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1. Introduction

These notes are for a first graduate course on algebraic geometry. It
is assumed that the students are not familiar with algebraic geometry
so we have started from scratch. I have taken a moderate approach
emphasising both geometrical and algebraic thinking. We have bor-
rowed few main theorems of commutative algebra but rigorous proofs
are given for the rest, except the sections on sheaves and cohomology.
I believe this is the best way of introducing algebraic geometry rather
than starting with schemes. One has to accept the fact that it is not
possible to teach too much advanced algebraic geometry in two months.
Students who will continue with algebraic geometry or number theory
need to have another course on schemes. A student who understands
these lectures should have no problem learning schemes.

Date: 11 Dec 2007.
Warning to students: the notes don’t exactly correspond to the lectures given

though the difference is quite small.
1
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I would like to thank Burt Totaro and those students whose com-
ments and questions helped to improve these notes. Any more com-
ment/correction is welcome.

2. Affine varieties

Throughout this document, we assume k to be an algebraically closed
field unless stated otherwise. We denote k[t1, . . . , tn] for the ring of
polynomials over k with the variables t1, . . . , tn. It is well-known that
this a unique factorisation domain (UFD).

We assume good knowledge of commutative algebra, that is, general
properties of rings, ideals, modules, fields, etc. Corresponding to the
algebraic object k[t1, · · · , tn] we have the following geometric object.

Definition 2.1 (Affine space). The n-dimensional affine space An
k is

defined as

An
k = {x = (x1, . . . , xn) | xi ∈ k}

We call A1
k the affine line and A2

k the affine plane. For the moment
the word n-dimensional is just a terminology but later on we will see
that An

k really has dimension n.

We are interested in some special subsets of the n-dimensional affine
space An

k .

Definition 2.2. An affine algebraic set X is a set

X = V (f1, . . . , fm) = {x ∈ An
k | fi(x) = 0,∀i}

where fi ∈ k[t1, . . . , tn]. That is, an affine algebraic set is the set of
common solutions of finitely many polynomials.

Polynomials are among the most simple kind of functions, so it is not
a surprise that algebraic geometry is fundamentally related to number
theory and all other kinds of geometry, physics, etc. Though polyno-
mials are simple but the study of algebraic sets is among the hardest
and most fascinating subjects of mathematics.

Example 2.3. In this example let k = Q and let f = td1 + td2−1. What
is X = V (f) ⊆ A2

Q? This is Fermat’s last theorem.

One can also define algebraic sets using ideals rather than polyno-
mials.

Definition 2.4. For an ideal I of k[t1, . . . , tn] define its affine algebraic
set as

V (I) = {x ∈ An
k | f(x) = 0,∀f ∈ I}
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The algebraic set of an ideal is not a new object by the following
theorem.

Theorem 2.5 (Hilbert basis theorem). Every ideal I of k[t1, . . . , tn]
is finitely generated, that is, there are f1, . . . , fm ∈ I such that I =
〈f1, . . . , fm〉.

In other words, the ring k[t1, . . . , tn] is noetherian.

Example 2.6. If I = 〈f1, . . . , fm〉, then prove that V (I) = V (f1, . . . , fm).

Example 2.7. Affine algebraic subsets of A1
k are ∅, A1

k and its finite
subsets.

Example 2.8. A line in A2
k is given by a nonzero linear polynomial.

It is easy to see that V (t1t2) is the union of two lines, the two axis, and
V (t1, t2) is the origin (0, 0).

The reason we use ideals rather than polynomials is that it is more
convenient to relate algebraic sets and ideals.

Theorem 2.9. Let I, J be ideals of k[t1, . . . , tn]. Then,
V (IJ) = V (I ∩ J) = V (I) ∪ V (J) and V (I + J) = V (I) ∩ V (J).

Proof. Straightforward. �

When we are given an affine algebraic set we can try to recover its
ideal. It is not possible to recover the ideal but we can recover the
biggest possible ideal which defines the algebraic set.

Definition 2.10. Let X ⊆ An
k be an affine algebraic set. Define its

ideal IX as

IX = {f ∈ k[t1, . . . , tn] | f(x) = 0,∀x ∈ X}
Exercise 2.11. If X = V (I), prove that I ⊆ IX .

Example 2.12. Let X = V (I) ⊂ A1
k where I = 〈t2〉. Then, IX = 〈t〉.

In particular, this shows that some times I 6= IX .

Exercise 2.13. Let X ′, X ′′ ⊆ An
k be affine algebraic sets. Prove that if

X ′ ⊆ X ′′ then IX′′ ⊆ IX′. Prove that IX′∪X′′ = IX′ ∩ IX′′.

An open subset of An
k is defined to be the complement of an affine

algebraic set , that is, U = An
k −X where X is an affine algebraic set.

So, we are considering the affine algebraic sets as closed subsets. this
makes An

k into a topological space which is called the Zariski topology.
This induces a topology on every subset of the affine space and we
always refer to it as the Zariski topology.

A topological space T is called irreducible if T = T1 ∪ T2 is a union
of closed subsets then T = T1 or T = T2.
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Definition 2.14. An irreducible affine algebraic set (with respect to
the Zariski topology) is called an affine algebraic variety.

Theorem 2.15. Let X be an affine algebraic set. Then, X is an affine
algebraic variety iff IX is a prime ideal.

