MINIMAL MODELS, FLIPS AND
FINITE GENERATION :
A TRIBUTE TO V.V. SHOKUROV AND Y.-T. SIU

CAUCHER BIRKAR MIHAI PAUN

ABSTRACT. In this paper, we discuss a proof of existence of log
minimal models or Mori fibre spaces for klt pairs (X/Z, B) with B
big/Z. This then implies existence of klt log flips, finite generation
of klt log canonical rings, and most of the other results of Birkar-
Cascini-Hacon-McKernan paper [3].

1. INTRODUCTION

We consider pairs (X/Z, B) where B is an R-boundary and X —
Z is a projective morphism of normal quasi-projective varieties over
an algebraically closed field k£ of characteristic zero. We call a pair
(X/Z, B) effective if there is an R-divisor M > 0 such that Kx + B =
M/Z.

Theorem 1.1. Let (X/Z, B) be a kit pair where B is big/Z. Then,

(1) of Kx + B is pseudo-effective/Z, then (X/Z, B) has a log mini-
mal model,

(2) if Kx+ B is not pseudo-effective/Z, then (X/Z, B) has a Mori fibre
space.

Corollary 1.2 (Log flips). Log flips exist for kit (hence Q-factorial dit)
DAITS.

Corollary 1.3 (Finite generation). Let (X/Z, B) be a kit pair where
B is a Q-divisor and f: X — Z the given morphism. Then, the log
canonical sheaf

R(X/Z,B) = P f.0x(m(Kx + B))

m>0

s a finitely generated Oz-algebra.

The proof of the above theorem is divided into two independent
parts. First we have
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Theorem 1.4 (Log minimal models). Assume (1) of Theorem 1.1 in
dimension d—1 and let (X/Z, B) be a kit pair of dimension d where B
is big/Z. If (X/Z, B) is effective, then it has a log minimal model.

A proof of this theorem is given in section 2 based on ideas in [2][3].
Second we have

Theorem 1.5 (Nonvanishing). Let (X/Z, B) be a kit pair where B is
big/Z. If Kx + B is pseudo-effective/Z, then (X/Z, B) is effective.

A proof of this theorem is given in section 3; it is mainly based on
the arguments in [27] (see [28] and [35] as well). We give a rough com-
parison of the proof of this theorem with the proof of the corresponding
theorem in [3], that is [3, Theorem D].

One crucial feature of the proof of Theorem 1.5 is that it does not
use the log minimal model program. The proof goes as follows:

(a) We first assume that Z is a point, and using Zariski type decom-
positions one can create lc centres and pass to plt pairs, more precisely,
by going on a sufficiently high resolution we can replace (X/Z, B) by a
plt pair (X/Z, B+ S) where S is a smooth prime divisor, Kx + B+ S|s
is pseudo-effective, B is big and its components do not intersect.

(b) By induction, the R-bundle Kx+ B+S|g has an R-section say T,
which can be assumed to be singular enough for the extension purposes.

(c¢) Diophantine approximation of the couple (B,T): we can find
pairs (B;,T;) with rational coefficients and sufficiently close to (B, T)
(in a very precise sense) such that

Kx+B+S=>Y r(Kx+Bi+5)

for certain real numbers r; € [0, 1] and such that all the pairs (X/Z, B;+
S) are plt and each Kx + B; + S|g is numerically equivalent with 7;.
Moreover, one can improve this to Kx + B; + S|s ~q 1; > 0.

(d) Using the invariance of plurigenera techniques, one can lift this
to Kx + B; + S ~qg M; > 0 and then a relation Kx + B+S =M > 0.

(e) Finally, we get the theorem in the general case, i.e. when Z is not
a point, using positivity properties of direct image sheaves and another
application of extension theorems.

In contrast, the log minimal model program is an important ingredi-
ent of the proof of [3, Theorem D] which proceeds as follows: (a’) This
step is the same as (a) above. (b’) By running the log minimal model
program appropriately and using induction on finiteness of log minimal
models and termination with scaling, one constructs a model Y bira-
tional to X such that Ky + By + Sy s, is nef where Ky + By + Sy is the
push down of Kx + B +.S. Moreover, by Diophantine approximation,
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we can find boundaries B; with rational coefficients and sufficiently
close to B such that B = > r;B; for certain real numbers r; € [0, 1]
and such that each Ky + B,y + Sy is plt and Ky + B;y + Sy|s, is nef.
(¢’) By applying induction and the base point free theorem one gets
Ky + By + Syl|s, ~g N; > 0. (d") The Kawamata-Viehweg vanishing
theorem now gives Ky + B;y + Sy ~qg M,y > 0 from which we easily
get a relation Kx + B+ S ~g M > 0. (¢’) Finally, we get the theorem
in the general case, i.e. when Z is not a point, by restricting to the
generic fibre and applying induction.

2. LoG MINIMAL MODELS

In this section we prove Theorem 1.4 (cf. [3, Theorems A, B, C, EJ]).
The results in this section are also implicitly or explicitly proved in [3].
We hope that this section also helps the reader to read [3].

Preliminaries. Let k be an algebraically closed field of characteristic
zero fixed throughout this section. When we write an R-divisor D as
D = > d;D; (or similar notation) we mean that D; are distinct prime
divisors. The norm ||D|| is defined as max{|d;|}. For a birational map
¢: X --» Y and an R-divisor D on X we often use Dy to mean the
birational transform of D, unless specified otherwise.

A pair (X/Z, B) consists of normal quasi-projective varieties X, Z
over k, an R-divisor B on X with coefficients in [0, 1] such that Kx +
B is R-Cartier, and a projective morphism X — Z. For a prime
divisor E on some birational model of X with a nonempty centre on
X, a(F, X, B) denotes the log discrepancy.

An R-divisor D on X is called pseudo-effective/Z if up to numerical
equivalence/Z it is the limit of effective R-divisors, i.e. for any ample/Z
R-divisor A and real number a > 0, D+aA is big/Z. A pair (X/Z, B) is
called effective if there is an R-divisor M > 0 such that Kx+B = M/ Z;
in this case, we call (X/Z, B, M) a triple. By a log resolution of a triple
(X/Z, B, M) we mean a log resolution of (X,Supp B + M). A triple
(X/Z,B, M) is log smooth if (X, Supp B + M) is log smooth. When
we refer to a triple as being lc, dlt, etc, we mean that the underlying
pair (X/Z, B) has such properties.

For a triple (X/Z, B, M), define

0(X/Z,B, M) :=#{i| m; #0and b; # 1}
where B = Z szl and M = z:TTLll)Z
Let (X/Z,B) be a lc pair. By a log flip/Z we mean the flip of a

Kx + B-negative extremal flipping contraction/Z, and by a pl flip/Z
we mean a log flip/Z when (X/Z, B) is Q-factorial dlt and the log flip
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is also an S-flip for some component S of |B], i.e. S is numerically
negative on the flipping contraction.

A sequence of log flips/Z starting with (X/Z, B) is a sequence X; --+
XiJrl/Zi in which Xz — Zz — X/L'Jrl is a KXz + Bz—ﬂlp/Z, Bz is the
birational transform of B; on Xy, and (X1/Z, By) = (X/Z, B).

Definition 2.1 (Log minimal models and Mori fibre spaces). Let (X/Z, B)
be a dlt pair, (Y/Z, By) a Q-factorial dit pair, ¢: X --+ Y/Z a bira-
tional map such that =1 does not contract divisors, and By = ¢, B.
(1) We say that (Y/Z, By) is a nef model of (X/Z,B) if Ky + By
is nef/Z. We say that (Y/Z, By) is a log minimal model of (X/Z, B)
if in addition
a(D,X,B) < a(D,Y, By)

for any prime divisor D on X which is exceptional /Y .

(2) Let (Y/Z,By) be a log minimal model of (X/Z,B) such that
Ky + By is semi-ample/Z so that there is a contraction f:Y — S/Z
and an ample/Z R-dwisor H on S such that Ky + By ~g f*H/Z.
We call S the log canonical model of (X/Z, B) which is unique up to
isomorphism/Z .

(3) On the other hand, we say that (Y/Z, By ) is a Mori fibre space of
(X/Z, B) if there is a Ky + By -negative extremal contractionY — T/Z
such that dimT < dimY’, and if

CL(D,X,B) S CL(D,Y,By)

for any prime divisor D on birational models of X with strict inequality
for any prime divisor D on X which is exceptional/Y .

Note that in [2], it is not assumed that ¢! does not contract divisors.
However, since in this paper we are mainly concerned with constructing

models for klt pairs, in that case our definition here is equivalent to
that of [2].

Lemma 2.2. Let (X/Z, B+C') be a Q-factorial lc pair where B,C > 0,
Kx + B+ C is nef/Z, and (X/Z,B) is dlt. Then, either Kx + B is
also nef/Z or there is an extremal ray R/Z such that (Kx+ B)-R < 0,
(Kx+B+XC)-R=0, and Kx + B+ \C is nef/Z where

Ai=inf{t >0 | Kx + B+ tC is nef/Z}

Proof. This is proved in [2, Lemma 2.7] assuming that (X/Z, B 4+ C)
is dlt. We extend it to the lc case.

