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1 Introduction and main result

The modeling of quantum diffusion is one of the fields of mathematical inte-
rest in quantum mechanics that is not completely well understood at present.
Some remarkable works aiming to an earlier analysis of diffusive corrections
in models arising from quantum kinetics are due to Caldeira and Leggett
[4], Di6si [8, 9] and Diési et al. [10]. The proper framework of such sort of
diffusive models is that of open quantum systems, i.e. an ensemble of elec-
trons interacting with a heat bath (an infinite set of harmonic oscillators in
thermodynamic equilibrium) that can exchange matter (conserved particles)
with their environment (see [4], [7], [11], [6]).
The quantum Wigner—Fokker—Planck equation reads
Z—Vf + (& V)W + O[VIW
Dipp : Dpq ..
= WAgW + 2Xdive (EW) + 2?d1vw(V§W) + Dy AW, (1)

where W is the (quasi)-probability distribution function, D,p, Dpg, Dgq, m
and A are physical constants and O[V]W is the (quadratic) nonlinear term
associated with the 3D Hartree self-consistent potential (cf. (7) below). In
a recent paper [1], the well-posedness of so—called Wigner—Poisson—Fokker—
Planck (WPFP) system in the simplest Markovian approach for the (high
temperature) frictionless case (A = 0) is studied. This is a quantum-kinetic
model (in the Wigner representation) with Fokker-Planck dissipation mech-
anism only in the {-direction (that is, Dy, = Dgg = 0):
%—T%—(S-VQW—%@[V]W:%A&W r,E€ER, t>0. (2)
The Lindblad form [13] of this kinetic operator at the density matrix level
implies that the problem is mathematically consistent, in the sense that the
equation preserves the positivity of the initial density matrix. The pro-

blems of local existence, uniqueness, stability, regularity and long-time be-
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haviour (in the case of global solutions) of the Wigner function mild solu-
tions of (2) are also tackled in [1]. In [6], the authors make a mathemati-
cally rigorous derivation of the frictionless Fokker—Planck equation from the
Caldeira—Leggett model introduced in [4]. Furthermore, they investigate
other Fokker-Planck-type equations obtained from the Caldeira-Leggett
Hamiltonian through different diffusion mechanisms and scalings (fixed tem-
perature and long—time limit), especially a heat equation with a friction term
for the radial process in phase space. Also, the rate of time decay of solu-
tions to the viscous hydrodynamic model (i.e. the moment equations for
the charge density and the current coupled to the Poisson equation for the
electric potential) associated with the 1D WPFP equation is studied in [12]
via the entropy dissipation method.

This paper is devoted to prove the existence of global mild solutions
(i.e. solutions of the WPFP equation written in an equivalent integral form,
defined in [0,00)) to the most general physically relevant class of WPFP
models (we only set D,, = 0). Indeed, we are concerned with the analysis of

the following initial value problem:

aa—vl/ +(&-V )W +O[VIW = %Aﬁw + 2Mdive (W) + Dy AW (3)
W, €,0) = Wo(a,£) . (4)

coupled to the Poisson equation for the determination of the self-consistent

electrostatic potential:

Vet =+ [ D g, )

Cdm ey eyl
with
n(z,t) = /]R W (a,6,1) de. (6)

¢
Here, O[V] stands for the pseudo—differential operator

OVIW(z,¢,t) =

i / / V(z+5n,t) — V(e — 5n,t)
(2m)® Jrg /R, h
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X W (x, € t)e €)M de' dn (7)

with 7 denoting the reduced Planck constant and m the effective mass of the
particles, while A\, D,,, D,, are positive constants related to the interactions
between the particles and the reservoir (cf. [8]):
Ui nh?
A=—, D,,=nkgT, Dy=-—"— 8
A N DY % o (8)
where 1 > 0 is the coupling (damping) constant of the bath, kp the Boltz-

mann constant and 7" the temperature of the bath. Also,
Q=[ [ W&t dsds
RE JR}

is the total charge of the system, which is preserved along the evolution.
This equation is the simplest systematic Markovian approximation taking
friction and dissipation effects into account, such that the corresponding
master equation for the density matrix of the particle ensemble still belongs to
the Lindblad class (as shown in [9]), ensuring preservation of positivity for all
initial conditions and for all times. Indeed, if the elliptic term involving A, W
is removed from Eq. (3), then the remaining Fokker—Planck collision kernel
(accounting only for friction and &—diffusion effects) prevents the equation
from belonging to the Lindblad family. Thus, in this case the problem would
be neither mathematically consistent nor meaningful in a physical context.