Proof. Suppose that X ⊆ An
k is an affine algebraic variety. Assume

that fg ∈ IX for f, g ∈ k[t1, . . . , tn]. Then,

X = {x ∈ X | f(x) = 0} ∪ {x ∈ X | g(x) = 0}
where the two latter sets are closed subsets of X. So, X should be
equal to one of them and so f ∈ IX or g ∈ IX .

The converse is similarly proved. �

The ring k[t1, . . . , tn] considered as an ideal of itself is not defined
to be prime, so in the theorem or other places we can exclude the case
X = ∅.

To see the relation between affine algebraic sets and ideals more
clearly we need to borrow the following important theorem.

Theorem 2.16 (Hilbert Nullstellensatz). Let I be an ideal of k[t1, . . . , tn].
Then,
(i) if X = V (I), then IX =

√
I,

(ii) any maximal ideal of k[t1, . . . , tn] is of the form 〈t1−x1, . . . , tn−xn〉,
(iii) V (I) = ∅ iff I = k[t1, · · · , tn].

See [1] for a proof.

Theorem 2.17. Every affine algebraic set is a union of finitely many
affine algebraic varieties (decomposition into irreducible components).

Proof. If an affine algebraic set is not irreducible then X = X1 ∪ X2

where X1, X2 are closed subsets of X. If X2 is not irreducible, then
X = X1 ∪ X3 ∪ X4 and so on. This stops or we find a decreasing
sequence · · ·X ′′ ( X ′ ( X of closed subsets. Therefore, by the Null-
stellensatz we find an increasing sequence of ideals IX ( IX′ ( · · ·
which contradicts the fact that k[t1, . . . , tn] is a noetherian ring. �

Theorem 2.18. An affine algebraic set X is a single point iff IX is a
maximal ideal.

Proof. Use the Nullstellensatz theorem. �

So, we have a one-to-one correspondence between the prime ideals of
k[t1, . . . , tn] and the affine algebraic varieties X ⊆ An

k . We also have a
one-to-one correspondence between the maximal ideals of k[t1, . . . , tn]
and the points of An

k .
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Example 2.19. An irreducible polynomial f ∈ k[t1, · · · , tn] defines a
prime ideal I = 〈f〉 and so defines an affine algebraic variety X =
V (f) ⊆ An

k . If n = 2, this is called a curve, if n = 3 it is called a
surface, and if n ≥ 4 it is called a hypersurface.

Example 2.20. Any 0 6= f ∈ k[t1, · · · , tn] can be decomposed into
irreducible factors f = f1 · · · fm. Therefore, V (f) = V (f1)∪· · ·∪V (fm)
is the decomposition into irreducible components.

Example 2.21. Form commutative algebra, we know that a prime ideal
in k[t1, t2] is either 0, 〈f〉 for an irreducible f , or a maximal ideal
〈t1 − x1, t2 − x2〉. Therefore, an affine algebraic variety in A2

k is either
∅, A2

k, a curve or a point.

Exercise 2.22. Prove the previous example directly.

The set-theoretic product An
k ×Am

k may be identified with An+m
k by

identifying (x1, . . . , xn), (y1, . . . , ym) with (x1, . . . , xn, y1, . . . , ym). Now
if X ⊆ An

k and Y ⊆ Am
k are affine algebraic sets, then X × Y ⊆ An+m

k

is an affine algebraic set in the obvious way.

Definition 2.23. For an affine algebraic set X ⊆ An
k , its coordinate

ring is defined as k[X] = k[t1, . . . , tn]/IX . This ring is a finitely gener-
ated k-algebra. Elements of this ring are called regular functions on X,
they can be viewed as functions X → k and each one can be represented
by a polynomial but not in a unique way.

Theorem 2.24. An affine algebraic set X ⊆ An
k is an affine algebraic

variety iff k[X] is an integral domain. Moreover, X is a point iff k[X] =
k.

Proof. Clear. �

Definition 2.25. Let X ⊆ An
k and Y ⊆ Am

k be affine algebraic sets.
A regular map φ : X → Y is a map given by φ = (f1, . . . , fm) where fi

are regular functions on X. φ is an isomorphism if it has an inverse
which is also a regular map.

Example 2.26. Regular functions on an affine algebraic set X are
regular maps from X to k = A1

k.
Projections φ : An

k → Am
k defined by φ = (t1, . . . , tm), where m ≤ n,

are regular maps. If X ⊆ An
k is an affine algebraic set, the restriction

map φ|X : X → Am
k is also a regular map.

Every regular map φ : X → Y of affine algebraic sets gives rise to
a homomorphism of k-algebras φ∗ : k[Y ] → k[X] by combining regular
functions on Y with φ.
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For an affine algebraic set X and an ideal I of k[X] we define

VX(I) = {x ∈ X | f(x) = 0,∀f ∈ I}
Theorem 2.27. Let φ : X → Y be a regular map of affine algebraic
sets. Then,
(i) φ is a continuous map of topological spaces,
(ii) φ∗ is injective iff φ(X) is dense in Y ,
(iii) φ is an isomorphism iff φ∗ : k[Y ] → k[X] is an isomorphism of
k-algebras.

Proof. (i) This is the case because for an ideal I of k[Y ], we have
φ−1VY (I) = VX(Ik[X]). In other words, inverse of closed subsets are
closed and so φ is continuous.