Suppose that Ky + B is not nef/Z and let {R;};c; be the set of
(Kx + B)-negative extremal rays/Z and I'; an extremal curve of R;
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(32, Definition 1]. Let p := sup{u;} where
. —(Ex+B)-T,
fi=""¢cT,
Obviously, A = p and u € (0,1]. It is enough to prove that u = g

for some . By [32, Proposition 1], there are positive real numbers
r1,...,7s and a positive integer m (all independent of i) such that

Ny
K T = R
Kesmy =30
J=1
where —2(dim X)m < n, ; € Z. On the other hand, by [30, First Main
Theorem 6.2, Remark 6.4] we can write

t
Kx+B+C=> ri(Kx+2A)
k=1

where r7, - - - , 7} are positive real numbers such that for any k& we have:
(X/Z, Ag) is lc with Ay being rational, and (Kx + Ag) -T'; > 0 for any
i. Therefore, there is a positive integer m’ (independent of i) such that

t

T;ﬁ”;k
o B )= 3
k=1

where 0 < nj, € Z.

The set {n;;};; is finite. Moreover,
1 C-T; _(KX+B+O)-Fi+1__mZk7’2ﬂ£,kH
g - —(Kx+B)FZ a —(KX+B)FZ a m’zjrjnm

Thus, inf{%} = i for some [ and so pu = . O

Definition 2.3 (LMMP with scaling). Let (X/Z, B+ C) be a lc pair
such that Kx + B + C is nef/Z, B > 0, and C > 0 is R-Cartier.
Suppose that either Kx + B is nef/Z or there is an extremal ray R/Z
such that (Kx+B)-R <0, (Kx+B+MC)-R=0, and Kx+B+\C
is nef/Z where

A i=inf{t >0 | Kx + B+ tC is nef/Z}

When (X/Z, B) is Q-factorial dlt, the last sentence follows from Lemma
2.2. If R defines a Mori fibre structure, we stop. Otherwise assume
that R gives a divisorial contraction or a log flip X --» X'. We can
now consider (X'/Z, B'+ M C") where B'+ X C" is the birational trans-
form of B + M\ C' and continue the argument. That is, suppose that
either Kx: + B’ is nef/Z or there is an extremal ray R'/Z such that
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(KX/ + B/) ‘R < 0, (KX/ + B+ )\20/) ‘R = 0, and Ky + B+ )\20/
is nef/Z where

Ao :=inf{t >0 | Kx: + B +tC" is nef/Z}

By continuing this process, we obtain a special kind of LMMP/Z which
is called the LMMP/Z on K x + B with scaling of C'; note that it is not
unique. This kind of LMMP was first used by Shokurov [29]. When
we refer to termination with scaling we mean termination of such an
LMMP.

Special termination with scaling means termination near | B| of any
sequence of log flips/Z with scaling of C, i.e. after finitely many steps,
the locus of the extremal rays in the process do not intersect Supp | B].

When we have a lc pair (X/Z, B), we can always find an ample/Z
R-Cartier divisor C > 0 such that Kx + B + C is lc and nef/Z, so
we can run the LMMP/Z with scaling assuming that all the necessary
ingredients exist, eq extremal rays, log flips.

Finiteness of models.

(P) Let X — Z be a projective morphism of normal quasi-projective
varieties, A > 0 a Q-divisor on X, and V' a rational (i.e. with a basis
consisting of rational divisors) finite dimensional affine subspace of the
space of R-Weil divisors on X. Define

LA(V)={B|0<(B—A)eV, and (X/Z,B) is Ic}

By [29, 1.3.2], LA(V) is a rational polytope (i.e. a polytope with ra-
tional vertices) inside the rational affine space A+ V.

Remark 2.4. With the setting as in (P) above assume that A is big/Z.
Let B € LA(V) such that (X/Z, B) is kit. Let A’ > 0 be an ample/Z
Q-dwvisor. Then, there is a rational number ¢ > 0 and an R-divisor
G > 0 such that A ~g €A’ + G/Z and (X/Z,B — A+ €A' + G) is klt.
Moreover, there is a neighborhood of B in LA(V') such that for any B’
in that neighborhood (X /Z, B'— A+€A'+G) is kit. The point is that we
can change A and get an ample part €A’ in the boundary. So, when we
are concerned with a problem locally around B we feel free to assume
that A is actually ample by replacing it with eA’.

Lemma 2.5. With the setting as in (P) above assume that A is big/Z,
(X/Z,B) is kit of dimension d, and Kx + B is nef/Z where B €
L4(V). Then, there is € > 0 (depending on X,Z,V, A, B) such that
if R is a Kx + B'-negative extremal ray/Z for some B" € LAo(V') with
|B — B'|| <€ then (Kx+ B)-R=0.
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Proof. This is proved in [32, Corollary 9] in a more general situtation.
Since B is big/Z and Kx + B is nef/Z, the base point free theorem
implies that Kx + B is semi-ample/Z hence there is a contraction
f: X — S/Z and an ample/Z R-divisor H on S such that Kx + B ~g
f*H/Z. We can write H ~g »_ a;H;/Z where a; > 0 and the H; are
ample/Z Cartier divisors on S. Therefore, there is § > 0 such that for
any curve C'/Z in X either (Kx + B)-C =0or (Kx + B)-C > §.
Now let C C L4(V) be a rational polytope of maximal dimension
which contains an open neighborhood of B in L£4(V) and such that
(X/Z,B') is kit for any B’ € C. Pick B’ € C and let B” be the
point on the boundary of C such that B’ belongs to the line segment
determined by B, B”. Let R be a Kx + B'-negative extremal ray R/Z.
If (Kx+ B)-R >0, then (Kx + B”) - R < 0 and there is a rational
curve I' in R such that (Kx +B")-T' > —2d. Since (Kx +B')-T' <0,
(B'"—B)-TI'< =¢. If || B— B'|| is too small we cannot have

(Kx+B") T=(Kx+B)T'+(B"-B)-T'>-2d
because (B” — B’) - T" would be too negative. O

Theorem 2.6. Assume (1) of Theorem 1.1 in dimension d. With the
setting as in (P) above assume that A is big/Z. Let C C L4(V) be
a rational polytope such that (X/Z,B) is kit for any B € C where
dim X = d. Then, there are finitely many birational maps ¢;: X --+
Y;/Z such that for any B € C with Kx + B pseudo-effective/Z, there
is 1 such that (Y;/Z, By,) is a log minimal model of (X/Z, B).

Proof. Remember that as usual By, is the birational transform of B.
We may proceed locally, so fix B € C. If Kx + B is not pseudo-
effective/Z then the same holds in a neighborhood of B inside C, so
we may assume that Kx + B is pseudo-effective/Z. By assumptions,
(X/Z, B) has a log minimal model (Y/Z, By ). Moreover, the polytope
C determines a rational polytope Cy of R-divisors on Y by taking bi-
rational transforms of elements of C. If we shrink C around B we can
assume that the inequality in (1) of Definition 2.1 is satisfied for every
B’ € C, that is,
a(D,X,B') <a(D,Y, By)

for any prime divisor D C X contracted/Y. Moreover, a log minimal
model of (Y/Z, Bj,) would also be a log minimal model of (X/Z, B'),
for any B’ € C. Therefore, we can replace (X/Z, B) by (Y/Z, By) and
assume from now on that (X/Z, B) is a log minimal model of itself, in
particular, Kx + B is nef/Z.

Since B is big/Z, by the base point free theorem, Ky + B is semi-
ample/Z so there is a contraction f: X — S/Z such that Kx + B ~g
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f*H/Z for some ample/Z R-divisor H on S. Now by induction on the
dimension of C, we may assume that the theorem already holds over
S for all the points on the proper faces of C, that is, there are finitely
many birational maps ;: X --» Y;/S such that for any B” on the
boundary of C with Kx + B” pseudo-effective/S, there is j such that
(Y;/S, By.) is a log minimal model of (X/S, B").

By Lemma 2.5, if we further shrink C around B, then for any B’ € C,
any j, and any Ky, + Bg/j-negative extremal ray R/Z we have the
equality (Ky, + By;) - R = 0. Note that all the pairs (Y;/Z, By,) are
klt and Ky, + By, = 0/S and nef/Z because Kx + B = 0/S.

Assume that B # B’ € C such that Kx + B’ is pseudo-effective/Z,
and let B” be the unique point on the boundary of C such that B’
belongs to the line segment given by B and B”. Since Kx + B =0/5,
Kx + B" is pseudo-effective/S, and (Y;/S, By,) is a log minimal model
of (X/S,B") for some j. So, (Y;/S,By,) is a log minimal model
of (X/S,B’). Furthermore, (Y;/Z, By ) is a log minimal model of
(X/Z, B') because any Ky, + By -negative extremal ray R/Z would
be over S by the last paragraph. O

Termination with scaling.

