ = Ho(Xue(2), Zp) — Ho(Xur 1y, Lyp).
There is a Hecke operator U, which acts compatibly on the whole tower of homology groups, and we define
H.(Xur(e))ord C Hu(Xyn(e))

to be the ordinary part of H.(Xy»(),Zp) with respect to U, i.e. the maximal direct summand Z,-module
on which U, acts invertibly. We then define

grd(U) = @Hd—*(XUP(c)a Zp)ord7
c

where d = dim Xy;. These are Hida’s ordinary cohomology groups. They have a natural structure of finite
A-module, where A = Z,[(Or ® Z,)*(p)"~'] is the completed group ring of the pro-p part of the p-adic
points of a maximal torus of PGL,,(F ®g Q,).

A basic question is: what is the dimension of the finite A-module H? 4(U)? If F is totally real and
n = 2, then Xy can be given the structure of Hermitian locally symmetric space, and one can show that
H? ,(U) is a faithful A-module. In general, however, one expects that it should have positive codimension.
This question was first explored by Hida, who suggested that this codimension should be equal to the ‘defect’

lop = rank G, — rank Z . K. (1.1)

Hida called this conjecture the ‘non-abelian Leopoldt conjecture’, and gave various pieces of evidence for it
[Hid98]. In particular, he showed that this conjecture implies the classical Leopoldt conjecture over totally
real fields, if one assumes in addition the existence of automorphic induction for Hecke characters.

In this paper, we explore Hida’s conjecture using Galois deformation theory. The merit of this point
of view is already discussed in [Hid98, Introduction]; conjecturally, one can identify Hecke algebras which act
on the groups H 4 (U) with suitable Galois deformation rings, and a calculation which goes back essentially



to Mazur [Maz89] gives the expected dimension of these deformation rings, which in turn implies the formula
for the codimension of the cohomology as A-module.

We take as our starting point the work of Calegari-Geraghty [CG] showing how to make the Taylor—
Wiles method work in the ‘positive defect’ context, assuming the existence of Galois representations as-
sociated to torsion classes in the cohomology of the manifolds Xy. Using similar methods, and a similar
assumption about the existence of Galois representations, we prove an R = T theorem for Hida’s ordinary
completed cohomology groups.

Assume now that U = [], U, is a product. Let S be a finite set of finite places of F, containing
the places dividing p, and such that for each v ¢ S, U, = GL,(OpF,). Then the unramified Hecke algebra
TSV = A[{T?},¢s] acts on the groups H 4 (U), and we write TS ,(U) for the quotient which acts faithfully.
It is a finite A-algebra. One expects that for each maximal ideal m C ']Tgrd(U ), there should exist a continuous
semi-simple representation

P GF,S - GL”(Tgrd(U)/m)

which is characterized uniquely up to isomorphism by a condition on the characteristic polynomials of
Frobenius elements at finite places v ¢ S; this generalizes the well-known relation tr p(Frob,) = a,(f)
satisfied by the Galois representations associated to elliptic modular forms by Deligne. If m is such a
maximal ideal and p,, is absolutely irreducible, then we say that m is non-Eisenstein. We in fact study the
localized cohomology H ;(U)m, which is finite over A and a faithful TS ,(U)n-module. (If F is an imaginary

CM or totally real field, then the existence of p,, can be deduced from recent work of Scholze [Schl.)
We can now state a more precise version of Hida’s conjecture:

Conjecture 1.1. Let m C TY (U) be a non-Eisenstein mazimal ideal. Then dimy H* (U)y = dim A — [o.

ord ord

We think of this conjecture as a ‘non-abelian analogue’ of the classical Leopoldt conjecture. It is
worth remarking that in the case Iy > 0, one always has the trivial bound dimp H} 4(U)wm < dim A (Corollary
6.24)).

We can now state our main result.

Theorem 1.2. Let K/Q be a Galois totally real number field with [K : Q] = n and K N Q({,) = Q,
and suppose that p > n. Assume Conjecture for all imaginary CM extensions E/Q, together with
Conjectures and below. Then Leopoldt’s conjecture holds for the pair (K,p): in other words, the
only Zy-extension of K unramified outside p is the cyclotomic one.

More informally, the non-abelian Leopoldt conjecture of Hida implies the abelian Leopoldt conjec-
ture. We do not attempt to state precisely Conjectures and here, noting only that they assert
the existence of suitable Galois representations with coefficients TS ;(U)w, as well as a kind of local-global
compatibility, both at places dividing p (at which the Galois representations should be ordinary in the usual
sense) and at Taylor-Wiles places.

Our strategy for proving Theorem [T.2]is to prove an R = T type result over general fields F, using
the techniques of Calegari—-Geraghty (Theorem @D This theorem uses Conjectures and in an

essential way, but does not use Conjecture [1.1l To get information about the Leopoldt conjecture over

K, we choose a character ¥ : Gx — Ef and look at p = Ind% X- For well-chosen 7, the main results of
[BLGGT] imply that p|c, becomes automorphic for some choice of CM extension E/K. (In other words, p
is potentially automorphic.) Deformations of the character ¥ give rise to deformations of p. Our R = T type
result then shows that Conjecture implies a bound on the dimension of the associated deformation ring
of p, and this in turns gives a bound on the deformation space of the character , implying the Leopoldt
conjecture for the pair (K, p).

The proof of our R = T type result includes two new observations that we mention here. The first
is that one can construct Taylor—Wiles systems in this context using Iwahori level subgroups, if the image
of the residual representation p,, is sufficiently large (namely, if p,,, satisfies the conditions of Definition m
below and therefore has what we call ‘enormous image’). The important point here is to show that the
cohomology groups behave well during passage from ‘level U’ to ‘level Up(Q)’; see The second is that

one can get information about the ring R[1/p] without assuming that the cohomology groups HZ 4 (U) vanish



outside of degrees in the so-called ‘middle range’ [qo, qo + lo]; for our purposes, it is sufficient to know this
after inverting p, and we can prove this unconditionally in certain cases (see Theorem .

We now describe in more detail the organization of this paper. Section [2]is of a preliminary nature.
We find it convenient to work mostly in the derived category D(A) of A-modules, and an important point
is that if C* is a bounded above, perfect complex of A-modules and ¢ € Endp()(C*) is an endomorphism,
then it makes sense to form the ordinary part of C'* with respect to ¢ in D(A) (and not just at the level of
cohomology groups). In Section [3| we prove a version of the patching criterion of Calegari-Geraghty. Since
we eventually view our Hecke algebras as rings of endomorphisms in D(A), some modifications are required.

In Section [4] we recall the basics of Galois deformation theory for representations with fixed de-
terminant. The only new material here is the definition of a representation with ‘enormous image’, and
some remarks on how to construct such representations by inducing characters from finite extensions. In
Section [5] we make some remarks about the Iwahori-Hecke algebra of GL,,(F,) in characteristic p, when
¢y = 1 mod p. These remarks are useful when we need to study the properties of the ordinary completed
cohomology groups of Section [6] with respect to the Taylor-Wiles systems constructed in Section [4}

In Section [6] we come to the manifolds Xy and their ordinary completed cohomology groups. We
first reprove a number of results of Hida in this context. Since we again wish to work in D(A), we prove
derived versions of Hida’s control theorem and Hida’s independence of weight theorem. We then prove our
main R = T type result, conditionally on our conjectures about existence and local-global compatibility of
Galois representations with coefficients in TS ;(U)y. Finally, in Section |7, we use these results to prove our
main result, Theorem [T.2] above.
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1.2 Notation

A base number field F' having been fixed, we will make the following additional choices. We fix an algebraic

closure F of F, and for each place v of F algebraic closures F, of the completion F, at v. We also
fix embeddings F — F, extending the natural embeddings F < F,. Then the absolute Galois group
Gr = Gal(F/F) of F is defined, and we get embeddings of decomposition groups G, — G, by restriction.
If v is a finite place of F, then we write Ir, C G, for the inertia group, and Frob, € G, /I, for a geometric
Frobenius element. We write Apr for the adele ring of F'. If F' is an imaginary CM field, then we will use
the notation F'* to denote the maximal totally real subfield of F, and dp/p+ : Gal(F/F*) — {£1} for the
unique non-trivial character. The local Artin maps Artp, are normalized to send uniformizers to geometric
Frobenius elements.

Let p be a prime. We will generally fix an algebraic closure @p of Q,. We refer to a finite extension
E/Q, inside @p as a coefficient field, and write O for its ring of integers, A C O for its maximal ideal, and
k = O/ for its residue field. If R is a complete Noetherian local O-algebra with residue field k, then we write
CNLRp, for the category of complete Noetherian local R-algebras with residue field k. If A is a finite Z-module
(equivalently: a topologically finitely generated abelian profinite group), then we write A(p) = A ®5 Z, for
its maximal pro-p quotient. If R is any local ring, then we write mp for its maximal ideal.

If ' is a number field, then we write € : Gr — Z, for the p-adic cyclotomic character. The prime
p will always be clear from the context, so we omit it from the notation. If v is a place of F' dividing p,
T:F, — @p is a continuous embedding, and p : Gp, — GLn(@p) is a continuous representation which is
de Rham, then we write HT;(p) for the multiset of 7-Hodge—Tate weights of p, taken with multiplicity. We

use the normalization with HT,(¢) = —1. Similarly, if p : Gp — GL,(Q,,) is a continuous representation
and p|gy, is de Rham for each place v|p of F, then for each embedding 7 : F' — @p we define HT,(p) =



HT,(plgy, ), where v is the p-adic place of F' induced by 7.

If F is a number field and 7 is a cuspidal automorphic representation of GL,,(Af), we say that 7 is
regular algebraic if it satisfies the integrality condition on the Langlands parameter of m, given in [CT14]
Definition 2.1]. If ¢ : @p = C is an isomorphism, we say that 7 is ¢t-ordinary if it is regular algebraic and

further satisfies the condition of [Gerl Definition 5.1.2]. If p : G — GL,(Q,) is a continuous representation,
unramified at all but finitely many places of F, we say that p is automorphic if there exists a cuspidal,
regular algebraic automorphic representation II of GLy(Ar) such that WD(p|g,, ) = rec], (IL,) at all
but finitely many finite places v of F' at which both p and II are unramified. (Here we use WD to denote
the associated Weil-Deligne representation of p, and recgv to denote the arithmetically normalized local
Langlands correspondence for GL,,(F),); see [CT14) §2.1] for more details.)

If E is a coefficient field with residue field k and M is a discrete k[G r]-module, finite-dimensional
as k-vector space, then we write H'(F, M) = H'(GF, M) for the continuous group cohomology groups. We
write h'(F, M) = dimy H*(F, M) and x(F,M) = > 2 ,(—1)*h*(F, M), when these make sense. We write
F(M) for the extension cut out by M (i.e. the fixed field inside F' of the group ker(Gp — Auty(M))). We
use similar notation when M is a discrete k|G p,]-module of finite dimension over k.

2 Preliminaries in commutative algebra

2.1 Change of coefficients

Let R be a ring, and let C*® be a complex of R-modules. (With some exceptions, we will usually consider
cochain complexes C'® rather than chain complexes Co. All rings will be commutative.) We say that C*®
is bounded if C? = 0 for all but finitely many i. If C®, D*® are complexes of R-modules, then we write
Homp(C®, D*) for the set of morphisms f : C* — D*® of complexes, i.e. collections f = (f?);cz of morphisms
fi:C* — D' such that df* = f*1d for each i € Z. We write Endr(C®) = Homg(C*®,C*). If n is an integer
and C* is a complex of R-modules, then we define its truncations

‘ Ct i<n

(T<nC*)' =< kerd, i=n

0 1>n,
and 75,C* = C*®/7<,C®. There is a natural morphism of complexes 7<,C* — C°®. If i > n then
Hi(1<,C*®) = 0, while if i < n then this morphism induces an isomorphism H(7<,C*®) = H(C*®). Similar

remarks apply to 7-,C*.
Let M be an R-module, and let x = (z1,...,,) be an ordered tuple of elements of R. We say that
the sequence x is M-regular if it satisfies the following two conditions:

1. For each i =1,...,n, the element z; is not a zero-divisor on M/(x1,...,2;-1).
2. The module M/(x1,...,xy) is not 0.

As is well-known, if R is a Noetherian local ring and x is an M-regular sequence, then any permutation of
x is also an M-regular sequence.

Proposition 2.1. Let R be a ring, M an R-module, and let C*® be a bounded above complex of free R-
modules. Then there is a spectral sequence:

ES = Tor® (HY(C®),M) = H"™(C* @ M) (2.1)
dy : ER9 — EYT2a7h (2.2)
Proof. See [Wei94, Theorem 5.6.4]. O



Corollary 2.2. Let R be a Noetherian local ring, and let C*® be a bounded complex of finite free R-modules,
concentrated in degrees [a,b]. Let x = (x1,...,2,) be an R-regular sequence. Suppose that H'(C® ®pg
R/(x)) =0 ifi#b. Then H'(C®) =0 ifi # b, and there is a canonical isomorphism

H(C*) ®r R/(x) = H"(C* @R R/(x)). (2.3)
Moreover, if H(C*® ®r R/(x)) # 0, then x is a H°(C*®)-reqular sequence.

Proof. After shifting, we can assume b = 0. By induction, it is enough to treat the case n = 1. The spectral
sequence (2.1)) then degenerates, and we obtain short exact sequences:

0— HY(C®) ®g R/(x1) = HY(C® ®r R/(x1)) — Torf (H™(C*), R/(x1)) — 0.

If ¢ # 0, then the middle term is 0, and hence H?(C*®) is 0, by Nakayama’s lemma. Looking at this sequence
when ¢ = 0, we obtain the isomorphism . If H'(C®* ®@r R/(x1)) # 0, then this isomorphism shows
that H°(C®) # 0. Looking at the short exact sequence when ¢ = —1, we find that multiplication by z; is
injective on H°(C*), which shows that if H°(C*® ®x R/(z1)) # 0 then the sequence x is H?(C*®)-regular, as
required. O

2.2 Minimal complexes and the derived category

Let R be a Noetherian local ring, and let C'*, D® be complexes of R-modules. We recall that a morphism
of complexes f® : C* — D® is said to be a quasi-isomorphism if the induced maps H*(C®) — H*(D*®) are
all isomorphisms. Two morphisms f,g : C* — D*® are said to be homotopy equivalent if there is a graded
morphism of R-modules s : C* — D*®[1] (not necessarily a morphism of complexes) such that f—g = sd+ds.
In this case, f and ¢ induce the same maps on cohomology.

We say that a complex C*® is good if it is bounded, and each C? is a projective finite R-module. (Thus
the perfect complexes are, by definition, exactly the ones which are quasi-isomorphic to a good complex.)
We say that the complex C*® is minimal if it is good and the differentials in C* ® g R/mpg are all 0.

Lemma 2.3. Let R be a Noetherian local ring, and let C*® be a complex of R-modules.

1. Suppose that C® is good. Then there exists a minimal complex F'* and a quasi-isomorphism f : F® —
C*.
2. Suppose that C* is good (resp. minimal). Then for any proper ideal I C R, C* ®@gr R/I is a good (resp.

minimal) complex of R/I-modules.

Proof. For the first part, suppose that the differential d; : C* — C'*! satisfies d; @ R/mp # 0. After
choosing isomorphisms C?* = R™, C*t1 = R™ we can assume that d; is given by a matrix

1 0 ... 0

0 = *
d; =

0 * ... =x*

Let D*® be the complex defined by DY = C7 if j ¢ {i,i+1}, D' = 0o R™ ' C R™, and D™ = 0@ R"~! C R".
It is clear from the above matrix that the differentials of C'* leave D*® invariant, and the inclusion D®* — C*®
is a quasi-isomorphism. The result now follows by induction. The second part of the lemma is immediate.
This completes the proof. O

We also make the following definitions.

e K(R) is the category of complexes of R-modules, with morphisms taken modulo homotopy equivalence.
K(R)~ is the full subcategory of K(R) consisting of complexes which are bounded above.



e D(R) is the derived category of complexes of R-modules, defined by formally inverting all quasi-
isomorphisms in K(R), and D(R)~ is its full subcategory consisting of complexes which are bounded
above. (See [Wei94], Definition 10.3.1].) Equivalently, D(R)~ is the localization of K(R)~ at the class
of quasi-isomorphisms. (See [Wei94, Example 10.3.15].)

e K(R)™'P*l is the full subcategory of K(R)~ whose objects are the complexes of projective R-modules.

The truncation functors 7<, and 7, preserve quasi-isomorphisms, so induce functors 7<,, : D(R) — D(R)
and 7>, : D(R) — D(R).

Proposition 2.4. Let R be a Noetherian local ring.
1. Let C* € K(R)™?™ and D* € D(R). Then Homg g (C*, D*) = Hompg)(C*, D).
2. The functor K(R)™?™ — D(R)~ is an equivalence of categories.

3. Let C*,D* € K(R)™P™, and let f : C* — D*® be a quasi-isomorphism. Then there exists a quasi-
isomorphism g : D®* — C*® such that each of fg, gf is homotopy equivalent to the identity.

Proof. The first part is [Wei94, Corollary 10.4.7]. The second part is [Wei94, Theorem 10.4.8]. The third
part follows immediately from the second. O

Lemma 2.5. Let R be a ring.

1. Let A* — B* — C* — A°*[1] be an ezact triangle in D(R), and suppose given a morphism of exact

triangles
A B* (O A*[1]
lfA lfB J{fc lfA[l]
A B* (O A*[1].

Suppose that there are integers na,nc > 1 such that f3* =0 and fi¢ = 0. Then fp*1" =0.

2. Let C* be a complex of R-modules which is concentrated in degrees [0,d]. Let f € Endpg)(C*), and
suppose that H*(f) = 0. Then fo =0 in Endpr)(C*).

Proof. For the first part, we observe that there is an exact sequence

HOHlD(R) (B., A.)HHOIHD(R) (B.7 B.)HHOIHD(R) (B., C.)

The image of fz° in the final term is 0, so f3° lifts to g € Hompg)(B*®, A®). This implies that fpatre,
which is the image of f}“g, is also 0.
For the second part, we show by induction on i > 0 that f*** = 0 on the truncated complex 7<;C*.
The case i = 0 is immediate (since 7<oC*® = H°(C*®) in D(R)). In general, we have an exact triangle in
D(R):
T<iCt——=7<i1 O ——=H" 1 (C*) [~ (i + 1)]——7<;C°[1].

The result therefore follows from the first part of the lemma. O
Lemma 2.6. Let R be a Noetherian local ring.

1. Let C* be a complex of projective R-modules concentrated in degrees [a,b] such that H*(C*®) is a finitely
generated R-module. Then there exists a good complex D® of R-modules concentrated in degrees [a, b]
and a quasi-isomorphism f: D® — C*®.

2. Let f: C* — D® be a quasi-isomorphism of bounded above complexes of projective R-modules. Then
for any R-algebra S, the map f®1:C*®r S — D®* ®g S is a quasi-isomorphism.



Proof. For the first part, see [Mum08, Ch. II, §5, Lemma 1]. For the second part, use Proposition and
[Wei94, Lemma 5.2.4]. O

Corollary 2.7. Let R be a Noetherian local ring, and let C*® be a good complex of R-modules. Let f : F®* —
C*® be a quasi-isomorphism, where F*® is a minimal complex. Then there are isomorphisms for each i € Z:

Fi/(mR) = Hi(C' Rr R/mR)
In particular, F* # 0 if and only if H'(C*®* ®r R/mpg) # 0.