(ii) Suppose that φ(X) is dense in Y and φ∗(f) = 0. Then, φ(X) ⊆
VY (f) which is possible only if f = 0. Conversely, suppose that φ∗

is injective and assume that φ(X) ⊆ VY (I) for some ideal I of k[Y ].
Obviously, I ⊆ kerφ∗ = 0, so φ(X) must be dense in Y .

(iii) Exercise. �

The theorem suggests that affine algebraic sets are uniquely deter-
mined by their coordinate rings. So, one should be able to discover all
the properties of an affine algebraic set from its coordinate ring. This
led to the revolution by Grothendieck which completely transformed
algebraic geometry and related subjects. The idea is that why not look
at any commutative ring and define some space for it and study its
geometry. Such spaces are called schemes.

Example 2.28. Let X = V (t1t2 − 1) ⊆ A2
k. The map to A1

k given by
φ = t1 is regular and injective but not surjective so not an isomorphism.
Describe the ring homomorphism.

Example 2.29. The regular map φ : A1
k → Y given by φ = (t2, t3)

where Y = V (s2
2 − s3

1) ⊆ A2
k (cusp singularity) is a 1-1 regular map

however, it is not an isomorphism. In fact, the corresponding ho-
momorphism φ∗ : k[Y ] = k[s1, s2]/〈s2

2 − s3
1〉 → k[t] is determined by

φ∗(s1) = t2 and φ∗(s2) = t3. So t cannot be in the image of φ∗ hence
it is not an isomorphism. If one tries to get an inverse it should be as
ψ = s2/s1 which is not a regular function. Later we see that ψ is a
rational function.

Let X ⊆ An
k be an affine algebraic variety. Since k[X] is an integral

domain, its field of fractions k(X) can be constructed which is called the
field of rational functions of X or the function field of X. Each element
of k(X) can be represented by f/g such that g 6= 0 and f, g ∈ k[X].
Equivalently, we can write it as f/g where f, g ∈ k[t1, . . . , tn] such that
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g /∈ IX . It can be considered as a ”function” π : X 99K k which may
not be defined everywhere. We say that π = f/g is defined or regular
at x ∈ X if we can find h, e such that π = f/g = h/e and e(x) 6= 0.

Example 2.30. (i) Regular functions are also rational functions. (ii)
When X = An

k , any element of the field k(X) = k(t1, . . . , tn) is a
rational function on X. (iii) The function ψ defined in Example 2.29
is a rational function on Y = V (s2

2 − s3
1) ⊆ A2

k.

Theorem 2.31. Let X be an affine algebraic variety. A rational func-
tion π : X 99K k is regular everywhere iff it is a regular function.

Proof. Suppose that π is a rational function which is regular every-
where. Then, for each x ∈ X we can write π = fx/gx such that gx(x) 6=
0. Now if I is the ideal in k[X] generated by all gx, then VX(I) = ∅ and
so I = k[X] by Hilbert Nullstellensatz theorem. Thus,

∑m
i=1 higxi

= 1
for some hi ∈ k[X] and finitely many points x1, . . . , xm ∈ X. Now
π = π

∑
higxi

=
∑
πhigxi

=
∑
hifxi

where π = fxi
/gxi

. �

LetX be an affine algebraic variety and π ∈ k(X) a rational function.
The domain of π is the set of points of X at which π is regular.

Theorem 2.32. Let X be an affine algebraic variety. Then, the do-
main of a rational function π : X 99K k is a nonempty open subset of
X.

Proof. Since we can write π = f/g such that g 6= 0, the domain U is
not empty. Now if I is the ideal in k[X] generated by all g of different
way of writing π = f/g, then VX(I) = X − U . �

Exercise 2.33. Let X be an affine algebraic variety. Prove that
(i) the intersection of finitely many nonempty open subsets of X is open
and nonempty,
(ii) if U is a nonempty open subset of X, then it is dense in X,
(iii) the domain of finitely many rational functions is also open and
nonempty.

Exercise 2.34. Prove that if two rational functions of an affine al-
gebraic variety are equal on a nonempty open subset, they should be
equal.

Definition 2.35. Let X ⊆ An
k be an affine algebraic variety and Y ⊆

Am
k an affine algebraic set. A rational map π : X 99K Y is given by π =

(π1, . . . , πm) where πi ∈ k(X) and such that π(x) = (π1(x), . . . , πm(x)) ∈
Y if all the πi are defined at x, and we say that π is defined or regular
at x. In particular, π(X) = {π(x) | π regular at x}.
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Definition 2.36. A rational map π : X 99K Y such that π(X) is dense
in Y gives a homomorphism of fields π∗ : k(Y ) → k(X). π is called a
birational isomorphism if Y is also a variety and such that there is π−1

which is the inverse of π where they are defined. We also call X and
Y birational.

Exercise 2.37. Prove that a rational map π : X 99K Y is a birational
isomorphism iff π∗ is an isomorphism of fields.

Example 2.38. Let π : A1
k → Y be the regular map given by π = (t2, t3)

where Y = V (s2
2− s3

1) ⊆ A2
k. We proved that π is not an isomorphism.

Now θ = s2/s1 is the inverse of π which is not regular but rational. So,
π is a birational isomorphism.