Theorem 2.7. Assume (1) of Theorem 1.1 in dimension d and let
(X/Z,B + C) be a kit pair of dimension d where B > 0 is big/Z,
C >0 is R-Cartier, and Kx + B + C is nef/Z. Then, we can run the
LMMP/Z on Kx + B with scaling of C' and it terminates.

Proof. Note that existence of klt log flips in dimension d follows from
the assumptions (see the proof of Corollary 1.2). Run the LMMP/Z on
Kx + B with scaling of C' and assume that we get an infinite sequence
X; --+ Xi11/Z; of log flips/Z. We may assume that X = X;. Let \; be
as in Definition 2.3 and put A = lim \;. So, by definition, Kx,+B;4+\;C;
is nef/Z and numerically zero over Z; where B; and C; are the birational
transforms of B and C' respectively. By taking a Q-factorialisation of
X, which exists by induction on d and Lemma 2.10, we can assume
that all the X; are QQ-factorial.

Let Hy,---, H, be general ample/Z Cartier divisors on X which
generate the space N'(X/Z). Since B is big/Z, we may assume that
B—¢e(Hy+---+ H,,) > 0 for some rational number ¢ > 0 (see Remark
24). Put A = §(H, +---+ Hy). Let V be the space generated by
the components of B 4+ C, and let C C L4(V) be a rational polytope
of maximal dimension containing neighborhoods of B and B + C' such
that (X/Z, B') is klt for any B’ € C. Moreover, we can choose C such
that for each ¢ there is an ample/Z Q-divisor G; = ) ¢;;H;; on X;



MINIMAL MODELS, FLIPS... 9

with sufficiently small coefficients, where H;; on X; is the birational
transform of H;, such that (X;, B;+G;+ \;C;) is klt and the birational
transform of B; + G; + A\;C; on X belongs to C.

Let ¢;;: X; --» X, be the birational map induced by the above
sequence of log flips. Since Ky, + B; + G; + \;C; is ample/Z and
since the log canonical model is unique, by Theorem 2.6, there exist an
infinite set J C N and a birational map ¢: X = X; --» Y/Z such that
Y; = ¢1,¢" " is an isomorphism for any j € J. This in turn implies
that ¢; ; is an isomorphism for any ¢, j € J. This is not possible as any
log flip increases some log discrepancies. U

Theorem 2.8. Assume (1) of Theorem 1.1 in dimension d — 1 and
let (X/Z, B+ C) be a Q-factorial dit pair of dimension d where B —
A > 0 for some ample/Z R-divisor A > 0, and C > 0. Assume that
(Y/Z, By + Cy) is a log minimal model of (X/Z,B + C). Then, the
special termination holds for the LMMP/Z on Ky + By with scaling
Of Oy.

Proof. Note that we are assuming that we are able to run a specific
LMMP/Z on Ky + By with scaling of Cy otherwise there is nothing
to prove, i.e. here we do not prove that such an LMMP /Z exists but
assume its existence. Suppose that we get a sequence Y; --+ Y;1/Z; of
log flips/Z for such an LMMP/Z. Let S be a component of |B] and
let Sy and Sy, be its birational transform on Y and Y; respectively.

First suppose that we always have \; = 1 in every step where \;
is as in Definition 2.3. Since B — A > 0 and since A is ample/Z, we
can write B + C' ~g A"+ B’ + C'/Z such that A" > 0 is ample/Z,
B.,C" >0, |B| =A+B+C"| =85, (X/Z,A + B + ") and
(Y/Z, A, + By, + C%) are plt, and the LMMP/Z on Ky + By with
scaling of Cy induces an LMMP/Z on Ky + A}, + Bj, with scaling of
Cy. If Sy, # 0, by restricting to Sy and using a standard argument
(cf. proof of [2, Lemma 2.11]) together with Theorem 2.7, we deduce
that the log flips in the sequence Y; --» Y;,1/Z; do not intersect Sy,
for i > 0.

Now assume that we have A\; < 1 for some j. Then, |B+ \;C| =
| B] for any j > 0. So, we may assume that |B+ C| = |B]. Since
B — A > 0 and since A is ample/Z, we can write B ~g A"+ B'/Z
such that A" > 0 is ample/Z, B > 0, |B'| = |[A'+ B'+ C| = S, and
(X/Z, A+ B'+ C) and (Y/Z, A} + By, + Cy) are plt. The rest goes
as before by restricting to Sy. U
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Pl flips.

We need an important result of Hacon-McKernan [12] which in turn is
based on important works of Shokurov [31]]29], Siu [33] and Kawamata
[16].

Theorem 2.9. Assume (1) of Theorem 1.1 in dimension d— 1. Then,
pl flips exist in dimension d.

Proof. By Theorem 2.7 and Corollary 1.2 in dimension d — 1, [12, As-
sumption 5.2.3] is satisfied in dimension d — 1. Note that Corollary 1.2
in dimension d — 1 easily follows from (1) of Theorem 1.1 in dimension
d — 1 (see the proof of Corollary 1.2). Now [12, Theorem 5.4.25, proof

of Lemma 5.4.26] implies the result.
O

Log minimal models.

Lemma 2.10. Assume (1) of Theorem 1.1 in dimension d — 1. Let
(X/Z, B) be a kit pair of dimension d and let {D;};cr be a finite set of
exceptional/ X prime divisors (on birational models of X ) such that the
log discrepancy a(D;, X, B) < 1. Then, there is a Q-factorial kit pair
(Y/X, By) such that

(1) Y — X is birational and Ky + By is the crepant pullback of Kx+ B,
(2) the set of exceptional/X prime divisors of Y is exactly {D;}icr.

Proof. Let f: W — X be a log resolution of (X/Z, B) and let {E;};c;
be the set of prime exceptional divisors of f. We can assume that for
some J" C J, {E;}je; = {Di}ier. Since f is birational, there is an
ample/ X Q-divisor H > 0 on W whose support is irreducible smooth
and distinct from the birational transform of the components of B, and
an R-divisor G > 0 such that H + G ~r f*(Kx + B)/X. Moreover,
there is € > 0 such that (X/Z, B+ ¢f.H + ¢f.G) is klt. Now define

Kw+Bw = f*(Kx+B+ef,H+ef.G)+Y _a(E;, X, B+ef.H+ef.G)E;
J¢J’

for which obziously th_ere is an exceptionaMX I&divisor My > 0 such

that Ky + Bw ~r MW/_X and O(W/X, By, My) = 0. By running

the LMMP/X on Ky + By with scaling of some ample/ X R-divisor,

and using the special termination of Theorem 2.8 we get a log minimal
model of (W/X, By) which we may denote by (Y/X, By). Note that
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here we only need pl flips to run the LMMP /X because any extremal
ray in the process intersects some component of LEWJ negatively.
The exceptional divisor E; is contracted/Y exactly when j ¢ J'. By
taking Ky + By to be the crepant pullback of Kx + B we get the
result. O

Proof. (of Theorem 1.4) We closely follow the proof of [2, Theorem 1.3].
Remember that the assumptions imply that pl flips exist in dimension
d by Theorem 2.9 and that the special termination holds as in Theorem
2.8.

Step 1. Since B is big/Z, we can assume that it has a general
ample/Z component which is not a component of M (see Remark
2.4). By taking a log resolution we can further assume that the triple
(X/Z,B, M) is log smooth. To construct log minimal models in this
situation we need to pass to a more general setting.

Let 20 be the set of triples (X/Z, B, M) which satisfy

(1) (X/Z, B) is dlt of dimension d and (X/Z, B, M) is log smooth,

(2) (X/Z, B) does not have a log minimal model,

(3) B has a component which is ample/Z but it is not a component of
| B] nor a component of M.

Obviously, it is enough to prove that 20 is empty. Assume otherwise
and choose (X/Z, B, M) € 20 with minimal 0(X/Z, B, M).

If (X/Z,B,M) = 0, then either M = 0 in which case we already
have a log minimal model, or by running the LMMP/Z on Kx + B
with scaling of a suitable ample/Z R-divisor we get a log minimal
model because by the special termination of Theorem 2.8, flips and
divisorial contractions will not intersect Supp |[B]| 2 Supp M after
finitely many steps. This is a contradiction. Note that we need only
pl flips here which exist by Theorem 2.9. We may then assume that
0(X/Z,B,M) > 0.

Step 2. Notation: for an R-divisor D = > d;D; we define D=! :=
> d.D; in which d; = min{d;, 1}. Now put

a:=min{t > 0| [(B+tM)='| #|B]}

In particular, (B + aM)s! = B + C for some C' > 0 supported
in Supp M, and aM = C + M’ where M’ is supported in Supp | B].
Thus, outside Supp | B] we have C' = aM. The pair (X/Z,B + C) is
Q-factorial dlt and (X/Z, B+ C, M + C) is a triple which satisfies (1)
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and (3) above. By construction
0(X/Z,B+C,M+C) < 0(X/Z,B, M)

so (X/Z,B+C,M+C) ¢ 20. Therefore, (X/Z, B+ C) has a log mini-
mal model, say (Y/Z, By +Cy ). By definition, Ky + By +CYy is nef/Z.