2.3 Dimension

Let R be a Noetherian ring, and M a finite R-module. We write dimg M for the Krull dimension of the
quotient of R which acts faithfully on M, i.e. the Krull dimension of R/Anng(M). We recall that a sequence
of elements x1, ..., x4 of the maximal ideal of R is said to be a system of parameters of M if d = dim M and
M/(z1,...,xq)M has finite length as an R-module (see [BH93, Appendix]).

Lemma 2.8. Let R be a Noetherian local ring.

1. Letx = (x1,...,14) be a sequence of elements in R. Then dimp M > dimp,(x) M /(x)+q, with equality
if and only if (x1,...,xq) is part of a system of parameters of M.

2. Let x = (x1,...,24) be an M-regular sequence in R. Then dimr M = dimp;x) M/(x) + q and

3. Let R — S be a local homomorphism of Noetherian local rings, and let M be an S-module which is
finite as an R-module. Then dimpr M = dimg M.

Proof. The first part is a well-known consequence of dimension theory; see [BH93, Proposition A.4]. The
second part follows from the first and the two facts that every M-regular sequence is part of a system of
parameters ([BH93, Proposition 1.2.12]) and that every maximal M-regular sequence has the same length
(IBH93, Theorem 1.2.5)).

For the third part of the lemma, we set I = AnngM, J = AnngM, and must show dim R/I =
dim S/J. The natural map R/I — S/J is injective, as we in fact have R/I — S/J — Endr(M). Moreover,
Endgr(M) is a finite R-module, which shows that S/.J is a finite R-module, hence a finite R-algebra. It
follows that S/J is a finite R/I-algebra, so dim R/I = dim S/J, as required. O

Lemma 2.9. Let Iy > 0, qo be integers, and let S be a Cohen-Macaulay local ring of dimension n > ly.
Let C* be a good complex of S-modules. Suppose that groups H'(C*® ®s S/mg) are non-zero only if i lies in
the range [qo,qo + lo]. Then dimg H*(C*®) > dim S — ly. If equality holds, then H'(C*®) is non-zero only if
i=qo+ly, and H® o (C®) has projective dimension ly.

Proof. We follow the proof of [CGlL Lemma 3.2]. After replacing C* be a quasi-isomorphic complex, we can
assume that C* is minimal, and in particular C* # 0 only if i € [qo, qo + lo]. After shifting, we can assume
that go = 0. Let m > 0 denote the smallest integer such that H™(C*®) # 0, and set K™ = C™/dC™ .
Then the complex

c'—=Ct— ... Ccm
is a projective resolution of K™, which therefore has projective dimension at most m. On the other hand,
we have H™(C®) C K™, and hence

dimg H™(C*®) > depthg K™ = dim S — proj dim K™ > dim S — m,

by the Auslander-Buchsbaum formula (and since S is assumed Cohen—Macaulay). Since m < [y, this shows
the first assertion. If dimg H*(C*®) = dim S — Iy, then we have

dim S — Iy = dimg H*(C*) > dimg H™(C*) > dim S — m,

from which it follows that m = Iy and C* is a projective resolution of H'(C*®) of length ly. This completes
the proof. O



2.4 Ordinary part

Let p be a prime and let £ be a finite extension of @, with ring of integers O and residue field k. Let R be
a complete Noetherian local O-algebra with residue field k.

Lemma 2.10. 1. Let M be a finite R-module, and let T € Endgr(M). There is a unique T-invariant
decomposition M = M ,rq ® Mpon-ora with the following property: T is invertible on M ,.q, and topolog-
ically nilpotent (for the mp-adic topology) on Myon-ora. Moreover, the limit e = lim,,— oo T exists in
Endgr(M), is an idempotent, and we have Myrq = eM, My on-ora = (1 — €)M.

2. Let M, N be finite R-modules, let Ty € Endg(M), T> € Endg(M), and let f € Hompg(M, N) intertwine
Ty and Ts. Then we have fMyrqg C Nord, fMpon-ord C Nnon-ord, the decompositions being taken with
respect to Ty and Ts.

3. Let M be a finite R-module, and let T € Endg(M). If I C R is a proper ideal, then we have

(M/(I))ora = Mora/ (1),
(M/(I))n(m—m“d = Mnon-ord/(l)-

Proof. The mg-adic topology on Endg(M) coincides with the topology induced by kernels of the maps
Endg(M) — Endg(M/(m?%)), n > 1. Replacing R by one of the quotients R/m%, we can therefore assume
that R is Artinian. Let P(X) € k[X] be the characteristic polynomial of T on M/(mg), and let P(X) € R[X]
be a monic lift of P such that P(T) = 0 on M. There is a unique factorization P = AB in k[X], where
the constant term of A is a unit, and B = X™, for some m > 0; by Hensel’s lemma, this factorization lifts
uniquely to a factorization P = AB in R[X], with A, B monic.

We define Myq = B(T)M, Myon-ora = A(T)M. Since P(T)M = 0, we have A(T)Myq = 0, which
implies that T is invertible on M,,q (as the constant term of A is a unit). We also have B(T)Muon-ora = 0,
which implies that T is topologically nilpotent (hence nilpotent, as R is Artinian) on Myen.orq- Since A, B
generate the unit ideal in k[X], we can find f,g € R[X] such that fA+ gB = 1+ h, where h € mg[X]. It
follows that f(T)A(T)+ g(T)B(T) is invertible in Endg (M), implying that M = Morq + Mpon-ord- f © € M
lies in the intersection of these two submodules, then the sequence T"x is eventually 0 (as T is nilpotent),
hence x = 0 (as T is invertible on My,q). We deduce that in fact M = Myq © Mpon-ord- In particular, there
exists an integer ng such that for all n > ny, T = e is the identity on My.q and trivial on Myon-ord-

It remains to check that this decomposition is unique. Suppose that there is another decomposition
M =M. ,® M|, ..qsuch that T is invertible on M/ , and nilpotent on M/ 4. After possibly increasing
ng, we can assume that for all n > ng, T™ = e is the identity on M/ ; and trivial on M/ .. We then
obtain

Myg =eM = Mérdv
Mhon-ord = (1 - e)M = Mrll

on-ord*

This completes the proof of the first part of the lemma. For the second part, it is immediate that T1 Myon-ora C
Nion-ord- Let B(X) € R[X] be a monic polynomial lifting X™ € k[X] such that B(T2)Npon-ora = 0. Then
f(Mora) = f(B(T1)Mora) = B(T2) f(Mora) C Noga. This completes the proof of the second part. The third
part of the lemma is immediate from our expressions My,q = B(T)M, Myon-ora = A(T)M. O

In the situation of the first part of Lemma we call My;q the ordinary part of M (with respect
to T), and Myon-ora the non-ordinary part.

Lemma 2.11. 1. Let C* be a complex of finite R-modules, and let T € Endg(C*®). Then, decomposing
each term of C* into ordinary and non-ordinary parts, we obtain a decomposition C* = C3, ,®C?

of complezes of R-modules. Moreover, for each integer i there are canonical isomorphisms

on-ord

Hl( ;rd) = Hi(c.)orlh
HZ( r.wn—ord) = HZ(C.)non—ord~



2. Let C*, D* be complexes of finite R-modules, let Ty € Endgr(C*®), To € Endgr(C*®) and let f €
Homp(C*®, D®) intertwine Ty and Ty. Then fC?., C D? . and fC . ... C D2

NON-0T! non-ord*

Proof. For the first part, a standard reduction shows that it is enough to prove the following statement: take
a commutative diagram with exact rows

0 M’ M M 0
iT’ lT lT”
0 M’ M M 0.

Then the induced sequences of R-modules

/ "
0 M. 4 Morq MZ 4 0
and
! "
0 Mnon—ord Mnon—ord Mnon—ord 0

are exact. Let P[X] be the characteristic polynomial of 7' on M/(mp), and factor P = AB in k[X], where
the constant term of A is a unit and B = X™ for some m > 0. Let P(X) € R[X] be a monic lift of P such
that P(T) = 0 on M. Then the above factorization lifts to a factorization P = AB in R[X] with A, B monic.

We now show that the sequence of ordinary parts is exact. FExactness on the left is clear. For
exactness on the right, we observe that B(T') is invertible on M/ ; and zero on M’ . thus M! , = B(T)M"
is the image in M"” of B(T)M = M,q. For exactness in the middle, suppose that m € M4 is killed in
M . Since B(T) is invertible on Mg, we can write m = B(T)n with n € Myq. The element n is also
killed in M 4, hence lifts to M’, hence m = B(T)n lifts to B(T)M' = M/ ;. The proof of exactness of the
sequence of non-ordinary parts is similar, using A(T) instead of B(T'). This completes the proof of the first

part of the lemma. The second part follows immediately from the second part of Lemma [2.10 O

We now discuss idempotents from the point of view of the derived category. If A is any additive
category, and X € A, X1,..., X, € A, then the following are equivalent:

1. There exists an isomorphism X = X; & --- & X,,.

2. There exist morphisms 7; : X; = X, p; : X — Xj, j = 1,...,n, such that p;i; = 1 for each j and
lx =370 i;p;.
In the second case, each i;p; € Hom (X, X) is an idempotent. We say that an additive category is idem-

potent complete if for any X € A and any idempotent e € Hom4(X, X), there exists a decomposition
X = X7 @ X such that e = ¢1p;. The derived category of an abelian category is idempotent complete.

Lemma 2.12. Let C* be a bounded above, perfect complex of R-modules. Let t € Endp(g)(C*). Then there
is a unique idempotent e € Endpr)(C*®) with the following properties:

1. e is a polynomial in t (with R-coefficients).
2. The map H(t) acts invertibly on H(e)H*(C*®) and topologically nilpotently on (1 — H(e))H*(C*).

Proof. We first show existence of e. Consider the R-subalgebra S of Endpr)(C*®) generated by t. Then
Endp(g)(C*®) is a finite R-module, so S is a finite R-algebra, hence admits a decomposition S = [, Sw over
the finitely many maximal ideals of S. Let e € S denote the idempotent which is 0 on the factors such that
t € m, and 1 on the factors such that ¢ ¢ m. It is then clear that e and ¢ commute.

We must show that ¢ acts invertibly on H(e) H*(C*®) and topologically nilpotently on (1—H (e))H*(C*).
Replacing C*® by a quasi-isomorphic complex, we can assume that C*® is a good complex and t is represented
by an element 7' € Endr(C®). We see that as N — oo the endomorphism of the finite R-module H*(C*®)
induced by tV' approaches the endomorphism induced by e, so this is clear.
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We now show uniqueness. The idempotents of .S are in bijection with the sets of maximal ideals of S;
we must show that there is a unique idempotent with the given action of cohomology. After writing C*® as a
direct sum, we can assume that S is local and must show that either H(t) acts invertibly on H*(C*®) or H(t)
acts nilpotently. Replacing C'* by a quasi-isomorphic good complex, it is clear that these two possibilities
correspond to the cases t € mg or t € mg. This completes the proof of the lemma. O

If C* is a bounded above, perfect complex of R-modules, T' C Endp(g)(C*) is a finite (commutative)
R-subalgebra, and ¢t € Endp(g)(C*) is an endomorphism that commutes with 7" (for example, if £ € T'), then
we define the ordinary part C3 4 of C* as the direct summand of C*® corresponding to the idempotent e,
corresponding to the endomorphism ¢. If C'* is a good complex and we choose a representative ¢ € End r(C*®)
of t, then this agrees with the definition of C?_; given in Lemma The complex C3 4 is defined uniquely
up to quasi-isomorphism in D(R), and there is a canonical homomorphism 7" — Endpg)(C3,.4), given
(essentially) by x — exe.

Similarly, if C'* is a bounded above, perfect complex, T' C Endp(g)(C*) is a finite R-subalgebra, and
m C T is a maximal ideal, then T, C T is a direct factor (as R is complete), and there is a corresponding
idempotent e, € T. The corresponding direct factor C, of C* is defined uniquely up to quasi-isomorphism
in D(R), and there is a canonical homomorphism T' — Endpg)(Cy,); its image is canonically identified with
Th-

We will use these constructions later to define the ordinary parts and m-parts of complexes which
compute the cohomology of arithmetic locally symmetric spaces. In this context, the algebra T will be the
algebra generated by the Hecke operators at finite places, and m will be a maximal ideal of this Hecke algebra
corresponding to a given Hecke eigenclass. In this connection, we will also need to glue complexes. We now
give a naive formulation of this kind of operation.

Lemma 2.13. Let I1 D Io D ... be a nested sequence of open ideals of R such that N52;I; = 0. Let
R. = R/I.. Suppose given for each ¢ > 1 a good complex M? of R.-modules, together with an isomorphism
fer1 : M3y ®p.y Re — MZ. Then:

1. M3, = @Mc’ is a good complex of R-modules, and there are canonical isomorphisms F. : M3 ®pr R, =
M? for each c > 1.

2. The natural map H*(M3) — I&HH*(MC') is an isomorphism.

3. Suppose given for each ¢ > 1 a good complex N2 of R.-modules, together with an isomorphism gey1 :
N2,y ®R.yy Re — N2 and an element t. € Homg(g (M2, N2) such that gey1 0tey1 = teo feqr in
K(R.). Then there exists a unique element to € Homygry(M3,, NS,) such that for each ¢ > 1, the
diagram

M2 =5 N2
Me —= s N*
commutes in K(R).

Proof. The first part is easy. We observe that each of the rings R, is Artinian, hence any finite R.-module
is Artinian. In particular, any inverse system of R-modules (N.).>1 in which each N, is a finite R.-module
satisfies the Mittag-Leffler condition. This implies the second part of the lemma (cf. [Wei94, Theorem
3.5.8]). The third part follows in a similar way: we want to show that the natural map

Homg (ry(M5,, N&) — lim Homg () (M2, N?)
C

is an isomorphism. For each 1 < ¢ < oo, let H.. denote the R.-module of graded homomorphisms @;cz M —
@iz NIt (which need not respect differentials). Then there are exact sequences

H,——Homp (M}, N )—=Homg gy (M?, N2)—=0,

11



the first arrow being given by s — ds + sd. It is easy to see that the natural maps

Hoo — lim H,, Homp(MS,,N3) — l'ngomR(MC',Ng)
c c

are isomorphisms, so another application of the Mittag-Leffler property gives the result. O

Lemma 2.14. Let I D I D ... be a nested sequence of open ideals such that N2,I; = 0. Let R. = R/I..
Suppose given for each ¢ > 1 a perfect, bounded above complex M? of free R.-modules, together with a quasi-
isomorphism foi1 1 M2, ®g,,., Re =2 M?. Then we can find a minimal complex F3 of R-modules and a
collection of quasi-isomorphisms g. : Fy @r R, — M2 such that for each ¢ > 1, the diagram

ge+1
F3 ®Qr Rey1 ——= M2,

i Jsen

F® @r R. —2—> M?

commutes in K(R). Moreover, F3, is unique in the following sense: if (G2, (he)e>1) is another pair satisfying
these conclusions, then there is an isomorphism j : FS — G such that j @ R, = h;' o g. in D(R.) for
all c>1, and j is uniquely determined up to chain homotopy.

Proof. By hypothesis, we can find for each ¢ > 1 a minimal complex N? of R.-modules, together with
morphisms a. : N} — M? and b, : M? — N2 such that each of a.b. and b.a. is chain homotopic to the
identity. The composite map

be © fet1 0 (aetr @Ret1 R.): Nc.+1 QR Re = Ne

is then a quasi-isomorphism, hence an isomorphism of minimal complexes. By Lemma we can find a
minimal complex F3 of R-modules, together with a compatible system of isomorphisms h. : F3 ®r R, = N,.
We then define g. = acohe. It is clear that the pair (F3, (gc)c>1) has the desired properties. The uniqueness

00

follows from the last part of Lemma [2.13] O

Proposition 2.15. Let Iy D I D ... be a nested sequence of open ideals of R such that N2 I; = 0.
Let R. = R/I.. Suppose given for each ¢ > 1 a perfect, bounded above complex M? of free R.-modules,
together with an element t. € Endpg,)(M?) = Endg(p,)(M?). Suppose given as well morphisms foi1 :

M2, | ®gr.., Re — M? making the diagrams

ter1®@Re
Mc.-i-l ®RCHML’+1 ®RC

lchrl lfc+1
M — e
commute in D(R.), and inducing isomorphisms

H* (M?-i-l ORet1 Re)ora= H” (M:)Ord7

C

the decomposition into ordinary parts taken with respect to the operator t.. Then we can find a minimal
complex F3 of R-modules, together with morphisms

ge: F3 @r R. — M,
g;:Mc._>Fo.o®RRcv
all satisfying the following conditions:
1. We have equalities g.gc = 1, feq10(ges1 @R,y Re) = ge and g0 fer1 = (gi11 @R, Re) of morphisms
in D(R,).

12



2. gcg. is an idempotent in Endp g )(M?).

3. The induced map on cohomology of g.g.. is projection onto H*(M2)ora along H*(M2)non-ord- In par-
ticular, there are commutative squares for every ¢ > 1:

H*(FS ®r Ret1) —=- H* (M2 1)ora

L

H*(F2 ®r R.) ——= H*(M?) ra-

The pair (F3, (ge)e>1, (gh)e>1) s unique in the following sense: if (G2, (he)e>1, (RL)e>1) is another tuple
satisfying points 1-3, then we can find an isomorphism j : FS — G2, such that j Qg R. = hl,og. in D(R,),
and j is uniquely determined up to chain homotopy.

Finally, suppose given for each ¢ > 1 an element s. € Endp(gr,)(M?) such that fei1 0 (Scr1 @R,y

Rc) = sc0 fer1, and scte = tes.. Then there is a unique element so, € Endp(g)(FS,) with the property that
(Soo ®r Re) = geSeyl, in D(R,.) for each ¢ > 1. In particular, the action of soc ®r R on the direct summand

H*(F5, ®r Re) = H* (M) ora C H* (M)
agrees with the restriction of the element s. to this subspace.

Proof. After replacing each M? by a quasi-isomorphic complex, we can assume that each M? is minimal.
Let T, € Endg(M?) denote a representative of t. € Endpg,)(M?), and define F? = M? .4, as in Lemma
the decomposition taken with respect to T,. Let i. : F? — M2 and p. : M? — F? denote the canonical
inclusion and projection, respectively. We observe that there is an integer N. > 1 such that the equality
ic o pe = tY<' holds in Endpg,)(M?) (since the equality i. o p, = TN holds at the level of cochains). In
particular, the equality fei1ter1 = tcfer1 implies the equality fet1iet1Der1 = ePefer1 in D(R,).

The complex F? is minimal (being a direct summand of a minimal complex), and for each ¢ > 1,
the composite map

H*(F2) = H* (M) = H* (M)org

is an isomorphism. There is a morphism a4 : F2, | ®g,,, Rc — F7, given by the formula ac11 = pco fey10
(ic41 ®R,,, Re), and we see that ac,; is a quasi-isomorphism of minimal complexes, hence an isomorphism.
We can therefore apply Lemma @ to the complexes F? to obtain a minimal complex F3 of R-modules,
together with isomorphisms b, : F3 ®r R. = F? for each ¢ > 1. We define g. = i. o b., and g, = b;l 0 Pe-
Then g'.g. = b 'peich. = 1 and g.g’, = i.p. is an idempotent (even as a morphism of complexes, before
passing to the derived category).