Example 2.39. Let Y = V (f) ⊂ A2
k be a variety defined by f of degree

2 and after a linear change of variables we can assume that (0, 0) ∈ Y .
Let Ls be the line defined by V (t2−st1) where s ∈ k. This line intersects
Y at (0, 0). Since f has degree 2, it intersects Y at another point ys

except for finitely many values of s. To see this one needs to solve the
equation g(t1) = f(t1, st1) = 0. Except for finitely many s ∈ k, g(t1)
is of degree 2 and 0 is one of its solutions, so g(t1) = t1h(t1) for some
polynomial h(t1) = A(s)t1 +B(s) which is linear in t1. Thus, the other
root of g is given by a rational function π1 = −B(s)/A(s). The other
coordinate of ys is given by the rational function π2 = sπ1. In short, we
have defined a rational map π : A1

k 99K Y given by π = (π1, π2). Now
define θ : Y 99K A1

k by θ = t2/t1. We see that π and θ are inverse of
each other.

Exercise 2.40. Let Y = V (t21 + (t2 − 1)2 − 1) ⊂ A2
k. Find the rational

maps π and θ of the previous example explicitly.

We can also define regular and rational maps on open subsets of
affine algebraic sets.

Definition 2.41. A quasi-affine algebraic set X ⊆ An
k is an open sub-

set of an affine algebraic set. A regular function on X is a function
φ : X → k such that for every x ∈ X, there is a neighborhood U of x,
and f, g ∈ k[t1, . . . , tn] such that on U , φ and f/g are equal, in partic-
ular, g has no zero on U . The set of regular functions on X is denoted
by k[X] which is a k-algebra.

If X is irreducible, a rational function π : X 99K k on X is the
equivalence class of a regular function on some open subset of X in the
sense that if φU and φV are regular functions on the open subsets U
and V respectively, then φU is equivalent to φV if φU |U∩V = φV |U∩V .
The set of rational functions on X is denoted by k(X) which is a field
and is called the function field of X.
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Exercise 2.42. If X ⊆ An
k is an affine algebraic set, prove that regular

functions on X in the previous definition are the same as before.
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3. Quasi-projective varieties.

A (commutative) graded ring is a commutative ring S =
⊕+∞

d=0 Sd

such that Sd are abelian groups and SdSd′ ⊆ Sd+d′ . Elements of Sd are
called homogeneous of degree d. An ideal I of S is called homogeneous
if I =

⊕+∞
d=0(Sd ∩ I). This is equivalent to I being generated by homo-

geneous elements. In particular, S+ =
⊕+∞

d=1 Sd is a homogeneous ideal.

Exercise 3.1. Prove that intersection, sum, product and radical of
homogeneous ideals are again homogeneous.

Example 3.2. The most important example for us is the polynomial
ring S = k[s0, . . . , sn] which has a natural graded structure. By Hilbert
basis theorem, every homogeneous ideal of this ring is finitely generated.

We say that (x0, . . . , xn), (y0, . . . , yn) ∈ An+1
k are equivalent if there

is a nonzero a ∈ k such that (y0, . . . , yn) = (ax0, . . . , axn). The equiv-
alence class of (x0, . . . , xn) is denoted by (x0 : · · · : xn).

Definition 3.3 (Projective space). The n-dimensional projective space
is defined as

Pn
k = {x = (x0 : · · · : xn) | xi ∈ k and some xi 6= 0}

We call P1
k the projective line and call P2

k the projective plane.

The projective line P1
k = A1

k ∪ {(0 : 1)} which is like saying that P1
k

is obtained by adding the point at infinity to A1
k.

There are good reasons to introduce the projective space. It is in
some sense the perfect world where objects present whatever they have
got. For example later on we will see that any two projective curves
in P2

k intersect. This is clearly not true in A2
k. One can think of the

projective space as a compactified version of the affine space.

Now let F ∈ k[s0, . . . , sn] and x ∈ Pn
k . Then, F (x) = 0 is well-defined

iff F is homogeneous. Even if F is homogeneous, F does not define a
function Pn

k → k.

Definition 3.4. Let I be a homogeneous ideal of k[s0, . . . , sn]. Define

V (I) = {x ∈ Pn
k | ∀F ∈ I homogeneous, F (x) = 0}

If F1, . . . , Fm are homogeneous polynomials generating I, then V (I) =
V (F1, . . . , Fm). A projective algebraic set X in Pn

k is defined to be
X = V (I) for some homogeneous ideal I of k[s0, . . . , sn].
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Example 3.5. Let M2×2 be the set of 2 × 2 matrices over k. Any
nonzero element of M2×2 determines a point of P3

k. Now all such ma-
trices which are not invertible define a projective algebraic set in P3

k.

Exercise 3.6. (i) For homogeneous ideals of k[s0, . . . , sn], prove that
V (IJ) = V (I ∩ J) = V (I) ∪ V (J) and V (

∑
Il) =

⋂
V (Il). (ii) Prove

that Pn
k is a topological space by taking its closed subsets to be projective

algebraic sets. This induces a topology on each subset of Pn
k which we

call the Zariski topology.

A quasi-projective algebraic set is an open subset of a projective
algebraic set. A projective variety is an irreducible projective algebraic
set. A quasi-projective variety is an open subset of a projective variety.
For a projective algebraic set X ⊆ Pn

k , define its ideal IX as the ideal
generated by

{F ∈ k[s0, . . . , sn] | F is homogeneous, F (x) = 0 for all x ∈ X}
IX is a homogeneous ideal. Now define the coordinate ring of X as

S[X] = k[s0, . . . , sn]/IX which is a graded ring.