The WPFP equation (3) stems from the following evolution model (see
[1]) for the density matrix function p(z,y,t) € L*(R: x R3):

dp i
5 _ﬁ(Hx —Hy)p— Mz —y)- (Vo= Vy)p

D
+ (qu‘vw + vy|2 - h—’f\fv - y|2>:0a
where H, and H, are copies of the electron Hamiltonian

hQ
H,=——A
e = 5 A+ V(z1)

4



acting on the variables x and y, respectively. Indeed, taking into account
that the Wigner function of the electron ensemble W : R} x R x [0,00) — R
is defined by

1 h h .
w 3 7t = / ( S L — S ,t) —Zf-’qd ,
(z,€,1) 27 Joy P T+ =g, t)em M dr

one can easily deduce that the evolution law for W(z, &, t) is described by
Eq. (3). The positivity of the density matrix operator
RO = [ FWe(e,y,t)dy € I*(R)

3
RZ‘I

(guaranteed by the Lindblad condition) implies that the Husimi transform,
defined by the following convolution of the Wigner function with a Gaussian

kernel

WH(2,€,0) = W (2, 6,1) %0 (%)3 exp {—% (W + |§|2)} (9

is pointwise nonnegative on R? x R. Also, the Lindblad condition and
a nonvanishing friction (A > 0) imply that the Fokker-Planck operator is
uniformly elliptic in R® x Rg.

Contrary to the common techniques leading to the global existence, reg-
ularity and asymptotic behaviour of solutions to classical (Vlasov)-Fokker—
Planck systems, our techniques overcome the explicit use of S, norms (see
[5, 2, 15] for example) to control the position density. Actually, our proof
does not require more regularity than L'(RS x R}) N L'(R}; L?(R?)) and the
control of the kinetic energy for the initial Wigner function. We also re-
mark that the natural space where the Wigner function lives is L*(RS x R}),
as sheds from the original density matrix formulation in the widest context
of Wigner problems. Actually, by formally multiplying Eq. (3) by W and

integrating against x and & we have

HW(t)”L?(Rngg) < ||W0||L2(Rngg) 66)‘t.
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However, the presence of a regularizing Fokker—Planck kernel in the model
under study allows us to develop a (surprising) L' theory for the WPFP
equation and exploit the smoothing properties of the Fokker-Planck operator
to get regular solutions. It is significant the fact that no maximum principle
is available for equations of Wigner type, so that in general the Wigner
function changes sign even if we start from positive initial data. This is
why the Husimi function (9) together with the elliptic regularization in the
xz—variable will play an essential (although seemingly hidden) role in our
analysis.

We prove the following global-in—time existence result:

Theorem 1.1 Let Wy € L'(R} x R}) N L'(R}; L*(RE)) be such that
/R3 s E*Wo(z, &) dédx < oo. Then, the Wigner—Poisson—Fokker—Planck

equation (3)-(8) admits a unique global mild solution
W € C([0,00); L'(R; x Rg)) N C([0, 00); L' (Re; L*(R;))) -
Moreover,
W e C((0,00); WH N WHP(R] x RY)).
Also, the charge density (6) and the electric potential (5) satisfy the following
Holder—regularity properties: for allt > 0,

1 1
n(-,t) € C¥*(R3) with 0 < a < 3 V(-,t) € CY(R®) with 0 < B < 3

The paper is structured as follows: in Section 2 we construct the funda-
mental solution of the linear kinetic Fokker—Planck operator and establish its
main properties. Section 3 concerns the local existence and uniqueness of so-
lutions to the 3D WPFP system with nonvanishing friction. In Section 4 we
show some regularization effects of the Fokker—Planck kernel on the Wigner
function, the charge density and the electric potential. Finally, Section 5 is

devoted to prove that the solution found in Section 3 exists globally in time.
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2 On the fundamental solution

This section is devoted to the description of the fundamental solution of
the quantum Fokker-Planck model (3)—(7) and the derivation of some of its
main properties. The Green function G associated with the linear kinetic

Wigner-Fokker—Planck equation under study is the fundamental solution of

ow D
LW]:= o+ (- V)W — #’;’Agw — 2Mdive(EW) — DA, W = 0. (10)

