AFFINIZING QUANTUM ALGEBRAS: FROM D-MODULES TO K-THEORY

I. Grojnowski

21 May 1994, 11 Nov 1994

There are many situations in representation theory where an algebra A_q is contructed in the Grothendieck group of certain mixed perverse sheaves on a variety X. We mention some:

i) Let G be an algebraic group, B its flag variety. Then G-equivariant perverse sheaves on B × B realise the Iwahori-Hecke algebra of G.

i’) More generally, if K is the fixpoints of an involution θ : G → G, K-equivariant perverse sheaves on B realise the “coherent continuation” representation; an object of fundamental importance for the representation theory of real groups.

ii) For G as in (i), the “character sheaves” of Lusztig [L3] encode the character theory of the finite groups G^F , for F the Frobenius map for an F_q structure on G.

ii’) More generally, one may consider the character sheaves on G/K, as in [G2]. iii) Certain perverse sheaves on the moduli space of representations of a quiver define U_qn, the Hopf algebra (quantum group) associated to the − part of a Kac- Moody algebra.

In each of these situations, the fundamental object is a certain Lagrangian variety Λ ⊆ T^∗X, and the category of perverse sheaves is precisely those whose characteristic variety lies in Λ. Further, Λ is “nilpotent” in some suitable sense, and contained in the inverse image of 0 under a moment map. (In fact, this complex symplectic structure seems to often come from an underlying hyper-Kähler structure; but I have no understanding of the representation theoretic meaning of this). Note that we can add the “geometric Langlands program” to the list of such examples.

The main observation of this paper, illustrated in detail in case (iii), is that to this data one can attach another object, the “quantum affinised algebra” ^A_q with trivial central charge. In the case where there is a 1-1 correspondence between the irreducible components of Λ and the irreducible equivariant perverse sheaves with characteristic variety in Λ, this algebra is realised in K^{G×C∗} (Λ), the equivariant K-homology of Λ. In other cases, such as (i’), K-theory is probably not the correct object, and perhaps one should use something like E-modules. Alternately, it may be one should do this one block at a a time (see [Vo]).

In this geometric context, the evident algebra morphism A_q → ^A_q (which is clear on the level of generators and relations) becomes realised by the theorem of Gabber that the weight filtration on the nearby cycles coincides with the monodromy

1991 Mathematics Subject Classification. Primary 20G99.

Typeset by AMS-TEX 1

filtration. However, for technical reasons we work with M. Saito’s mixed Hodge modules, and not with the mixed l-adic sheaves (see 1.7.1, below).

The significance of this in case (i) was realised by Tanisaki [T]. This paper can thus be considered as a commentary on [T] and the spectacular paper [KL].

In a sequel, in preparation, we intend to deduce the finite dimensional representation theory of U_q^g from these techniques and the additional insight provided by [N,11].

The second observation of this paper is that we may get rid of the Lagrangian variety altogethor, at the expense of modifying the multiplication on K^{G×C∗} (X). In the case of U_qn this means we can construct U_q^n inside the equivariant cohomology of a point.

To use the language of I. Frenkel, we have “categorified” a q-vertex operator algebra. This construction of the quantum affine algebra inside symmetric polynomials is not new; B. Feigin has also discovered this (unpublished). Here however it has the peculiar consequence that all the complexity of the Lagrangian variety Λ is encoded in certain polynomials (essentially the Chern classes of their normal bundles). Further, using the “characteristic variety” embedding U_qn → U_q^n, we can represent each element of Lusztig’s canonical basis as an I-tuple of polynomials. Then properties of these basis elements (such as which representations they vanish in) become certain divisbility properties of these polynomials. We will return to this in a later paper.

Remark: In the original version of this work, I proved theorem (7.8) by explicit computation in K-theory for rank 2, combined with certain arguments paralleling those of [L1,L2]. This would have taken many more pages to write, and made the result seem quite miraculous. The present treatment arose from my various attempts to understand why the theorem is true. For an explicit proof by calculation, see [G1].

Acknowledgements: Thanks to S. Evens and M. Finkelberg, who patiently tried to teach me about characteristic varieties, J. Beck for explaining Drinfeld’s coproduct, and P. Etingof, I. Frenkel, and B. Feigin for interesting conversations.

1. Mixed Hodge modules

It is a remarkable theorem of M. Saito that every simple D-module of geometric origin carries a canonical good filtration. As a consequence, given a simple Dmodule, we obtain a C^∗-equivariant coherent sheaf supported on the characteristic variety of the D-module. The following paragraphs recall the notations of filtered Dmodules in order to precisely state this fact, and to describe how they behave under morphisms which preserve semisimplicity, i.e. inverse image by a smooth map, direct image by a proper map, and restriction to the zero section of a monodromic sheaf on a vector bundle.

The definitions below are extracted from [La1] and [S1,S2]. In what follows, X will denote a smooth quasi-projective complex algebraic variety, O_X its structure sheaf, and π : T^∗X → X the cotangent bundle to X.

1.1 Let D_X denote the O_X -algebra of differential operators on X, equipped with the increasing filtration by order D_{X,i}. A filtered D_X -module (M, F ) is a left D_X -module M equipped with an increasing filtration F^i such that ∪F^iM = M, F^iM = 0 for i << 0, and D_{X,i}.F^j M ⊆ F^{j+1}M. If F^iM is a quasi-coherent O_X - module for each i, we say (M, F ) is quasi-coherent, and we let MF_{qcoh}(D_X ) denote the category of quasi-coherent filtered D_X -modules (morphisms respect filtrations). This is an exact category, and we let DF_{qcoh}(D_X ) denote its derived category [La1].

Let M^{C∗}_{qcoh}(O_X ) (resp. M^{C∗}_{coh}(O_X ) ) denote the category of graded quasi-coherent (resp. coherent) O_X -modules, and D^{C∗}_{qcoh}(O_X ) the derived category of M^{C∗}_{qcoh}(O_X ), D^{C∗}_{perf}(O_X ) the derived category of perfect complexes.

1.2 Given a filtered D_X -module (M, F ), we let gr_F M = ⊕F^iM/F^{i−1}M, a graded grD_X -module. As grD_X = π_∗O_T ∗_X and π is affine, we get a functor ~gr : MF_{qcoh}(D_X ) → M^{C∗}_{qcoh}(O_T ∗_X ) which lifts to a functor DF_{qcoh}(D_X ) → D^{C∗}_{qcoh}(O_T ∗_X ).

1.3 Recall F is a good filtration if gr_F M is coherent over grD_X , and (M, F ) is holonomic if F is good and dim supp ( ~grM) = dim X. We say (M, F ) is holonomic Cohen-Macauley if it is holonomic and Ext^i_{grDX} (grM, grD_X ) = 0 for i ≠ dim X; and write MF_{hcm}(D_X ) for the full subcategory of holonomic Cohen-Macauley filtered D_X -modules.

For (M, F ) in DF_{qcoh}(D_X ), define D(M, F ) = Hom((M, F ), D_X ⊗ ω^{−1}_X )[dim X] where ω_X has the trivial filtration and the filtration induced on Hom is F^iHom(X, Y ) = {ϕ ∈ Hom(X, Y ) | ϕ(F^aX) ⊆ F^{a+i}Y for all i}. Then D : DF_{qcoh}(D_X ) → DF_{qcoh}(D_X )^∘, and D^2 = 1. Also define D : D^{C∗}_{qcoh}(O_T ∗_X ) → D^{C∗}_{qcoh}(O_T ∗_X )^∘ by DA = RHom(A, ω_T ∗_X )[dim X]. If now (M, F ) ∈ MF_{hcm}(D_X ), then D(M, F ) ∈ MF_{hcm}(D_X ) also; and ~gr∘D(M, F ) = D ~gr(M, F ).