Exercise 3.7. Let X ′, X ′′ ⊆ Pn
k be projective algebraic sets. Prove that

if X ′ ⊆ X ′′ then IX′′ ⊆ IX′. Prove that IX′∪X′′ = IX′ ∩ IX′′.

Theorem 3.8. Let I be a homogeneous ideal of k[s0, . . . , sn]. Then,
(i) V (I) = ∅ iff S+ ⊆

√
I,

(ii) If X = V (I) 6= ∅, then IX =
√
I.

Proof. (i) If V (I) = ∅, then the algebraic set defined by I in An+1
k , that

is, Y = V (I) ⊆ An+1
k is empty or it is the origin. In any case, this

implies that S+ ⊆
√
I.

The inverse: if (x0 : · · · : xn) ∈ V (I), then every homogeneous ele-
ment of I vanishes at (x0, . . . , xn). Since I is homogeneous, so every
element of I vanishes at (x0, . . . , xn). So, (0, . . . , 0) 6= (x0, . . . , xn) ∈ Y .
This is not possible because S+ ⊆

√
I.

(ii) Let again Y = V (I) ⊆ An+1
k . Note that the map ξ : Y −{0} → X

given by ξ(x0, . . . , xn) = (x0 : · · · : xn) is surjective. On the other
hand, for a homogeneous polynomial F , F (x0 : · · · : xn) = 0 iff
F (x0, . . . , xn) = 0. So, F ∈ IX iff F ∈ IY . Since IX and IY =

√
I

are homogeneous, IX = IY =
√
I. �

Affine and projective algebraic sets are closely related. Projective
algebraic sets have a more complicated global structure and we usually
try to understand this structure by covering a projective algebraic set
by affine algebraic sets. This is the main reason to define differential
forms and cohomology groups later on.
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Theorem 3.9. Every projective algebraic set is covered by finitely
many affine algebraic sets (for the moment this is just set-theoretic).

Proof. If x = (x0 : · · · : xn) ∈ Pn
k such that xi 6= 0, then we can uniquely

write x = (x′0 : · · · : x′i−1 : 1 : x′i+1 : · · · : x′n) where x′j = xj/xi.
Let Ui = {(x0 : · · · : xn) ∈ Pn

k | xi 6= 0}. This can be identified
with An

k . So, Pn
k is covered by n + 1 copies of An

k . On the other
hand, an algebraic set X ⊆ Pn

k is covered by X ∩ Ui. Suppose that
X = V (F1, . . . , Fm). Then, X ∩ Ui = V (f1, . . . , fm) ⊆ An

k where fj =
Fj(s0, . . . , si−1, 1, si+1, . . . , sn). Here s0, . . . , si−1, si+1, . . . , sn are taken
as the variables on An

k . �

For f ∈ k[t1, . . . , tn] of degree d, define the homogeneous polyno-
mial F associated to f by sd

0f( s1

s0
, . . . , sn

s0
) which is in k[s0, . . . , sn].

Conversely, for a homogeneous G ∈ k[s0, . . . , sn], we can associated
g = G(1, t1, . . . , tn) ∈ k[t1, . . . , tn].

Example 3.10. Projectivisation of an affine algebraic set: let X =
V (I) ⊆ An

k be an affine algebraic set. By identifying An
k with U0 as

in the proof of Theorem 3.9 we can take the closure X in Pn
k which

is by definition the intersection of all projective algebraic sets in Pn
k

containing X. Let J be the homogeneous ideal of k[s0, . . . , sn] generated
by all the F associated to f ∈ I. We prove that X = V (J) ⊆ Pn

k .
Let x ∈ X and G ∈ J homogeneous. Then, G =

∑
PiFi where Fi is

associated to fi ∈ I, and so G(x) = 0 because Fi(x) = 0 since fi(x) = 0.
In other words, X ⊆ X ⊆ V (J).

If X 6= V (J), then X ⊆ V (〈G〉+ J) ( V (J) for some homogeneous
polynomial G. Then X = V (〈g〉+ I) where g is associated to G. Thus,
g ∈

√
I and so Gl ∈ J for some l ∈ N. Therefore, V (〈G〉+J) = V (J),

a contradiction.

As mentioned earlier, a homogeneous polynomial F ∈ k[s0, . . . , sn]
does not necessarily define a function on Pn

k or a subset of it. However,
if we take two homogeneous polynomials F,G ∈ k[s0, . . . , sn] of the
same degree, by putting

(F/G)(x0 : · · · : xn) = F (x0, . . . , xn)/G(x0, . . . , xn)

if G(x0, . . . , xn) 6= 0, we get a well-defined function F/G : Pn
k−V (G) →

k.

Definition 3.11. Let X be a quasi-projective algebraic set. A function
φ : X → k is called a regular function if for every x ∈ X, there is a
neighborhood U of x, and homogeneous polynomials F,G of the same
degree such that on U , φ and F/G are equal, in particular, G has no
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zero on U . The set of regular functions on X is denoted by k[X] which
is a k-algebra.

If X is irreducible, a rational function π : X 99K k on X is the
equivalence class of a regular function on some open subset of X in the
sense that if φU and φV are regular functions on the open subsets U
and V respectively, then φU is equivalent to φV if φU |U∩V = φV |U∩V .
A rational function then is uniquely determined by some F/G where
G is not identically zero on X. The set of rational functions on X is
denoted by k(X) which is a field and is called the function field of X.