Lemma 2.1 The fundamental solution of the linear operator (10) is given
by

__-oxt

G(z,€, z,v,t) :G()(x—z— <%>v,§—62’\tv,t), (11)

where
Go(,&,1) = d(t) exp { —a(t) |z + b(t)(z - €) — c(t)[¢ [} (12)
with coefficients

m2)\3 (1- 74)\t)

“© = 5, D@ 13
bt) = "ll); a _De(_t) 7, (14)
m2x (4 (1 +4X2m2 22 ) — (1 — e 2)(3 — e 2N
ct) = 4DA (43 (14 pp)D(i) 4 )), (15)

3

i) = <\/4a(t)c(t)—b(t)2> _ ( R ) | "

o WDPP\/%
and where
D(t) = )\(1 + 4)\2m2%)t(1 _ 6—4)\t) _ (1 N 6_2)‘t)2. (17)
PP



Notice that D(t) and 4a(t)c(t) — b(t)? are positive functions for all positive

times.
The proof is based on the Fourier transformation of Eq. (10) with respect

to the (z,&)—variables and then integration of the resulting linear first order

hyperbolic problem for G(y, 7, t)

oG R . D, . .,
o (y- V)G +2\(n-V,)G + ﬁnQG + Dy’G =0,
G(y,m,0) =1,

along the characteristics s e**'n + ' (1 — )y, where we denoted
Gy, 0, t) = Foory oGy, m, 1) = /“AS G(x, &,1)e@vHen ge dy |
¢
From now on, when there is no possible confusion we shall denote
L’ =LP(R xRY), L% =LYRLP(RY)).

In the following result we list some of the properties of G' that will be useful

in the sequel to deal with mild solutions of the system (3)—(7). We have

Lemma 2.2 The fundamental solution G of the linear kinetic Fokker—Planck
equation (10), given by formulae (11)-(17), satisfies the following properties
for anyt > 0:

(i) / / G(z,& z,v,t)dédz =1 for all z,v € R3.
RS JR?
(ii) |Go(t)||zer < Clq,p)a(®)’ 7@ d(t)'"c for all 1< ¢,p < oo.
(113) For all 1 < q <p < o0, we have

2_1 1 3_3
196.6Go(®) oy < C0a)|(20(t) + (1)) d(t) 75 ()3 (370)




In particular, for ¢ = p we have

IV e Go(®)le < Clp)d(t)i > [(%(t) v b(t)) c(t) + (2c(t) + b(t)) a(t)].

Proof. The proof follows from elementary computations. We just make a few

remarks on the proof of (#i7). First we observe that

Ve Gola,&, 0] < | (20(0) +0(0) ) 2] + (26(6) + b)) 1] Gola, €,

Then, we can estimate

||V(w,§)G0(t)||Lp(Rg;Lq(R§)) < (20(t)+b(t)>|||$|G0(t)||Lr(Rg;Lq(R3))

+ (200 + 600) ) 1IEIGo D)0

where we have used Minkowski’s inequality to reverse the order of the norms

acting on |£|G. [

3 Existence of local-in—time mild solutions

In this section we prove the existence and uniqueness of local-in—time mild
solutions to the 3D WPFP system (3)-(8) by application of a fixed—point
argument of contractive type. Local existence was also dealt with in [1] for the
simplest frictionless Wigner-Fokker-Planck model (2). By a mild solution
W(z,&,t) of the WPFP system (3)—(4) we understand that satisfying the

following integral equation:
Wwet)= [ [ Gla&zv,0Wlz0) dzdo
R} JR?

¢
_/0 /R% /R2 G(z,&, z,v,t —s)OV|W (z,v,s)dzdvds. (18)

Clearly, from the concept of mild solution we may consider W to be split

into two parts: the linear part, only depending on the initial data W, and
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the nonlinear part depending upon the potential V' through the pseudo—
differential operator O[V]W. Also, we observe that the first term in the above
decomposition actually solves the linear Wigner-Fokker—Planck problem (10)
with initial data Wj.