The equality fei10(get1®r,., Re) = ge is equivalent to the equality icpe fer1e+10e+1 = fesrier1bes1,
which holds because icp.fer1 = feqriet1Per1 and peyricy1 = 1. The equality g o fer1 = (9041 @R,y Re)
is equivalent to the equality p.fe+1 = Pefetitetr1Per1, Which holds for essentially the same reasons This
completes the proof that (F%, (gc)e>1, (9)e>1) has the claimed properties.

If (G, (he)e>1, (RL)e>1) is another minimal complex as in the statement of the proposition, then
we have diagrams for every ¢ > 1:

o Get1®Rc o h;+1®Rc .
Fy ®@p Re ——= M2 | —— G, ®r R,

.

F® ®p R, —%> M®* —> G% ®p R..

The composites h.g. are quasi-isomorphisms of minimal complexes, hence isomorphisms, and the third part
of Lemma implies that they glue to an isomorphism F35 = G2, with the desired properties.

Finally, suppose given for each ¢ > 1 an element s, € Endp(g,)(M?) such that fei1 0 (sc41 ®r.y,
R.) = 8.0 fer1, and st = t.s.. This implies that scicp. = icpese. Let sl = glscge = b pescich. €

13



Endp(g,)(F% ®r R:) = Endg (g,)(FS, ®r R.). We claim that s, ®g,,, Rc = 5. This is equivalent to the
equality peScicet1 = Geqr1Pet1Sc+1%c+1- The left hand side of this equation equals

DeSciePefet1tor1 = PeScfet1lot1-

The right hand side equals
Defet1let1Pet15c+1%c+1 = Pefet1Sct1tot1-

These are the same, because of the relation s.f.11 = fer15c+1. The last part of Lemma [2.13| now implies
the existence and uniqueness of the desired element s.. O]

3 Abstract patching

Let p be a prime, E a finite extension of Q,, and let O be its ring of integers. We write A C O for the unique
maximal ideal and k = O/ .

Proposition 3.1. Fiz A € CNLp and ¢ > 1, and define Soo = A[S1,...,5,] and a = ker(Sec — A). Let
Soo D11 D I... be a decreasing sequence of open ideals of So such that Ni>11; =0. If N > 1, then we set
SN = Soo/In. Suppose given the following data.

1. A good complex C§ of A-modules concentrated in degrees [0,d] for some d > 0.
2. An object Ry € CNLy together with a map Ry — Endp)(Cg).

3. For every integer N > 1, a good complex Cy, of Sn-modules, together with an isomorphism fn :
Cy/(a) = C§ ®s.. Sn. (We consider C§ as an Soo-module via the augmentation homomorphism
Soo = AL)

4. For every integer N > 1, an object Ry € CNLg, and maps Ry — Endp(s,)(C%) and Ry — Ro/(IN)
of Sn-algebras, such that the following diagram commutes:

RN _—> EndD(SN)(CI.V)

| |

Ro/(In) — Endpa /(15 (C§ ®s.. Sn)-
5. A complete Noetherian A-algebra R, and for each integer N > 1, a surjective map of A-algebras
gN : Reo — Ry -
Then we can find the following data.
1. A good complex C3, of Seo-modules, together with an isomorphism foo : C3, ®s. A — Cf.
2. A homomorphism So — Rso in CNLp, making R into an S -algebra.

3. A commutative diagram of S -algebras

Roo e EndD(Sw) (C;o)

i |-eeun

RO EndD(A)(Cg)
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Proof. We patch. By Chevalley’s theorem, we can assume without loss of generality that Iy = mgli’ , for
a sequence my of integers which tend to infinity as N — oco. For simplicity, let us assume that in fact
Iy =m§ . We define s = dimy H*(C§ ®a A/my). If t € mpg,, then ¢ acts nilpotently on

HY(CY @sy k) = H*(C5 @a k),

hence t* acts as 0 on H*(C¥ ®g, k). The existence of the spectral sequence of a filtered complex implies
that tV* then acts trivially on H*(C} ®s. Sso/m3_), hence (Lemma the image of t(TDNs is 0 in

Endp (s /my (O} ®s. Soo/mg._)-
In particular, if the Zariski tangent space of R, has k-dimension g, then the image of mgg;rl)ng in
Endps, jmy_)(CX ®s. Soo Jmy ) is 0.
We define a patching datum of level N > 1 to be a tuple (D®, 4, R, 19,11, 72), where:

e D* is a good complex of Sy-modules.
e 1 is an isomorphism D*® = C§ ®g__ Sy of complexes of So.-modules.

e R is an object of CNLg_ equipped with a surjection 79 : R — R in CNLj, and maps 71 : R —

Endps,)(D*®) and 73 : R — Ro/mgjl)]vsg of Sy-algebras. Moreover, mgH)ng =0.

e The following diagram is commutative:

1 °
R——m— EndD(Sw/mgx)(D )

2 l
d+1)Ns °
Ro/mfg VN0 —— Endp s /mp) (C§ @1 A/my).
We make the collection of patching data of level N into a category Patchy as follows: a morphism « :
(D.a 7/13 Ra Mo, ", 772) - (E.? ¢/a Rla 7767 77{5 77/2) is a pair a = (f7 g)a where:
e f:D* — E*® is an isomorphism such that ¢'(f ®s, Seo/(mg_,a))y~" is the identity.
e g: R — R'is an isomorphism in CNLg_ that intertwines 7o and n}, 71 and 7}, and 72 and 75.

Evidently the category Patchy is a groupoid, i.e. every morphism is an isomorphism. There is a collec-
tion of functors (F : Patchyt1 — Patchy)ny>1, which assign to a tuple (D®, 4, R, n9,m1,72) the tuple
FN(D.a wa Mo, M1, 772) = (E.a ¢/7 R/7 776) 77,1’ 77%) given as follows:

o [*=D"* ®SOC Soo/l'ﬂgOO
e 1)/ is the composite

E* @5, Seo/(m§_ +0a) 2 D*®g_ Soo/(mY_+0a) 2 C° ®s_ Soo/(my_ +a).

° R/ = R/mg+1)ng.

e 15, n; and 14 are the obvious maps.
The set of isomorphism classes of patching data of level N is finite. Indeed, it suffices to note that
the cardinality of the ring R in the tuple (D*®,%, R,n0,m1,72) is bounded solely in terms of N (since
Roo /mg:gl)ng is a ring of finite cardinality), and Endpg_ /my )(D*®) has cardinality bounded above by
#S00/my - (dimy D* ®s__ k)2

The set of isomorphism classes is also non-empty. Indeed, for each M > 1, we can define a patching
datum D(M, M) = (D*®, v, R,n9,m,72) € Patchys as follows:

15



o D* =C% Qs Soo/mgio.
Y= fu.

R— RM/mg:;DMSgo

No, M1 and 719 are the obvious maps.

If M > N > 1, then we define D(M, N) € Patchy to be the image of D(M, M) under the composite functor
Fn o Fng10---0Fy_q. After diagonalization, we can find an increasing sequence (My)n>1 of integers,
together with a system of isomorphisms ay : Fy(D(My4+1, N + 1)) = D(My, N). Passing to the inverse
limit with respect to these isomorphisms, we obtain a tuple (D2, %0, R, 10,11, 72), Where:

e D2 is a good complex of S-modules.

® 1 is an isomorphism D2 ®s._ So/(a) = CJ.

e R™ is an object of CNLg_, and 7 is a surjective homomorphism R., — R* in CNL,.
e 71 : R — Endp(s_)(D3,) is a homomorphism of S..-algebras.

e 75 : R — Ry is a homomorphism of S..-algebras.

The following diagram is commutative:

R>® > Endps__ (DS

%)
P
Ro —_— EndD(A) (06)

It follows that 7 is injective. Since Sy, is formally smooth over A, we can lift the homomorphism S,, — R>
to a homomorphism So, — Ro. The proof is now completed on taking C3 = D3,. O

To illustrate the use of Proposition we state the following result, which will not be used later.
It serves as a prototype for the proof of our main result, Theorem [6.29

Corollary 3.2. With notation as in Proposition[3.1], suppose given integers n > ly such that A is a regular
local ring of dimension n and Rs is a formally smooth A-algebra of dimension dim Ry, = dim S, — g =
n—+ q — lo. Suppose moreover that H*(C§) # 0 and C§ is concentrated in degrees [0,lo]. Then the map
Ry — Endpa)(CY) is injective and H'(CY) is a free Ro-module.

Proof. There is a commutative diagram of S..-algebras:

Ry — Endps.)(C%,)

l |-eoun

RO EHdD(A)(CG)

By Lemma [2.8] we have
dimg_ H*(C%) = dimg_ H*(C2,) < dim Ry = dim Sy, — lo.

It follows from Lemma that equality holds here, and the cohomology groups H*(CS,) are non-zero if and
only if ¢ = ly. We also see that

depthy  H"(C3,) > depthg_ H'"(CS,) = dim R,

so the Auslander-Buchsbaum formula implies that H'0(C®.) is in fact a free Roo-module. It follows that
HY(CS) ®s.. A = H(CQ) is a free R /(a)-module, hence R../(a) = Ry and H"(C3) is a free Ro-
module. O
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4 Galois deformation theory

Let F be a number field, let p be a prime, and S, denote the set of places of F' dividing p. We fix a coefficient
field E together with a continuous, absolutely irreducible representation p : Gp — GL, (k) and a continuous
character p : Gp — O which lifts det p. We also fix a finite set S of finite places of F', containing S, and
the places at which p and p are ramified. We assume for simplicity that p > n and n > 2. In particular, the
prime p is odd.

For each v € S, we fix a ring A, € CNLp and we define A = @UegAv, the completed tensor product
being over ©. Then A € CNLe. Let v € S. We write DY : CNL,, — Sets for the functor that associates to
R € CNL,, the set of all continuous homomorphisms 7 : G, — GL,,(R) such that 7 mod mg = p|g,, and
det r agrees with the composite G, — O* — R* given by y|g,, and the structural homomorphism O — R.
It is easy to see that DE is represented by an object RE' € CNL,, (for example, by applying Schlessinger’s
criterion as in [Maz89]).

Definition 4.1. Let v € S. A local deformation problem for plg,., is a subfunctor D, C DE satisfying the
following conditions:

e D, is represented by a quotient R, of RE.
e For all R € CNL,,, a € ker(GL,(R) — GL,(k)) and r € D,(R), we have ara~! € D,(R).

Definition 4.2. A global deformation problem is a tuple

S = (pa M, Sv {AU}UESa {DU}UES)7

where:
e The objects p: Gp — GL,,(k), u, S and {A,}ves are as at the beginning of this section.
e For eachv € S, D, is a local deformation problem for plg,., -

Definition 4.3. Let S = (p, 1,5, { Ay }ves, {Dv}ves) be a global deformation problem. Let R € CNLy, and
let p: G — GL,(R) be a continuous homomorphism. We say that p is of type S if it satisfies the following
conditions:

o p is unramified outside S.

e detp = pu. More precisely, the homomorphism detp : Ggp — R* agrees with the composite Gp —
O* — R* induced by p and the structural homomorphism O — R.

e For each v € S, the restriction p|a,, lies in Dy(R), where we give R the natural A,-algebra structure
arising from the homomorphism A, — A.

We say that two liftings p1, p2 : Gr — GL,,(R) are strictly equivalent if there exists a matriz a € ker(GL,(R) —
GL,(k)) such that p = apia=".

It is easy to see that strict equivalence preserves the property of being of type S. We write DE
for the functor CNLy — Sets which associates to R € CNLj the set of liftings p : Gp — GL,(R) which
are of type S. We write Dg for the functor CNL, — Sets which associates to R € CNL, the set of strict
equivalence classes of liftings of type S.

Definition 4.4. If T C S and R € CNLy, then we define a T-framed lifting of p to R to be a tuple
(p; {aw fver), where p : Gp — GL,,(R) is a lifting and for each v € T, «,, is an element of ker(GL,,(R) —
GL,, (k). Two T-framed liftings (p1,{cw tver) and (pn,{Bvtver) are said to be strictly equivalent if there is
an element a € ker(GL,,(R) — GL, (k)) such that p = apia~* and 3, = ac, for each v € T.

We write Dg for the functor CNL — Sets which associates to R € CNL the set of strict equivalence
classes of T-framed liftings (p, {ay }ver) to R such that p is of type S.
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Theorem 4.5. Let S = (p, 1, S, {Av }ves, {Du toes) be a global deformation problem. Then the functors Ds,
DE and DL are representable by objects Rs, RE and RE, respectively, of CNLy.

Proof. This is well-known; see [Gou0ll, Appendix 1] for a proof that Dg is representable. The representability
of the functors DE and DL can be deduced easily from this. O

Let S = (B, 1, S, {Av}ves, {Dv}ves) be a global deformation problem, and for each v € S let
R, € CNL,, denote the representing object of D,,. We write AL = ®uver R, for the completed tensor product,
taken over O, of the rings R,. The ring AL has a canonical Ar-algebra structure, where Ay = RuerMy; it
is easy to see that Ag represents the functor CNLj, — Sets which associates to a Ar-algebra R the set of
tuples (py)ver, where for each v € T, p, : Gr, — GL,(R) is a lifting of p|g,, such that p, € D,(R) when
we give R the A,-algebra structure arising from the homomorphism A, - Ar — R.

The natural transformation (p, {ow}ver) — (ay'plG s, @w)ver induces a canonical map AL — RE,
which is a homomorphism of Ap-algebras. We will generally use this construction only when A, = O for
each v € S — T, in which case there is a canonical isomorphism Ar = A.

Lemma 4.6. Let S be a global deformation problem, and let ps : Grp — GL,(Rs) be a representative of the
universal deformation. Choose vy € T, and let T = O[{ Xy veri<ij<nl/(Xvy,1,1). There is a canonical
isomorphism Rg ~ Rs®RoT.

Proof. There is a T-framed lifting over Rs®¢7T given by the tuple (ps, {(Xy,i,j)i,j tver). It is easy to check
that the induced map Rg — Rs®eT is an isomorphism. O

4.1 Galois cohomology

Let S = (p, 1, S, {Av}ves, {Dv}ves) be a global deformation problem. We write adp for the k[Gr]-module
given by the space M, (k) of n x n matrices, with G acting via the adjoint (conjugation) action of 5. We
write ad’ 5 C ad 5 for the k[G r]-submodule consisting of matrices of trace 0. For each v € S, let R, denote
the representing object of D, and I, = ker(REI — R,). There are canonical isomorphisms

Zl(Fv, ado ﬁ) = Homk(ng/(m?%vD,mAv), k’) = HomCNLAU (RE, k’[G]/(gQ))7 (41)

where we write Z 1(Fv,ad0 p) for the space of continuous l-coycles ¢ : Gp, — ad”p. The pre-image in
ZY(F,,ad’p) of Homent,, (Ry, kle]/(€?)) € Homent,, (RS k[€]/(€2)) is a k-vector subspace, which we call
L1, Tt contains the space of 1-coboundaries, and we write £, for the image of £} in H'(F,,ad" p).

Now fix a subset T' C S, which may be empty, and suppose that A, = O for each v € S —T. Then
there is a canonical isomorphism A7 2 A, and the map AL — RX is a morphism of A-algebras. In this case,
we define (following [CHTOS, §2]) a complex C’gﬁT(adO p) by the formula

CO(Fg/F,adp) i=0

Ci - (adp) = C'(Fs/F,ad’p) ®yer CO(F,,ad p) i=1

STRase C*(Fs/F,ad’ p) ®ues—1 C(F,,ad’p)/LL i=2
C'(Fs/F,ad’p) ®yes C*1(F,,ad’ p) otherwise.

The boundary map is given by the formula
Csr(ad’p) = Cglp(ad” p)
(@, (Yv)o) = (09, (Dlar, — Otbv)w)-
There is a long exact sequence of cohomology groups
0—— HY ;(ad’ p) —— H°(Fg/F,adp) @uer HO(F,, ad D) (4.2)
— H} ;(ad’ p) —— H'(Fs/F,ad’ p) — GverH'(F,,ad’ p) ©yes—1r H'(F,,ad’p)/L,

H‘%,T(a‘do p) - HQ(FS/Fa ado p) @UGSHQ(FU,adO ﬁ)
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and consequently an equation

xsr(ad’p) = x(Fs/F,ad’p) = Y  x(F,,ad’p)+ Y (6, —h(Fy,ad’p)) — 1+ #T  (4.3)
veS veS-T

relating the Euler characteristics of these complexes (which are all finite; see [Mil06, Ch. 1, Corollary 2.3]
and [Mil06, Ch. 1, Corollary 4.15]). We also define a group that plays the role of the dual Selmer group in
this setting. Since p > n, there is a perfect duality of Galois modules

ad’ 7 x ad’ p(1) — k(e) (4.4)
(X,Y) — tr XY.
In particular, this induces for each finite place v of F' a perfect duality between the groups H'(F,, ad’ p) and

H'(F,,ad’5(1)) (by Tate duality; see [Mil06, Ch. 1, Corollary 2.3] again). We write £ ¢ H'(F,,,ad’5(1))
for the annihilator under this pairing of £,, and we define

H§ p(ad”p(1)) = ker (Hl(FS/F,adOp(l))% H Hl(Fv,adOp(l))/,ci>. (4.5)

veS-T

Proposition 4.7. Let S = (p, i1, S, {Av }ves, {Duv}ves) be a global deformation problem, and let T C S be a
non-empty subset. Suppose that A, = O for eachv e S —T.

1. There is a surjection AL[X1,...,X,] — R% of AL-algebras, where g = h}sj(ado D). If for each
v e S —T, the ring R, is formally smooth over O, then the kernel can be generated by r elements,
where r = h%yT(adO D).

2. There is are equalities h%’T(adO )= h}iT(adO p(1)) and

hsp(ad’p) = b p(ad’p(1)+ D (6 — BO(F,,ad’ p)) —hO(F,ad’ p(1)) =Y h(F,,ad’ p)—1+#T.
veS-T v|oco

Proof. The global analogue of (4.1)) is the chain of isomorphisms
HY 7(ad” p) = Homy (mpr /(m3yr,m 47). k) = Homene,,, (Rse/(mgx). kel /(). (4.6)

We explain the first isomorphism. A T-framed lifting of p to k[e]/(e?) can be written in the form ((1 +
€d)p, (1 + eay)ver), with ¢ € Z'(Fg/F,ad’p). The condition that it be of type S is equivalent to the
condition ¢|g,, € L} for v € S. The condition that it give the trivial lifting at v € T is equivalent to the
condition

(1 - 6av>(1 + 6¢|GF1, )5|GFU (1 + Eav) = p|GFv :

Putting it another way, the T-framed liftings of 5 to k[e]/(e?) are in bijection with the tuples (¢, {a }ver),
where ¢ € Z(Fs/F,ad’p), o, € adp, and for each v € T we have the equality

¢|GFU = (adeFv - 1)0@.