Note that for a quasi-projective algebraic variety X, unlike the affine
case, k(X) is not necessarily the fraction field of k[X].

Exercise 3.12. Let U 6= ∅ be an open subset of a quasi-projective
variety X. Prove that k(U) = k(X).

Example 3.13. Let X = Pn
k . We see that k(X) ' k(t1, . . . , tn) where

ti = si/s0.

Example 3.14. Let X = Pn
k , we prove that k[X] = k. Let φ : X →

k be a regular function. Then, for x ∈ X there is a neighborhood
x ∈ U and F,G homogeneous of the same degree in k[s0, . . . , sn] such
that φ = F/G on U , and G has no zero on U . We can assume that
F,G have no common factor. Suppose that G is not a constant and
let x′ ∈ V (G) − V (F ). Then, there is a neighborhood x′ ∈ U ′ and
F ′, G′ homogeneous of the same degree in k[s0, . . . , sn] such that φ =
F ′/G′ on U ′, and G′ has no zero on U ′, and F ′, G′ have no common
factor. So, F/G and F ′/G′ give the same values on U ∩U ′ 6= ∅. Since
X is irreducible, this is possible only if FG′ − F ′G = 0. This is a
contradiction because F (x′)G′(x′) 6= 0 but F ′(x′)G(x′) = 0. So, F,G
are constant and so is φ.

Definition 3.15. Let X and Y be quasi-affine or quasi-projective al-
gebraic sets. A regular map φ : X → Y is a continuous map (of Zariski
topologies) such that it sends a regular function on a open subset V ⊆ Y
to a regular function on φ−1V , that is, if f ∈ k[V ] then the composition
fφ ∈ k[φ−1V ]. The regular map φ : X → Y is called an isomorphism
if it has an inverse which is also a regular map.

When we say a quasi-affine or a quasi-projective algebraic set is
affine, we mean that it is isomorphic to an affine algebraic set in some
affine space.

When X is irreducible, a rational map π : X 99K Y is the equivalence
class of a regular map φU : U → Y for some open subset U ⊆ X. We
say that π is a birational isomorphism if it has a rational inverse θ. In
this case, we also say that X and Y are birational.
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Earlier we defined regular functions on an affine algebraic set. In Ex-
ample 3.10, we also noted that an affine algebraic set can be embedded
into a projective space set-theoretically.

Theorem 3.16. Let X ⊆ An
k be a quasi-affine algebraic set and X ′

the corresponding quasi-projective algebraic set in Pn
k via the bijection

φ : An
k → U0 ⊂ Pn

k . Then, φ|X : X → X ′ is an isomorphism. So,
quasi-affine algebraic sets are also quasi-projective.

Proof. Clearly, φ|X is a homeomorphism of topological spaces. Let
V ⊆ X be an open subset and V ′ = φ|X(V ). Then, a regular function
on V is a function V → k which is locally given by a fraction f/g. Such
a function corresponds to a function V ′ → k which is locally of the form
sd
0F/G for some d ∈ Z where F,G are the homogeneous polynomials

associated to f, g respectively.
Conversely, a regular function V ′ → k is locally of the form F/G

for some homogeneous polynomials F,G of the same degree. Such a
function corresponds to a function V → k which is locally of the form
f/g for some polynomials f, g.

So we have a 1-1 correspondence between regular functions on V and
V ′. That is, we have an isomorphism. �

Let X ⊆ Pn
k be a quasi-projective algebraic set and F0 : · · · : Fm

homogeneous polynomials of the same degree such that at least one of
them is not identically zero on X. Then, we can define a well-defined
function

(F0 : · · · : Fm) : X − V (F0, . . . , Fm) → Pm
k

by putting

(F0 : · · · : Fm)(x0 : · · · : xn) = (F0(x0 : · · · : xn) : · · · : Fm(x0 : · · · : xn))

Theorem 3.17. Let X ⊆ Pn
k and Y ⊆ Pm

k be quasi-projective algebraic
sets and φ : X → Y a map (set theoretic). Then, φ is a regular map
iff for every x ∈ X, there is a neighborhood x ∈ U , and homogeneous
polynomials Fi of the same degree such that φ = (F0 : · · · : Fm) on U .

Proof. We take the rings k[s0, . . . , sn] and k[r0, . . . , rm] corresponding
to Pn

k and Pm
k , respectively.

First assume that φ is a regular map. Let x ∈ X and V be the
intersection of Y with one of the affine pieces in Pm

k which contains
φ(x), say the one defined by r0 6= 0. Now ri/r0 is a regular function
on V for any i, and by definition it gives a regular function φi on
φ−1V . Moreover, the map φ−1V → V given by (1 : φ1 : · · · : φm)
is identical to φ on φ−1V . Each φi is expressed as Fi/Gi on some
neighborhood of x. If we take U to be the intersection of all these
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neighborhoods, then φ is given by (1 : F1/G1 : · · · : Fm/Gm) on U .
Now (G1...Gm : F1G2 . . . Gm : · · · ) is the desired map.

Now assume that φ is a map which is locally given as in the statement
of the theorem. First we prove that it is continuous. For each x ∈ X
there is a neighborhood x ∈ U on which φ is given by π = (F0 : · · · :
Fm). It is enough to prove that π = φ|U : U → Y is continuous. A
closed subset Z of Y is as Z = VY (H1, . . . , Hl). Now the composition
of H1, . . . , Hl with π give the defining equations of π−1Z which is a
closed subset of U .Hence, π is continuous.

