ALGEBRAIC GEOMETRY PART III
EXAMPLES AND EXERCISES 1

CAUCHER BIRKAR

As usual £ is an algebraically closed field unless stated otherwise.

FEza: Let f € k[t1,ts] be of degree < 1, that is, f = at; + bty + ¢
where a,b,c € k. We call such f, linear. When f is not a constant,
X =V(f) C A} is called a line. We have X = {(x, 285¢) € A | 27 €
k} if b # 0. We get a similar description of X if a # 0.

Era: Let X = V(t;ty) C AZ. Then, X = V(t;) UV (¢p), that is, X
is the union of two lines. X is an affine algebraic set but not a variety
because it is not irreducible.

Eza: Let X = V(t;,t3) C AZ. Then, X = {(0,0)} which is a variety.

Eze: Let X = V(2 +t2—1,t;, —1) C AZ. What is Ix? Is Ix a prime
ideal?

Erxe: Let X =V (t2 + 13 +t2) C A}. Determine Iy when the charac-
teristic of k is 2. Determine Ix when the characteristic of £ is not 2.

FExe: In the lecture, we proved that every affine algebraic set X is the
union of finitely many vaireties, that is, X = X; UX,U---UX,, where
X, are irreducible. If X; Q X, for i # j, we call X; the irreducible
components of X. Now decompose X = V(7 — tot3, t1t3 — t1) C A}
into its irreducible components.

Eze: Let X be a quasi projective algebraic set and X = |J U; a cover
of X by open subsets U;. Prove that only finitely many of U; would be
enough to cover X.

FEza: Let X = {Py,...,P,} C A} be finitely many distinct points.
We determine the coordinate ring [X]. We know that Ix = (L, I{p,}-
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By Hilbert Nullstellensatz, I{p,} is a maximal ideal of k[, ..., t,]. So,

KIX] =Kty ... ta] [ Ix ~ @D kltr, .. ]/ Iipy ~ ED K
J=1 j=1

Ezxe: Let ¢: Al — Al be an isomorphism. Prove that ¢ is given by
a linear polynomial.

Eze: Let ¢: A7 — AZ be given by ¢ = (t1,t1t2). Is ¢(AF) open, close
or dense?

Era: Let X = V(tjty — 1) C A2. The regular map to A} given by
¢ =ty is injective but not surjective so not an isomorphism. However,

#(X) = A} — {0} which is dence in A}.

Erxa-exe: The regular map ¢: Al — Y given by ¢ = (¢?,¢3) where
Y = V(s3 — s?) C A} (cusp singularity) is a 1-1 regular map which
is not an isomorphism. In fact, the dual homomorphism ¢*: k[Y] =
k[si, so]/{s3 — s3) — k[t] is determined by ¢*(s;) = t? and ¢*(s2) = t3.
So t cannot be in the image of ¢*, so ¢* is not an isomorphism. If one
tries to get an inverse it should be as 1) = s3/s; which is not regular
but rational. This means that A} and Y are not isomorphism but bi-
rational.

Eze: Let M, ., be the set of n x m matrices over k. Prove that there
is a bijection from M, «,, to A™. Prove that the set of non-invertible
matrices in M, ., corresponds to a hypersurface in A"

Eze:* Let k be any field not necessarily algebraically closed, and
let f,g € kl[t1,t3] be non-constant polynomials without common fac-
tor in their factorisations into irreducible factors. Prove directly that
V(f)NV(g) C A? is finite. (Consider f, g as polynomials over the ring
k(x)[y] or similarly k(y)[x])

Exe: Let X =V (t2+t2—1) C A? and let 7 be the rational function
of X defined by m = (1 — t3)/t;. Determine the domain of 7.

Eze: Let Y =V (13—t —t3) C Af and let ¢: A} — Y be the regular
map defined by ¢ = (s> — 1, s(s> — 1)). Describe ¢* and prove that ¢
is not an isomorphism but it is a birational isomorphism.
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Exa: Let Y = V(f) C A be a variety defined by f of degree 2 and
after a linear change of variables we can assume that (0,0) € Y. Let Lj
be the line defined by V(¢ — st1) where s € k. This line intersects Y at
(0,0). Since f has degree 2, it intersects Y at another point y, except if
s is in a fixed finite set A C k. To see this one needs to solve the equa-
tion g(t1) = f(t1,st1) = 0. g is of degree 2 if s ¢ A and 0 is one of its
solutions, so g(t;) = t1h(t1) for some polynomial h(t;) = A(s)t; + B(s)
which is linear in ¢;. Thus, the other root of g is given by a ratio-
nal function m; = —B(s)/A(s). Since to — sty defines the line L, the
other coordinate of y, is given by another rational function my = sm
in s. In short, we have defined a rational map 7: Al --» Y given by
7 = (m,m2). Define also §: Y --» A} by 0 = t,/t;. Then, 7 and 6§ are
inverse of each other. This example shows that Y is birational to Aj.