Two tuples (¢, {a, tver) and (¢, {) }oer) give rise to strictly equivalent T-framed liftings if and only if
there exists t € ad p satisfying

¢ =¢+(1—adplt,

/
Oy =y +1

for each v € T. This completes the calculation of the tangent space. The rest of the first part is a standard
argument in obstruction theory, which we omit.
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For the second part, we recall that H*(Fs/F,ad"5) = 0 if i > 3 (by [Mil06, Ch. 1, Theorem 4.10],
and since p is odd), while Tate’s local and global Euler characteristic formulae (see [Mil06, Ch. 1, Theorem
2.8] and [Mil06l Ch. 1, Theorem 5.1], respectively) give

> x(Fy,ad’p) = n?[F : Q)

veES
X(Fs/F,ad’p) = n’[F : Q] = Y _ h°(F,,ad"p)
v|oo
hence
xs.7(ad’p) Zh (Fp,ad’p) + > (by — h(Fy,ad’p)) + 1 — #T (4.7)
veS-T

(use (4.3). We now observe that there are exact sequences

H'(Fs/F,ad’ p) — @ver H'(F,,ad" p) Gves—r H' (Fy,ad’ p)/L,
H‘%’T(adoﬁ) HHz(FS/Fa adoﬁ) @q;eSHQ(FU,adOﬁ)

and

Hl(FS/Fv ado p) I @vGTHl(Fva ado ﬁ) @vesz Hl (Fv» ado ﬁ)/[,v
H?(Fs/F,ad’ p) ®pesH?(F,,ad’ p)

0.

HY 7 (ad” (1))
—— HO(Fs/F,ad’ 5(1))"

(The first sequence is part of (4.2]), while the second is part of the Poitou-Tate exact sequence (see [Mil0G,
Ch. 1, Proposition 4.10]).) Comparing these two exact sequences, we see obtain

h%,T(adO p) = h}s,T(adO p(1)),
h% r(ad” p) = hO(Fs/F,ad’ p(1)),

and so (4.7) gives

hsr(adp) = b p(ad’ 5(1)) — h°(Fs/F,ad’ 5(1)) = > hO(Fy,ad’ )+ > (b — hO(F,,ad’p)) — 1+ #T
v|oco veS-T

(we have ngT(ad0 p) = 0, since T is non-empty by assumption). Re-arranging this equation completes the
proof. O

We say that p is totally odd if for each complex conjugation ¢ € G, we have

p(ec) ~ diag(1,...,1,—-1,...,-1),
—— —— ——
a b

with |a — b < 1. If F is totally complex, then this condition is empty!
Corollary 4.8. Suppose further that the following conditions hold.
1. The representation p is totally odd.
2. The representation p is not isomorphic to its twist p ® € by the cyclotomic character.

3. For eachv € S —T, R, is formally smooth over O of dimension n?.
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4. T is non-empty.

Then Rg is a quotient of a power series Ting over Ag mn
g=hsr(d’p(1)) —n(n—1)[F: Q]/2 -l — 1+ #T

variables, where ly is the ‘defect’ (depending only on F and n) defined in below. The kernel of this
surjection can be generated by at most r = hs p(adp(1)) elements. In particular we have:

dim RL > dim AL + g —r = dim AL —n(n — 1)[F : Q]/2 — lp + 1 — #T,

hence
dim Rs > (dim AL — (n® — D)#T) —n(n — 1)[F : Q]/2 — lo.

4.2 Local deformation problems
4.2.1 Ordinary deformations

Let v € S, and suppose that A, = O[OF (p) x --- x O (p)] (n — 1 times). We now define a functor of
ordinary deformations. For simplicity, we assume that we are in the special case where p|q,, is trivial and
[Fy: Qp] > n(n—1)/2+ 1. In this case, we have the following result:

Proposition 4.9. There exists an O-flat, reduced quotient RS of RE satisfying the following conditions:
1. RS defines a local deformation problem.

2. Let R € CNLy, be a domain, and let K be an algebraic closure of K = FracR. Let p be a lifting
of plgy, corresponding to a homomorphism f : RE — R. Then f factors through the quotient map
RE — R% if and only if there exists an increasing filtration

0=Fil) cFillc---CcFill =K" (4.8)

of p @r K with the following property: each griFil} = Filf}/Filffl, i=1,...,n—1, is 1-dimensional,
and the corresponding character ¢ : G, — K" satisfies wé\jm = X!, where ! is the pushforward of
the universal character Ip, — A — R*.

3. The structural map Spec RS — Spec A, induces a bijection on irreducible components. In particular,
if there exists an embedding F, < E then each irreducible component of Spec RS is geometrically
irreducible. Each irreducible component of Spec RS has dimension 1+(n?—1)+[F, : Q,](n(n+1)/2—1).

Proof. See [Thol §3.3.2]. We note that in loc. cit. we consider the analogous situation where the determinant
is not fixed, but it is easy to pass from this to the situation considered here. O

4.2.2 Taylor—Wiles deformations

Suppose that ¢, = 1 mod p, and p|q,, is unramified. Let A, = k(v)*(p)"~! and A, = O[A,], and suppose
that p(Frob,) has n distinct eigenvalues vy 1, . ..,%v,n € k. We define DEW to be the functor of liftings over
R e CNLAW
r~Ci @D Cy,

for continuous characters C1, ..., C, : Gg, — R* satisfying the following conditions: foreachi =1,...,n—1,
we have (C; mod mp)(Frob,) = 7, ; and Cj|r,, agrees, on composition with the Artin map, with the ith
canonical character k(v)*(p) — R*. (This character exists because R is a A,-algebra, by assumption.) We
observe that the functor DIV depends on the choice of ordering of the eigenvalues of p(Frob,). The functor
DI'W is represented by a formally smooth A, -algebra.

Suppose that S = (5, p, S, {Av }ves, {Duy }ves) is a deformation problem. Let @ be a set of places dis-
joint from S, such that for each v € @, ¢, = 1 mod p and p(Frob,) has distinct eigenvalues v, 1,..., % n € k.
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We refer to the tuple (Q, (V5.1, - - - s Yo,n)veq) as a Taylor—Wiles datum, and define the augmented deformation
problem

SQ = (pa M, SU Qa {AU}UES U {O[AU]}UEQ? {DU}UES U {DEW}UEQ)

Let Aq = [[,eqBv = [l,eqk(v)*(p). Then Rs, is naturally a O[AgJ-algebra. If ag C O[Ag] is the
augmentation ideal, then there is a canonical isomorphism Rs, /(ag) = Rs.

4.3 Auxiliary places
We continue with the notation established at the beginning of §4 In particular, p = chark > n.
Definition 4.10. We say that a subgroup H C GL, (k) is enormous if it satisfies the following conditions:
1. H has no non-trivial p-power order quotient.
2. H°(H,ad’) = H'(H,ad’) =0 (for the adjoint action of H).

3. For all simple k[H]-submodules W C ad’, we can find h € H with n distinct eigenvalues, all lying
in k, and an element o € k such that o is an eigenvalue of H and tre, W # 0. (By definition,
eha € My(k) = ad is the unique h-equivariant projection onto the a-eigenspace of h.)

Remark 4.11. 1. A enormous subgroup is big (cf. [CHTO8, Definition 2.5.1]).

2. In the first version of this paper, we used the adjective ‘huge’ instead of ‘enormous’ to describe a
subgroup satisfying the conditions of Definition We have made the change in order to be consistent
with [CG], where the same definition is employed for a similar purpose (cf. [CG §9.2]).

Lemma 4.12. Let (p, p, S, {Av}ves, {Dvtves) be a global deformation problem, and let T C S. Suppose
that p(Gr(c,)) is enormous, and let ¢ > h}sj(ado p(1)). Then for every N > 1 there exists a Taylor-Wiles
datum (Qn, (Yo, 15+ -+ Yo,n)veqQy) Satisfying the following conditions:

1. #Qn =q.
2. For each v € Qn, ¢v =1 mod p".
3. hs,  r(ad’p(1)) =0.

Proof. Fix N > 1. By the usual arguments (cf. [CHTO08|, Proposition 2.5.9]), it is enough to find a set @Q of
places of F'| disjoint from S, and satisfying the following conditions:

e Bach place v € @ splits in F((,n).
o If v € ), then p(Frob,) has distinct eigenvalues 7,1, ..., Von-
e The natural map H} (ad’ p(1)) = @veqH' (Fy,ad” p(1)) is injective.

By the Chebotarev density theorem, and induction, it even suffices to find for each cocycle ¢ representing a
non-zero element of Hé’T(adO p(1)), an element o € G F(¢,n) satisfying the following conditions:

e p(0o) has distinct eigenvalues aq, ..., a,.

e There is i =1,...,n such that trey o, ¢(c) # 0.

Suppose that ¢ represents a non-zero element of H'(Fs/F,ad’p(1)). It follows from the definition of
‘enormous’ that the image of ¢ in H*(F((,~), ad’ (1)) is non-zero, and this image is represented by a Gp-
equivariant homomorphism f : F({,~) — ad’p(1). Let op € G F(¢,~) e any element such that p(op) has
distinct eigenvalues o, ..., ayp. If treq, o,¢(00) # 0 for some 4, then we're done. Otherwise, we can assume
that treq, op(00) = 0 for each i.

Using that Hl(ﬁ(GF(CpN), ad’ (1)) = 0, we see that the image of ¢ in H'(L,ad’ (1)) is non-zero,
where L/F((,~) is the extension cut out by 5. We thus choose any element 7 € G, with treq, o, ¢(7) # 0,
and set 0 = Tog. Since p(o) = p(og) and p(o) = ¢(0¢) + ¢(7), this element does the job. O
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We now construct some examples of enormous subgroups by induction from a character. Let M/F
be a degree n Galois extension, and let ¥ : Gpy — k* be a continuous character. Suppose that for all
g € Gr — Gy, we have X9 # Y. Then p = Indgf/l X is absolutely irreducible. Let H denote the image of p.
Then H has order prime to p, and p will be enormous if and only if the following condition is satisfied:

e For all simple k[H]-submodules W C ad’, we can find h € H with n distinct eigenvalues and o € k
such that o is an eigenvalue of H and trej oW # 0.

Lemma 4.13. With assumptions as above, choose a decomposition Gp = U}, 9;Gnr, and make the following
further assumptions:

1. For all pairs (i,7) # (i',7") with i # j, i’ # 7', we have x9i /x% # x%' [x%".
2. For each i =1,...,n, there is an element h € g;Gp; such that p has distinct eigenvalues.
Then p has enormous image.

Proof. A basis of Indgif X = k[GF] ®pja, k(X) is given by the elements ey, ..., en, ¢; = g; ® 1. We can
decompose ad® p = My ® My, where My is the submodule of diagonal matrices and M; is the submodule of
matrices with all diagonal entries equal to 0. If W C ad’p is a simple submodule, then either W C My or
W C M.

In the case W C My, let h € G be an element such that p(h) has distinct eigenvalues. It is then
clear that trej oW # 0 for some choice of eigenvalue o of H. In the case W C M;, we see that W decomposes
as k[Gp]-module into a sum of pairwise non-isomorphic 1-dimensional representations. It follows that we
can find an element X € W such that X has exactly one non-zero entry (with respect to the basis eq, ..., e,).
We will show that there exists h € G with pairwise distinct eigenvalues and such that tr hX # 0. This will
complete the proof of the lemma. Indeed, the element h generates a commutative subalgebra k[h] C M, (k)
of dimension n over k, and there is an isomorphism k[h] = [], k, the product being over the eigenvalues
a € k of h; the idempotents corresponding to this decomposition are exactly the equivariant projectors ey o
onto the eigenspaces of h. If tr h.X # 0, then trej, W # 0 for some o, and this is what we need to show.

Consider an element of the form h = g;o, for some o € Gj;. Then we have he; = g;09; ® 1 =
gL Y(g,;lgjgi)y(gi_lagi) for some k uniquely determined by ¢ and j. In particular, the matrix p(h) is in
the normalizer of the diagonal matrix torus of GL, (k). Since G acts transitively on the set Gg/Gns, we
can choose j so that ¢g; X has (exactly one) non-zero diagonal entry. Since p(c) is diagonal, we have

tro(gjo)X = trp(giog; ' )p(g;) X # 0

for all o € G. By assumption, we can choose o € G so that h = g;o0 has distinct eigenvalues. This
completes the proof. O

Lemma 4.14. With assumptions as above, let G,, denote the standard I1-dimensional torus over Fp, and
let Z C G}, denote a proper Zariski closed subset. Choose a decomposition Gp = U 19;Gp. We assume
that g1 = 1. Then for all N > 1, we can find the following:

1. A primel > N.

2. A continuous character X : Gy — F: of l-power order.

3. An element o € Gy such that (X9 (0),...,x%"(0)) & Z.
Proof. Fix a place v of F' which splits in M and a rational prime [ > sup(N,p). Let w; be a place of M above
v, and let w; = g;(w1). The set of I-power roots of unity in G}, (F,) is Zariski dense. We can therefore choose
l-power roots of unity (1,...,¢, € E); such that ((1,...,(,) € Z. By the Grunwald-Wang theorem, we can

find a character Y : Gy — F: unramified at wy, ..., w,, of l-power order, and such that x(Frob,,) = (.

We then have Y9 (Frob,,) = X(g; Frob,, g;') = X(Frob,,) = ¢{;. The lemma follows on taking
o = Froby,, . O
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Lemma 4.15. Let M/F be a degree n Galois extension. Then there exist infinitely many choices of X :
Gy — F; such that p = Indg; X has enormous image.

Proof. We use the previous 2 lemmas. Choose a decomposition Gr = U} ;9;Gy with g1 = 1. Let Z C G},
be the set of elements (z1,...,z,) such that there exist disjoint non-empty subsets I,J C {1,...,n} such
that [[,c; = = HjeJ xj. By Lemma we can find (after possibly enlarging k) a prime [ > p, a character
X : Gy — k* of l-power order, and an element o € G such that (x9'(0),...,X"(0)) € Z. In particular,
the characters x9',...,x9" are pairwise distinct, so p = Indg; X is absolutely irreducible, and their ratios
are pairwise distinct, so the first condition of Lemma is satisfied.

Let L/F be the extension cut out by p. Then Gal(L/F) sits in a short exact sequence

1——=Gal(L/M)——>Gal(L/F)——>Gal(M/F)——>1,

with Gal(L/M) abelian of I-power order. This extension is classified by an element of the cohomology group
H?(Gal(M/F),Gal(L/M)), which is trivial (since [ > n = # Gal(M/F)). It follows that this extension is
split. Choose a splitting Gal(M/F) — Gal(L/F); multiplying the elements g; on the right by elements of
G, we can assume that they all lie in the image of this map. This does not change the characters }9¢, or
the condition on the element o.

We again use the basis ey, ..., e, of p, where e; = g; ® 1. The action of an element gjo € g;Gr is
now given by g;oe; = g;09; ® 1 = g;9: ®Y(gflogi). Let I,...,Is C {1,...n} be the cycle decomposition
of g; (i.e. the orbits of g; on {g1,...,gn} by left multiplication). It follows from our construction that the
elements By = [[;c;, X?(0), k = 1,...,s are pairwise distinct. This implies that the element p(g;o) has
distinct eigenvalues; indeed, these eigenvalues are exactly the distinct (#1;)™ roots of the elements fy,
k=1,...,s. It follows that the second assumption of Lemma is satisfied, and we deduce that p has
enormous image, as required. O

We now change notation slightly, with a view to the applications in §7| below. Let K/Q be a Galois
totally real field of degree n, and let F' be an imaginary CM field which is linearly disjoint over Q from K.
Set M = K - F. Then M/F is a Galois extension of imaginary CM fields of degree n.

Lemma 4.16. Let I C F be the mazimal totally real subfield, and let ¢ € Gp+ be a choice of complex
conjugation. There exists a continuous character X : Gpy — k> such that p = Indg; X satisfies the following
conditions:

1. p has enormous image. In particular, p is absolutely irreducible.

1—n6n

2. The pair (p,e F/F+) is polarized, in the sense of [BLGGT, §2.1]. In other words, there exists a

non-degenerate symmetric bilinear form (-,-) : p X p — k such that for all 0 € Gp, x,y € p, we have
(p(o)z,p(0%)y) = € " (0){z,y).

Proof. The fields F and K - F™ are linearly disjoint over F*, from which it follows that Gal(M/FT) =
Gal(F/FT) x Gal(K/Q). The maximal totally real subfield of M is M+ = F* - K, and we have ¢ € G+ C

Gr+. Let I > p be a rational prime which splits in M, let v be a place of F' above [, and let w = w1,...,w,
be the places of M above v. Choose a surjection Ij‘\}’wl — Zy, and let o1 € Ipg,, be an element generating
the image of this surjection. Let 1 = ¢1,..., g, be a transversal of Gj; in Gp, and let 0; = 09 € G ;.

By [BLGGT!| Lemma A.2.4], for any tuple ((i,...,¢n) € G, of I-power roots of unity in Rﬁ we
can find a continuous character 6 : Gj; — F: such that 69° = 1 and 0(o;) = (i, for each i = 1,...,n.

— —M —
After possibly replacing 6 by ¢, for some integer M prime to [, we can assume further that 6 has I-power
order. Arguing as in the proof of Lemma 4.15, we see that we can even choose 6 so that p = Indg; 0 is

absolutely irreducible and has enormous image, and the elements 6(c;) are pairwise distinct. We can also
find a character @ : G — k> such that Ww® = ¢! ~™. Then the representation p = @ ® Indgl‘; 0= Indgij wb
has enormous image, being a twist of a representation with enormous image, so we take Y = 6@.
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It remains to check that the representation (ﬁ,el_"ég y p+) is polarized. Since 00° = 1, we have
isomorphisms

(Ind§* )° = TndSF 97" = (IndSF 9),

so there exists a non-degenerate bilinear form (-, -) : Indgz 0 x Indgg 0 — k, unique up to scalar, such that
(ox,0%) = (x,y) for all z,y € Indgfl #. To finish the proof of the lemma, it is enough to show that this
pairing is in fact symmetric (and not anti-symmetric).

Let us write V = Indgij 0, and let L/M be the extension cut out by 6. Then we can find
an isomorphism Gal(L/F) = Gal(L/M) x Gal(M/F), and we choose coset representatives Gal(L/F) =
Ut 1g; Gal(M/F) with g; € Gal(M/F). We fix a basis e1,...,e, of V with e; = g; ® 1.

If 0 € Gy, then (oe;, 0%;) = g% (a)ggjc(a)(ei,ej> = 9" /8% (0){ei,ej) (because 7 =9 ' and
Gal(M/F*) = Gal(M/F) x Gal(F/F7)). The character 8” /8% is non-trivial if i # j, so it follows that
(ei,ej) = 01if ¢ # j. This is implies that the non-degenerate bilinear form (-,-) is in fact symmetric, and
completes the proof of the lemma. O

5 Interlude on ¢-adic Iwahori Hecke algebras

Let [ be a prime, and let F' be a finite extension of ;. Let p # [ be an odd prime, and let F be a finite
extension of Q,. Let O be the ring of integers of F', with maximal ideal my and residue field kr. Let O be
the ring of integers of E, with maximal ideal A and residue field k. Let ¢ = #kp.

In this section, we consider some aspects of the smooth representation theory of the group G =
GL,,(F) over O under the assumption ¢ = 1 mod p and p > n. The results of this section will be used in
6/ By definition, a smooth O[G]-module M is an O[G]-module such that every element of M is fixed by
an open compact subgroup U C G. An admissible O[G]-module M is a smooth O[G]-module such that for
every open compact subgroup U C G, MY is a finite O-module. We suppose fixed a square root ¢'/? of ¢ in
O; this exists, by Hensel’s lemma.

We first introduce some important subgroups of G. Let K = GL,,(OF), and let B C K denote the
standard (upper-triangular mod mg) Iwahori subgroup. Then [K : B] = n! mod p lies in O*. We write
‘Hp for the convolution algebra of compactly supported B-biinvariant functions f : G — O, identity element
given by eg = [B] (i.e. the characteristic function of B). Then Hpz = H(G,B) ®z O, in the notation of
below. More generally, if U is any open compact subgroup of G then we write Hy for the convolution algebra
of compactly supported B-biinvariant functions f : G — O, identity element given by ey = [U].