Now let V be any open subset of Y and ψ a regular function on V .
By definition, ψ is locally given as F/G. Hence the composition ψφ is
locally given by some F ′/G′ which means that ψπ is a regular function
on φ−1V . �

Corollary 3.18. Let X ⊆ Pn
k be a quasi-projective algebraic variety

and Y ⊆ Pm
k a quasi-projective algebraic set. A rational map π : X 99K

Y is uniquely determined by some π = (F0 : · · · : Fm) on some non-
empty open subset U ⊆ X.

Example 3.19. Let X = V (s1s2 − s2
0) ⊆ P2

k. Then, φ : X → P1
k given

by φ = (s0 : s1) = (s2 : s0) is a regular map. This is an isomorphism
with the inverse θ : P1

k → X given by θ = (r0r1 : r2
1 : r2

0). This example
also shows that X1 = X − {(0 : 1 : 0), (0 : 0 : 1)} is isomorphic to
P1

k − {(1 : 0), (0 : 1)}. The first one is a closed affine set in A2
k but the

second one is an open subset of A1
k.

Example 3.20. φ : Pn
k → Pn

k given by φ = (sd
0, . . . , s

d
n) is a regular

map. If d > 1, it is not an isomorphism because it is not 1-1.

Example 3.21. π : P2
k 99K P2

k given by

π = (s1s2, s0s2, s0s1) = (1/s0, 1/s1, 1/s2)

is a rational map. It is not regular at the three points (0 : 0 : 1),
(0 : 1 : 0), and (1 : 0 : 0). However, it is birational its inverse being
θ = (r1r2, r0r2, r0r1). This is called a Cremona transformation.

Example 3.22. Let d be a natural number and m = (
n+ d
d

) − 1.

Define φ : Pn
k → Pm

k by the m monomial sd0
0 · · · sdn

n where
∑
di = d and

di ∈ N ∪ {0}. Then, φ is a regular map which is called the Veronese
embedding.

Earlier we proved that any projective algebraic set is set-theoretically
covered by affine algebraic sets.
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Theorem 3.23. Let X be a quasi-projective algebraic set. Then, for
every x ∈ X, there is a neighborhood x ∈ U which is affine, that is, it
is isomorphic to an affine algebraic set.

Proof. Fix x ∈ X. Since x is in one of the affine pieces covering the
projective space, x has a neighborhood U which is quasi-affine. Now
by replacing X with U we can assume that X ⊆ An

k , that is, it is quasi-
affine. Let Y = U = V (I) be the closure in An

k . Further shrinking
U , we can assume that U = Y − VY (f) for some polynomial f . Now
let W = An

k − V (f) and let Z be the affine algebraic set in An+1
k =

An
k × A1

k defined by Z = V (ftn+1 − 1). The map φ : Z → W given
by φ = (t1, . . . , tn) is a regular map. Moreover, the map ψ : W → Z
given by ψ = (t1, . . . , tn, 1/f) is the inverse of φ. So, Z and W are
isomorphic and this induces an isomorphism between U = W ∩ Y and
a closed subset of Z. �

According to this theorem, to study a quasi-projective algebraic set
locally, it is enough to study affine algebraic sets.



ALGEBRAIC GEOMETRY 17

4. Dimension

Let X be a topological space. The dimension of X, that is dimX,
is the sup of l ∈ Z such that there is a sequence Z0 ( Z1 ( · · · ( Zl of
nonempty closed irreducible subsets. Dimension of a quasi-projective
algebraic set is defined with respect to its Zariski topology.

Obviously, dimension of a single point is zero and dimension of A1
k

is 1. Dimension of ∅ by convention is −1.

Exercise 4.1. Let X be a quasi-projective algebraic set. Prove that if
Y ⊆ X is a closed subset of X, then dimY ≤ dimX. Prove that if X =
X1∪ · · ·∪Xl where Xi are closed subsets, then dimX = max{dimXi}.

For any commutative ring R one can also define the (Krull) dimen-
sion as the sup of length of sequences of prime ideals Pl ( · · · ( P0.
When X is an affine algebraic set, then dimX = dim k[X] because
irreducible closed subsets of X correspond to prime ideals of k[X]. We
borrow the following theorem from commutative algebra and develop
the dimension theory based on this theorem.

Theorem 4.2. Let R be a finitely generated k-algebra integral domain.
Let 0 6= a ∈ R which is not a unit. Then, dimR/〈a〉 = dimR− 1.

Corollary 4.3. (i) Let R = k[X] where X is an affine algebraic variety
and let f ∈ R such that ∅ 6= VX(f) 6= X. Then, dimVX(f) = dimX−1.
(ii) dim An

k = n.

Proof. (i) dim k[VX(f)] = dimR/
√
〈f〉 = dimR/〈f〉 = dimR − 1.

(ii) Let H be the affine algebraic variety defined by tn = 0. Then,
dimH = dim An

k − 1. On the other hand, H ' An−1
k , so by induction

dimAn
k = n. �

Lemma 4.4. Let X be an affine algebraic variety and U a non-empty
open subset. Then, dimX = dimU .