1.4 Now let f : X → Y be a morphism of varieties. Then there are functors f_!, f_∗ : DF_{qcoh}(D_X ) → DF_{qcoh}(D_Y ), f^!, f^∗ : DF_{qcoh}(D_Y ) → DF_{qcoh}(D_X ) which on forgetting the filtration become the usual operations between D(D_X ) and D(D_Y ) [La1,Sa1]. We recall that, forgetting filtration f_∗ = Rf_∗(D_{Y ←X} ⊗^L_{DX} ·), f^∗ = D_{X→Y} ⊗^L_f −1_{DY} f^{−1}(·), and that f_! = Df_∗D, f^! = Df^∗D.

1.5 Write MHM(X) for the abelian category of mixed Hodge modules of M. Saito; D^bMHM(X) for its derived category. If f : X → Y is a morphism of varieties, there are functors f^!, f^∗, f_!, f_∗ between D^bMHM(X) and D^bMHM(Y ). There is a forgetful functor MHM(X) → MF_{hcm}(D_X ) which commutes with Verdier duality D. If f : X → Y is smooth, then the forgetful functor composed with f^∗ is the functor f^∗ : DF_{qcoh}(Y ) → DF_{qcoh}(X) of [La1] referred to above. If f : X → Y is proper, then the forgetful functor composed with f_! is the functor f_! : DF_{qcoh}(X) → DF_{qcoh}(Y ) of [La1] above.

Write M^mX for the full subcategory of MHM(X) whose objects are of geometric origin, and DM^mX for the full subcategory of D^bMHM(X) whose objects have all perverse cohomology mixed Hodge modules of geometric origin. We have defined ~gr : M^mX → M^{C∗}_{coh}(O_T ∗_X ).

1.6 Now suppose an algebraic group G acts on X. We write MHM_G(X) for the category of mixed Hodge modules on the stack X/G [T,BB], and D^m_G (X) for the “equivariant derived category”. Strictly speaking, the latter hasn’t been defined in this generality (it is not the derived category of MHM_G(X)). For what follows below, we only need MHM_G(X), whose objects are pairs (A, ϕ), A ∈ MHM(X) and ϕ an isomorphism a^∗A → p^∗A satisfying the usual compatibilities, where a : G × X → X is the action map, and p : G × X → X the projection. If one needs to calculate RHom in MHM_G(X) one can use the approximation to EG ×_G X described in [BL]. (See [GL], for example).

We thus have a map ~gr : M^m_G (X) → M^{G×C∗}_{coh} (O_T ∗_X ), where M^m_G (X) denotes the full subcategory of MHM_G(X) whose objects (A, ϕ) have A of geometric origin, and M^{G×C∗}_{coh} (O_T ∗_X ) denotes the G × C^∗-equivariant coherent sheaves on T^∗X

Warning: G, C^∗ play different roles here!

1.7 As a final piece of notation, suppose we are given (X, Λ, G), where Λ ⊆ T^∗X is a C^∗-stable Lagrangian subvariety, G acts on X and preserves Λ. Write M^m_G (X, Λ) for the full subcategory of M^m_G (X) consisting of objects for which the support of ~gr is contained in Λ, and K^{G×C∗} (Λ) for the Grothendieck group of G×C^∗-equivariant sheaves on Λ, i.e. the Grothendieck group of compexes in D^{G×C∗}_{perf} (O_T ∗_X ) with cohomology supported in Λ. As the map i : Λ → T^∗X induces an isomorphism between K^{G×C∗} (Λ) and the Grothendieck group of G × C^∗-equivariant coherent sheaves on T^∗X supported on Λ, we get a map, still denoted

(1.7.1) ~gr : M^m_G (X, Λ) → K^{G×C∗} (Λ).

(Actually, as ~gr(M, F ) is reduced when M is regular, we already have ~gr(M, F ) = i_∗A^′ for some coherent sheaf A^′ on Λ, without having to pass to the Grothendieck group).

2. Correspondences

Let X^f←− Z^g−→ Y be a diagram of smooth varieties such that the induced map Z → X × Y is a closed embedding. This induces a functor g_!f^∗ : DM^m(X) → DM^m(Y ). We call such a X^f←− Z^g−→ Y a correspondence between X and Y . This gives rise to a correspondence between T^∗X and T^∗Y , T^∗X^{qf}←− T^∗_Z (X × Y )^{qg}−→ T^∗Y , where T^∗_Z (X × Y ) denotes the conormal bundle to Z in X × Y , and the maps are as follows T^∗_Z (X × Y ) −−−−→ T^∗Y ×_Y Z^{πg}−−−−→ T^∗Y tg T^∗X ×_X Z^{tf}−−−−→ T^∗Z π_f T^∗X Let ω_{Z/Y} = g^{−1}(ω^{⊗−1}_Y ) ⊗_g−1_{OY} ω_Z , and ρ : T^∗_Z (X × Y ) → Z be the evident map. We have a functor I_{f,g} : D^{C∗}_{qcoh}(O_T ∗_X ) → D^{C∗}_{qcoh}(O_T ∗_Y ) defined by

(2.1.1) I_{f,g} A = q_{g∗}(q^∗_f A⊗^Lρ^{−1}ω_{Z/Y} )[dim Z − dim X].

Then the fundamental result, due in this form to Laumon [La1,La2], states that

(2.1.2) ~gr ∘ g_!f^∗ = I_{f,g} ∘ ~gr : DF_{qcoh}(D_X ) → D^{C∗}_{qcoh}(O_T ∗_Y ).

One obtains this by base change from the two correspondences associated to f, g; the point is that the cartesian square above has no excess intersection bundle (it is “Tor independant”).

Now suppose that f is smooth and g is proper. In this case, q_f is a regular morphism and q_g is proper. Then for (M, F ) ∈ MF_{hcm}(X) we have that I_{f,g} (M, F ) ∈ D^{C∗}_{perf}(O_T ∗_Y ). (More generally, one need only assume that both tf : π^{−1}_f ( supp ~grM) → T^∗Z and π_g :^tg^{−1}(Γ) → T^∗Y are proper maps, where Γ =^tf(π^{−1}_f ( supp ~grM)). We will not need this generality.)

If now X^f←− Z^g−→ Y is a correspondence and an algebraic group G acts equivariantly, and Λ_X ⊆ T^∗X, Λ_Y ⊆ T^∗Y are as in (1.7) with q_g(q^{−1}_f (Λ_X )) ⊆ Λ_Y , then for f smooth and g proper we obtain a map,

(2.1.3) I_{f,g} : K^{G×C∗} (Λ_X ) → K^{G×C∗} (Λ_Y ).

Note that though Λ_X , Λ_Y may be singular, the morphisms used to define I_{f,g} involve only pushforward by proper maps, and pullbacks by regular morphisms on the ambient smooth spaces T^∗X, T^∗_Z (X × Y ), T^∗Y .

3. Inducing G-spaces

Suppose H is a subgroup of G, X an H-space, and let G ×_H X be the induced space (G × X)/H where h.(g, x) = (gh^{−1}, hx). Then the map i : X → G ×_H X, x → (1, x) induces an equivalence of categories i^∗ : M^m_G (G ×_H X) → M^m_H (X).

Write the induced correspondence on the cotangent bundle T^∗X^β←− X ×_{(G×H X)} T^∗(G×_H X)^α−→ T^∗(G×_H X). The natural map G×_H (X ×_{(G×H X)} T^∗(G×_H X))^δ−→ T^∗(G×_H X) is an isomorphism, so α induces an isomorphism α^∗ : M^{G×C∗}_{coh} (T^∗(G×_H X)) → M^{H×C∗}_{coh} (X ×_{(G×H X)} T^∗(G ×_H X)). Write μ_G : T^∗(G ×_H X) → g^∗, μ_H : T^∗X → h^∗ for the moment maps associated to the G-action (resp. H action). Then it is easy to check that if Y denotes the intersection of X ×_{(G×H X)} T^∗(G ×_H X) with μ^{−1}_G (0), then β : Y → T^∗X induces an isomorphism β : Y → μ^{−1}_H (0). Write γ : μ^{−1}_H (0) → Y for its inverse.