We write T' C B C G for the standard maximal torus and Borel subgroup, respectively. We write
® C X*(T) for the set of roots, and R C X*(T') for the set of simple roots given by R = {a1,...,an-1},
where «;(t1,...,t,) = t;/tiy1. Then the Weyl group W = Ng(T')/T is generated by the simple reflections
Sa; =85, t=1,...,n—1.

We now introduce the Bernstein presentation of the algebra Hp, as exposed in [HKP10]. The
Bernstein presentation is an algebra isomorphism

Hp = O[X.(T)|@00[B\K/B],
where the terms are as follows:

e O[X.(T)] is the group algebra of the free abelian group X, (7). The embedding O[X.(T)] — Hp is
defined as follows. If A\ € X, (T)4 is a dominant cocharacter, then we send ey — ¢~ 'N/2[BA(wp)B],
where [ is the usual length function on the extended affine Weyl group. This defines a homomorphism
O[X.(T)4+] — Hp which extends uniquely to an embedding O[X,.(T)] — Hp. If A € X.(T) is any
element, then we write ey € O[X,(T)] for the corresponding group algebra element and ) for its image
in HB.

e O[B\K/B] is the convolution algebra of B-bi-invariant functions f : K — O, with its natural structure
as subalgebra of Hp. If w € W = Ng(T)/T = S, then we write Ty, = [BwB], where w € K is any
representative of w.
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e The twisted tensor product ® is the usual tensor product as O-modules, with a twisted multiplication
law characterized on basis elements by the equality (for simple s, € W, A € X, (T)):

Os..(0) — O

TSGQAZQSQ(A)TSQ—F(Q—I) -0 "

(5.1)

The fraction, a priori an element of Frac O[X.(T)], in fact lies in O[X.(T)].

We can use this presentation to deduce the following result. (Fabian Januszewski has pointed out to us that
it could also be deduced more directly from the Iwahori-Matsumoto presentation.)

Lemma 5.1. There is an isomorphism
Hp @0 k 2 E[X.(T) x W].

Proof. We first observe that the natural k-vector space map k[W] — k[B\K/B] given on basis elements by
w +— T, is an algebra isomorphism. This can be deduced from studying the presentations of each algebra: W
is the free group on generators s,, a € R, subject to the relations (sos3)™*# = 1, for appropriate coefficients
Mag € {1,2,00}, while k[B\K/B] can be presented as the free algebra on elements T; = Ts,, i = 1,...,n—1,
subject to the relations

ﬂQZQ—F(q_l)TZ (12177’”‘_1)7
LT T, =T Tl (i=1,...,n—2)
T, =T,T; (i,j=1,...,n— 1 and |i — j| > 2).

Using the fact that ¢ = 1 in k, we see that these two sets of relations are the same. Together with the relation
(5.1)), this shows that the map k[X,(T) x W] — Hp ®o k, exw > 0y - Ty, is an algebra isomorphism. O

Lemma 5.2. Let M be a smooth O[G]-module. Then the natural inclusion M* C M is canonically split,
namely by the map x — [K : B]7}K]x.

Proof. The Hecke operator [K] € Hp induces the natural trace map MB — M*. The composite M* —
MP" — MX is therefore multiplication by the index [K : B] € O*. O

If M is a smooth k[G]-module, then MP? is a k[W]-module, by Lemma and Lemma shows
that M* is in fact the submodule of M? of W-invariants.
Let ty1,...,t, € O[X.(T)] be the elements corresponding to the standard basis of X, (T). For each

i=1,...,n, let T denote the standard unramified Hecke operator in Hx:
T' = | K diag(wp, . ..,wr, 1,..., 1)K

Then O[X,(T)]" is the center of Hp, and there is an isomorphism O[X,(T)]" = H given by x — [K]x (see
[HKPI0, §4.6]). This isomorphism sends the symmetric polynomial e; (1, . ..,t,) to the element ¢*(»~9/2T"%

Lemma 5.3. Let M be a Hp-module which is also a finite-dimensional k-vector space. Suppose that [KC|M #
0 and that there are pairwise distinct elements v1,...,vn, € k such that T acts as the scalar e,y Yn)
on [C]M. Then for each w € W, the mazimal ideal Wy = (t1 — Yo(1)s - - tn = Yw(n)) C k[X«(T)] is in the
support of M.

Proof. Let n = (e1(t1,-. . tn) — €1(Y1,-- V) -renltiy- o stn) — €n(V1,- -, 7n)) C k[X.(T)]". Then
[KIM C M[n], hence M,, # 0. Since M, = @yew Mmn,,, it follows that there exists w € W such that
My, # 0. Since W acts on the set of maximal ideals of k[X,(T")] which are in the support of M, it follows
that My, # 0 for all w € W. This shows the lemma. O
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Lemma 5.4. Let M be a Hpi-module which is also a finite-dimensional k-vector space. Suppose that for
each mazimal ideal n C k[X.(T)]W in the support of M, the polynomial

i(—l)iqi(”_i)ﬂei(tl, ct) X e BIXL (D)X

=0

has distinct roots modulo n. Then [K|M # 0. If there is a unique mazimal ideal n C O[X,(T)|W in the
support of M, then for each mazimal ideal m C k[X.(T)] in the support of M, the maps

kW)@ My - M, w®@z— w-x

and
My — [KIM, 2~ [K] -z

are isomorphisms.

Proof. After possibly enlarging k, we can assume that the roots 71, ...,~, of the polynomial

n

D (—1)'q" I 2ei(ty, . t,) X" mod n € K[X]
=0

lie in k. Then the maximal ideal m = (t1 — ¥1,...,tn — ¥n) C k[X«(T)] lies in the support of M, hence
My # 0. The operator [K] = ),y w defines an injection My, — @yew Mm,,, which shows that [K]M # 0.

If n is the unique maximal ideal of k[X.(T)] in the support of M, then every maximal ideal of
k[X.(T)] in the support of M has the form m,,, for some w € W, and M = ®pew Mn, = Pweww - Mu.
The rest of the lemma now follows. O

6 Ordinary completed cohomology

6.1 Set-up
Let F' be a number field, and let G = GL,, r, a reductive group over F'. We introduce the following notation:
o G = G(F ®gR), and g is the complexified Lie algebra of G, viewed as a real Lie group.
e K., C Gy is a maximal compact subgroup.
e G =G(AY). Thus G(Ar) = G X G
e Z C G is the center, Zo, = Z(F ®gR), and Z*° = Z(AY).
If U C G* is an open compact subgroup, then we define
Xy =GF)N\GAP)/UZ K. (6.1)

If g € G™, then I'y,, = gUg™ ' N G(F) is a discrete subgroup of G. Let I'y,, denote the image of I'y,4 in
Goo/Zs. Then Ty, is a discrete subgroup of G /Zoo = PGL,(F ®g R), and acts properly discontinuously
on the quotient Goo /Koo Zoo- (The class of arithmetic subgroups is invariant under surjective morphisms of
reductive groups.)

If U C G is an open compact subgroup of the form U =[], U,, we say that U is a good subgroup
if it satisfies the following conditions:

e For each g € G(AY), the group 'y, is neat (hence I'yy , is neat, and torsion-free).
e For each finite place v of F', U, C GL,,(OF,).

In this connection, we have the following well-known lemma.
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Lemma 6.1. 1. Good subgroups exist.

2. Let U C G* be a good subgroup. Then for all g € G*, the group Ty, acts freely on X = Goo/ Koo Zoos
and Xy 1s endowed with the structure of smooth manifold.

3. Let V. =11, V., be an open compact subgroup of the good subgroup U. Then V is also good.

4. Let V.=1],V, be a normal open compact subgroup of the good subgroup U. Then the map Xy — Xy
is a Galois covering space, with Galois group U/(V - (Z(F)NU)). (The intersection Z(F)NU is taken
inside G*.)

We now discuss the numerology of the manifolds X;. Let r1, ro denote the number of real and
complex places of F, respectively. We then have

dlmXU—d— 5 —L(n—1)(n+2) + ro(n®—1). (6.2)

The so-called defect is (where the rank denotes dimension of a maximal torus in a real algebraic group)

= _ _ 7’1(an2)+7"2(7”&—1) n even;
lo =rank Go —rank Z K, = { 7‘1(an1) Fraln—1) 7 odd, (6.3)
and we set o
d—1lo (n:) + rpnind) n even;
- = - ’ 6.4
T { ri(252) + 7 "(" D 5 odd. (6.4)

(In particular, if F' is totally complex, then

(2 [F: Q]

d=(n"-1) 5

and "
and F. Q)
qozn(n—l)T.

6.2 Cohomology and Hecke operators

Let J denote the set of good subgroups of G™®. If U € J and M is a (left) Z[U]-module on which the group
Z(F)NU C U acts trivially, we can define a local system L3, on Xy as the sheaf of local sections of the
morphism
G(F\ |G X Goo/Zoo Koo x M) JU = G(F)\ [G™ X G /Z K] /U = Xy.
On the left-hand side, the group G(F) x U acts by (v,u) - (¢°°,2,m) = (yg>®°u~t,yz,um); M is endowed
with the discrete topology. The cohomology groups H*(Xy, M) = H*(Xy, La) are then defined. Let Cy o
denote the complex of singular chains with Z-coefficients, valued in G® X Go /Koo Zoo; it is naturally a
Z|G(F) x G*]-module. We define C} (U, M) = Homg(r)xv(Ca,e, M) and Cy o (U, M) = Cp e @zic(ryxv] M.
(In forming this tensor product, it is necessary to view Cj o as a right Z[G(F') x U]-module. Writing a general
singular simplex in G® X G /Koo Zoo as h x o, where h € G and o is a singular simplex in Goo /Koo Zoo,
we thus have the relation
(huxo)®@m = (h X o) ®@um

in Cye(U,M) forallu e U, m € M.)

Proposition 6.2. Let U € J, and let M be a Z[U]-module. Then there are canonical isomorphisms
H*(Xy,M) >~ H*(Cy(U,M)), (6.5)
H,( Xy, M) = H,(CyoU, M)). (6.6)
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Proof. We treat the isomorphism in cohomology, the other case being similar. Let us write X =
Goo/Z K, and choose a decomposition G* = L;G(F)g;U. Each of the groups fU,gi acts freely on X, and
we have

Xy =1L (FU7g7’\X) .

There are corresponding identifications
IT[*(‘XVU7 M) = @@EF“(FU"%\)(7 MZ) = @,H* (HOHIFUygi (CR,Ov Ml)),

where Cr o denotes the complex of singular chains in X with Z-coeflicients, and M; denotes M viewed as
an Z[['y 4, ]-module via the formula v -m = (g; 'vg:)m (v € Tug,, 9; *vgi € U). We will show that there is
a natural isomorphism

HomZ[G(F)xU] (CAJ? M) = @; HompU)gi (CR,., Ml) (6.7)

This will induce an isomorphism H*(Xy, M) = H*(C3 (U, M)) which is easily seen not to depend on the
choice of g;, and therefore prove the proposition. To construct the map , we note that there is a closed
embedding

Ui ({gi} x X) = G= x X,

and that the corresponding restriction map Homgq(r)xv](Ca,e, M) — @©; Homz(Cr,e, M) actually takes
values in @; Homr,, . (Cr,e, M;). To see that the induced map

Homg(g(ryxv)(Ca,e, M) — ®; Homr,, | (Cre, M;)

is injective, we note that a singular simplex o : AJ — G*° x X becomes constant after projection to G*, so
is G(F) x U-conjugate to a simplex taking values in {g;} x X, for some i depending on o. To see that it
is surjective, we note that two simplices 0,0’ : A7 — {g;} x X are G(F) x U-conjugate if and only if they
'y g4,-conjugate. This completes the proof. O

Let U,V € J. Let S be a finite set of finite places of F' such that U, =V, if v € S, and suppose that
M is actually a Z[G™® x Ug]-module. If g € G, then we define a map [UgV]* : C2(V, M) — C3(U, M)
as follows. Fix a decomposition UgV = [[; ¢;V (g; € G*), and take ¢ € C3(U,M). If o € Cy.o, then
we define ([UgV]*e)(0) = >, gip(g; ‘o). Tt is easy to check that this does not depend on the choice of
double coset decomposition. If U = V and we write H(G>, U®) for the convolution algebra of compactly
supported U®-biinvariant functions f : G° — Z (with unit element ey s, the characteristic function of
U®), then the formula eys, s — [USgU®]* defines an action of H(G*®,U®) on the complex C§ (U, M),
and hence on the cohomology groups H*(Xy, M). Alternatively, if v ¢ S is a finite place of F' then the
algebra H(G(F,),U,) acts on H*(Xy, M) in a similar way.

Similarly, we define a map [UgV], : Cae(U,M) — Cye(V, M), given on elements of the form
(hxo)@m (he G®,o: A — X, m € M) by the formula

[UgV]u((hx o) @m) = [g;" - (hx o) ®g; 'm = Z(hgi x o) ® g; 'm.

i

It is easy to check that this is well-defined, and (in the case U = V') defines an action of the algebra
H(G>,U%)°P on the complex Cy o(U, M). We then have the following simple lemma.

Lemma 6.3. With notation as above, suppose that M is a Z[G>® x Us|-module which is finite as a Z-
module. Let MY = Hom(M,Q/Z), equipped with its natural structure of Z[G>*° x Ug]-module. Then there
are natural isomorphisms Cp o(V,M)" = C2(V,M") and Cy (U, M)" = C2(U,M"), and with respect to
these isomorphisms we have [UgV|* = [UgV]) (i.e. transpose). If U =V, then this is an isomorphism of
H(G>S,U?)-modules, when Cy o(U, M)V is given its natural (transpose) structure of H(G>S,U?)-module.

Corollary 6.4. Let L be a field, and let U be a good subgroup. Then the natural isomorphism H*(Xy, L) =
Hom(H.(Xy, L), L) is an isomorphism of H(G°,U)-modules.

We will generally consider coefficient systems of the following 2 kinds, defined in terms of a fixed
prime p:
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1. Let V be a finite-dimensional Q,-vector space equipped with a continuous action of Hu|p G(F,), and
on which the group Hv‘p Z(F,) acts trivially. We take M = V', with G acting on M by its projection
to the factor [, , G(F,). Then for each U € J, the full Hecke algebra H(G*,U) acts on the groups
H*(Xy, M), which are Qp-vector spaces.

2. Let S = S, denote the set of places of F' dividing p, and let V be a finite Z,-module equipped with
a continuous action of [],c, GLn(OF,), on which the group [],, OF, acts trivially. We take M =V,

with G x Ug acting on M by its projection to the factor Ug C Hv|p GL,(OF,). Then foreach U € 7,
the p-deprived Hecke algebra H(G°*%,U?) acts on the groups H*(Xy, M), which are Z,-modules.

The connection between these two situations will be exploited in §6.4] below.

We now introduce some particular open compact subgroups and associated Hecke operators. If v is
a finite place of F', then we fix a choice w, of uniformizer of O, , and define for each i = 1,...,n a matrix
ay,; = diag(wy, ..., @y, 1,...,1) (with exactly i entries equal to w,). If U € J and U, = GL,,(Op, ), then
the unramified Hecke operators 1% = [U,a, ;U] € H(G(F,),U,) are independent of the choice of w,, and
pairwise commute.

If v is a finite place of F' and ¢ > b > 0 are integers, then we define an open compact subgroup
IL,(b, ¢) of GL,(OF,) by the formula

tl * *

I,(b,c) = 0 2 mod w’, with t; =---=t, mod @’ » . (6.8)
. : . N . . *
0 0 t,

Thus I,(0,1) is the standard Iwahori subgroup of GL,(OF,). If U, = I,(b, ¢) for some integers 0 < b < ¢,
then we define the operators U’ by the same formula U = [U,a, ;U,]. In contrast to the unramified case,
these operators do depend on the choice of w,, but this dependence will not be important in what follows.
If a € I,(1,¢) then we write (o) = [U,aU,]. (We observe that I,(b, ¢) is a normal subgroup of I,(1,¢).)

The notation U? is ambiguous, since it does not involve the integers b < ¢; however, this abuse of
notation is mild, as the following lemma shows.

Lemma 6.5. Let v be a finite place of F, U € J, and suppose that U, = I,,(b,c) for some 1 <b<c. Let A
be a finite abelian group, equipped with its trivial G*-action.

1. The operators U, (i = 1,...,n) and {a) (a € I,(1,c)) all commute in their action on the complex

v

C2(U, A), and hence on the groups H*(Xy, A).

2. Let U' C U be a subgroup with U/, = U, if w # v, and U} = Tw,(V/,c') for somet > b, ¢/ > b. Then
the operators U’ and (a) commute with the natural maps

Cr(U,A) = CL(U', A)

and
H*(XU,A) — H*(XU/,A).

3. Suppose that ¢ > b. Define another subgroup U = [[,, U,, by the formula U, = U, if w # v and

Ul = 1,(b,c —1). Then the operator U on C3(U, A) takes image inside the subcomplex C3(Xy, A).
Consequently, the induced map on cohomology factors

H*(XU,A) — H*(XUI,A) — ]{*()(U,A)7
where the first operator is the double coset operator [Ucay, ;U’] and the second is the canonical pullback.

Analogous statements hold at the level of homology groups.
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Proof. The first part follows from the fact that these operators generate a commutative subalgebra of
H(G(F,),U,); see [Hid95, Proposition 2.2]. The proof of loc. cit. implies that the coset representatives
used to define the action of U? can be chosen independent of b and ¢, which implies that the given maps
commute with the action of Hecke, cf. the proof of [Gerl Lemma 2.3.3]. This implies the second part of the
lemma. The third part follows in a similar way, by using the argument of [Gerl Lemma 2.5.2]. O

6.3 Ordinary part of homology

We now fix, for the rest of a prime p. Let S, denote the set of places of F' dividing p. Let E be a finite
extension of QQ,, inside @p, which contains the images of all embeddings F — @p. We write w € O for a
choice of uniformizer of the ring of integers O of E, A = (@), and k = O/A. We also fix a good subgroup
U =1],U, C G, with the property that U, = I,(1,1) for each v € S),. If ¢ > b > 1 are integers, then we
define a new good subgroup U (b,¢) = [[, U(b,c), C U by the formulae:

o If v € Sy, then U(b,¢), = I, (b, ¢).
o If v g Sy, then U(b,c), = U,.

We define
T(0,¢c) = H (Op, /@) X -+ x (OF, /@) (n—1 times),
vES,
and T'(b, ¢) = ker(T'(0,¢) — T(0,b)). There is an isomorphism
U1, 0)/U(b,c) = T(b,c) (6.9)
tv,l * *
0 tye c -1 —1
mod w, (tv71t1)7n, e atv,n—ltq;,n)v- (610)
0 0 tun

We observe that for any ¢ > b > 1, we have Z(F)NU(b,c) = Z(F)NU(1,¢) = Z(F)NU. The group U(1,c)
acts on Xy, ), and the quotient

U(l,e)/(U(b,c)- (Z(F)NU(0,¢c)) =U(1,¢)/U(b,c) = T(b,c)
acts freely, by Lemma We define A(b,¢) = O[T'(b,¢)] and Ap = I'&nA(b, ¢). If b > 1, then A, is a complete

Noetherian local ring (it is the completed group ring of an abelian pro-p group). If b = 1, then we simply
write A = Aq.