Henceforth in the paper the following identity for the nonlinear term

constitutes a crucial ingredient (see [1]):
where

i / V(z+5=n,t) = V(z — 5=n,1)
(2m)3 Jrs h

m 3 . j2mog, _ 2m
— 16 (ﬁ) Re {ze ; ﬁij)gv(Fg, t)} .
In fact, it is a simple matter to conclude that

e <16(2) rtv (Be )| (19

where we denoted .\ f = ﬁ / i (z)e™™Y dx the inverse Fourier trans-
R

form of f. We also introduce the following notation for convenience: given
f € L', define the uniparametric semigroup G(t) acting on f as the integral

operator
G@)[f] = /RS /RS G(z,&, z,0,t) f(2,v) dzdv .
Now, the mild WPFP equation (18) may be rewritten as
¢
W) = GOWal — [ Glt = 5)[(H # W)(s)] ds. (20)

We first proceed to derive a priori bounds on W. In the sequel we shall

denote by C' various positive constants. We have the following

Lemma 3.1 Let G(t) denote the Green function operator. Let also 1 <
P, q < 00 andl—i—% = %%—%,14—% = %%—%, with m < 1. Then, the following

estimates
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(i) 1GO[fllzes < X7 Goll Lo | fll pma,
(i) V(GO Dl e@ams) < S 1E)t||VG0||Lr(];g,—%m(uaag))||f||LmJ;
(i) |H|zrgg) < Cllnllirgs) + [12ll2@s) < CUW | + [[Wller2),

hold true. Here, the symbol V denotes any first order derivative. Further-

more, in the particular case p = q =1 in (i) we have

GOl < [ fllzr -

_e— 2t
2X

e~y s v. The proof concludes after application of Young’s inequality for

Proof. (i) follows from the change of variables z + (1 )v — 2z, then

the resulting convolution and Minkowski’s inequality for the norm of f. The
particular case p = ¢ = 1 is a direct consequence of Lemma 2.2 (). The

calculations leading to (i7) are analogous to those of (7). Finally, (ii) follows

from (19) by the identity (see [1])
_ 1

(1)

1)l = —
IF2V Dl = 4 o

- H |- Farn LI(R3)

-1

Indeed, we first estimate the L' norm of |-|~*(F,},

the 3D unit ball B. We have

n)(+,t) outside and inside

L(R%\B) < C“ z»—)y ('at)||L2(R3) < C“?’L(',t)”Lz(Rs) .

| pEtmen

Likewise, inside B we get

[aEmen], < CIFnt Dl < Clnt Dl

Finally, bounding the norms of n by those of W
G Ol @s) < IW @, Int Dll@sy < (W E)|zr2
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we conclude (77). [

Let T > 0. In the sequel we shall manipulate functions W (z, £, t) defined
on the Banach space C([0,T]; L* N L'?), endowed with the norm

Wl i= sup (IW @z + W @)z22)
0<t<T

More precisely, we shall restrict ourselves to the following closed, bounded
subset of C([0,T7]; L* N LY?):

X ={weC(o.T L' n L) : W(t=0)=Wy; [Wlr< K}
and define the map ' : X5 — C([0,T]; L' n L'?) by
DOV)(2) = GWo] — [ Glt = 5)[(H #¢ W)(s)] ds.

We first notice that ' is well-defined. Indeed, from Lemma 3.1 (i) and (ii4)

we have

1G @) Wolllzr < [[Wollzr,
|Gt = s)[(H ¢ W)(s)]l[er < CIW iz [W(s)l] 1, (21)

where we estimated
[H ¢ Wil < [ H|rwe) W]l 1

by Young’s inequality. On the other hand, the same type of estimates are

also true for the LY2 norm. Again from Lemma 3.1 (i) and (ii7) we have

IG@)Wolllpr> < [[Wollzr2,
|Gt = $)[(H *¢ W)(s)]l|zr2 < CIW [z [[W(s)]| 2. (22)

1
Now, having chosen K = 2||Wy||7 and T' < 0K it is clear that I" maps
X7 onto itself and

1
IT(W1) = T(Wo)|lr < = [|[Wh — Wallp ¥V Wi, W, € X
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Hence I' : X} — X} is a contractive map, so it has a unique fixed point
W € XE. This is equivalent to saying that there exists a unique solution
W (t) € L*'NLY? of the WPFP system (3)-(4) defined on [0, T'], for sufficiently
small 7" > 0 only depending on W. Actually (see [16]), there is a maximum
time of existence 7},q, which is either 7T}, = 00 or T4, < 00 and ||W||r —
oo when T" — T,,.,.. In the last section we shall prove that the second

possibility cannot occur, hence global existence is attained.