We thus obtain an equivalence of categories I_i = β_∗α^∗[dim G/H] from the derived category of G × C^∗-equivariant perfect complexes on T^∗(G ×_H X) with cohomology supported in μ^{−1}_G (0) to that of H × C^∗-equivariant perfect complexes with cohomology supported in μ^{−1}_H (0). Its inverse is given by (α^∗)^{−1}γ_∗ and we have ~gr ∘ i^∗ = I_i ∘ ~gr, by (2.1.2).

More generally, given (X, Λ_X , H) define Λ_{G×H X} ⊆ T^∗(G ×_H X) by the image under δ of G×_H γ(Λ_X ) (note Λ_X ⊆ μ^{−1}_H (0)). Then we have described isomorphisms between K^{G×C∗} (Λ_{G×H X} ) and K^{H×C∗} (Λ_X ).

4. Monodromic Sheaves

Let p : E → X be a vector bundle on a smooth variety X, p the projection and i : X → E the zero section. We have a natural action of C^∗ on E by homotheties; recall that a complex A ∈ DM^m(E) is said to be “monodromic” if t^∗_aA is isomorphic to A for all a ∈ C^∗, here t_a : E → E is the multiplication by a map [V].

Then it is well known that for A monodromic, p_∗A = i^∗A and p_!A = i^!A; so p_∗, p_! preserve weights and hence if A is pure (and therefore semisimple) so are p_!A, p_∗A.

We now describe a functor i^∗_m from certain coherent sheaves on T^∗E supported on conic Lagrangian subvarieties to complexes of such sheaves on T^∗X, with the property that i^∗_m ~grA = ~gr(i^∗A) for A a monodromic mixed Hodge module on E.

4.1 Let Λ be a conic Lagrangian subvariety of T^∗E such that Λ is stable by the C^∗ action on T^∗E induced by the action on E. This action induces a decomposition of O_T ∗_E into eigenspaces of the C^∗ action; and we say a coherent sheaf M on T^∗E is “monodromic” if it has a decomposition M = ⊕_{λ∈C}M_λ compatible with the decomposition of O_T ∗_E , i.e. (O_T ∗_E )_nM_λ ⊆ M_{λ+n}. For example, if A ∈ MHM(X) is monodromic, ~grA is monodromic in this sense.

Now let j : T^∗X ×_X E → T^∗E be the inclusion of the zero section, and denote by j^∗M the formal linear combination of coherent sheaves on T^∗X ×_X E obtained in the usual way. (Namely, take the alternating sum of the cohomology of the complex F^· ⊗_{OT ∗E} M, where F^· is the Koszul complex, or any C^∗-equivariant resolution of j_∗O_T ∗_{X×X E} by free O_T ∗_E -modules. This virtual module is supported on T^∗X ×_X E; filtering it by powers of the ideal in O_T ∗_E defining T^∗X ×_X E and taking the associated graded one gets a (virtual) coherent O_T ∗_{X×X E} -module). Now j^∗M admits a decomposition j^∗M = ⊕_{λ∈C}(j^∗M)_λ compatible with the C^∗ action on T^∗X ×_X E, and each (j^∗M)_λ is a formal linear combination of coherent O_T ∗_X - modules (this latter because for a finite dimensional vector space V , the symmetric power S^nV is still finite dimensional). Define i^∗_mM = ⊕_λ(j^∗M)_λ. We have

Proposition 4.2. i^∗_mM is a (virtual) coherent sheaf; i.e. (j^∗M)_λ = 0 for all but finitely many λ.

As i^∗_m is clearly exact, we get in particular a well defined map

i^∗_m : K^{C∗} (Λ) → K^{C∗} (Λ_X )

where Λ_X is the image in T^∗X of j^{−1}(Λ) (more generally, we have defined i^∗_m for any element of the Grothendieck group of monodromic sheaves on Λ; but we will only need C^∗-equivariant sheaves below). In fact, if a group G acts on E, and L = Z_G(C^∗), we have i^∗_m : K^G(Λ) → K^L(Λ_X ).

Define also p^m_! = i^!_m = Di^∗_mD. Note that ‘morally’ p^m_! = I_{Id,p}, i^∗_m = I_{i,Id} (in the notation of §2), and all we have done is explain how to cancel infinities (so, for example C[x] − xC[x] = C).

Lemma 4.3. If F → E, E → X are two vector bundles, with zero sections j, i respectively, then (ij)^∗_m = i^∗_mj^∗_m.

Proof. This follows in a standard way from the fact that if a homomorphism of double complexes induces a quasi-isomorphism on each “vertical” single complex, then it induces a quasi-isomorphism on total complexes. The details are left to the reader.

Proposition 4.4. Let A ∈ MHM(E) be monodromic. Then ~gr(i^∗A) = i^∗_m ~gr(A).

Proof. As everything is local on X, we can assume E = X × C^n. Let (M, F ) be the filtered D_E -module obtained from A, θ the Euler vector field determined by the C^∗-action on E. As A is monodromic, M = ⊕_{λ∈C}M_λ where M_λ = {m ∈ M | (θ − λ)^km = 0, k >> 0}. Further, the filtration F is compatible with this weight space decomposition (i.e. θF^p ⊆ F^p). This last claim is part of the basic inductive definition of the mixed Hodge modules—that they are compatible with the vanishing cycles functors—and may be found in [S1,S2].

Now p_∗M is quasi-isomorphic to the relative DeRham complex Ω^·_{E/X} ⊗_{OE} M. By the Cartan homotopy lemma applied to contraction with θ, each complex (Ω^·_{E/X} ⊗_{OE} M)_λ = Ω^·_{E/X} ⊗_{OE} M_{λ−·} is exact if λ ≠ 0.

Then p_∗A is represented by the complex Ω^·_{E/X} ⊗_{OE} M_{0−·} with filtration F^p = Ω^0_{E/X} ⊗_{OE} (F^pM)_0 → · · · → Ω^n_{E/X} ⊗_{OE} (F^{p+n}M)_{−n} (and other data). Hence the associated graded of this complex is just the Koszul complex calculating the restriction j as in (4.1); and so ~gr(p_∗A) = j^∗( ~grA)_0. Also for λ ≠ 0, j^∗( ~grA)_λ is zero (when considered as a virtual O_T ∗_X -module). Hence ~gr(p_∗A) = i^∗_m ~grA as claimed.

4.5 Let p : E → X be a vector bundle as above, and let p̌ : Ě → X be the dual vector bundle, ev : E ×_X Ě → C the natural pairing.

Define F : D^bMHM(E) → D^bMHM(Ě) by F(a) = p̌_!ϕ^{un}_{ev} p^∗(a), where ϕ^{un}_f is the unipotent part of vanishing cycles [F]. Then when restricted to F : DM^m_C∗ (E) → DM^m_C∗ (Ě) (i.e. monodromic sheaves on E with trivial monodromy eigenvalue) F is Fourier transform, and has the following properties:

i) F preserves weights. ii) If d is the rank of E, and a ∈ M^m_C∗ (E), then F(a)[d] ∈ M^m_C∗ (Ě). iii) F ∘ F[2d](d) is the identity functor.

5. Composing Correspondences

We will need only the following special case of composing correspondences.