We now define the ordinary completed cohomology groups which are our objects of ultimate interest.
By Lemma [6.5] the natural maps

Hi(Xy(er.ery, 0w O) = Hi(Xy(e.0), O)w°0) (¢ > ¢)
commute with the action of the Hecke operator
U, = H HU; = [U(c,c)a,U(c, 0)],
vES, i=1

where

Qp = H Ham = (diag(@}, @) ", ..., @y))ves, € H G(F,).

vESy i=1 vES)

We therefore have induced maps (where ordinary parts are taken with respect to the operator U):

H; (XU(c’,c’)v O/WC,O)ord — H; (XU(c7c)7 O/wco)ord~
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We define

()

Hird(U) = @Hd—i (XU(c,c)a O/wco)ord~

The A-modules H? ,(U) receive a canonical action of the algebra H(GP>°,U?)°P, induced by the action at
finite levels. Our goal in this section is to prove the following version of Hida’s control theorem ([Hid98|
Theorem 6.2]):

Proposition 6.6. There is a minimal compler F3, of A-modules, together with morphisms for every ¢ > 1:
ge: F5 @a A1, ¢)/(@®) = Cad—e(U(c,¢), O/w O),
9e : Cha—e(Ulc, ), 0/w 0) = FS, @x AL, )/ (@),
all satisfying the following conditions:
1. We have g.g. = 1, and gcg.. is an idempotent in Endpa(1,c)/(we))(Ca.a—e(U(c, ¢), O/w O)).

2. For each ¢ > 1, the diagram

FSon A(l,c+1)/(w™) ——= Cha—e(U(c+ 1,c+1),0/wTO) ——= F% @r A(1,c+ 1) /()

| | l

FS @a A1, 0)/(w) ——————> Cra—e(Ul(c,0), O/@°O) ————— F5, @x A(1,¢)/(w°).
is commutative, up to chain homotopy.

3. For each ¢ > 1, the induced map of g.g.. on homology is the natural projection

Hd—*(XU(c,c)a O/wco) - Hd—*(XU(c,c)7 O/wco)ord-

The minimal complex FS is determined uniquely up to unique isomorphism in D(A) by these properties.
Finally, there is a unique homomorphism f : H(G>P,UP)°? — Endpa)(F3,) with the property that for all
t € H(GP,UP)P, we have (f(t) @ A(L,¢) /(@) = getge-

When we wish to emphasize the level, we will use the alternative notation F3 ;. Later, we will also
introduce a variant F3, ;; .., which computes cohomology after localization at a maximal ideal m of a suitable
Hecke algebra, and a variant where we allow a finite p-group to act at an auxiliary place (see Lemma
below). We see (Lemma that there are natural Hecke-equivariant isomorphisms

H* (Fo.o) = l'ngd_*(XU(C,C), O/wco)ord = @Hd—*(XU(c,c% O)ord~
c

c

Corollary 6.7. For each c > 1, there is a spectral sequence:
(U)v A(la C)/(wc)) = de(erq) (XU(c,c)a O/wco) ord-

Proof of Corollary[6.7. This follows on combining Proposition and Proposition [2.1 O

Bt = Tor® (H?,
Corollary 6.8. For each ¢ > 1, there is a spectral sequence:
s A
Eg 1= Tor_p(ngd(U), A(l,c)) = Hd*(erq) (XU(c,C)’ O)ord~
Proof of Corollary[6.8 We want to show that there is a quasi-isomorphism
F3 @a A(1,¢) = Che(Ulc,¢),O)ords

where the ordinary part is taken in the sense of the discussion following Lemma [2.12] It follows from the
construction of F3 that for every d > c there is a quasi-isomorphism

F3 @ A1, c)/(w?) = Cae(Ulc,c), O/wO)oras
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and that the natural diagrams

FS @a AL, ¢) /(@) — Cuo(U(c, ¢), 0/m10)gra

| |

F2 @a A(1,¢)/(w?) Chre(U(c,c),0/m?O)ora

commute in D(O). It follows that we can pass to the limit, as in the proof of Lemma to obtain the
desired result. O

We now begin the proof of Proposition [6.6] starting with the following useful lemma:

Lemma 6.9. Let U be a good subgroup, and let V C U be a good normal subgroup such that the quotient
A =U/V is abelian of p-power order and Z(F)NU C V. (Then A acts freely on Xy.) Then there is a
canonical isomorphism

Che(V,0/w0O) ®p[a) O = Ca,e(U,O/w 0).

Moreover, Cy.o(V,0/w O) is a perfect complex of free O/w O[A]-modules.

Proof of Lemma[6.9 The existence of the given isomorphism is an easy consequence of the definitions. For
the second part, we must show that C%(Xy,w “0/0)Y is quasi-isomorphic to good complex of O/w O[A]-
modules. (It is easy to see that it is a complex of free O/w O[A]-modules.) We fix a triangulation of Xy
and lift it to Xy . (Since Xy is not compact, this triangulation will have infinitely many simplices.) Let C,
be the corresponding complex of free O/wO[A]-modules which computes H,(Xy,O/wO), concentrated
in degrees [0,d]. By Lemma C, is quasi-isomorphic to a good complex. (Its cohomology is finitely
generated because of the existence of the Borel-Serre compactification.) On the other hand, C, is also
quasi-isomorphic to Cy o(Xv,O/w O). This completes the proof. O

Lemma 6.10. For allc>b> 1, d > 1, the natural map
H.(Xy (), O)70) ora = Hu(Xu 5,8y, 0/ O) ora (6.11)
is an isomorphism.

Proof. Let ¢ > b > 1, and let i be an integer. It follows from Lemmal[6.5]that there is a commutative diagram

U,
H, (XU(b,c+1)> O/wd()) — H, (XU(b,chl)v O/de)

lj / ij

UP
H, (XU(b,c)» O/de) — H, (XU(b,c)v O/’de)

Here we write j : H.(Xy(p,ct1), O/@?0) = H.(Xy(b,e), O/@?O) for the natural pushforward and r =
[U(b, )apU(b, ¢+ 1)].. It follows easily from the existence of this diagram that j induces the desired isomor-
phism on ordinary parts. O

We can now complete the proof of Proposition We apply Proposition to the system of
complexes M2 = Ca q—e(Ulc,c), O/wO), together with their Hecke operators t. = U,. To apply this
proposition, we must check that the natural maps

H*(Cpa-e(U(c+ 1,c+1),0/w T 0) @s AL, ¢)/(@))ora — H*(Caa—e(U(c,¢), 0/w O))ora
are isomorphisms; equivalently, that the natural maps
H.(Xv(c,e41), O/ O)ora = Hi(Xu(c,e)s O/ O)ora

are isomorphisms. However, this is exactly the content of Lemma [6.10]
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6.4 Independence of weight

Let us now write GL,, for the general linear group over Z, and T,, C B,, C GL,, for its standard diagonal
maximal torus and upper-triangular Borel subgroup. We now introduce coefficient systems on the spaces
Xy corresponding to algebraic representations of GL,. Let Z7 C Z"™ denote the set of tuples of integers
A1 > > N, with A + -4+ A, = 0. If A € Z7, then we write woA for the tuple (woA); = A\p41—4. Given
A € Z™, we can define the algebraic representation V) = Inch;i‘" (woA)/z of GL,, of highest weight A as in
[Ger, §1]. There is a Tj,-equivariant weight decomposition

Vi = @pex= (1) Vau-

The highest and lowest weight spaces V) x and Vj 4, of V) are 1-dimensional. The condition Aj+---+X, =0
implies that the center Z,, C GL,, acts trivially on Vj.

Now suppose given an element A = (A\;),.psp € (Z7)Hm(FE) For each 7 € Hom(F, E), Vy_(0) is
a finite free O-module which receives a continuous action of the group GL, (), hence a continuous action
of the group GL,(OF,,,), where v(7) is the p-adic place of F' induced by the embedding 7. We define
Mx = ®@r.r£gVx.(O), the tensor product being over O. Then M) is a free O-module which receives a
continuous action of the group Huesp GL,,(OF,). It X = 0, then M) is just O, equipped with the trivial
action of the group ], . s, GL,,(OF,). Moreover, My ®o E is equipped with a continuous action of the group
[T,es, GLn(Fy) extending the action of its subgroup [],cq GLn(OF,).

Now suppose that U € J and U, = I,(1,1) for each v € S,. Let XA € (Z7)HomFE) Jfe>p > 1
are integers, then we define U(b, ¢) as in For each v € S,, the Hecke operators U’ act on the complex
Cao(U, My ®0 E). In fact, a suitably scaled version of these operators leaves invariant the natural integral
lattice:

Lemma 6.11. The operator A, ;) UL on Cy (U, Mx ®0 E) preserves the submodule Cy o(U, My).

Proof. We first note that the map Cy o (U, Mx) = Cy o (U, MA®p E) is indeed injective (because Ca o (U, M)
is a separated, torsion-free O-module, being isomorphic to the space of singular chains in Xy with My-
coefficients, cf. the proof of Proposition j . Choose a decomposition U(c, ¢) = U;g;(U(c, ¢)New, ;U (¢, c)a;}).
Then for any (h X 0’) @m € CA#(U, A ®o E) = CA,. Rz[Gr xU] My ®o E, we have

Ul(hxo)®@m= Z(hgjav_’i X o) ® a;zl-gj_lm.
J

To prove the lemma, it is therefore enough to show that the element )\(Ozv,i)oz;’z1 acting on My ®e F leaves the

lattice M invariant. It even suffices to show that for each embedding 7 : F}, — F, the element /\T(am)a; i

acting on Vy_(F,) leaves the lattice Vy_(Op,) invariant. For every weight u appearing in Vy_ and every
t = diag(ty,...,tn) € Th(F,), we can write

n—1

A =) =[]/ t40)%,

i=1

where the a; are non-negative integers (because A; is the highest weight of V) ). If t = «,; then all the
elements ¢;/t; 41 lie in OF,, and this implies the desired result. O

We write U}, y = A(av;)U}, for the induced endomorphism of the complex Cy o(U, My). For each
b > 1, there is a canonical isomorphism

Cp.e(U, My) @0 O/\ =2 Cy o(U, My @0 O/, (6.12)

and we use this to define an action of Uf“ » on the right-hand side of 1' by reduction modulo w®. We

define
Upa= [[ [TUix={ IT] [T M) | - Us.

vES, i=1 vES, i=1
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The operator U, x therefore acts on the groups H.(Xy (c,c), M) and H,(Xy, My ®0 O/w®) for all ¢,b > 1,
and we define the ordinary parts of these groups as in Lemma [2.10] with respect to this operator. Just as in
the previous section, one can prove the following result.

Proposition 6.12. There is a minimal complex F3, 5 of A-modules, together with morphisms for every
c>1:

Je FO.O))\ ®@r AL, 0) /(@) — CA7d_.(U(C, ¢), Mx ®0 O/w®),
ge: Caa—e(U(c,c), My ®0 O/w®) = F5, 5 @a A1, ¢)/(w°),

all satisfying the following conditions:
1. We have g.g. = 1, and gcg, is an idempotent in Endpa(1,c)/(we))(Ca,a—e(U(c, ), Mx ®0 O/w®)).

2. For each ¢ > 1, the diagram

FS a@a A1 e+ 1) /(@) —= Crao(U(c+ 1,c4+ 1), My @0 O/w ™) ——= F3 y @p A(1,c+1)/(wt)

l | |

Fo.o,)\ XA A(l,c)/(wc) CA,d,.(U(C,C),MA Ro (’)/w‘) Fc:o,)\ ®A A(l,c)/(wc).

is commutative, up to chain homotopy.

3. For each ¢ > 1, the induced map of g.g. on cohomology is the natural projection

H.(Xv(e,e) Ma @0 O/w®) = Ho(Xv(c,c)s Ma @0 O/ ) ord-

The minimal complex Fy, 5 is determined uniquely up to isomorphism in D(A) by these properties. Finally,
there is a unique homomorphzsm f o H(G=P,UP)P — Endpa)(F3, ») with the property that for all t €
H(G2,UP)*P, we have (F(t) @p A(L,c)/(=°)) = ghtg..

The following result is the analogue of [Gerl Proposition 2.6.1] in our context.

Proposition 6.13. Let A € (Zi)Hom(F’E), and let ¢ > r be integers. Then there is a morphism of complexes
A Cae(U(c,0),0/w"™) = Che(Ule, ), My ®0 O/w"), (6.13)
equivariant for the Hecke operators at finite places v € Sy, and satisfying the equations
Ug,)\oo\,* = ax.U' and ax . (u) = A(u){u)ax
for allu € T,,(Op,), v € S,. After passing to homology, the map induces an isomorphism
axs Ho(Xu(e,e), O/@" ) ora = Hi(Xu(c,e), Ma @0 O/T") ord-

Proof. We recall that by definition, we have

Cae(Ulc,c), Mx ®0 O/w") = Cp e @zjc(F)xU(c,c)] M ®o O/

If X € Z7, let oy : Z(\) — V) be inclusion of the highest weight space, and let 3y : Vi — Z(\) be projection
to the highest weight space. If A € (Z7), then we write ax : O(X) = My, B : Mx — O(X) for the maps
obtained by taking tensor products and then extending scalars to 0. We observe that if ¢ > r, then the map
ay is Ulc, ¢)-equivariant.
The map
axx: Cae(U(c,c),0/w") = Cae(Ulc,c), My @0 O/w")
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is then given as id ® a). The equivariance with respect to Hecke operators away from p is clear from the
definitions. To show that the map a . induces an isomorphism on ordinary parts of cohomology, we construct
a map in the other direction. To this end, we choose a decomposition Ul(c,c)a,U(c,¢) = U;g;U(c, c), and
write

0 :Che(U(c,c), Mx®@0 O/w") = Cx,e(U(c,c),0/w")
for the map given by
o(hxo®@m)= Zﬁx(k(a;)gflm) ~hg; x o.

This expression makes sense since, as observed above, the endomorphism )\(a;)g; L preserves the natural
integral lattice My C M ®o F, so can be reduced modulo @w". In fact, its action modulo w" is just projection
to the highest weight space M. Formally, we have ¢ = By . o U; A To show that ¢ is well-defined, we
check that

plhu x o ®@m) = ¢(h X o ®um)

for each u € U(c,c). This follows from the observation that

> BaAlap)gr tum) =3 Ba(A(ap)g; m),

as we can write v~ lg; = 9j(i)Uj(s) for some u; € Ule,c), and U(c, c) acts trivally on the image of )\(a;)gj*l
modulo w".
We have therefore constructed the arrows in a diagram

Cho(U, 0/ 0) 225 Cy o (U, My @0 O/w"O)

i e

Cho(U,0/m"0) 225 Cy (U, My @0 O/ O).

It is now easy to check that this diagram commutes; the rest of the proposition follows from the existence
of this diagram. 0

We can now deduce a derived version of Hida’s theorem on independence of weight ([Hid98, Theorem
6.1]):

Corollary 6.14. Let O(X) denote O considered as a A-module via the homomorphism

x: ] ox " — 0~

vES)

Then there is an isomorphism F5, y = 5, ®o O()\_l) of minimal complezes of A-modules. It is equivariant
for the action of H(G*P,UP)°P. In particular, there is a canonical isomorphism of O-modules

:’l’d(U) = @ de*(XUv MA)ord~

Proof. Tt follows immediately from Proposition and the defining properties of the complexes F3 and
F3, 5 that there is a quasi-isomorphism f : F}, y — F5, ®o O(A). Since these are minimal complexes, it is
an isomorphism. O

Corollary 6.15. Let px C A be the kernel of the homomorphism A — O = Endo(O(A™')). Then there is
a canonical isomorphism
H*(F3, @a A px) = Hy—o(Xy(1,1), MA) ords

and hence a spectral sequence

Torép(HZrd(U)v A/@A) = Hd—(p-‘rq)(XU(l,l)a MA)ord~
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In particular, there is an isomorphism
H*(F2, @x A/ px)[1/p] =2 Homp(H** (Xy1,1), M—wor) ord ®0 E, E).

Proof. This follows immediately from Corollary@ and the analogue of Corollary@ for the complex F3, .
(Note that if A € Z'}, then —woA € Z'} is the highest weight of the dual representation.) O

6.5 Hecke algebras

We now introduce the big ordinary Hecke algebras. We fix a choice of good subgroup U such that for each
ve Sy, U, =1I,(1,1). Let S be a finite set of finite places of F, containing S,, such that for all v & S,
we have U, = GL,(OF,). We define TS""" to be the polynomial algebra over A in the infinitely many
indeterminates T, v € S and i = 1,...,n and the indeterminates U’, v € S, and i = 1,...,n. Following
the discussion in this algebra acts on the groups H.(Xy (), A) for any integer ¢ > 1 and O-module
A, each element T? € TSV acting on H, (XU(c,e)s A) by the Hecke operator of the same name. If C*® is a
complex of A-modules equipped with a homomorphism TSV — Endp4)(C*), then we write T3 (C*) for
the image of this homomorphism.

An important special case is when the complex C* is just a -module M placed in degree 0;
in this case, we have T°(C®) = T%(M) = im(T*"" — End,(M)). Using this notation, we see that for
any complex C* of A-modules equipped with a homomorphism T — Endp)(C*), there is a surjective
homomorphism

']I*S,univ

T%(C®) = T*(H*(C*)),
which need not be injective.
Lemma 6.16. Let M be a TS “"*-module, which is finite as a A-module.

1. TS(M) is a finite A-algebra, with finitely many mazimal ideals m. For each mazimal ideal m C T (M),
TS(M)/m is a finite extension of k.

2. Let m' C T be the kernel of a homomorphism T4 — k. Then either My = 0, or m’ is the
pre-image of a mazximal ideal of T(M).

Proof. For the first part, T¥(M) is a submodule of Ends (M), which is a finite A-module. Since A is a
complete local ring, there is a decomposition T (M) = [],, T°(M )y over the finitely many maximal ideals
of TS(M). If m C TS(M) is one of these ideals, then (since A — T¥(M) is finite) its pullback to A equals
my, so T¥(M)/m is a finite A/m, = k-module, hence a finite extension of k.

The second part is easy, using that M is a finite T*"V-module; see [Eis95, Corollary 2.7]. O

The most important algebra for us is the big ordinary Hecke algebra TS ,(U) = T(FS,). The kernel
J of the homomorphism T2 (U) — TS (H? 4(U)) is nilpotent, by Lemma and since F3, is concentrated
in degrees [0, d].

S (U) appears in the support of H*, ,(U) and H.(Xy, k) ora-

Lemma 6.17. Every mazimal ideal of T" , o

Proof. Let m be a maximal ideal of TS ;(U). Then m contains the nilradical of T ,(U), so appears in the
support of H 4(U), by the above remarks. There is a T5 ;(U)-equivariant spectral sequence
EY? = Tor® (HZ ,(U), k) = Hy—(prq)(Xv, k)ord-

Let m be maximal such that H™(U)w # 0. Since TS (U) is a finite A-algebra, we have H™,(U)n @ k # 0,

ord ord
and ES”” = E%™ = H™,(U)m ®a k is a non-zero subquotient of Hy_,,,(Xy,k)oram. This implies that
Hy_(Xvu,k)m # 0, and completes the proof of the lemma. O

In order to go further, we need to assume the existence of Galois representations associated to the
ordinary completed cohomology groups constructed so far.
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Conjecture 6.18. Let m C TS ,(U) be a mazimal ideal with residue field k.

ord
1. There exists a continuous semi-simple representation Py, @ Grs — GLn(TS ,(U)/m) satisfying the
following condition: for any finite place v € S of F, p.,(Frob,) has characteristic polynomial
XM= TpX" e (S TV PTIX T e (1) gy DR € (T (U) /m) X,

ord

If by, is absolutely reducible, we say that the maximal ideal m is Eisenstein; otherwise, we say that m
is non-Eisenstein. (By the Chebotarev density theorem, the representation p,, s uniquely determined
up to isomorphism, if it exists.)