4 Smoothing effects and regularity of the
Wigner function

The purpose of this section is to take advantage of the regularization proper-
ties of the Fokker—Planck operator in order to derive some smoothing effects
on the (Wigner function) solution under the only assumption that the initial
data is in L' N L2,

We first introduce some useful notations and results.

Definition 4.1 Let T > 0 and f, g be continuous functions in (0,T). We
will say that f(t) is equivalent to g(t) att = 0 (and denote it by f(t) '~ g(t))

if there exist three positive constants c1, co and ty such that
e f(t) < g(t) <ef(t), forall0 <t <t.

This concept allows to easily identify the rates of time growth/decay near

t = 0 of the coefficients of the fundamental solution Gy. We have the following

Lemma 4.1 Let a(t), b(t), c(t), d(t) and D(t) be given by formulae (16)-
(17). Then

t=0 ,92 t=0 t=0 1 =0 1

D)~ ¢, at) ~ ()~ <, dl) ~ 5,
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Proof. For a(t) we observe that (1/a)(0) = 0 and (1/a)'(0) = 4D,,. Then, a

simple integration allows to deduce that

< alt) <
6qut_a()_

2D, t

is satisfied in (0,?p), for some ¢, > 0. Analogously, we observe that the
first nonvanishing derivative of 1/c at ¢ = 0 is (1/¢)'(0) and that of 1/d is
(1/d)"(0). For b(t) we directly check that 0 < b(0) < co. Finally, D"(0) is
the first nonvanishing derivative of D(t) at t = 0. The proof concludes after

integration.

We summarize the main regularity properties of W(z,&,t), n(z,t) and

V(z,t) in the following

Proposition 4.1 Let 0 < T < Tpee and let also W(x, &, t) be the solution
of (8)-(4) given by (18). Then,

(i) W€ C((0,T); L=(R} x RY)),
(i) W € C((0,T); Wh' 0 Wh(RE x RE)).

Also, the following Holder regqularity is achieved for the density and the

potential:
(iti) n(t) € C¥(R®), for all t€ (0,T) and 0 < < 3,
(w) V(t) € CYP(R%), for all t€ (0,T) and 0< < 3.
Besides,
(v) V.V e > NLP°(RS x RY),

(vi) Von € (RS x R?),
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(vii) EW € L'(RS x RE)? for all t € (0,T). Actually,
||5W||L1(Rngg)3 <Ke, 0<t<T, (23)
where K and C are positive constants depending on ||W ||r.

Proof. The first result is reached as a consequence of Lemmata 2.2 and
3.1 by using that d(t) ‘<’ t3, then d(t)z% € L'(0,T) for 1 < p < 3. We prove

() in four steps. The first step consists of estimating
t
(WO lze < [IGE)[Wolllze +/0 |Gt = $)[(H + W)(s)]l| o ds
1 t 1
< ClWollw d@)¥ +ClIWIE [ d(s)7 ds.

Then, we deduce that W € C((0, Tinag); L?) for all 1 < p < 2. In the second
step we start from an arbitrarily small time ¢ > 0, that is, rewrite W (¢t) for

t > € as
W(t) =Gt —e)[W(e)] - /:G(t — s)[(H = W)(s)] ds,

then we estimate ||W(t)||e with ¢ < 3 as

W @)llze < Ca(t = )7 [W(€) | 1o +C||W||T/ d(t = )7 [W(5)l1» ds.

The third step is analogous. Indeed, for r < oo and ¢ > 2¢ we can now

estimate ||W (t)||.- as

W @ller < Cdt — 267 [|W(26) | +C||W||T/ d(t — )7 || W (s)|| e ds .

Finally, in a fourth step we obtain a uniform bound for W by writing

W @)llz < Ca(t — 36)7 W (3€) |- + CIIWIIT/ d(t = )7 W (s)||z- ds
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for any ¢ > 3e. Notice that p, ¢ and r are linked by Young’s relations at
every step. The arbitrariness of € allows us to conclude. Also note that we
have repeatedly used the property G(t)[G(s)[f]] = G(t + s)[f] of evolution
semigroups. Finally, Pazy’s results (see § 6 of [16]) ensure the continuity of
the Green function operator G(t), thus of the Wigner function.

To prove (1), we first take gradients in the mild equation (20) and obtain
t
VoW (1) = Ve GOl = | ViegGlt = )[H « W(s)]ds.