Proposition 5.1. Let X^{f1}←− E^{g1}−→ Y , Y^{f2}←− F^{g2}−→ Z be two correspondences with f_i smooth and g_i proper. Put R = E ×_Y F , and suppose the natural map R → Y × Z is a closed embedding, and that E × Z intersects X × F transversely in X × Y × Z. Write X^f←− R^g−→ Z for the induced correspondence (f is smooth, g is proper). Then

I_{f2 ,g2} ∘ I_{f1 ,g1} = I_{f,g} : D^{C∗}_{qcoh}(T^∗X) → D^{C∗}_{qcoh}(T^∗Z).

6. Almost Hopf algebra U_q n.

In the remaining part of this paper we will apply the previous constructions to the moduli space of representations of a fixed quiver. We begin by recalling Lusztig’s geometric construction of U_qn, the −part of the quantized enveloping algebra attached by Drinfeld and Jimbo to the generalised Cartan matrix (a_{ij} ).

In [L1] unmixed complexes are used (i.e. D-modules as opposed to mixed Hodge modules) and an algebra over Z[v, v^{−1}] is produced, where v acts by shifting the complex. When using mixed complexes, our bialgebras live naturally inside complexes of weight zero, and so we produce algebras over Z[v^2, v^{−2}], where v^2 acts by shift of 2 and Tate twist. This results in some small difference in formulae: If L_Z is some Hodge module which is the perverse extension of the constant sheaf on a smooth subvariety Z, it naturally has weight dim Z.

6.1 Suppose given two finite sets I and Ω with I non-empty, a map Ω → I denoted h → h^′ and a map Ω → I denoted h → h^{′′}, such that h^′ ≠ h^{′′} for all h ∈ Ω.

Let V be a finite dimensional I-graded vector space over C. Let E_V = ⊕_{h∈Ω}Hom(V_h′ , V_h′′ ). The algebraic group G_V = ∏ i Aut(V_i) acts on E_V by (g, x) → gx = x^′ where x^′_h = g_h′′ x_hg^{−1}_h′ for all h ∈ Ω.

Let P_V be the set of isomorphism classes of simple objects in M^m_{GV} (E_V), defined as in [L1, 2.2] (i.e. those L for which L[d](e) appears as a direct summand of L_{i,a} for some (i, a) ∈ S_ν and some d, e ∈ Z; notation as in [L1,2.2]). Let Q_V be the set of isomorphism classes of complexes in DM^m_{GV} (E_V) of weight 0 which are isomorphic to a direct sum of finitely many complexes of the form L[d](e), for L ∈ P_V. Note that wt(L) − d + 2e = 0. See (7.1) for another description of Q_V.

Let K_V to be the abelian group with one generator (L) for each element of Q_V and with relations (L) + (L^′) = (L^{′′}) whenever L^{′′} is isomorphic to L ⊕ L^′. We regard K_V as a module over Z[v^2, v^{−2}] (where v is an indeterminate) by v^n(L) = (L[2n](n)). Clearly K_V is a free Z[v^2, v^{−2}]-module with basis (L[wtL]) where L runs over P_V. Also write K_V = Z[v, v^{−1}] ⊗_{Z[v}2_{,v}−2_] K_V.

6.2 Let V^{′′} be an I-graded subspace of V, and V^′ = V/V^{′′} the I-graded quotient. Let P be the stabilizer of V^{′′} in G_V. This is a parabolic subgroup of G_V. Its unipotent radical is denoted U. We have canonically, P/U = G_V′ × G_V′′ .

Let F be the closed subvariety of E_V consisting of all x ∈ E_V such that x_h(V^{′′}_h′ ) ⊂ V^{′′}_h′′ for all h ∈ Ω. We denote i : F → E_V the inclusion. We can regard E_V as a vector bundle over F (after choosing a subspace of V isomorphic to V^′ and complementary to V^{′′}) and then i is the zero section embedding. Note that P acts on F (restriction of the G_V-action on E_V).

If x ∈ F , then x induces elements x^′ ∈ E_V′ and x^{′′} ∈ E_V′′ ; the map x → (x^′, x^{′′}) is a vector bundle ϕ : F → E_V′ × E_V′′ . Now P acts on E_V′ × E_V′′ through its quotient P/U = G_V′ × G_V′′ . The map ϕ is compatible with the P -actions.

We set G_V = G, P/U = Ḡ, E_V = E, E_V′ × E_V′′ = Ē. We have a diagram Ē^ϕ←− F^i−→ E. and G ×_P Ē^p←− G ×_P F^q−→ E where p is smooth with affine space fibres, and q is proper. Also write Ē^r−→ G×_P Ē for the inclusion.

6.3 Let A^′ ∈ Q_V′ , A^{′′} ∈ Q_V′′ . Define A^′ ∗ A^{′′} ∈ Q_V by A^′ ∗ A^{′′} = q_!p^∗A where A ∈ M^m_G (G ×_P Ē) is the unique complex with r^∗A = A^′ ⊠ A^{′′}. (Observe that q_!, p^∗ and r^∗ all preserve weights, and so A^′ ∗ A^{′′} is of weight 0; [L1,3.2] shows it is really in Q_V). This induces a linear map K_V′ ⊗ K_V′′ → K_V; we also define a modified such map ∘ : K_V′ ⊗ K_V′′ → K_V by A^′ ∘ A^{′′} = v^mA^′ ∗ A^{′′}, where −m = ∑ h∈Ω dim V^′_h′ dim V^{′′}_h′′ + ∑ i∈I dim V^′_i dim V^{′′}_i .

6.4 Let B ∈ Q_V. Define res_V′_{,V}′′ B ∈ Q_V′ ⊠Q_V′′ by res_V′_{,V}′′ B = ϕ_!(i^∗B). As B is monodromic (even equivariant) res_V′_{,V}′′ is of weight 0 (sees §4), and by [L1,4.2] is actually in Q_V′ ⊠ Q_V′′ . This induces a linear map res_V′_{,V}′′ : K_V → K_V′ ⊗ K_V′′ ; we also define a modified linear map ~res_V′_{,V}′′ : K_V → K_V′ ⊗ K_V′′ by ~res_V′_{,V}′′ B = v^sres_V′_{,V}′′ B, where s = ∑ h∈Ω dim V^′_h′ dim V^{′′}_h′′ − ∑ i∈I dim V^′_i dim V^{′′}_i .

6.5 We now recall the main theorem of [L1] (see also [L2,GL]). Let U_q n be the Q(v)-algebra with generators F_i, i ∈ I, and relations ∑ 0≤r≤n (−1)^r [ n r ] F^r_i F_j F^{n−r}_i = 0,

where i ≠ j, n = 1 − a_{ij} , and the generalised Cartan matrix (a_{ij} ) is defined by a_{ii} = 2, −a_{ij} is the number of h ∈ Ω such that {h^′, h^{′′}} = {i, j} as unordered set.

Theorem. There is an algebra isomorphism U_qn → ⊕_VQ(v) ⊗_{Z[v,v}−1_] K_V, where multiplication on the direct sum is given by (A^′, A^{′′}) → A^′ ∘A^{′′}, and V runs over isomorphism classes of I-graded vector spaces, i.e over N^I . Further, ~res_{τ,ω}u = Δ_{τ,ω}u, where Δ(u) = ∑ (1 ⊗ K_{−τ} )Δ_{τ,ω}u for u ∈ U_qn and Δ is the usual comultiplication.

We remark that it is essential (though trivial) to check that [L1,5-7] remain true in our mixed category. We use the Fourier transform of (4.5) rather than Deligne- Fourier transform. Also, one may ask if L ∈ P_V has wt(L) = dim supp L; this is true for

7. Almost Hopf algebra U_q^n

7.1 Let Λ_V ⊆ T^∗E_V be the variety defined in [L1,12.1]. That is, identify T^∗E_V with Hom(E_V, E_V) and say x ∈ T^∗E_V is nilpotent if the corresponding endomorphism of E_V is. Recall G_V acts on E_V and so we have the moment map T^∗E_V^μ−→ g^∗_V to the dual of the Lie algebra of G_V. Then

Λ_V = {x ∈ T^∗E_V | μ(x) = 0 and x is nilpotent }.