Step 3. Now run the LMMP/Z on Ky + By with scaling of Cy. Note
that we only need pl flips here because every extremal ray contracted
in the process would have negative intersection with some component
of | B] by the properties of C' mentioned in Step 2. By the special ter-
mination of Theorem 2.8, after finitely many steps, Supp | B| does not
intersect the extremal rays contracted by the LMMP hence we end up
with a model Y’ on which Ky + By~ is nef/Z. Clearly, (Y'/Z, By') is
a nef model of (X/Z, B) but may not be a log minimal model because
the inequality in (1) of Definition 2.1 may not be satisfied.

Step 4. Let
T ={te0,1] | (X/Z, B +tC) has a log minimal model}

Since 1 € 7,7 # (. Let t € T N (0,1] and let (Y;/Z, By, + tCy,)
be any log minimal model of (X/Z, B 4+ tC). Running the LMMP/Z
on Ky, + By, with scaling of ¢tCy, shows that there is ¢’ € (0,¢) such
that [t/,t] C 7 because the inequality required in (1) of Definition
2.1 is an open condition. The LMMP terminates for the same reasons
as in Step 3 and we note again that the log flips required are all pl flips.

Step 5. Let 7 = inf7. If 7 € 7, then by Step 4, 7 = 0 and so
we are done by deriving a contradiction. Thus, we may assume that
7 ¢ 7. In this case, there is a sequence t; > to > --- in 7 N (7, 1] such
that limy_. 4ty = 7. For each t; let (Y}, /Z, By, + tkCYtk) be any log
minimal model of (X/Z, B+t,C') which exists by the definition of 7 and
from which we get a nef model (Y}, /Z, By, +TC}ftfk) for (X/Z, B+7C)
by running the LMMP/Z on Ky, + By, with scaling of ;Cy, . Let
D C X be a prime divisor contracted/Y/ . If D is contracted/Y;, , then

a(D, X, B+ tkC) < G(D, }/tk? Bytk + tkCsz)
< a(D, Y;k, By%k + TCytk) < CL(D, Y;Ik, BYt/k + TCyt/k)
but if D is not contracted/Y;, we have
CL(D, X, B + tkC) = CL(D, Y;gk, Bytk + tkCYtk)

<a(D, Y, By, +7Cy,) <a(D,Y,, By, +7Cy; )
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because (Yy, /Z, By,, +1xCy,, ) is a log minimal model of (X/Z, B+1;C)
and (Y} /Z, By, +7'C’yt/k) is a log minimal model of (Y}, /Z, By, +7Cy, ).
Thus, in any case we have

CL(D, X, B+ tkC) < (Z(D, Y;’k, Byt/k + Tcyt/k)

Replacing the sequence {t; }reny with a subsequence, we can assume
that all the induced rational maps X --» ¥/ contract the same com-
ponents of B + 7C'. Now an easy application of the negativity lemma
implies (cf. [2, Claim 2.10]) that the log discrepancy a(D, Y/, Byt/k +
TC’yt/k) is independent of k. Therefore, each (Y},
model of (X/Z, B + 7C) such that

a(D,X,B+70) = lim_a(D,X,B+C) < a(D,Y;, By, +7Cy)

By, +7Cy; ) is a nef
k 2

for any prime divisor D C X contracted/Y, .

Step 6. To get a log minimal model of (X/Z, B 4+ 7C') we just need
to extract those prime divisors D on X contracted/Y; for which

a(D,X,B+7C) =a(D,Y], By; + TCytfk)
Since B has a component which is ample/Z, we can find A on X such
that A ~g B + 7C/Z and such that (X/Z,A) and (Y/ /Z, Aytfk) are

klt (see Remark 2.4). Now we can apply Lemma 2.10 to construct a
crepant model of (Y/ /Z, Ayt/k) which would be a log minimal model of

(X/Z,A). This in turn induces a log minimal model of (X/Z, B+ 7C).
Thus, 7 € 7 and this gives a contradiction. Therefore, 20 = (). O

3. NONVANISHING

In this section we are going to prove the theorem 1.5, which is a nu-
merical version of the corresponding result obtained in [3] (see equally
[17], [8] for interesting presentations of [3]).

Preliminaries.

During the following subsections, we will give a complete proof of the
next particular case of the theorem 1.5 (the absolute case Z = {z}).

Theorem 3.1. Let X be a smooth projective manifold, and let B be
an R-divisor such that :

(1) The pair (X, B) is klt, and B is big ;
(2) The adjoint bundle Kx + B is pseudo-effective.
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Then there exist an effective R-divisor Zjvzl V[Y;] numerically equiv-
alent with Kx + B. O

We recall that by definition a big divisor B contains in its cohomology
class a current

(1) Op :=wp + L]

where wp is a Kéhler metric, and [E] is the current of integration
associated to an effective R-divisor E. This is just a reformulation
of the usual Kodaira lemma, except that in algebraic geometry one
usually denotes the decomposition (1) by B = H + E, where H is
ample ; the wg above is a smooth, positive representative of ¢;(H).

Moreover, the pair (X, B) is klt and X is assumed to be non-singular,
thus we have

(2) B=) vz

where B are positive reals, (Z;) is a finite set of hypersurfaces of X
such that

8 [T e '@

for each coordinate set 2 C X, where Z; N Q2 = (f; = 0).

Therefore, by considering a convex combination of the objects in (1)
and (2), we can assume from the beginning that the R-divisor E satisfy
the integrability condition (3) : this can be seen as a metric counterpart
of the hypothesis (1) in the statement 3.1.

Let L be a pseudo-effective R-divisor on X ; we denote its numerical
dimension by num(L). The formal definition will not be reproduced
here (the interested reader can profitably consult the references [24],
[4]), however, in order to gain some intuition about it, let us mention
that if L has a Zariski decomposition, then num(L) is the familiar
numerical dimension of the nef part.

The statements which will follow assert the existence of geometric ob-
jects in the Chern class of L and its approximations, according to the
size of its numerical dimension. The first one is due to N. Nakayama in
[24] (see also the transcendental generalization by S. Boucksom, [4]).

Theorem 3.2. ([4], [24])Let L be a pseudo-effective R-divisor such that
num(L) = 0. Then there exist an effective R-divisor

p

O = ZV][Y}] € {a}.

j=1
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For a more complete discussion about the properties of the divisor ©
above we refer to the article [24]. O

Concerning the pseudoeffective classes in NSg(X) whose numerical di-
mension is strictly greater than 0, we have the following well-known
statement.

Theorem 3.3. ([19]) Let X be a projective manifold, let L be a pseudo-
effective R-divisor, such that num(L) > 1. Let B be a big R-divisor.
Then for any x € X and m € Z., there exist an integer k,, and a
representative

Tz = [Dm| +wn =mL+ B
where D,, is an effective Q-divisor and w,, is a Kdahler metric such that
V(Dy,, ) > ky, and k,, — 0o as m — oo.

O
Dichotomy.

We start now the actual proof of 3.1 and denote by v the numeri-
cal dimension of the divisor Ky + B. We proceed as in [28], [15], [3],
35].

o If v =0, then the theorem 3.5 is a immediate consequence of 3.6, so
this first case is completely settled. O

e The second case v > 1 is much more involved ; we are going to use
induction on the dimension of the manifold. Up to a certain point,
our arguments are very similar to the classical approach of Shokurov
(see [28]) ; perhaps the main difference is the use of the invariance
of plurigenera extension techniques as a substitute for the Kawamata-
Viehweg vanishing theorem in the classical case.

Let G be an ample bundle on X, endowed with a smooth metric
whose curvature form is denoted by wg; by hypothesis, the R-divisor
Kx + B is pseudo-effective, thus for each positive e, there exists an
effective R—divisor

(al(erB75 = KX + B + ed.

We denote by W, the support of the divisor Ok, 5. and we consider
a point g € X \ U.W.. Then the statement 3.3 provides us with a
current
T=[Dn]+wn=m(Kx+ B)+B

such that v(D,,, z9) > 1+ dim(X). The integer m will be fixed during
the rest of the proof.

The next step in the classical proof of Shokurov would be to consider
the log-canonical threshold of T', in order to use an inductive argument.
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However, under the assumptions of 3.1 we cannot use exactly the same
approach, since unlike in the nef context, the restriction of a pseudo-
effective class to an arbitrary hypersurface may not be pseudo-effective.
In order to avoid such an unpleasant surprise, we introduce now our
substitute for the log canonical threshold (see [27] for an interpretation
of the quantity below, and also [3] for similar considerations).

Let pg : X — X be a common log resolution of the singular part of
T and ©p. By this we mean that pg is the composition of a sequence
of blow-up maps with non-singular centers, such that we have

(4) 15(Op) = Z ap[YV;] + Ap
(5) Z ar[Y;] + AT
(6) Kz/x = Zai;/x[yﬂ

where the divisors above are assumed to be non-singular and to have
normal crossings, and Ag, A7 are smooth (1,1)—forms.