2. Suppose that m is non-Eisenstein. Then there exists a lifting of py, to a continuous homomorphism
pm : Grs — GL,(TS (U)m) satisfying the following condition: for any finite place v ¢ S of F,
pm (Frob,) has characteristic polynomial

X" =Ty X" e (1) g PTX T g (21 g PTY € TS (U)X,
Remark 6.19. 1. If F' is an imaginary CM or totally real field, then the first part of the conjecture is
known, thanks to work of Scholze [Sch|. The second part of the conjecture is also known, thanks to the
work of Scholze, with the proviso that one obtains at present only a lifting of p,, valued in TS ,(U)/I,

for some nilpotent ideal I C T2 (U) of bounded exponent. (Thus one expects to be able to show that
I1=0)

2. It is clear that one can state the above conjecture with reference only to a given field F', open compact
subgroup U C GL, (A%), and maximal ideal m C TS ;(U). In the rest of this paper, when we ask the
reader to (for example) “assume that Conjecture holds for F”, we refer to the above statements
for all possible valid choices of U and m (i.e. satisfying the assumptions of this section so far).

We now assume Conjecture [6.18] for the field F for the rest of §6]
S

ord

Lemma 6.20. Let T be a finite set of finite places containing S, let m C T
letw=mnNTL (U). Then the canonical inclusions

(U) be a mazimal ideal, and

H*(XU, k)n - H*(XU7 k)m

and
ord(U)n € Hypg(U)m

are isomorphisms.

Proof. Because TS ;(U) is a finite A-algebra, we have a decomposition TS (U) =[], T5.4(U)wm’, the product
being over the finitely many maximal ideals of ’]I‘frd(U ). To prove the lemma, it’s enough to show that
T% ,(U) has a unique maximal ideal lying above the ideal n of TZ ,(U). These ideals are in bijection with
the maximal ideals of TS ;(U) which are in the support of the finite-dimensional k-vector space H.(Xy,k)q.
If m’ is any such ideal, then we have H,(Xy,k)s[m’] # 0, and there exists a continuous representation

P : Grs — GL, (T3 (U)/m’) such that for all v ¢ S, we have
tr P (Frob,) = T} mod m’.

On the other hand, we have
tr 5, (Frob,) = T} mod n = tr p,,, (Frob,,)

o~ o~

for all v ¢ T'. By the Chebotarev density theorem, we obtain the relation p,, = p, = P/, which then implies
m=m' O

If m C TS ,4(U) is a maximal ideal, then (cf. §2.4) it determines an idempotent ey € Endp(a)(F,),

ord
and we write Fyy for a minimal complex representing the direct factor ey Fiy, in D(A), which is well-defined

up to quasi-isomorphism. Then there is a canonical identification

Tgrd(U)m = engrd(U) = Tfrd(Fn.‘t)
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Corollary 6.21. Let T be a finite set of finite places containing S, let m C Tfrd(U) be a mazimal ideal, and

letn=mNTL (U). Then em = ey in Endp(a)(FS,), and we have F = F? in D(A).

Proof. It is enough to show that e, = e,. However, Lemma shows that the inclusion TZ, ,(U) C TS 4(U)
induces a bijection on maximal ideals, and this implies the result. O

Lemma 6.22. Let m C TS ,(U) be a non-Eisenstein mazimal ideal with residue field k. The character

det pm = G5 = T54(U) %
equals the character
P=n)/2p Grs — T3 (U)X

m?

where Ny, : G%{’S — T3 (U)X is a finite order character uniquely characterized by the formula 1w (Frob,) =
T} forallv g S.

Proof. Let ¢ > 1. The action of Aj on Xy () factors through the quotient F*\A%/(U(c,c)NZ(AF) - Zs),
a finite group which is independent of ¢ (since U(c, c)NZ(AF) is independent of ¢). This action is compatible
as ¢ varies, so we can glue to obtain a character ¢ : F*\AL/(U(1,1) N Z(AF) - Zoo) — Autpa) (F3,)-

We claim that that ¢ in fact takes image in TS, (U)* C Autp(a)(F%,). This is clear: every element of

ord

the finite group F*\A%/(U(1,1)NZ(AF)-Zs) can be represented by an element of the form w, € F* C A},
v ¢ S, and we have ((w,) =T}
We define 7, = ¢ o Artp' : G%k,’s — TS ,(U)%. We see immediately that det py,(Frob,) =

ord
(en(1=m)/2 ) (Frob,,) for all v ¢ S. The Chebotarev density theorem then implies the equality det pn =
n(l—n)/2 O
€ M-

We end this section with a result about cohomology after localization at a non-Eisenstein maximal
ideal. The proof of this result only uses the first part of Conjecture [6.18] which is known unconditionally
when F' is an imaginary CM or totally real field, by Scholze’s results; it thus holds unconditionally when F'
has this form.

Theorem 6.23. Let m C TS ,(U) be a non-Eisenstein mazimal ideal with residue field k, and let X €
(ZQL_)HO“‘(F’E) be a regular dominant weight (i.e. for each 7 € Hom(F, E), A, lies on no root hyperplane of

GL,,). Let px C A be the corresponding ideal. Then the groups
HY(Fa @n Moa)[1/p] = Homo (H ( Xy (1,19, M—wor)m, E). (6.14)
can be non-zero only if i € [qo, qo + lo].

Proof. We just sketch the proof; see [NT] for a detailed proof. The existence of the isomorphism (6.14))
follows from the definition of Fyy, and Corollary It therefore suffices to show that the groups

H' (Xua,1), M—wor)m ®o E

can be non-zero only for i € [qo,qo + lo]. Let YU(M) denote the Borel-Serre compactification of X1 1),

and let 90Xy 1,1y = YU(M) — Xv(,1)- Then the local system L£_yz, , extends naturally to a local system

on YU(M), and we have a long exact sequence relating cohomology with compactly supported cohomology
and boundary cohomology:

= HA(Xy1,1) Mewer)m ®0 E = HY(Xy1,1), M—wa)m ®0 E = H(0Xy,1), M—woa)m @0 E — ...

We will show that the groups H i(@YU(Ll), M _y,2)m all vanish. This will imply the theorem: indeed, it then
follows that the maps H:( Xy 1,1y, M—wox)m ®0 B — H'(Xy(1,1), M_wox)m are all isomorphisms, and the
regularity of the highest weight A implies that these groups can be calculated in terms of cuspidal cohomology
(see [LS04, §5.3]). The statement of the theorem then follows from [LS04, Proposition 5.2].

It remains to show the vanishing of the groups Hi(aYU(M)’ M _yox)m- In fact, it’s enough to show
that the groups Hi(aYU(m), M_yyox ®0 k)m are zero, and by Proposition enough to show that the
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groups H i(@YU(M%k)m are zero. However, the space GYU(M) can be stratified by (nilmanifold covers
of) the symmetric spaces associated to the Levi subgroups GL,, x --- X GL,, of G. By assumption, the
compactly supported cohomologies of these spaces admit n-dimensional group determinants, which are sums

of determinants of dimensions nq,ne,...,ng. In particular, these cohomologies all vanish after localization
at the maximal ideal m, which corresponds to an (irreducible) n-dimensional determinant. This completes
the proof. O

Similarly, the following corollary holds unconditionally (i.e. without assuming Conjecture [6.18)).

Corollary 6.24. Let F be an imaginary CM field. Suppose that m C ’]I‘frd(U) be a non-Fisenstein maximal

ideal with residue field k, and let X € (Z7)HomEE) e ¢ regular dominant weight. Let ¢ € Aut(F) denote
complex conjugation, and suppose that there exists T € Hom(F, E) such that A;. # —woA,. Then the groups

H'(F @A A/ ox)[1/p] = Homo (H " (Xy(1,1), M—wor)m; E)

are all zero. In particular, H: ,(U)m[1/p] is a torsion A[1/p]-module.

ord

Proof. The proof of Theorem @l shows that the groups Hi(XU(l’l), M_iyor)m ®o E can be computed in
terms of the (Lie Goo/Zo ®r C, K )-cohomology of cuspidal automorphic representations of GL,, (Ar). A
well-known vanishing theorem shows that these groups will necessarily be 0 unless A, viewed as an element
of X*(T¢), is fixed by the Cartan involution of G¢ associated to the maximal compact subgroup Ko, C Geo
(see [BWO0, Ch. II, Proposition 6.12]). This is equivalent to asking that for each 7 € Hom(F, E), we have
)\-,—c = —’u}o/\T.

To show that H’ 4(U)w[1/p] is a torsion A[l/p]-module, we choose any A € (Z7)Hom(U"E) which is

not fixed by the Cartan involution. Then there is an “independence of weight” spectral sequence

Torﬁp(Hq

ord

(U)ms A/ px)[1/p] = Homo (H™ P (Xpr(1 1), M_wor)m: E).

Suppose for the sake of contradiction that there exists m such that H';(U)w[1/p] # 0, and let m be maximal
with this property. Then the term H7?;(U)m ®a A/pa[1/p] of the above spectral sequence is stable, which
contradicts the fact that abutment is trivial, by the first part of the corollary. This completes the proof. [

6.6 Auxiliary primes

We now discuss Taylor-Wiles primes. We adopt a slightly different method to the one used in [CHTO08] and
[Thol2], that necessitates the assumption of ‘enormous image’. We again fix a choice of good subgroup U
such that for each v € Sy, U, = I,(1,1). Let S be a finite set of finite places of F’, containing S, such that
for all v ¢ S, we have U, = GL,(OF,). Let m C TS ;(U) be a non-Eisenstein maximal ideal. We assume
that m has residue field k, and that k contains the eigenvalues of all elements of the image of p,,.

Let w ¢ S be a finite place of F such that ¢, = 1 mod p, and p,,(Frob,,) has n distinct eigen-
values. Let X = GL,(Op,) and B = I,(0,1), the standard Iwahori subgroup of G = GL,(F,,). Let By
denote the smallest subgroup of B containing I,,(1,1) such that B/B; has p-power order. Then there is an
isomorphism A, = B/B; = (k(w)*(p))"~!, given by the same formula as in . There is an analogue
of Proposition at level U"B; which is proved in exactly the same way, using Lemma this gives rise
to a minimal complex F3, 7., of A[A,]-modules and a homomorphism #(G>P*, UP*)°P[U,,, ..., Uy] —
Endpaja,)) (FS% yws,) With the following properties:

e There is an isomorphism F3 ;up, ®aa,] A = F3 yep of minimal complex of A-modules, compatible
with the two actions of the algebra H(G°Pw UPw)°P[UL ... U] by endomorphisms in D(A).

e For any ¢ > 0, there is an isomorphism

H (FO.O,UwBl) = ILH Hd—i(XU“’Bl (c,e)» O/wc)ord
of A[A,]-modules, again compatible with the action of H(GPw, UP*)°P[UL, ... U"].
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This complex is characterized up to unique isomorphism in D(A) by the existence of additional data as in
the statement of Proposition which we do not write down explicitly.

Lemma 6.25. Write U = UYK. Then:

1. For any O-module A, the map Hy(Xywp, A) = H.(Xywi,A) is canonically split as a morphism of
H(G>", U")P-modules. Similarly, the morphism F3, ;v — Fy, yui is canonically split in D(A).

2. Let ']I‘ffd{w}’w(UwB) be the (commutative) A-subalgebra of Endp ) (F3, yup) generated by the Hecke
ig SU{w}, U, veS, and U, i=1,...,n. There is a natural inclusion

v

operators T¢

v

5O uvB) ¢ TS (U B) (6.15)
and a natural surjection
TS U B) — TS (U k). (6.16)
We write n for the pullback of m to Tf:i{w}(leC), and v for its pre-image in Tf:;{w}(UwB).
3. For each ordering aa, . .., ay, of the eigenvalues of p,, (Frob,,), there is a mazimal ideal m,, ofoﬁi{w}’w(UwB)
above v, given by the formula mg, = (W', UL —aq,...,U% —ay -+ ay).
4. Fir a choice of ordering o, ...,ay,. Then there is an isomorphism Fy — Fg in D(A), equivariant

for the action of TSUIwhuniv [y particular, there are canonical isomorphisms of A-algebras

Tond " (U)n = T (ED) = TN, ).

ord

5. Let Tsu{w}’w(UwBl) be the (commutative) A[A,]-subalgebra of Endpaa,))(Fa pyup,) generated by

ord 00

the Hecke operators T, v & SU{v}, U, v € S,, and U, i =1,...,n. Then there is an isomorphism
Fouep, @aja,) A= FS pup,
and a corresponding surjection

TSU{w},w(UU)lgl) N TSU{U}},w(UwB).

ord ord

6. Let my 1 denote the pullback of mg, to a mazimal ideal of']I‘ffd{w}’w(UwBl). Then there is a TSYtwhuniv_
equivariant isomorphism
Faos @aan A= Fo

m ma”
In particular, if TSU{“’}(F‘;M) denotes the A[A,]-subalgebra of Endp(a(a,))(Fa, ) generated by the
image of TSUWHuv then there is a canonical surjection of A[Ay]-algebras

TS (Fy ) = TSV (B ) = T2 (Fe).

a,l

Proof. For the first part, this map on homology groups is induced by the inclusion of complexes Cy o (U" 5B, A) —
Cao(U*K, A), split by the trace map, since the index [K : B] is prime to p; see Lemma The split-
ting of the map F3 yup — F% pux is glued from the corresponding maps Ca o (U"K(c,¢), O/w®) —
Ca,e(U"B(c,c),0/w®). The second part of the lemma follows immediately from the first.

For the third part, we find it most convenient to argue using the cohomology groups H*(Xy, k)
(dual to the groups H.(Xy,k)). We observe that

[IqH* (XU“’67 k)ord [ﬂl] =H* (XU’“’IQ k)ord [‘ﬂ] =H* (XU“’]Ca k)ord [m], (617)
by the first part of the lemma and Lemma In the notation of we have Ul = t;---t;, at least up
to powers of ¢'/2, which we ignore. It follows from (6.17) and the discussion preceding Lemma that
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ei(t1,...,tn) acts on [KI|H*(Xyws, k)ora[W'] by €;(au, ..., ay). The third part of the lemma now follows from
Lemma [5.3]
The map of the fourth part is the composite

Fo. — Fy — Fy =2 Fo.
To show it is an isomorphism, it is enough to show that the induced map
H. (Xywp, k)m, = Hi(F, @0 k) = Ho(Fy @4 k) = Ho(Xvwi, k)n
is an isomorphism. This is true, by Lemma[5.4] The fifth and sixth parts then follow easily. O

We also give a version of Lemma [6.25]in the presence of a Taylor-Wiles datum, i.e. a finite set @ of
finite places of I satisfying the following conditions:

e QNS =0.
e For each v € Q, ¢, = 1 mod p and p,, (Frob,) has n distinct eigenvalues v, 1,...,%,n € k.

We define open compact subgroups subgroups Up(Q) = [], Uo(Q), and U1(Q) =[], U1(Q),, where:
o If v ¢ Q, then Up(Q)y = U1(Q)y = Uy

o If v € @, then Up(Q), = I,(0,1) and U1(Q), is the pre-image in I,(0,1) of the maximal p-power
quotient of the group I,,(0,1)/1,(1,1).

Let Ag = [[,eq Uo(Q)w/Ui(Q), so that Ag =[], . k(v)* (p)"~". Generalizing Propositiononce more,

i1t=1,....,n

there is a minimal complex F'3, ;) of A[Ag]-modules and a homomorphism H(G*P@, UP’Q)OP[{U%}UEQ | —
EndD(A[AQ])(Fo.o,Ul(Q)) with the following properties:

e There is an isomorphism F3_ ;. @ ®AlAg] A=F3 Uo(Q) of minimal complexes of A-modules, compatible

with the two actions of the algebra H(GoP-Q UP:Q)°P[{U? Egn] by endomorphisms in D(A).

e For any ¢ > 0, there is an isomorphism

HZ( o.o,Ul(Q)) = M dei(XUl(Q)(C,C)v O/wc)ord

of A[Ag]-modules, again compatible with the action of H(GP@, UP’Q)OP[{UQ}QZGE""”].

Again, this complex is characterized by the existence of additional data as in the statement of Proposition
[6-6] In this context, we have the following result, which generalizes the previous lemma.

Proposition 6.26. With notation as above, let T”Z;JdQ’Q(Uo(Q)) denote the A-subalgebra of Endp ) (F3, 17, (o))

generated by the unramified Hecke operators T, i = 1,...,n, v & SUQ, together with the operators U’
i=1,...,n,veSHUQ. Let ']I‘f:iiQ’Q(Ul(Q)) denote the A[Aq]-subalgebra of Endp(ajag)) (F3, 17, (q)) 9en-
erated by the unramified Hecke operators TC, i = 1,...,n, v & S U Q, together with the operators U?,

i=1,...,n,veE SHUQ. Then:

1. There are natural inclusions
TYL(U) ¢ TS, 4(U)

ord ord

and
TS (Uo(Q)) € T2 (Un(Q))

ord ord

and natural surjections
Tor’ (Uo(Q)) = Top(U)

ord ord
and
T2 (U1(Q) = T52 (Uo(Q))
and

TSP (U1 (Q)) — T2 (Un(Q)).

ord ord
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2. Letn = mnTS22(U), and let W C T522 (Uo(Q)) denote the pullback of n, and let mg o C T5o2?(Un(Q))

ord ord ord

denote the ideal generated by w' and the elements U — H;Zl Yoir t=1,...,n and v € Q. Then mg
is a mazimal ideal. We write mg 1 C TSYQ (U4 (Q)) for its pullback.

ord

3. There are TSV _equivariant isomorphisms

Fe=F?
and
Fy = Fn'.%0
and

F&le QA[AG] A Fﬂ.i@,o'
(For clarity, we remark that the complexes in the first isomorphism are direct factors of F3, v that
Fi,, s a direct factor of F;’UO(Q); and that F3 | is a direct factor of FO'O’UI(Q).) Consequently, if
TSVQ (Fmg..) denotes the A[Ag]-subalgebra of Endp(ajag)) (£ TSVQ univ,

then there are maps of Hecke algebras

Q11) generated by the image of

T V9 (Fy, ) = THO(FR) € T2 (FR) = T (V).

ord

Proof. If #Q = 1, then this is just a reformulation of Lemma [6.25] In general, the proposition follows by
repeating this argument ‘one prime at a time’. O

We then have the following addendum to Conjecture [6.18

Conjecture 6.18 (bis). 3. Let assumptions be as in Proposition . Then there exists a lifting of pp
to a continuous homomorphism pnw, : Gps — GLn(TSUQ(F,;Q \)) satisfying the following condition:
for any finite place v ¢ SUQ of F, pm, (Frob,) has characteristic polynomial

X" _ Tlen—l 4t (_1)iqi(i—1)/2T$‘Xn—i N (_1)nq;z(n—1)/2T5L c TSUQ(Fo )[X]

mQ.1

6.7 The Taylor—Wiles argument

We now specialize the discussion to our case of ultimate interest. We therefore fix a place a € S, of F' which
is absolutely unramified and not split in F'((,). We define an open compact subgroup U =[], U, of G* as
follows:

o If v € Sy, then U, = I,,(1,1).
e If v = a, then U, = ker(GL,,(OF,) — GL,(k(a))) (i-e. the principal congruence subgroup).
o If v ¢ S, U{a}, then U, = GL,(Op,).