For example, if (I, Ω) is a Dynkin diagram of finite type, then Λ_V = μ^{−1}(0) and Λ_V is just the union of conormal bundles to the G_V orbits in E_V [L1,14.2]. In general, Λ_V is Lagrangian [L1,12.9].

Note that the elements of Q_V (defined in (6.1)) are objects in DM^m_{GV} (E_V, Λ_V) (i.e. if A ∈ Q_V, ~grA has support in Λ_V [L1,13.6]). One may in fact show that Q_V is precisely the isomorphism classes of weight 0 complexes in DM^m_{GV} (E_V, Λ_V).

7.2 Write ^K_V = K^{GV×C∗} (Λ_V); this is a Z[v^2, v^{−2}]-module, on identifying v^2 with the canonical generator of K_C∗ (so K_C∗ = Z[v^2, v^{−2}]). Also set ^K_V = Z[v, v^{−1}] ⊗_{Z[v}2_{,v}−2_] ^K_V

7.3 We retain the notation of (6.2). Define a multiplication ∗ : ^K_V′ ⊗ ^K_V′′ → ^K_V by a^′ ∗ a^{′′} = I_{p,q} a, where a ∈ M^{G×C∗}_{coh} (T^∗(G ×_P Ē)) is induced from a^′ ⊠ a^{′′} by the procedure of (3.1).

Also, define a modified multiplication ∘ : ^K_V′ ⊗ ^K_V′′ → ^K_V by a^′ ∘a^{′′} = v^ma^′ ∗a^{′′}, where m is as in (6.3). One may easily verify that ∗ (and hence ∘) is associative. This follows from the diagrams in [L1,3.4] and (5.1), once we verify the assumptions of that proposition. This is trivial.

7.4 We have thus defined an algebra structure on ⊕ ^K_V; and the results of §2-4 imply that ~gr : ⊕K_V → ⊕ ^K_V is an algebra homomorphism. It remains to describe ⊕ ^K_V in terms of generators and relations.

7.5 Let U_qg be the quantized enveloping algebra attached to the generalised symmetric Cartan matrix (a_{ij} ). Write U_q^g for the ‘affinisation’ of this algebra defined in [D] (see also [B]). Actually, in [D] this is only done for g of finite type, but it is trivial to observe that the small modification of this definition, below, gives for arbitrary Kac-Moody g, the q-analogue of the enveloping algebra of the central extension of g ⊗ C[t, t^{−1}] by the cocycle determined by an invariant non-degenerate bilinear form on g. Then U_q^g is also a Hopf algebra (see [B]). Let U_q^n be the −part of this algebra. This is a Q(v)-algebra with generators F̃_i(n) for i ∈ I, n ∈ Z, and relations

(7.6.1i) (w − vz)^{−aij} F̃_i(z)F̃_j (w) = (wv − z)^{−aij} F̃_j (w)F̃_i(z)

where F̃_i(z) = ∑~ F_i(n)z^n, i, j ∈ I, i ≠ j, and (7.6.1ii) (wv^2 − z)F̃_i(z)F̃_i(w) = (w − v^2z)F̃_i(w)F̃_i(z) and, for i, j ∈ I, i ≠ j, and k_1, . . . k_n, l ∈ Z

(7.6.2) ∑ σ∈S_n ∑ 0≤r≤n (−1)^r [ n r ] F̃_i(k_{σ1}) · · · F̃_i(k_{σr} )F̃_j (l)F̃_i(k_{σ(r+1)}) · · · F̃_i(k_{σn}) = 0

where n = 1−a_{ij} , [_n r ] has its usual meaning [L2,1.3.1] and S_n denotes the symmetric group on n letters (so there are (n + 1)! terms in the above relation).

It will be convenient for us to slightly modify the generators F̃_i(n). Suppose that Ω has no cycles of odd length, and that all −a_{ij} arrows from i to j in Ω are pointing in the same direction. Fix, once and for all, a function γ_i such that γ_h′ = γ_h′′ + 1 if h ∈ Ω. Define F_i(n) by the relation ∑ F_i(n)z^n = F̃_i(v^{γi} z). These new elements are clearly generators of U_q^n.

Write U^0 for the Q(v)-group algebra of the free abelian group generated by K_i, i ∈ I. Then U^0 ⊗ U_q^n is an algebra, where we define K_iF_j (n)K^{−1}_i = v^{−aij} F_j (n).

For ν ∈ N^I define U_q^n_ν = {u ∈ U_q^n | K_iuK^{−1}_i = v^{− ∑ νj aij} u}, so U_q^n = ⊕_{ν∈N}I U_q^n_ν .

7.7 Let V(i) be an I-graded vector space with dim V(i)_j = 0 if i ≠ j, dim V(i)_i = 1. Then ^K_{V(i)} is canonically a Laurent polynomial ring, Z[v^2, v^{−2}, r, r^{−1}], where as always v^2 represents the canonical generator of K^{C∗} , and r denotes the canonical generator of K^{GV(i)} . Denote r^n by F_i(n).

Theorem 7.8. There is an algebra isomorphism ϕ : U_q^n → ⊕_VQ(v) ⊗_{Z[v,v}−1_] ^K_V where the sum is over isomorphism classes of I-graded vector spaces (i.e. over N^I ), and multiplication on the direct sum is given by (a^′, a^{′′}) → a^′ ∘a^{′′}. This isomorphism identifies U_q^n_ν with Q(v) ⊗_{Z[v,v}−1_] ^K_V where dim V = ν, and is defined by sending F_i(n) to the element F_i(n) ∈ ^K_{V(i)} described in (7.7).

Proof. We will show surjectivity of ϕ in (7.10), and injectivity in §9. To show ϕ is a homomorphism, we must check that the relations (7.6.1),(7.6.2) hold in ⊕ ^K_V. We describe the “Drinfeld-Serre relation” (7.6.2); the “exchange condition” (7.6.1) is easier and left to the reader (see also [G1]).

Observe (7.6.2) is an identity that must be verified in ^K_{W(i,j)}, where W(i, j) is an I-graded vector space with dim W(i, j)_k = 0, k ∉ {i, j}, dim W(i, j)_j = 1, dim W(i, j)_i = n = 1−a_{ij} . Set G = G_{W(i,j)} ≃ GL_n ×GL_1, and T = (GL_1)^n ×GL_1, a maximal torus of G. Let R(k_1, . . . , k_n, l) = ∑ σ∈S_n Ind G T (L_{kσ1} ⊠ · · · ⊠ L_{kσn} ⊠ L_l), where L_{k1} ⊠ · · · ⊠ L_{kn} ⊠ L_l is the one dimensional T -module where (z_1, . . . , z_n, w) acts by multiplication by z^{k1}_1 · · · z^{kn}_n w^l, and Ind is induction in the sense of Ktheory. Then R(k_1, . . . , k_n, l) ∈ K^{G×C∗} and the character of R(k_1, . . . , k_n, l) is ∑ σ∈S_n Lkσ1 ⊠ · · · ⊠ Lkσn ⊠ Ll (by the projection formula in K-theory).

More generally, we have ∑ σ∈S_n F_i(k_{σ1}) ∘ · · · ∘ F_i(k_{σr} ) ∘ F_j (l) ∘ F_i(k_{σ(r+1)}) ∘ · · · ∘ F_i(k_{σn})

= F_i(0)^r ∘ F_j (0) ∘ F_i(0)^{n−r} ⊗ R(k_1, . . . , k_n, l) from the definition of the multiplication ∘, and by the projection formula in Ktheory. So to prove (7.6.2) it suffices to prove it for (k_1, . . . , k_n, l) = (0, . . . , 0).