Now the family of divisors Ok, . enter into the picture. Let us
consider its inverse image via the map py :

*
M0(®KX+B£ E aKX+Ba +AKX+BE
JjeJ

where /N\KXJFB,6 in the relation above is an effective R-divisor, whose
support does not contain any of the hypersurfaces (Y;);e.

The set J is finite and given independently of ¢, so we can assume
that the following limit exists

aK +p = lim aKX+Bs

e—0

For each j € J, let o; be non-singular representative of the Chern class
of the bundle associated to Y} ; by the preceding equality we have

(7) o (Oryane) =D ahe Vil + Aicyine + Y dlay

jeJ jeJ

where ¢/ := a]I‘(X YBe — ajkx .- We denote along the next lines by D
the e-free part of the current above. In conclusion, we have organized
the previous terms such that py appears as a partial log-resolution for
the family of divisors (Ox,+5.c)e>0-
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Given any real number ¢, consider the following quantity

,LLS(KX + t(T — @B) + ®B> X
it is numerically equivalent to the current
K¢+ (1+mt)D+(1—t)Ap +thr + Y~ (1)[Y],
jeJ
where we use the following notations

Y (t) =tay + (1 —t)ay — (L+mb)ay, 5 — ai?/x’

We have (i* (O, 1p) = D+ KKXJFRE + e &Jaj, and on the other
hand the cohomology class of the current
t(T — @B) + @B — (1 + mt) (@KXJrB75 — EwG)

is equal to the first Chern class of X, so by the previous relations we
infer that the currents

(8) (1+mt)(Aysne + Y 0la; — ewe)
and
(9) Os(Kg) + Y Y (Y] + (1 — t)Ap + thr

are numerically equivalent, for any ¢ € R.

We use next the strict positivity of B, in order to modify slightly
the inverse image of © g within the same cohomology class, so that we
have :

(i) The real numbers
J

J _
1+aKX+B+aX/X ary

J J J

are distinct ;

(ii) The kit hypothesis in 3.1 is preserved, i.e. afg —a., _ <1;

j
X/X
(iii) The (1,1)—class {Ag} contains a Kahler metric.

The arguments we use in order to obtain the above properties are quite
standard : it is the so-called tie-break method, therefore we will skip
the details.

Granted this, there exist a unique index say 0 € J and a positive
real 7 such that v%(7) = 1 and 7/(7) < 1 for j € J \ {0}. Moreover,
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we have 0 < 7 < 1, by the klt hypothesis and the concentration of the
singularity of 7" at the point x.
We equally have the next numerical identity

(10) (1+m¢)(KKX+B,E+Zégaj—5wg) —{—ﬁEK)~(+§+§
jed

where B is the R-divisor
(11) B = Z’y +(1—7)Ap+7Ar

J€Jp
and we also denote by
(12) H == +(n[Y]

J€Jn

The choice of the partition of J = J, U J, U {0} is such that the
coefficients of the divisor part in (11) are in [0, 1[, the R divisor H is
effective, and of course the coefficient v°(7) = 1 corresponds to S.
In order to apply induction, we collect here the main features of the
objects constructed above.
e In the first place,Nthe RN—divisor > e, 79 (7)[Y;] is klt, and the smooth
(1, 1)~form (1—7)Ap+7A7 is positive definite ; thus the R-divisor in (7)
is big and klt. Moreover, its restriction to .S has the same properties.

e There exist an effective R—divisor A such that
B+S+A=u(B+Tmm(Kx + B))

Indeed, the expression of A is easily obtained as follows

A = Z ((1+m7)aKX+B—|—aX/X +Z TCLT +(1—7) aB)[Yj].
jeJpu{0} JjEIn

Therefore, it is enough to produce an effective R-divisor numerically

equivalent to K ¢ +.S5+ B in order to complete the proof of the theorem
3.1.

e The adjoint bundle K¢ + S + B and its restriction to S are pseudo-
effective by the relation (10).

e By using a sequence of blow-up maps, we can even assume that the
components (Y});es, in the decomposition (11) have empty mutual in-
tersections. Indeed, this is a simple —but nevertheless crucial!— classical
result, which we recall next.

We denote by = an effective R-divisor, whose support do not con-
tain S such that Supp= U S has normal crossings and such that its
coefficients are strictly smaller than 1.
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Lemma 3.4. (sec e.g. [12]) There exist a birational map py = X — X
such that

Wi(Kg +S+5)+Eg=Kg+S+T
where E¢ and I' are effective with no common components, Eg is ex-

ceptional and S is the proper transform of§ ; moreover, the support of
the divisor I' has normal crossings, its coefficients are strictly smaller
than 1 and the intersection of any two components is empty. 0

We apply this result in our setting with Z:= ", 7 (7)[Y;], and
we summarize the discussion in this paragraph in the next statement
(in which we equally adjust the notations).

Proposition 3.5. There exist a birational map p - X — X and an
R-divisor R R
B = Z VI Y; + Ap
jeJ
on )A(, where 0 < 17 < 1, the hypersurfaces Y; above are smooth, they
have empty mutual intersection and moreover the following hold :

(1) There exist a family of closed (1,1)—currents
65 = AKx-‘y—B,E + .

numerically equivalent with K ¢+ .S + B where S C X is a non-
singular hypersurface which has transversal intersections with
(Y;), and where A, 4 g is an effective R-divisor whose support
is disjoint from the set (S,Y;), and finally o is a non-singular
(1,1)-form, greater than —ew ;

(2) There exist @ map 1y : X — X such that S is not ;-
exceptional, and such that KB 1s greater than the inverse image
of a Kahler metric on X via p,. Therefore, the form Ag 1s pos-
itive defined at the generic point of X, and so is its restriction
to the generic point of S ;

(3) There exist an effective R-divisor A on X such that
B+S+A=p"(B+rmm(Kx+B))+E

where E is p—exceptional.

Restriction and induction.

We consider next the restriction to .S of the currents ©, above

(13) O.1s = Ks + Bis;
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we have the following decomposition
(14) Ous =Y _ Y5 + Re
jeJ
where the coefficients (p°7) are positive real numbers, and R. above is
the closed current given by the restriction to .S of the differential form

(15) Q.
plus the part of the restriction to S of the R-divisor
(16) AKx+B,5

which is disjoint from the family (Yjg). Even if the differential form in
(15) may not be positive, nevertheless we can assume that we have
Rs > —E&W|s

for any ¢ > 0. We remark that the coefficients p=/ in (14) may be
positives, despite of the fact the Y; does not belongs to the support of
0., for any j € J.

For each index j € J we will assume that the next limit

P> = lim p*’
e—0

exist, and we introduce the following notation
(17) I ={jeJ :p >V}
The numerical identity in 3.5, (1) restricted to S coupled with (14)
show that we have
(18) > (p™7 =) [Yys] + Re + > _(p™ — p™)[Yys] = K + Bs
jel jet
where Bg is the current
> (W7 = p™) Y]+ Aps.

jEINT

We are now in good position to apply induction :

e The R-divisor Bg is big and klt on S. Indeed, this follows by (2) and
the properties of B in 3.5, and the definition of the set I, see (17).

e The adjoint divisor Kg + Bg is pseudoeffective, by the relation (18).

Therefore, we can apply the induction hypothesis : there exist a non-
zero, effective R-divisor, which can be written as

Ts =Y _ N[Wj

€K
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(where W; C S are hypersurfaces) which is numerically equivalent to
Kq+ BS. We consider now the current

(19) = 2:/\Z Zpoo] ils +Zl/j Ts]

€K jeJ\I jel

from the relation (18) we get
(20) Ts=Kg+ S+ Bs.

It is precisely the R-divisor fg above who will “generate” the section
we seek, in the following manner. We first use a diophantine argument,
in order to obtain a simultaneous approximation of Ts and B with a
Q-divisor, respectively Q-line bundle, such that the relation (20) above
still holds. The next step is to use a trick by Shokurov (adapted to
our setting) and finally the main ingredient is an extension result for
pluricanonical forms. All this will be presented in full details in the
next three subsections.

U

Approximation.

In this paragraph we recall the following diophantine approximation
lemma (we refer to [27] for a complete proof).

Lemma 3.6. For each n > 0, there exist a positive integer q,, a Q-line
bundle B,, on X and a Q-divisor

(21) Tsy =D N[Wil+ D o YVysl+ > vilVis]
ieK jeJIJ\I jel
on S such that :
A.1 The multiple qnén 1s a genuine line bundle, and the numbers

(qn)‘ )ik (qn )J€J7 (qnpn )JGJ
are integers ;
A.2 We have fgm =K¢+ S5+ B\ms ;
A.3 We have ||qn(§ — §,,)|| <, lay (X, = N)| < n and the analog
relation for the (p>7, I/'j)jej/\(here ||| denotes any norm on the
real Neron-Severi space of X) ;

A4 For each ny > 0, there exist a finite family (n;) such that the

class { K + S+ B} belong to the conver hull of {K3 —|—S+Bm}
where 0 < n; < no.
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Remark. Even if we do not reproduce here the arguments of the proof
(again, see [27]), we present an interpretation of it, due to S. Boucksom.
Let N :=|J| + |K| ; we consider the map

I - RY — NSg(S)

defined as follows. To each vector (x!,...,2V), it corresponds the class
of the R-divisor Zyjl W+ Zjvzl K] 27Y}s. We define another linear
map

lQ . NSR(X> — NSR(S)
which is given by the restriction to S. We are interested in the set

T:= (2t ..., 2";7) € RY x NSg(X)

such that [;(z) = l5(7); it is a vector space, which is moreover defined
over QQ (since this is the case for both maps l; and ly). Now our initial
data (Ts, {Kx + S} + 6;) corresponds to a point of the above fibered
product, and the claim of the lemma is that given a point in a vector
subspace defined over Q, we can approximate it with rational points
satisfying the Dirichlet condition.