As for (7) we can prove (i7) in several steps, depending on the time integra-
bility of ||V (2,6G(2,&,2,v,t)||zr = ||V(2,6)Go(,&,1)||r- Using Lemma 2.2

(74) with ¢ = p and Lemma 4.1 we conclude that
31
IV @6 Gola, &, )|r < Ctr 2.

Therefore, ||V (z,6Go(x,€,t)||z» € L*(0,T) for 1 < p < &. Using now the same
ideas than before, (i) can be reached in seven steps. The time continuity is
deduced as before.

To prove (iii) we first observe that Morrey’s Theorem (see for example
[3]) yields

_3
[n(z,t) = n(y, 8)] < IVon(-, )| ogey|e —y|' 7>, forp>3.

Then, it suffices to control ||Vyn(-,t)||»@s) for some p > 3. To this aim,
we shall show that ||VzW(t)||Lp(R%;L1(R§)) is bounded. By using Lemmata 2.2

(i4i) and 3.1, we have
||VwW(t)||Lp(R2;L1(RZ’)) < vaGo(t)”Lq(R%;Ll(Rg))||Wo||L1,z
+IW7 /Ot 1V2Go(3)1| 2o g ity ds
< |[Wol|gr2 P2 +C|W2 o1

with 1+% = é+ 5. Now, choosing ¢ < ¢ < 2 and then 3 < p < 6 we get the
desired bound with o = 1 — %. We notice that the above inequality is still

valid for p = 2 (¢ = 1), then assertion (vi) holds.
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We prove (iv) by using the convolution form (5) of V' and splitting the

integral into two parts:

RS Y| i<k >R

_3 1
< CIVan,Ollsle =25 [ =
lwi<k [y]

V(z,t) =V(z1)] <

1
+ = [ In@ =y, 1)+ n(z =y, )l dy

3 2
< CR2||an(-,t)||Lp|x — 2\1_5 + EQ )

Then, optimizing over R we get

V(z,t) = V(z,8)] < CQ3|[|[Van(, t)l|is e — 2377,

ol
Sl

thus the continuity of V. For the first order derivative we may analogously
write

In(z —y,t) —n(z —y,1)|
S ly[?

1 2 2_2
<SOR3 Van(- )| 7slz — 2377,

\V.V(z,t) =V, V(z,t)] <C

dy

which yields the Hélder continuity of V,V. This concludes the proof of (iv)

with f =2 — 2

To prove (v), we first notice that
192V Iz < C(lnlls + lmls2)-

Also, the boundedness of V,V is a straightforward consequence of V,V € L?
and the Hélder regularity V,V € C%.

Finally, (vii) follows by multiplying Eq. (18) against & and taking L'
norms. Then, using (vi), Lemma 4.1 and the fact that ||EH||1 < C(||W||T+

||an||L2) we get
¢
IEW (-, -, )|l < sup F(t) +C||W||T/ 6_2/\(t_8)||§W(-’.,s)”L1 ds,
0<t<T 0
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with
F(t) = O|Wollp Vi + e 2|EW|11 + C|[W 212

t
FCIWIt+ [ e |V )12 ds.
0

Now, Gronwall’s inequality applies to yield (23).

5 Existence of global solutions

This section is devoted to prove that the solution obtained in Section 3
is actually defined in [0,00), that is, Ty = 00. To this aim, we shall
equivalently show that the norm in L' N L2 cannot blow up in finite time.

We start with some considerations concerning the kinetic energy of the

system.

Lemma 5.1 Consider the electron kinetic energy associated with f(z,&,t)
to be defined by

ElfI(t) = /RS /RS %f(x,f,t) de dz .

Let W and WH be the solution of the WPFP system (3)—(7) and its corre-
sponding Hussimi transform (cf. (9)), respectively. The following assertions
hold true:

(i) E[W](t) < +oo forall 0 <t<T.

(i) E[W] solves

%(E[W] (t) + %II%V(-, t)lli2(R3)>
D

D
= 322Q — NEWI(E) — ~ (-, D)l
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(iii) The Husimi kinetic energy E[W*¥] is connected to E[W] through the

following relation

3n

EW"](t) = EW](6) + 5

Q.
(iv) E[W] is bounded from below. In fact,

E[W](t) > —%Q, V> 0.