But it is clear that if F_i denotes the generator of K_{V(i)}, ~grF_i = F_i(0). Hence as ~gr commutes with ∘, and we know that the usual q-Serre relation ∑ r (−1)^r [ n r ] F^r_i F_j F^{n−r}_i = 0

holds in ⊕_VK_V, we have the result.

One may also prove that ϕ is a homomorphism directly in K-theory. Then, remarkably, the restriction to Λ^{reg} is already sufficent to determine the coefficents of any linear relations between the monomials in the generators F_i(k). We thus have an overdetermined system of relations, and it is a fact that 0 = Λ^{sing} does not contribute. For example, if a_{ij} = −1, there are 16 terms which sum to zero (see (9.5)). On the other hand, it is also reasonable to think of all the action as taking place at 0, see §8 below.

One may also define a Z[v, v^{−1}] form of U_q^n (analagous to [L2]); it is the subaglebra generated by elements F^{(k)}_i (n) = F_i(n)^k/[k]!. Then we have a homomorphism of almost Hopf algebras from this Z[v, v^{−1}]-form to ⊕_V ^K_V, and the proof below shows that this is an isomorphism too.

7.9 Following [L1,12.2] for k ∈ I and p ∈ N, put

Λ_{V,k,p} = {(f_h) ∈ Λ_V | codim_{Vk} ( ∑ h∈H:h^{′′}=k im(f_h : V_h′ → V_k)) = p}

Then Λ_{V,k,p} is a union of components of Λ_V [L1,12.3], and every component of Λ_V lies in some Λ_{V,k,p} with p > 0 [L1,12.6]. Also, Λ_{V,k,p} = ∪_p′_{≥p}Λ_{V,k,p}.

7.10 We now prove ϕ is surjective. We first show that ⊕_V ^K_V is generated by ^K_{nV(i)}, i ∈ I, n ∈ N (where dim(nV)_i = n dim V_i).

Let V be an I-graded vector space, and suppose we know the result for all such V^′, dim V^′ < dim V. Let a be a G × C^∗-equivariant coherent sheaf on Λ_V. We can assume the support of a, supp (a), is contained in some irreducible component of Λ_V. (For if supp (a) ⊆ X ∪ Y , X, Y two components, let X^′ = X \ (X ∩ Y ), j : X^′ → X ∪ Y the inclusion of this open subvariety. Then there exists an a^′ on X^′ such that j^∗(a^′) = j^∗a [Th], and a^′ − a has support in Y ).

So supp (a) ⊆ Λ_{V,k,p} for some k ∈ I, p > 0. We can further assume inductively that multiplication is surjective to those sheaves a with supp (a) ⊆ Λ_{V,k,p}′ for p^′ > p (as Λ_{V,k,p}′ = 0 for p^′ >> 0).

Fix a subspace W ⊆ V_k of codimension p. Let V^{′′} be the I-graded vector space with V^{′′}_i = V_i, i ≠ k, V^{′′}_k = W , and put V^′ = V/V^{′′}. Let E, Ē, F, P, G, Ḡ be as in 6.2; note F = Ē, Ḡ = GL_V′′ × GL_{(Vk /W )}. Let j : Λ_{V,k,p} → Λ_V denote the inclusion. Then if T^∗(G ×_P Ē)^r←− T^∗_F (G ×_P Ē × E)^s−→ T^∗E denotes the correspondence associated to this data, a short calculation shows that when restricted to s^{−1}(Λ_{V,k,p}), s is an inclusion and r is an affine space fibration to Λ_V′′_{,k,0}.

It follows that there exists a Ḡ × C^∗-equivariant coherent sheaf a^{′′} on Λ_V′′ with support Λ_V′′_{,k,0} such that if a^′ denotes the induced G × C^∗-equivariant coherent sheaf on G×_P Λ_V′′ , j^∗(ω ⊗r^∗a^′) = j^∗a. Here ω = ω_{G×P}¯_{E/E} is a line bundle (and so tensoring with ω induces an isomorphism in K-theory). Thus supp (a − a_1 ∗ a_2) ⊆ Λ_{V,k,p} − Λ_{V,k,p}, where a_1 ⊠ a_2 = a^{′′}, a_1 ∈ K^{GLV′′ ×C∗} (Λ_V′′ ), a_2 ∈ K^{GLV}k^{/W ×C∗} and ∗ denotes the multiplication of 7.3.

By induction on p, we are done.

7.11 It remains to show ⊕_nQ(v) ⊗_{Z[v,v}−1_] ^K_{nV(i)} is generated by F_i(a), a ∈ Z. But ∑ σ∈S_n F (aσ1) ∗ · · · ∗ F (aσn) = Cm(an,...,a1) where C = ∏ i≤n v^{2n} −1 v^2−1 and mλ = ∑ w∈S_n e wλ denotes the monomial symmetric sum. As these clearly span K^{GLn} , we are done.

In fact, F (a_{σ1}) ∗ · · · ∗ F (a_{σn}) is essentially a Hall-Littlewood polynomial, and a more careful analysis shows ⊕ ^K_{nV(i)} is generated by F^{(n)}_i (a) = F_i(a)^n/[n]!, the representation det^{⊗a} of GL_n (see [G1]).

8. Quasi-particle construction

In this section we eliminate Λ, defining multiplication on the equivariant cohomology of a point. The same trick, when applied to the affine Hecke algebra, realises it as an algebra of q−BGG operators.

8.1 Define U_{QP} = ⊕_{V∈N}I K^{GV×C∗} , and U_{QP} = U_{QP} ⊗_{Z[v}2_{,v}−2_] Z[v, v^{−1}]. Given V ∈ N^I , and V^{′′} ≤ V an I-graded subspace as in 6.2, put V^′ = V/V^{′′} and, retaining the notation of (6.2), put

P = {x ∈ G_V | x_iV^{′′}_i ⊆ V^{′′}_i , i ∈ I}, n = {x ∈ g_V | x_iV^{′′}_i = 0, x_iV_i ⊆ V^{′′}_i , i ∈ I} R = {x ∈ E | x_hV^{′′}_h′ = 0, x_hV_h′ ⊆ V^{′′}_h′′ , h ∈ Ω} Q = {y ∈ E^∗ | y_hV^{′′}_h′ = 0, y_hV_h′ ⊆ V^{′′}_h′′ , h ∈ Ω̄}. Observe that Q, R, n are all representations of P in a natural way.

Let A_1 be a representation of G_V′ × C^∗, A_2 be a representation of G_V′′ × C^∗, so A_2 ⊠ A_1 is a representation of P × C^∗. If A is a vector space, write Λ_{−1}(A) for the formal linear combination ∑ (−1)^iΛ^iA. If A is a P -module, Λ_{−1}(A) is also. Write Ind^G_P : K^P → K^G for the composite map K^P = K^G(G/P )^{π∗}−→ K^G, where π is the map from G/P to a point, and G/P is assumed compact. This is just the usual (derived functor) of induction of P -modules.

We define A_1 ∗ A_2 ∈ K^{G×C∗} by

A_1 ∗ A_2 = (−1)^{dim E−dim Ē} v^{−2 dim Q}Ind^{G×C∗}_{P ×C}∗ (A_2 ⊠ A_1 ⊗ Λ_{−1}(v^2n + v^{−2}R + Q^∗)).

It is easy to see that ∗ defines an associative operation (as Λ_{−1}(X + Y ) = Λ_{−1}(X)⊗Λ_{−1}(Y ), and induction is transitive. This is obviously the same argument as that used to show the multiplication of 7.3 is associative). We also define an algebra structure ∘ on U_{QP} , by A_1 ∘ A_2 = v^mA_1 ∗ A_2, m as in 6.3. This is still associative.