A trick by V. Shokurov.

Our concern in this paragraph will be to “convert” the effectiveAQ—
divisor T, into a genuine section s, of the bundle ¢,(Kg + S + B,).
To this end, we will apply a classical argument of Shokurov, in the
version revisited by Siu in his recent work [35]. A crucial point is that
by a careful choice of the metrics we use, the L? estimates will allow
us to have a very precise information concerning the vanishing of s,,.

Proposition 3.7. There exist a section
5y € HO(S, 0y (Ks + Bys))

whose zero set contains the divisor

ar( D o Yasl + Y vilYiis))

jeJ\I jerl

forall0 <n < 1.
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Proof of [3.8]. We first remark that we have
QW(KS + B\n\s) = Kg+ ((]n - 1)(KS + Ems) + B\mSS

in order to use the classical vanishing theorems, we have to endow the
bundle N N
(g5 — 1)(KS + Bnls) + Byis
with an appropriate metric.
We first consider the Q-bundle En ; we will construct a metric on it
induced by the decomposition

Bn:B—l—(Bn—B).
The second term above admits a smooth representative whose local
weights are bounded by T in C* norm, by the approximation relation

"
A.3. As for the first one, we recall that we have
(26) EZZVjY}+/A\B;
jes
where the (1,1)-form Ap has the positivity properties in 3.5, 2.

Now, the first metric we consider on émg is defined such that its cur-
vature current is equal to

(27) Zmax (v, v])Ys + Z Vs + Apis + Z(n)is

Jjel jeJ\I

where Z(n) is a non-singular (1, 1)—form on X in the class of the current

3 (Vm — max (v, Véj))) V)]

jer
plus §,7 - B ; we can assume that it is greater than —C E, where the

n
constant C' above is independent of 7).
The smooth term A B is semi-positive on X and strictly positive at the
generic point of S : thanks to this positivity properties we can find a
representative of the class {Ag} which dominates a Kéhler metric. In
general we cannot avoid that this representative acquire some singu-
larities. However, in the present context we will show that there exist
current in the above class which is “restrictable” to S.
Indeed, we consider the exceptional divisors (E;) of the map 1 (see

the proposition 3.5) ; the hypersurface S do not belong to this set, and

then the class R ‘
AB - Z g’ Ej
J
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is ample on X, for some positive reals /. Once a set of such parameters
is chosen, we fix a Kéahler form

Qe {KB — fojEj}
J
and for each § € [0, 1] we define
(28) Aps = (1—-0)Ap+5(Q+ Y E)).
J

For each n > 0, there exist 4 > 0 such that the differential form
0 + =(n) is positive defined. For example, we can take

(29) 5 =0l
an

where the constant C' > 0 does not depends on 7.
With the choice of several parameters as indicated above, the current

KB,(S +EZ(n)

dominates a Kahler metric, and since Ap s is in the same cohomology
class as A, we have

(30) B= > max (V)Y 4+ Y Y+ Aps+E(n).
jel jeJ\I

We remark that the current in the expression above admits a well-
defined restriction to S ; moreover, the additional singularities of the

restriction (induced by A B.s) are of order C E, thus il will clearly be klt
q

U
as soon as 17 < 1. The current in the expression (30) induce a metric
on Bm S-

Next, we define a singular metric on the bundle (g, — 1) (Ks + Bmg)

whose curvature form is equal to (g, — 1)f5777 and we denote by h,, the
resulting metric on the bundle

(qﬁ — 1)<KS + é,ﬂs) + Bms.

The divisor qnfgm corresponds to the current of integration along the
zero set of the section u,, of the bundle

n (KS + én\s) +p

where p is a topologically trivial line bundle on S.
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By the Kawamata-Viehweg-Nadel vanishing theorem (cf. [14], [40],
23]) we have

(S, qn<KS + En) ®I(hn)> =0

for all 7 > 1, and the same is true for the bundle g, (Ks + én) + p,
since p carries a metric with zero curvature. Moreover, the section wu,,
belong to the multiplier ideal of the metric h, above, as soon as 7 is
s/{nall enough, because the multiplier ideal of the metric on the bundle

By s will be trivial. Since the Euler characteristic of the two bundles
is the same, we infer that

HO (S, qy(Ks + By) @ T(hy) ) #0

We denote by s, any non-zero element in the group above ; we show
now that its zero set satisfy the requirements in the lemma. Indeed,
locally at any point of € S we have

: ’fs|.2 , ~d\ < 00
12057 (g —1)+205) 120 (g —1)+257
S.) [Lieps Lf5 177 I Ler 1517 K
where 77 =17 if j € J\ I and ¥} := max{v], 1/} if j € I ; we denote

by fs the local expression of the section s,, and we denote by f; the
local equation of ¥; N S.
But the we have

2
/ ” O’O{S| ——dA < o0
(S:z) HjeJ\I |f3[2om 0 [T ieq Lf52 %

for all n < 1 (by the definition of the set I and the construction of the
metric on B, g). Therefore, the lemma is proved. O

Remark 3.8. Concerning the construction and the properties of A B.5
we recall the very nice result in [9], stating that if D is an R-divisor
which is nef and big, then its associated augmented base locus can be
determined numerically.

Remark 3.9. As one can easily see, the divisor we are interested in
the previous proposition 3.7 is given by

Eyi= Y g Vis) + Y vilVis).
jeJ\I jel
The crucial fact about it is that it is smaller than the singularities of
the metric we construct for B, ; this is the reason why we can infer
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that the section s, above vanishes on ¢, £, —and not just on the round
down of the divisor (g, — 1)E,—, see [27], page 42 for some comments
about this issue.

The method of Siu.

We have arrived at the last step in our proof : for all 0 < n < 1,
the section s, admit an extension on X. Once this is done, we just
use the point A.4 of the approximation lemma 3.8, in order to infer
the existence of a R-section of the bundle K¢ + 5 + B , and then the
relation (3) of 3.5 to conclude.

The extension of the section s, will be obtained by using the in-
variance of plurigenera techniques, thus in the first paragraph of the
current subsection, we will highlight some of the properties of the Q-
divisors B\n constructed above.

Uniformity properties of (K; + 5+ En)n>0-

We list below the pertinent facts which will ultimately enable us to
perform the extension of (s,) ; the constant C which appear in the next
statement is independent of 7.

(U1) The section s, € H°(S, ¢,(Ks +§n)) vanishes along the divisor

(117< > oY + ZV?}M\S])

jeJ\I jel
for all 0 <7 < 1 O
(Uz) There exist a closed (1,1)-current 0, € {K3 + S + En} such

that :

(2.1) It is greater than oy ;
In

(2.2) Its restriction to S is well defined, and we have
Oys = ZG%[YJ'IS] + Rys.
jed

Moreover, the support of the divisor part of R, g is disjoint
from the set (Yj)5) and 6] < pp>/ + CrL.
n
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(Us) The bundle én can be endowed with a metric whose curvature
current is given by

Z Vr];[yj] + Apy +E(n)
jeJ
where the hypersurfaces Y; above verify Y; NY; = 0, if i # j
and moreover we have :
(3.1) The current Ap, + =(n) dominates a Kéhler metric ;
(3.2) The restriction /AXBJ7 + Z(n) gis well defined, and if we de-

note by v, the maximal multiplicity of the above restriction
then we have

qny < COn.

The property (Uy) is a simple recapitulation of facts which were com-
pletely proved during the previous paragraphs.

The family of currents in (Usg) can be easily obtained thanks to the
proposition 3.5, by the definition of the quantities p>7 and their ap-
proximations.

Finally, the construction of the metric on én as above is done precisely
as in the previous paragraph, except that instead of taking the coeffi-
cients max(v7, v), we simply consider J. The negativity of the error
term is the same (i.e. Cn/q,). O
Let us introduce the next notations :

o Ay =3 i v)[Y;]. Tt is an effective and kIt Q-bundle ; notice
that the multiple ¢,1; is a positive integer strictly smaller than
qy, for each j € J\ I ;

o Ny =3 vVl + /AXBJ, + E(n). It is equally a effective and
klt Q-bundle such that ¢,A, is integral.