Ere: Let Y = V(#3 + (to — 1)? — 1) C A} and define the rational
maps 7 and 6 in the previous example explicitly.

Fza: Let X =P} and let Uy be the open subset defined by sy # 0.
By theorems in the lecture, k(X) = k(Up). On the other hand, Uy is
the affine space A}. So, k(X) = k(Uy) = k(t1,...,t,) where t; = s;/s0.

Eza: Let X = P}, we prove that k[X]| = k. Let f: X — k be a regu-
lar function. Then, for z € X there is a neighborhood z € U and F,G
homogeneous of the same degree in k[sy, . . ., s,] such that f = F//G on
U, and G has no zero on U. We can assume that I, G have no common
factors. Suppose that G is not a constant and let 2’ € V(G) — V(F).
Then, there is a neighborhood z’ € U’ and F’, G’ homogeneous of the
same degree in k[so, ..., s,] such that f = F'/G" on U’, and G’ has no
zero on U’, and F’, G’ have no common factor. So, F'//G and F'/G’ give
the same values on U NU’ # (). Since X is irreducible, this is possible
only if FG' — F'G = 0. This is a contradiction because F'(z')G'(z") # 0
but F'(2")G(2") = 0.

FExa: Regular maps of affine algebraic sets are the same as their
regular maps as quasi-projective algebraic sets.

Proof. Let X C A} and Y C A}’ be affine algebraic sets and ¢: X — Y
a regular map of affine algebraic sets given by ¢ = (fi,..., fi) where
fi € k[t1,...,t,]. We naturally identify A} with Uy C P} and A}
with Vy C P}*. Under this identification, we use affine and projective
coordinates for the same points without mention.

By previous theorems, ¢ is continuous.
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On X the map ¢ corresponds to the map given by
o = (sg‘) : sglFl Do sim L)

where F; € k[sq, ..., sy is the homog. polynomial associated to f; and
d; are in NU {0} so that all the components have the same degree.
Moreover, if V' C Y is an open subset, a regular function on V' (with
quasi-projective definition) is locally given by F'/G and when we com-
pose it with @, it gives a function which is locally like F'/G’ and so we
get a regular function on ®~'V. In other words, ® is a regular map in
the quasi-projective sense.

Now let @: X — Y be a regular map in the sense of quasi-projective
varieties and let x € X. Taking the ring k|rg,...,r,] corresponding
to P, any r;/ro is a regular function on Y, and by definition it gives
a regular function ¢; on X. Moreover, the function X — Y given by
(1:¢1:--+: ¢y) is identical to ®. So, ¢ = (¢1, -+, ¢y) corresponding
to ® is a regular map in the affine sense. 0

The proof also shows that rational maps of affine varieties are the
same as their rational maps as quasi-projective varieties. The same is
true for rational functions.

Eza: Let X = V(sis2 — s3) C P2, Then, ¢: X — P} given by
¢ = (S0 :81) = (82: 80) is a regular map. This is an isomophism with
the inverse 6: P, — X given by 0 = (rory : r7 : r3). This example
also shows that X; = X —{(0:1:0),(0:0: 1)} is isomorphic to
P, — {(1:0),(0:1)}. The first one is a closed affine set in A? but the
second one is an opne subet of A}.

Eza: ¢: PP — P} given by 7 = (sd,...,s%) is a regular map. If

r n

d > 1, it is not an isomorphism because it is not 1-1.

Exa: m: Pz - IP’% given by m = (8189, S0S2, So$1) is a rational map.
It is not regular at the three points (0: 0:1), (0:1:0), and (1:0:0).
However, it is birational its inverse being 6 = (7179, 7972, 7o71). This is
called a Cremona transformation.

n-+d
d

¢: Py — P by the m polynomial s ---s% where S d; = d and

d; € NU{0}. Then, ¢ is a regular map which is called the Veronese
embedding.

FEza: let d be a natural number and m = ( ) — 1. Define
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Eza: Let ¢: P} — A}" be a regular map. Prove that ¢ is constant,
that is, ¢(P}) is a single point.