Proof. (i) follows from Eq. (18) by integrating against |£|*> and estimating
EW](t) < e MEW]0)+[EPGo)lnlInllr

t
+ /0 1€ Go(t — )|zt | (H ¢ W)(s)||12 ds

t

—4\(t—s) 2

+/Oe /Rs Rg\g\ (H % W) dé da ds
E[W](0) + Ct|nll + C|W]|7

t

2

+/0 /R?)/RS EP(H % W) dé da ds

i
< C(T)+/0 ( RSJ-Vdex> ds,

IN

where we have used again Lemma 4.1. Then, Proposition 4.1 (v) and (vii)
allows to conclude.

Multiplying Eq. (3) by |£|?, integrating against z and £ and using the
Poisson equation A,V = n leads to (ii). (ii7) follows from a straightfor-
ward calculation. (iv) is a simple consequence of (ii7) given that the Husimi

function W¥ is positive. [

We first remark that the density function n(z,t) is nonnegative (see for
example [1, 14]). Then, integrating Eq. (18) in z and £ shows that the total
charge of the system

QZ/Rin(:E,t)dm:/Rg/RgW(x,f,t)d{—“dx
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is preserved along the time evolution.
Now we are ready to finish the proof of Theorem 1.1. We only need
to show the existence of a solution as stated in the theorem. To this aim,

estimating as in (21) and (22) and using Lemma 3.1 (i74), we find

IW @)l + W @2 < [Wollos + [ Wol s
t
+C [ (In@llzags) + (@ llzzgs) ) (IW($)los + W (5) 12 ) ds.

Now it is enough to prove that

t
(1)l + 1n(5) ey ) ds

is finite for finite time, as in that case we finish by using Gronwall’s lemma.
As ||n(t)||L1(rsy = @ is constant in time, the problem is reduced to showing
that [ ||[n(s)||z2s) ds remains bounded on bounded time intervals.

Now, integrating (¢) in Lemma 5.1 between 0 and ¢ and using the lower

bound for the kinetic energy given in Lemma 5.1 (7i7), we get
t t
[ (6 ey ds < 14 [ n(6) . ey ds < C1Wo) + (A, Dy, Dyg)

after some simple estimates. This implies that [; ||n(s)||z2(ws) ds cannot blow

up at finite time. Now we are done with the proof of Theorem 1.1.

Remark 1 Notice that the same proof applies to the general WPFP equation
with nonvanishing friction (1), with inessential modifications (in the sense
of estimates and time integrability) in the erpression for the fundamental

solution due to the additional term %’”‘ divy(VeW). In fact, we find again

1— e—ZAt

_ o _ —oxt
G(x,f,z,v,t)—Go(aﬁ z ( ) )v,f e v,t),

where now

Go(,€,1) = 8(¢) exp { —a(t)|a]” + B(t)(z - €) — (1) |}
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with

_2aep, L=e ™)

Oé(t) =m /\ DPP A(t) )
(Dapl1 = €092 + 8mADy1)

232

B(t) = m*\ NG ’
m2\D (4/\t (1 + 4/\2m2%) —(1—e2)(3= 6—2)\15))
’Y(t) = PP pp ’
! A(1)

m2\2
o= (m)

A(t) = D2 D(t) — 4m 2 Dyt (Dp,,(1 ez y mVqu) .

On the contrary, the ideas employed in the proof of Theorem 1.1 cannot
be extended to the frictionless WPFP system (2) because of the lack of elliptic
reqularization in the x—direction. This problem will be tackled by the authors

in a forthcoming paper.

Remark 2 The regularity properties proved in Theorem 1.1 allow to rigor-
ously justify all the a priori estimates derived on the Wigner function, the
density and the potential. In particular, the energy equation established in

Lemma 5.1 (i) makes full sense. Indeed, it is clear that
()l 2@y < [W(E)lL12 -
Also, from standard elliptic estimates we have

19:V (@) lz2) < C M)l o) < CQHNA e,

R3

Remark 3 Some (exponential) control of the growth in time of the kinetic
enerqy is also possible. Indeed, one can easily deduce from the energy equation
stated in Lemma 5.1 (i) the following bound

E[W](t) < C(Wo) + 3%@5 +4) /Ot \E[W](s)| ds .
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Then, once we know from Lemma 5.1 (iii) that E[W] cannot be "very nega-
tive”, it is clear that a (sufficiently large) positive constant (denoted again by
C(Wy) for simplicity) must exist such that the above inequality is still valid
for |E[W](t)|. Consequently, Gronwall’s lemma applies to give

E[W](t) < C(Wo, A, D) (1 4 ew).
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