Precisely as in [7], [10], [1], there exist a decomposition
QnAl = L1 + ...+ an—l

such that for each m =1, ..., ¢, — 1, we have

L, = Z Y.

je€LnCJI\I
We denote by L, := g,As and
(31) LW =p(Kx +S)+Li+..+1L,

where p =1, ..., ¢,. By convention, L is the trivial bundle.
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We remark that it is possible to find an ample bundle (A, h,) indepen-
dent of n whose curvature form is positive enough such that the next
relations hold.

(1) For each 0 < p < g, — 1, the bundle L® 4 qnA is generated by
its global sections, which we denote by (sy) )).
(12) Any section of the bundle L) + g, A5 admits an extension to

X.

(13) We endow the bundle corresponding to (Y;);cs with a non-
singular metric, and we denote by ¢,, the induced metric on
L,,. Then for each m = 1, ..., g,, the functions

Orn, +1/304

are strictly psh.
(11) For any n > 0 we have

(32) 0, > —-Lo,

n

O

Under the numerous assumptions/normalizations above, we formulate
the next statement.

Claim 3.10. There exist a constant C' > 0 independent of n such that
the section

s?k ® sgp) e H (S, L®) 4 kLl 4 an|5)
extend to )?, foreachp=0,....,q,—1, 5 =1,....N, and k € Z, such
that

O

The statement above can be seen as a natural generalization of the
usual invariance of plurigenera setting (see [5], [7], [10], [16], [18], [26],
(34], [37], [39]) ; in substance, we are about to say that the more general
hypothesis we are forced to consider induce an effective limitation of
the number of iterations we are allowed to perform.
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Proof of the claim 3.10.

To start with, we recall the following very useful integrability criteria
(see e.g. [12]).

Lemma 3.11. Let D be an effective R-divisor on a manifold S. We
consider the non-singular hypersurfaces Y; C S for j = 1,...,N such
that Y;NY; = 0 if i # j, and such that the support of D is disjoint from
the set (Y;). Then there exist a constant g = eo({D},C) depending
only on the cohomology class of the divisor D such that for all positive
real numbers § €]0,1] and € < &y we have

/ dA >
s,s) [fp1% I1; 15222
foralls € S. O

In the statement above, we denote by f;, fp the local equations of Y;,
respectively D near s € S (with the usual abuse of notation).

We will equally need the following version of the Ohsawa-Takegoshi
theorem (see [6], [22], [25], [34]) ; it will be our main technical tool in
the proof of the claim.

Theorem 3.12 (22). Let X bea projective n-dimensional manifold,

and let S € X be a non-singular hypersurface. Let F' be a line bundle,
equipped with a metric hp. We assume that :

(a) The curvature current Opr is greater than a Kdhler metric

on X ;
(b) The restriction of the metric hgp on S is well defined.
Then every section uw € H(S,(Kg + S + Fls) ® Z(hp|s)) admits an
extension U to X. U

We will use inductively the extension theorem 3.12, in order to derive
a lower bound for the power k£ we can afford in the invariance of pluri-
genera algorithm, under the conditions (Uj)i<j<s ; the first steps are
as follows.

Step 1. For each j = 1,..., Ny, the section s, ® sg-o) € HO(S, L) 4
4y Ajs) admits an extension U](q") € H°(X, L") 4¢,A), by the property

Step 2. We use the sections (U j(q")) to construct a metric ©@) on the
bundle L) 4+ qnA.
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Step 3. Let us consider the section s, ® 35-1) € H°(S,LW + L) 4
an|S). We remark that the bundle

L(l) + L(qrz) + an — K)? +S+ L+ L(q") + an
can be written as K¢ + .S + F where
F =L +L% qA

thus we have to construct a metric on F' which satisfy the curvature
and integrability assumptions in the Ohsawa-Takegoshi-type theorem
above.

Let 9, be positive real numbers ; we endow the bundle F' with the
metric given by

(33)  of = (1= 8)pr, +06pr, + (1 — )™ + eqy(pa + vo,)

where the metric ¢y, is smooth (no curvature requirements) and ¢y, is
the weight of the singular metric induced by the divisors (Y});er,. We
denote by pe, the local weight of the current ©, ; it induces a metric
on the corresponding Q-bundle K¢ + .5 + E,,, which is used above.
We remark that the curvature conditions in the extension theorem

will be fulfilled if
d < eqy

provided that 7 < 1 : by the relations (13) and (1*) the negativity of
the curvature induced by the term dpp, will be absorbed by A.
Next we claim that the sections s, ® sg-l) are integrable with respect to
the metric defined in (33), provided that the parameters ¢, ¢ are chosen
in an appropriate manner. Indeed, we have to prove that

(1)|2

|5y @ s;
5 - exp(—(1—5)go,;1—5qncp@ )dV<oo;
/s@lsn@s& )1 '

since the sections (sq(no)) have no common zeroes, it is enough to show
that

/ |s77|26 exp ( —(1=9)er, — 5qng0@n)dV < 00
s

(we have abusively removed the smooth weights in the above expres-
sions, to simplify the writing).

Now the property (Uj) concerning the zero set of s, is used : the
above integral is convergent, provided that we have

/Sexp (= (1—=08)pr, —eaqylve, — Z P oy, — Zyggoyj))dv < 00.

jeJ\I jeI



MINIMAL MODELS, FLIPS... 31

In order to conclude the convergence of the above integral, we would like
to apply the integrability lemma 3.11 ; therefore, we have to estimate
the coefficients of the common part of the support of L; ¢ and

(34) Oy — > Al = mlyi]

jeNI jel
restricted to S. For any j € J \ I, the coefficient associated to the
divisor Yjjs in the expression above is equal to

(35) 0 — i

and by the property Us, the difference above is smaller than C' T The
n
singular part corresponding to j € J \ I in the expression (34) will be

incorporated into the (1 — §)¢y,, thus we have to impose the relation

1—6+geC-L < 1.
n

In conclusion, the positivity and integrability conditions will be sat-
isfied provided that

(36) Cne < <eq, <ep

We can clearly choose the parameters d, € such that (36) is verified.

(gn+1)

Step 4. We apply the extension theorem and we get , whose

restriction on S is precisely s, ® 35-1). O

The claim will be obtained by iterating the procedure (1)-(4) several
times, and estimating carefully the influence of the negativity of ©,

on this process. Indeed, assume that we already have the set of global

sections
ykantp) o o (X, L® 4 frla) o an)

J

which extend sf?k ® sgp ), They induce a metric on the above bundle,
denoted by @k +r),
If p < g, — 1, then we define the family of sections
s2 @ s € HO(S, LY 4 kL@ 4 g, Ajg)
on S. As in the step (3) above we remark that we have

LP) = Ko+ S+ Ly + LW

thus according to the extension result 3.12, we have to exhibit a metric
on the bundle

F = Lp+1 + L(P) + kL(‘In) + an
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for which the curvature conditions are satisfied, and such that the fam-
ily of sections above are L? with respect to it. We define
(37)

k 1 ~ 1 .
gO(<5’Eqn+p+ ) (1=0)pn, ., +051, , +(1—)p 4P g, (ko +pat—Frm)

n

and we check now the conditions that the parameters ¢, have to sat-
isfy.

We have to absorb the negativity in the smooth curvature terms in
(37), and the one from ©,. The Hessian of the term

1
1/3pa+ —Prw
an

is assumed to be positive by 13, but we also have a huge negative
contribution

—ckle,

an
induced by the current ©,. However, we remark that we can assume
that we have
(38) Ck-L <1/3
n

since this is precisely the range of k for which we want to establish the
claim. Then the curvature of the metric defined in (37) will be positive,
provided that

d < eqy
again by (1?).

Let us check next the L? condition ; we have to show that the integral
below in convergent

5% @ S(p+1)|2
/ . exp (— (L= 8)pr,,, — kayepo,)dV.
S

(32,155 @ 5P [2)1

This is equivalent with

/S|s|2‘d€ exp ( —(1- cS)goLp+1 — kqnego@n)dv < 0.

In order to show the above inequality, we use the same trick as before :
the vanishing set of the section s, as in (Uy) will allow us to apply the
integrability lemma—the computations are strictly identical with those
discussed in the point 3) above, but we give here some details.
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By the vanishing properties of the section s,, the finiteness of the
previous integral will be implied by the inequality

/exp (_(1_5)90Lp+1 _k€Qn(90@n - Z P;O’j@)/j —ZV%QOy]))dV < Q.
S

jeINI jel

In the first place, we have to keep the poles of keq,©,, “small” in the
expression of the metric (37), thus we impose

keg, < ¢o.

The hypothesis in the integrability lemma will be satisfied provided
that
1 —5+5kqn0£ <1
an
(this is the contribution of the common part of Supp L, and ©,)).
Combined with the previous relations, the conditions for the parame-
ters become

(39) Cekn < 0 < eq, < o/k.
Again we see that the inequalities above are compatible if k satisfy the
inequality
Ckn < gy
which is precisely what the claim (3.10) states.