Lemma 8.2. The map ^K_V → K^{GV×C∗} given by

K^{GV×C∗} (Λ_V)^{i∗j∗}−−→ K^{GV×C∗} (E_V) → K^{GV×C∗} is an algebra homomorphism. Here i : E_V → T^∗E_V, j : Λ_V → T^∗E_V are the natural inclusions, and the last map is induced by the homotopy invariance of Ktheory (Thom isomorphism).

The lemma follows from the definition of multiplication in ^K_V and K^{GV×C∗} and the “excess intersection” formula in K-theory; it is an easy diagram chase and omitted (see [G1]). In fact, this map is an injection. We will show this by showing that the map U_q^n → U_{QP} is an injection

8.3 To do this, define a map Δ̃_V′_{,V}′′ : K^{G×C∗} → ^K^{P ×C∗} , where ^K^{P ×C∗} denotes the representation ring copleted at the identity of P × C^∗. This map, which we will eventually see as the coproduct, is defined by

Δ̃_{V′ ,V′′} A = (−1)^{dim E−dim Ē} v^{2 dim R}Res^{G×C∗}_{P ×C∗} (A) ⊗ S(v^2n + R + v^{−2}Q^∗) ⊗ Λ_{−1}(n^∗)

where A ∈ K^{G×C∗} , Res^G_P : K^G → K^P is the forgetful functor, and SX = ⊕_nS^nX is the symmetric algebra. Identifying K^{P ×C∗} = K^{GV′ ×C∗} ⊗_{Z[v}2_{,v}−2_] K^{GV′′ ×C∗} , we have defined a map

Δ̃ : U_{QP} → U_{QP} ^⊗U_{QP} , Δ̃(A) = ∑ Δ̃_{V′ ,V′′} (A)

where the sum is over pairs τ, ν ∈ N^I such that τ + ν = dim V, and V^{′′} is any I-graded subspace of V of dimension τ, V^′ = V/V^{′′}. Define Δ, Δ_V′_{,V}′′ by Δ_V′_{,V}′′ (A) = v^tΔ̃_V′_{,V}′′ (A), where t = m − 2 dim E + 2 dim Ē, m as in (6.3).

8.4 Define a Q((v))-valued symmetric bilinear form, (, ) on U_{QP} by requiring that (K^{GV1 ×C∗} , K^{GV2 ×C∗} ) = 0 unless V_1 = V_2, and

(A_1, A_2) = (A_1 ⊗ A_2 ⊗ S(v^2g + v^{−2}E + E))^G

if A_1, A_2 ∈ K^{G×C∗} . Here X^G denotes the G-invariants of X. For example,

(F_i(n), F_i(m)) = δ_{n,−m}(1 − v^2)^{−1}.

Lemma 8.5. (A_1 ∗ A_2, A_3) = v^{−2 dim E+2 dim Ē} (A_1 ⊗ A_2, Δ̃_V′_{,V}′′ (A_3)). Proof. As Ind^G_P (A) ⊗ B = Ind^G_P (A ⊗ Res^G_P B) if B is a representation of G, and as

(Ind^G_P (A))^G = (A ⊗ Λ_{−1}(n^∗))^P

we have

(A_1 ∗ A_2, A_3) = = (−1)^{dim E−dim Ē} v^{−2 dim Q}((A_2⊠A_1)⊗Res^G_P (A_3)⊗Λ_{−1}(v^2n+v^{−2}R+Q+n^∗)⊗S(v^2g+v^{−2}E+E))^P = (−1)^{dim E−dim Ē} v^{−2 dim Q}((A_2⊠A_1)⊗Res^G_P (A_3)⊗S(v^2n^∗+v^{−2}Q^∗+R)⊗Λ_{−1}(n^∗)⊗S(v^2ḡ+v^{−2}Ē+Ē))^Ḡ

where P/U = Ḡ and ḡ is its Lie algebra. These equalities are immediate from the definition of ∗, the fact S(X) ⊗ Λ_{−1}(X) = C, and the isomorphism of Ḡ-modules E = Q^∗ + Ē + R. Substituting the definition of Δ̃ we get the lemma, noting that we reversed the order of A_2 ⊠ A_1 when we identify K^P with K^{GV′} ⊗ K^{GV′′} .

8.6 To see how this “coproduct” interacts with multiplication, define U_q^h^− to be the commutative algebra generated by symbols ψ_i(n), i ∈ I, n > 0. Put ψ_i(0) = 1, and ψ_i(z) = ∑ n≥0 ψ_i(n)z^n. Write U^{≤0} = U_q^n ⊗ U_q^h^−. This naturally has an algebra structure, with U_qn, U_q^h^− as subalgebras, when we impose the additional relations (w − vz)^{−aij} ψ_i(z)F̃_j (w) = (wv − z)^{−aij} F̃_j (w)ψ_i(z) (wv^2 − z)ψ_i(z)F̃_i(w) = (w − v^2z)F̃_i(w)ψ_i(z)

if i ≠ j. Now U^{≤0} is a (topological) Hopf algebra; we define

ΔF̃_i(z) = F̃_i(z) ^⊗ψ_i(z) + 1 ^⊗F̃_i(z)

Δψ_i(z) = ψ_i(z) ^⊗ψ_i(z)

and the completed tensor product ^⊗ is the

lim_→ lim_← U^a ⊗ U^b/U^a_k ⊗ U^b + U^a ⊗ U^b_k ,

where U^r is the vector subspace of U^{≤0} generated by ≤ r products of the ψ_i(a), F_i(a) (i ∈ I, a ∈ Z), and U^r_k is the intersection of U^r with the left ideal in U^{≤0} generated by ψ_i(a), F_i(a), for a ≥ k. This coproduct was first defined by Drinfeld (if a_{ij} = −1). See [DF] for a written account. It is a somewhat remarkable fact that Δ really is an algebra homomorphism. See (8.7), (9.5) below.

Let ϵ : U_q^h^− → Q((v)) be the algebra homomorphism defined by ψ_i(n) → 0 if n ≠ 0. Denote the map 1 ⊗ ϵ : U^{≤0} = U_q^n ⊗ U_q^h^− → U_q^n also by ϵ. This is no longer an algebra homomorphism. Write ϕ : U_q^n → U_{QP} for the composition of ϕ of (7.8) with the homomorphism of (8.2).

Proposition 8.7. We have (ϕϵ ^⊗ϕ)Δ = Δϕ : U_q^n → U_{QP} ^⊗U_{QP} .

It is clearly enough to prove the proposition for monomials. The proof consists of writing the left hand side out explicitly. It is a sum of products of the form (wv − z/w − vz). This, one observes after some unpleasant calculation, is the right hand side, which is calculated using the Weyl character formula for GL_n.

A more conceptual proof, without calculation, will be given in [G1] and the sequel to this paper.

8.8 We remark that at q = 1 this coproduct degenerates into the standard coproduct for ^n, and that U_qn does not sit inside U^{≤0} as a Hopf subalgebra.

9. Completion of proof of (7.8)

Finally, we prove the injectivity of the map ϕ : U_q^n → U_{QP} .

Lemma 9.1. There exists a unique symmetric bilinear form (, ) : U_q^n × U_q^n → Q(v) satisfying

i) (F_i(n), F_j (m)) = δ_{ij} δ_{n,−m}(1 − v^2)^{−1}, ii) (a_1a_2, b) = (a_1 ⊗ a_2, (ϵ ⊗ 1)Δb), (b, a_1a_2) = ((ϵ ⊗ 1)Δb, a_1 ⊗ a_2), iii) (U_q^n_ν′ , U_q^n_ν′′ ) = 0 if ν^′ ≠ ν^{′′}.

The proof is a standard calculation, and omitted. It follows from (8.2), (8.5) and (8.7) that ϕ : U_q^n → U_{QP} is actually an isometry, and hence that any kernel of ϕ is contained in the radical of (, ). To show that (, ) has no radical, we imitate the proof of the analagous fact for U_qn (Drinfeld’s theorem).