Let S = S, U {a}. If the residue characteristic of a is sufficiently large, then U is a good subgroup (as the
groups 'y, are neat), and we assume this. We fix a non-Eisenstein maximal ideal m C T% ,(U), and assume
that p,, satisfies the following conditions:

e The representation p, has enormous image, in the sense of Definition m

|GF<<p>
e The representation p, is unramified outside S,.

e For each v € Sy, PGy, is trivial and [F, : Q] > 1+ n(n — 1)/2. (We include this assumption as it
simplifies the deformation theory at p, and allows us to prove Proposition )

e The matrix p,, (Frob,) is scalar. (It follows that any lift of p,, is unramified at a.)

e The residue field of m is k, and contains the eigenvalues of all elements in the image of p,,. (This can
always be arranged by simply enlarging the field E of coefficients.)
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Suppose given a Taylor-Wiles datum (Q; (Yy.1,- - -, Yo.n)ve@). According to Proposition we can find a
good complex Fy | of A[Ag]-modules, together with an isomorphism

Fn:le ®A[AQ} A Fn:, (6.18)

and a homomorphism TSYQuniv _y EndD(A[AQ])(F’ ) with respect to which the isomorphism 1] is

maQ,1

equivariant. We define Tq ; to be the A[Ag]-subalgebra of Endp(ajay))(Fm,, ,) generated by the image of

mg,1

TSVQuniv Th o = TSYQ(Fe), and Tp = TS (Fg). There is a diagram of A[Ag]-algebras:
Tq,1—Tqo0~—To,

as well a lifting pm, g : Grsug — GLn(Tg,1) of p,, by Conjecture (We allow the case @ = (). Then
Tg1=Tg,o =Ty and png = pm-)

Let p: Gp,s — O be the unique continuous character such that e equals the Teichmiiller
lift of det ™™ 1/2. Then the character det pm g ® ! has finite p-power order, bounded independently
of @ (as the group F*\AL/(U1(Q) N Z(AF) - Zs) has order independent of @; cf. Lemma @ , and we
write rm ¢ for the unique twist of py g of determinant p (which exists, since p > n; the twisting character
is everywhere unramified, so is trivial if the class group of F' is p-torsion free).

We can now state a supplement to Conjecture [6.18

n(n—1)/2

Conjecture 6.27. Define a global deformation problem

SQ = (ﬁm? 1y {AU}UGS U {O[AU]}UEQv {DUA}UGSp U {’DEW}vGQv)

where A, = O[OF, (p)"~ ] ifv € Sp. (There is a canonical isomorphism A = @)uespf\m because of local class
field theory; in the notation of we therefore have Ag = A and Asug = A[Ag]. ) Then the lifting rm.g is

of type Sq.

Remark 6.28. 1. Conjecture is a form of local-global compatibility for the representations py ¢ at
the places of S,UQ. It seems easier to approach for the places of ) than the places of S,. In particular,
in the case where F' is a CM field, so the representations py ¢ are almost known to exist, the part
of Conjecture [6.27] to do with local-global compatibility at @ should follow from the techniques of
forthcoming work of Varma [Var].

2. Conjecture [6.27] makes sense for a given choice of F', U, m, and @, satisfying the assumptions of this
section. In what follows, when we ask the reader to (for example) “assume Conjecture for the
field F”, we mean that the reader should assume that the conjecture holds for all possible choices of
U, m, and Q.

We now assume Conjecture for the field F for the rest of (We remind the reader
that we have already assumed Conject) We obtain a A[Ag]-algebra homomorphism Rs, — Tq 1
classifying the lifting r,. It need not be surjective if the class group of F' contains p-torsion, but it is in
any case finite (since the class group is finite). If @ = ), then we write Sg = S, and get a homomorphism
Rs — Ty.

For any such @, we thus obtain a diagram

RSQ 4>TQ71 HEHdD(A[AQ]) (1‘7}:1

|

R,S TO EndD(A) (Fn.1)

a.)

Theorem 6.29. Let assumptions be as above, and suppose further that p,, is totally odd. In particular, we
assume Conjecture and Conjecture [6.27,

1. Assume the following hypothesis:
(CG): The groups H;(Xy, k)m are zero for i & [qo, qo + lo].
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Assume moreover that for each v € S,, F, contains no non-trivial p'* roots of unity. Then Rs acts
nearly faithfully on H*(FQ).

2. Let A € (Zi)Hom(F’E) be a regular dominant weight, and let px be as in Corollary . Suppose that

H*( Xy, M_wox)m ®o0 E # 0. Then Rs () acts nearly faithfully on H*(Fr:u(m))'

We remind the reader that a ring R is said to act nearly faithfully on a module M is the ideal
Anng (M) is nilpotent. By definition, we have Rg (o) = (A — pa) ' Rs.

Corollary 6.30. Let A € (Zi)Hom(F’E) be a regular dominant weight, and suppose that H*( Xy, M_yyox)m®@0
E #0.

1. We have dim Rg () = dimA(m) H*(Fn:,(m))'

2. Let © € Spec Rs[1/p] be a closed point lying above the point px € Spec A[l/p]. Then the Galois
representation p, corresponding to x is automorphic, and dim Rg (p) < dimppy /) H* (F)[1/p]-

Proof. The first part follows from Theorem [6.29) and Lemma [2.8] For the second point, the point x gives

a closed point of Spec Rg ((,,) which is contained in the support of H*(Fy, (m))‘ It is easy to see that this

implies x is in the image of Spec Ty, hence corresponds to an automorphic Galois representation. Since
Rs (2) is a localization of Rs (), the final assertion follows from the first part of the corollary. O

Proof of Theorem . We patch, and then prove both parts of the theorem at the same time. Let T' = S,

and let ¢ = h‘lg,T(ad Pm(1)) (see . By Lemma and the assumption that p,, has enormous image, we
can find for each N > 1 a Taylor-Wiles datum (Qn, (Yu,15- - -, Yo,n)veQy ) satistying the following conditions.

e For each v € Qn, we have ¢, = 1 mod p".

e The ring RgQN is a quotient AL-algebra of Ry = AL[X1,..., X,], where

g=m—-1)g—nn-1[F:Q/2-1lo -1+ #T
(and so dim Ry, = dim S, — lp). We fix a choice of surjection R, — REQN.

We fix a choice of vy € T, and define T = A[{Y;"7 }1<; j<nver]/(Y,;'). Then the choice of pm ¢ as a lifting
within its strict equivalence class determines an isomorphism R?;QN = Rsg, @AT. We define C§ = F3.
Then C§ is a minimal complex of A-modules, concentrated in the range [0, d].

We define Ay, = Zl(,n_l)q, Sy = T[Agy), and Sec = T[A]. We fix for each N > 1 a surjection
As —+ Agy; this determines a corresponding surjection Soo — Sn. We write a C S, for the kernel of the
natural map S, — A.

If N > 1, then we define C}, = Fy, QNJ@AT. Then C7}; is a minimal complex of Sy-modules, and
there is an isomorphism C} ®g, A = (. We obtain commutative diagrams

RE,, — Tqya®aT “— Endp(sy)(C})

T

RS To C EndD(A)(Ca)

We now apply Proposition [3.1] to obtain the following data:

e A minimal complex C3, of S,-modules, concentrated in degrees [0, d], together with an isomorphism
Cs ®s, A=CS.

e A homomorphism S, — Rs of A-algebras and a map R — Endp(s_)(CS,) of Soc-algebras.
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e A surjection R,, — Rs of Sy.-algebras making the following a commutative diagram of S..-algebras:

Roo —_— EndD(SQC)(C;o>

\L \L—@soo/\ (6.19)
RS e EndD(A) (C&)

The groups H*(C3,) are finite Roo-modules (since they are finite So-modules, by construction). Applying
Lemma [2.8] we thus have

dimg, H*(C3,) =dimp_ H*(CS,) < dim Ry = dim S — lo.

This implies the first part of the theorem. Indeed, if (CG) holds then the complex C§ = F3, is concentrated
in degrees [qo, go +lo] (by the definition of a minimal complex), and since C3, ®g_ A = CJ, the same applies
to C%,. By Lemma we must have dimg_ H*(C3,) = dim S — lp, H(C2,) # 0 if and only if i = g + Iy,
and depthg_ H?To(C3 ) = dim So — lp. In particular, we get

depthp  H®(CS)) > depthg_ H® T (C3,) > dim R,

implying that equality holds, and Suppp_ H 90+l (s ) is a union of irreducible components of Spec R.

Since F, (v € S,) is assumed to contain no non-trivial p'® roots of unity, Re is a domain (its
irreducible components are in bijection with those of Spec A; see Proposition . We deduce that R, acts
nearly faithfully on H%%o(C%.), and hence R, /(a) acts nearly faithfully on H®+ (C2.)/(a) =2 HIotlo(F?).
However, this action factors through the homomorphism R., — Rs. This completes the proof of the first
part of the theorem.

We now come to the second part of the theorem, which is proved in a similar way. Let Py C So
denote the pullback of py along the augmentation homomorphism S, — A. Localizing the diagram
of S,o-algebras at the ideal Py, we obtain a diagram

Soo,(P,\) I ROO,(PA) - EndD(Soo,(PA))(C;o,(PA))

. |

Afor) Rs,(px) — Endpa,, ) (C5 ()

We observe that the ring Ry (p,) is a domain, as it is non-zero, and a localization of a domain. (The ring
A is not a domain if there exists v € S, such that F, contains non-trivial p*’-roots of unity, but the ring
A(py) is a domain, in fact a regular local ring.) Moreover, we have dim R (p,) = dim R — 1. Indeed,
our assumption that H*(Xy, M_yoa)m @0 E # 0 implies, after choosing arbitrarily a Hecke eigenclass, the
existence of a homomorphism Rs — @p such that the composite A -+ Rs — @p has kernel px. The kernel
of the composite Rye — Rs — @p gives rise to a prime ideal of R (p,) of height dim Ro, — 1, implying
dim Ry, (p,) = dim R — 1. On the other hand, R is a local ring, so we have dim Ry, (p,) < dim R — 1,
and equality holds.
By Corollary we see that there is an isomorphism

H*(C;O’(PA) ®S°°=(P>\> Soov(PA)/PA) = HY( 67((»\) ®A(m\) A(KJA)/WA) = HOm(de*(XU, M—wo)\)m ®o E, E),

and these groups are non-zero only in the range [go, go + lo], by Theorem On the other hand, we have
by Lemma [2.§]

dimsw,(PA) H*( ;o,(PA)) < dim Roo,(PA) < dim Roo —1=dim Soo,(PA) - lo.

It follows from Lemma@ that these inequalities are equalities, and the group H Z'(C’;O_( PA)) is non-zero if
and only if i = qg + lg. e proof now proceeds much as in the previous case. The ring ROO’( Py) acts nearly
faithfully on H% o (C? (Py)): Decause

depthRoc,@) Hq0+lo(c&7(PA)) = dim R (py)

46



and Spec Ry (p,) is irreducible. Since a C Py C Su, we can divide out to see that R, p,)/(a) acts nearly
faithfully on the group

Hotlo( o, (P))/ (@) & faotho( 0,(02))-

This action factors through R (py) — Rs( so it follows that the map

Px)>
RS,(W/\) - EndD(A(p)\)) (Fn.u(p)\))

has nilpotent kernel. This completes the proof. O

7 Potential automorphy and Leopoldt’s conjecture

Let K be a totally real field, and let p be a prime. We call the following statement the abelian Leopoldt’s
conjecture for K and p:

Conjecture 7.1 (AL(K,p)). Let A be the Galois group of the mazimal abelian pro-p extension of K,
unramified outside p. Then dimg, A[1/p] = 1.

On the other hand, for a general number field F', we call the following statement the non-abelian
Leopoldt’s conjecture for F, p and n:

Conjecture 7.2 (NAL(F,p,n)). Let U C GL,(AY) be a good subgroup, and let m C TS ,(U) be a non-
Fisenstein mazimal ideal (cf. . Then dimpp /p) H},q(U)wm[1/p] = dim A[1/p] — lo.

Remark 7.3. 1. When F is an imaginary CM or totally real field, the first part of Conjecture holds
unconditionally, by the work of Scholze; in this case, no additional conjectures are required at least to
state Conjecture However, without the first part of Conjecture the notion of non-Eisenstein
maximal ideal is not defined.

2. The abelian Leopoldt conjecture can also be rephrased in terms of the dimension of a completed
cohomology group over an Iwasawa algebra (see [Hill0l §4.3.3]). We have avoided this formulation
here in order to emphasize the spaces Xy, for which there is no contribution from the center.

3. For completeness, we recall what is known about the Leopoldt conjecture. We thank the anonymous
referee for these references. The original conjecture of Leopoldt predicts that the closure of the global
units in the p-adic local units has the largest possible rank, or equivalently that the p-adic regulator is
non-zero [Leo62]. For a totally real field, this is equivalent to Conjecture by class field theory.

Leopoldt’s conjecture is known for abelian extensions of @, and of imaginary quadratic fields, by work
of Brumer [Bru67]. On the other hand, Waldschmidt has proved a bound on the so-called Leopoldt
defect § which is valid for an arbitrary totally real field [Wal81]. Both of these works use the methods
of Diophantine approximation.

We can now state our main theorem, which shows that the above two conjectures are closely related:

Theorem 7.4. Let K be a totally real field, Galois over Q, let n = [K : Q], and let p > n be a prime
such that K N Q(¢p) = Q. Assume conjecture NAL(F,p,n) for all imaginary CM extensions F of Q. Then
conjecture AL(K, p) holds.

The rest of this section is devoted to the proof of Theorem We will deduce it from Theorem
6.29] using the techniques of potential automorphy.

Proof of Theorem[7.} Let K and p be as in the statement of the theorem, and let F/Q be an imaginary
CM extension, linearly disjoint from K (), and such that every place of F' dividing p splits in the extension
F-K/F. Let A= F-K, let FT* denote the maximal totally real subfield of F, and let ¢ € Gp+ be a
choice of complex conjugation. By Lemma we can find a coefficient field E and a continuous character
X : Ga — k> such that yx¢ = '™, p = Indgiy has enormous image and the pair (ﬁ,el_”ég/lw) is
polarized.
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By [BLGGT, Lemma A.2.5], we can find an algebraic character x : G4 — O* lifting X (and in turn
p= Ind&F x lifting p) such that yx¢ = ¢!~ and for each embedding 7 : F — Q,,, HT(p) contains n distinct
Ga P

elements, no pair of which differ by 1. Moreover, we can assume that p is ordinary and det p - €*("=1)/2 is of
finite order. In our situation, we have for each place v of F' dividing p:

p|GF,U = Qv Xw>
and the assumption that p is ordinary just means that we can number the places of A above v as wy,...,w,

so that for each embedding 7 : F, < Q,, the sequence HT,(x.,) is increasing. The assumption that
det p- €"("~1)/2 is of finite order means that for each embedding 7 : F}, = Q,, > | HT-(xw,) = n(n—1)/2.

By [BLGGT| Theorem 4.5.1], we can find an imaginary CM extension B/F, linearly disjoint over F’
from F(p,(,), a regular algebraic, conjugate self-dual cuspidal automorphic representation 7 of GL,,(Ag),
and an isomorphism ¢ : Q, = C such that p|g, = 7, (7). Moreover, we can assume that p|e, is crystalline
at each place dividing p, unramified outside p, and for each place w|p of B, p|g,, is trivial and [B,, : Q,] >
n(n —1)/2+ 1. Then 7 is t-ordinary and unramified at the places dividing p, while p|g, = IndggK Xlasx
still has enormous image (and in particular, is still absolutely irreducible, even after restriction to G B(Cp))'

Let § denote the Leopoldt defect of K, and let M/K be the maximal abelian pro-p extension,
unramified outside p, with Gal(M/K) p-torsion free. Let N/BK be the maximal abelian pro-p extension,
unramified outside p, with Gal(IN/BK) p-torsion free and such that conjugation by ¢ acts as multiplication
by —1 on Gal(N/BK). Let L = M - N. Then Gal(L/BK) = z, B K _ gl+a+nlB7Q 14 we want to
show that § = 0.

Let p: Gg — O denote unique continuous character such that pe
lift of det p|g, € 1/2, and consider the global deformation problem

S = (ﬁ\GB ) uen(l—n)/27 SP7 {AU}UESP7 {Dgrd}vesp)'

Then the global deformation ring Rs exists, and the representation p|g, defines a point Rs — O. Let
R = O[Gal(L/BK)], and let g : Gpxr — R* be the universal deformation of the trivial character. We
consider the representation pp = IndgiK X ® ¥g. Let R denote the largest quotient of R over which
det pz = p. We now make the following observations:

n(n=1)/2 gquals the Teichmiiller

e We have dim R[1/p] > §+(n—1)[B* : Q]. In fact, every irreducible component of R[1/p] has dimension
at least § + (n — 1)[BT : Q).

e The natural map Rs — R is surjective.

For the first point, we note that det pr arises, up to a finite order character, from the compositum of the
anticyclotomic Z,-extension of B, which has rank [BT : Q], with the cyclotomic Z,-extension of B, which
has rank 1. This implies that dim R > dim R — [B* : Q] — 1, hence the ring R[1/p] has dimension at least
§ + (n — 1)[BT : Q), provided it is non-zero. However, we have R[1/p] # 0 because of the existence of
pla,- For the second point, we note that in the ring R/(mpg), the deformation of p|g,, is trivial, hence the
composite character

Gpkx = R* - R — (R/(mpy))”

must be trivial. By universality, the quotient map R — R/(mpg) factors through R — k. It is surjective, so
we deduce that the map k — R/(mpg) is surjective, and hence that Rs — R is surjective, as required.

Fix a subgroup U satisfying the conditions at the beginning of and a weight A such that =
contributes to H*(Xy(1,1), M—wex) ®o @p. We write m C Toq(U) for the corresponding maximal ideal.
(The subgroup U is uniquely determined, except that we must choose an auxiliary place a of B such that
Plar, is unramified and scalar and a is absolutely unramified and not split in B((,). Such a place exists
because the image of adp cuts out a field disjoint from B((,), by construction. The weight A is uniquely
determined by 7; 7 contributes to cohomology because of assumption that the character det p-e"("~1/2 has
finite order.) We finally deduce the inequality

dimag1/p) Hixa(U)ml1/p] = dim R o) = 6+ (n— 1)[B* : Q). (7.1)
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Indeed, let = denote the closed point of Rs[1/p] corresponding to p|g,. We have shown that
dim Rs (,,) > dim Rg () > dim R(,) > 6 + (n — 1)[B* : Q].

We now apply Theorem (or rather its corollary), working over the base field B, to deduce that
dim Rg () < dimppy/p) Hq(U)m[1/p]. (This is the point of the argument which uses Conjecture
and Conjecture ) On the other hand, Conjecture implies that

dimap1 /) Hiq(U)m([1/p] = dim A[1/p] — lp = (n — 1)[BT : Q). (7.2)
Comparing (7.1]) and (7.2]), we see the only possibility is ¢ = 0; in other words, Conjecture holds for the
pair (K, p). This completes the proof. O
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