In conclusion, we can choose the parameters €, so that the integra-
bility /positivity conditions in the extension theorem are verified ; for
example, we can take

®c = =0
o 2kq,
and
o5 == (1+kCL)2 O

g, 4k

Finally, let us indicate how to perform the induction step if p = ¢, —1:
we consider the family of sections

st @ s e HO(S, (k+ 1)L + ,A),

In the case under consideration, we have to exhibit a metric on the
bundle

an + L(Qn_l) + kL(%) + an :

however, this is easier than before, since we can simply take

(40) (’OQn(k"‘l) = qyon, T gp(k%‘f'%—l)
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where the metric on Ay is induced by its expression in the preceding
subsection. With this choice, the curvature conditions are satisfied ; as
for the L? ones, we remark that we have

/S|SZH®S§O)|2€XP (— D) ay < C/s |sn®s§0)\2exp (—qypn,)dV ;
moreover, by the vanishing of s, along the divisor
an( D viYis),
je€I

the right hand side term of the inequality above is dominated by

C [ exp (= e, Jav

where the last integral is convergent because of the fact that ¢,v < 1,
see (Us). The proof of the extension claim is therefore finished.

O
End of the proof.

We show next that the sections s, can be lifted to X as soon as n
is small enough, by using the claim 3.10.
Indeed, we consider the extensions U ;kq") of the sections s2* ® s

they can be used to define a metric on the bundle
kqy (K5 + S+ B,) + ¢, A

whose kq%h root it is defined to be h;gn)'
We write the bundle we are interested in i.e. ¢,(Kg+ S+ En) as an

adjoint bundle, as follows

0) .

i )

0(Ke+S+B,)=K¢+5+(g—1)(K¢ + 5+ B,) + B,
and this last expression equals

. . ~1
K)A(+S+(qn—1)(K;(+S+Bn+1/k:A)+Bn—q"TA

Given the extension theorem 3.12, we need to construct a metric on

the bundle
~ ~ —1
(g9 —1)(Kg + S+ By + 1/kA) + B, — an A.

On the first factor of the above expression we will use (g, — 1)(,0,(;7) (that
is to say, the (g, — 1)™ power of the metric given by h,(;')).
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We endow the bundle En with a metric whose curvature is given by
the expression

ST v+ Y vV 4+ Aps+E(n) ;

JeINI jeI

here we take ¢ independent of 1, but small enough such that the re-
striction B, s is still klt. Finally, we multiply with the % times h'.

By the claim 3.10, we are free to choose k e.g. such that k& = ¢, [77*1/2}
(where [x] denotes the integer part of the real x). Then the metric
above is not identically oo when restricted to S, and its curvature will
be strongly positive as soon as n < 1. Indeed, the curvature of én is

greater than a Kahler metric on X which is independent of n because
of the factor Ap ;.
Moreover, the L? conditions in the theorem 3.12 are satisfied, since

the norm of the section s, with respect to the metric qngpl(j) is pointwise

bounded, and by the choice of the metric on B,s. In conclusion, we

obtain an extension of the section s,, and the theorem 1.5 is completely
proved.
O

The relative case.

We will explain along the next lines the nonvanishing result 1.5 in
its general form ; to the end, we first review the notion of relative
bigness from metric point of view.

Let p : X — Z be a projective map and let B be a R-divisor on
X. The pair (X, B) is klt by hypothesis, so we can assume that X is
non-singular and that

N
(41) B=>Y oW,
=1

where 0 < @/ < 1 and (W;) have normal crossings. Moreover, it is
enough to prove 1.5 for non-singular manifolds Z (since we can desin-
gularize it if necessary, and modify further X).

The R-divisor B is equally p—big, thus there exist an ample bundle
Ay, an effective divisor £ on X and an ample divisor Az on Z such
that

(42) B+p'A;=Ax + E.
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By a suitable linear combination of the objects give by the relations
(41) and (42) above, we see that there exist a klt current

®B < {B +p*Az}

which is greater than a Kahler metric. Thus modulo the inverse image
of a suitable bundle, the cohomology class of B has precisely the same
metric properties as in the absolute case.

The main technique we will use in order to settle 1.5 in full generality
is the positivity properties of the twisted relative canonical bundles
of projective surjections ; more precisely, the result we need is the
following.

Theorem 3.13 (1). Let p: X — Z be a projective surjection, and let
L — X be a line bundle endowed with a metric hy with the following
properties.

(1) The curvature current of (L,hy) is positive ;

(2) There exist a generic point z € Z, an integer m and a non-zero
section u € H°(X,,mKx, + L) such that

Then the twisted relative bundle mKx,z + L is pseudo-effective, and it
admits a positively curved metric hx,; whose restriction to the generic
fiber of p is less singular than the metric induced by the holomorphic
sections who verify the L™ condition in (2) above. O

Given this result, the end of the proof of 1.5 goes as follows. A point
z € Z will be called very generic if the restriction of ©p to the fiber X,
dominates a Kahler metric and its singular part is klt, and moreover
if the sections of all multiples of rational approximations of Ky + B
restricted to X, do extend near z. We see that the set of very generic
points of z is the complement of a countable union of Zariski closed
algebraic sets ; in particular, it is non-empty.

Let z € Z be a generic point. The adjoint R-bundle Kx, + Bjx, is
pseudo-effective, thus by the absolute case of 1.5 we obtain an effective

R—divisor
N
0:=> VI,
j=1

within the cohomology class of Kx, + Bjx,. By diophantine approxi-
mation we obtain a family of Q-bundles (B,) and a family of non-zero
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holomorphic sections
U’7] S HO (XZ7 qn(KXz + B77|Xz>)

induced by the rational approximations of © (see 3.6, 3.8 above).
With these datum, the theorem 3.17 provide the bundle

qn(KX/Z + By)

with a positively curved metric hx/z, together with a crucial quantita-
tive information : the section w,, is bounded with respect to it.

The last step is yet another application of the Ohsawa-Takegoshi
type theorem 3.12. Indeed, we consider the bundle

an(Kx + By) +p"A

where A — Z is a positive enough line bundle, such that A—(g,—1)K
is ample. We have the decomposition

Qn(KX+Bn)+p*A = KX“—((]n_1)(KX/Z+B17)+Bn+p*(A_(C_Zn_l)KZ)
and we have to construct a metric on the bundle
F = (QW - 1)([fX/Z + Bn) + Bn —f—p*(A - (qU - 1)KZ>

with the curvature conditions as in 3.12. The first term in the sum

I~ 2

above is endowed with the multiple of the metric hy,z. The

q
Q-bundle B, is endowed with the metrié7 given by Opg plus a smooth
term corresponding to the difference B, — B. Finally, the last term
has a non-singular metric with positive curvature, thanks to the choice
of A ; one can see that with this choice, the curvature assumptions in
3.12 are satisfied.
The klt properties of B are inherited by B, ; thus we have

-1
/ |un|2 exp ( _ I wx/z — chn>d)\ < C’/ exp(—ngn)d)\ < 00.
X, qn Xz
In conclusion, we can extend u,, to the whole manifold X by 3.12. The
convexity argument in the lemma 3.6 ends the proof of the nonvanish-
ing. U

Remark 3.14. In fact, V. Lazic informed us that given the non-
vanishing statement 1.5 in numerical setting, he can infer the original
non-vanishing statement in [3] (see [20], as well as [21]). As a conse-
quence, one can infer the relative version of 1.5 in the same way as in [3].
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4. PROOF OF MAIN RESUTLS

Proof. (of Theorem 1.1) We proceed by induction on d. Suppose that
the theorem holds in dimension d — 1 and let (X/Z, B) be a klt pair
of dimension d such that B is big/Z. First assume that Ky + B is
pseudo-effective/Z. Then, by Theorem 1.5 in dimension d, Kx + B is
effective/Z. Theorem 1.4 then implies that (X/Z, B) has a log minimal
model.

Now assume that Ky + B is not pseudo-effective/Z and let A be a
general ample/Z Q-divisor such that Kx + B+ A is klt and nef/Z. Let
t be the smallest number such that Ky + B +tA is pseudo-effective/Z.
By part (1), there is a log minimal model (Y/Z, By +tAy) for (X/Z, B+
tA). Run the LMMP/Z on Ky + By with scaling of tAy. By Theorem
2.7, we end up with a Mori fibre space for (X/Z, B). O

Proof. (of Corollary 1.2) Let (X/Z, B) be a klt pair of dimension d and
f: X — Z" a (Kx + B)-flipping contraction/Z. By (1) of Theorem
1.1, there is a log minimal model (Y/Z’, By) of (X/Z', B). By the base
point free theorem, (Y/Z’, By) has a log canonical model which gives
the flip of f. O

Proof. (of Corollary 1.3) If Kx+ B is not effective/Z, then the corollary
trivially holds. So, assume otherwise. By [11] there exist a klt pair
(S/Z, Bs) of dimension < dim X with big/Z Q-divisor Bg, and p € N
such that locally over Z we have

H(mp(Kx + B)) ~ H (mp(Ks + Bs))

for any m € N. By Theorem 1.1, we may assume that Kg + Bg is
nef/Z. The result then follows as Kg + Bg is semi-ample/Z by the
base point free theorem. O
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