Lemma 9.2. Suppose u ∈ U_q^n_η, and ∑ η_i ≥ 2. Then if Δu = u ⊗ ψ + 1 ⊗ u with ψ ∈ U_q^h^−, it must be that u = 0.

Proof. We introduce the rest of U_q^g at trivial central charge. Recall we have E_i(z) = ∑ E_i(n)z^n, and ψ_i(z) = ∑ n≤0 ψ_i(n)z^{−n} such that ΔE_i(z) = E_i(z) ^⊗1 + ψ_i(z) ^⊗E_i(z), and [E_i(z), F_j (w)] = (v − v^{−1})^{−1}δ_{ij} (δ(w/z)(ψ_i(w) − ϕ_i(z))), where δ(w/z) = ∑ n w^nz^{−n}. Write U_q^h^+ for the subalgebra generated by the ψ_i(n), and U_q^h for the algebra generated by ψ_i(n), ϕ_i(n).

It follows that [E_i(z), u] = ϕ^′(z)u^′ + u^{′′}ψ^{′′}(z), where u^′, u^{′′} ∈ U_q^n_{ν−νi} and ϕ^′(z) = ∑ a≤0 λ_aϕ_i(a)z^a ∈ U_q^h^+, ψ^{′′}(z) = ∑ a≥0 μ_aψ_i(a)z^a ∈ U_q^h^−, for certain λ_a ∈ Q(v), μ_a ∈ Q(v). Here, ν_i ∈ N^I is given by (ν_i)_j = δ_{ij} .

Apply Δ to this equality, and project both sides to U_q^h ^⊗U^{≤0}. As ν − ν_i ≠ 0, we get

ϕ_i(z) ^⊗ϕ^′(z)u^′ + ϕ_i(z) ^⊗u^{′′}ψ^{′′} = Δϕ^′(z).(1 ^⊗u^′) + (1 ^⊗u^{′′})Δψ^{′′}(z)

whence u^{′′} = 0. But then [E_i(z), u] = ϕ^′(z)u^′ implies

ϕ^′(z)u^′ ^⊗ψ + ϕ_i(z) ^⊗ϕ^′(z)u = Δϕ^′(z)Δu^′ = Δϕ^′(z)(u^′ ^⊗ψ^′ + 1 ^⊗u^′ + other terms)

which is not possible unless u^′ = 0 (look at the homogeneity of the first term on each side of the equation).

It follows that [E_i(z), u] = 0 for all i. But this is not possible unless u = 0, as there exist irreducible “Verma” modules for U_q^g.

9.3 Now suppose that y ∈ U_q^n_ν is in the radical of (, ). We can assume (, ) is non-degenerate on weight spaces U_q^n_ν′ , ∑ ν^′_i < ∑ ν_i. As the form is clearly nondegenerate when ∑ ν_i < 2, we assume ∑ ν_i ≥ 2. Write (ϵ ⊗ 1)Δy = u ⊗ ψ + 1 ⊗ u + ∑ α+β=ν yαβ, where yαβ ∈ Uq^nα ^⊗Uq^nβ. Then, by the inductive assumption of non-

degeneracy, if y_{αβ} ≠ 0, there exists u_{αβ} ∈ U_q^n_α ^⊗U_q^n_β with (u_{αβ} , y_{αβ}) ≠ 0. But then (m(u_{αβ} ), y) = (u_{αβ} , Δy) ≠ 0, where m : U_q^n⊗U_q^n → U_q^n is the multiplication map. It follows that y_{αβ} = 0, i.e. that Δu = u ⊗ ψ + 1 ⊗ u. But then lemma 9.2 implies that y = 0.

Hence (, ) is non-degenerate, and theorem 7.8 is finally proved. 9.4 This allows us to define U_q^n as the quotient of the free associative algebra by the kernel of the radical of the form defined as in 9.1; just as with U_qn. We then get the Drinfeld relations (7.6) for “free”. In our case, given how we must complete the tensor product to get a coproduct, this seems like a less pleasant way to proceed then the explicit relations.

9.5 It is worth writing explicitly the identity z_2−qz_1 qz_2 −z_1 qw−z_1 w−z_1 + qw−z_1 w−z_1 − (q + 1) z_2−qz_1 qz_2 −z_1 qw−z_1 w−z_1 w−z_2 qw−z_2 − (q + 1) + q z_2 −qz_1 qz_2 −z_1 w−z_2 qw−z_2 + q w−z_2 qw−z_2 = 0

which is perhaps a fact about representations of GL_2 × GL_1 × C^∗, or the geometry of two planes in C^4 meeting at 0, or even about commuting quasi-particles on a line, and which in any case is the “reason” that the Serre relations hold in our geometrically defined algebras, that Δ is a homomorphism, that (, ) is well defined...

References

[B] J. Beck, Braid group action and quantum affine algebras, to appear, Communications in Math. Physics.

[BB] A. Beilinson and J. Bernstein, A proof of Janzten conjectures, Adv. in Soviet Math. 16 (1993), 1–50.

[BL] J. Bernstein and V. Lunts, Equivariant sheaves and functors, LNM 1578, Springer-Verlag, 1994.

[DF] J. Ding and I. Frenkel, Isomorphism of two realizations of quantum affine algebra U_q ^gl(n), Communications in Math. Physics 156 (1993), 277–300.

[D] V. Drinfeld, A new realisation of Yangians and quantized affine algebras, Soviet Math.

Dokl. 36 (1988), 212–216.

[F] M. Finkelberg, Microlocalisation of linear sheaves, letter to V. Schectman (1993). [GV] V. Ginzburg and E. Vasserot, Langlands reciprocity for affine quantum groups of type A_n, International Math. Research Notes 3 (1993), 67–85.

[G1] I. Grojnowski, Representations of quantum affine algebras, Yale University course notes, book in preparation (1994).

[G2] I. Grojnowski, Character sheaves on symmetric spaces, MIT thesis (1992). [GL] I. Grojnowski and G. Lusztig, A Comparison of bases of quantized enveloping algebras, Contemp. Math 153 (1993), 11–19.

[KL] D. Kazhdan and G. Lusztig, Proof of the Deligne-Langlands conjecture for Hecke algebras, Invent. Math 87 (1987), 153–215.

[La1] G. Laumon, Sur le categorie derivee des D-modules filtres, LNM 1016, Springer-Verlag, 1983, pp. 151–237.

[La2] G. Laumon, Transformations canoniques et specialisation pour les D-modules filtres, Asterisque 130 (1985), 56–129.

[L1] G. Lusztig, Quivers, perverse sheaves and quantized enveloping algebras, J. Amer. Math.

Soc. 4 (1991), 365-421.

[L2] G. Lusztig, Introduction to Quantum groups, Progress in Math, vol. 110, Birkhauser, Boston, 1993.

[L3] G. Lusztig, Character Sheaves, Adv. in Math. 56 (1985), 195–237. [Na] H. Nakajima, Instantons on ALE spaces, quivers, and Kac-Moody algebras, preprint 1994. [S1] M. Saito, Modules de Hodge polarisables, Publ. RIMS 24 (1988), 849–995. [S2] M. Saito, Mixed Hodge modules, Publ. RIMS 26 (1990), 221–333.

[T] T. Tanasaki, Hodge modules, equivariant K-theory and Hecke algebras, Publ. RIMS 23 (1987), 841–879.

[Th] R. W. Thomason, Equivariant algebraic vs. topological K-homology Atiyah-Segal style, Duke Math. Journal 56 (1988), 589–636.

[V] J. L. Verdier, Specialisation de faisceaux et monodromie moderee, Asterisque 101, 332–364. [Vo] D. Vogan, Irreducible characters of semisimple Lie groups IV, Duke Math Jour. 49 (1982), 943–1073.

Yale University, New Haven, CT 06520