Proof. Let Y = X−U . It is enough to assume that ∅ 6= Y = VX(g) 6= X
for some g. We know that dimY = dimX − 1. Now let f be a
polynomial such that VX(f) ∩ U 6= ∅ but such that VX(f) does not
contain any irreducible component of Y . Hence, dimVX(f) = dimX−
1 = dimZ for some irreducible component Z of VX(f). This implies
that Z is not inside Y , otherwise Y should have dimension more than
dimX−1. Now by induction dimU > dimZ∩U = dimZ = dimX−1,
therefore dimU = dimX. �

Theorem 4.5. Let X be a quasi-projective variety. Then, dimX is
the transcendence degree of k(X) over k.
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Proof. Step 1. Let U be an affine neighborhood of a point of x ∈
X. Obviously, dimU ≤ X and dimX is equal to the maximum of
dimension of all such U . So, it is enough to prove the theorem for U
and so we can assume that X ⊆ An

k is an affine variety.
Let d be the transcendence degree of k(X) over k. Then, there are

elements z1, . . . , zd ∈ k(X) which are algebraically independent over k,
and they generate a subfield L = k(z1, . . . , zd) ⊆ k(X) such that k(X)
is a finite extension of L.

First suppose that L = k(X). Then, using the zi, we get a rational
map π : X 99K Ad

k given by π = (z1, . . . , zd). Since we can recover all
the variables ti on X, π is birational. On the other hand, Ad

k can be
considered as a hypersurface Y in Ad+1

k .
Now assume that L 6= k(X) for any set z1, . . . , zd of algebraically

independent elements. Then by [4, Appendix 5, Proposition 1], we
can find algebraically independent elements z1, . . . , zd and an element
zd+1 ∈ k(X) − L such that k(X) = L(zd+1) and k(X) is a separable
extension of L. There is an irreducible polynomial f ∈ k[s1, . . . , sd+1]
such that f(z1, . . . , zd+1) = 0. Define Y = V (f) in the affine space
Ad+1

k . The function field k(Y ) = k(X). So, again X is birational to a
hypersurface in Ad+1

k .

Step 2. Since X and Y are birational, they have isomorphic open
subsets U and V . Therefore, dimX = dimY .

Step 3. Since Y is a hypersurface in Ad+1
k , its dimension is d. �

In particular, we also proved the following

Corollary 4.6. Any quasi-projective algebraic variety of dimension d
is birational to an irreducible hypersurface in Ad+1

k .

Exercise 4.7. Let X be a quasi-projective variety and U a dense open
subset. Prove that dimU = dimX. In particular, dim Pn

k = n.

Theorem 4.8. Any two projective curves in P2
k intersect.

Proof. Let X = V (F ) and Y = V (G) be two curves in P2
k. Since X, Y

are curves they are irreducible by definition so F,G are irreducible and
〈F 〉 6= 〈G〉 in R = k[s0, s1, s2]. However, the theorem is true even when
X, Y are not irreducible.

Let Z = V (F,G) ⊆ A3
k. Note that since F and G are homogeneous,

Z contains the origin and so it is not empty. We prove that dimZ = 1.
Let R′ = R/〈F 〉 and R′′ = R′/〈G〉. By previous theorems, dimR = 3,
dimR′ = 2 and finally dimR′′ = 1. On the other hand, R′′ ' R/〈F,G〉
and dimR′′ = dimZ, so dimZ = 1.
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Now any point of Z which is not the origin gives a point of X ∩ Y ,
therefore X ∩ Y 6= ∅. �

Lemma 4.9. Let X be an affine algebraic variety and let f ∈ k[X] such
that ∅ 6= VX(f) 6= X. Then, every irreducible component of VX(f) has
dimension dimX − 1.

Proof. Let Z be an irreducible component of VX(f). Let U be an affine
open subset of X which intersects Z but not the other components of
VX(f). Now f is also a regular function on U and VU(f) = Z ∩ U .
So, dimension of Z ∩ U is dimU − 1 = dimX − 1. Thus, dimZ =
dimX − 1. �

For a regular map φ : X → Y , we define the fibre of φ over y ∈ Y to
be Xy := φ−1{y}.

Theorem 4.10. Let φ : X → Y be a surjective regular map of quasi-
projective algebraic varieties, dimX = d and dimY = d′. Then,
(i) for any y ∈ Y , dimXy ≥ d− d′,
(ii) B ⊆ Y , the set of points y ∈ Y such that dimXy = d− d′, is dense
in Y .

Proof. (i) Fix y ∈ Y . By replacing Y with an affine neighborhood of y,
we can assume that Y is affine. We construct sequences Zd′ ( Zd′−1 (
· · · ( Z0 = Y and Sd′ ( Sd′−1 ( · · · ( S0 = X of closed subsets such
that Si = φ−1Zi and every irreducible component of Zi has dimension
d′ − i and every irreducible component of Si has dimension ≥ d− i.

Suppose that we have constructed the sequence up to i− 1 < d′. We
construct Zi and Si as follows. For each irreducible component of Zi−1

choose a point distinct from y and call the set of these points M . Now
let h be a regular function on Y such that h(y) = 0 but h(y′) 6= 0 if
y′ ∈ M . Define Zi = VZi−1

(h). Then, every irreducible component of
Zi has dimension d′− i and every irreducible component of Si = φ−1Zi

has dimension ≥ d− i.
By construction dimZd′ = 0 and y ∈ Zd′ . That is, Zd′ is a finite

set containing y. Every component of Xy is also a component of Sd′ .
Therefore, dimXy ≥ d− d′.

(ii) We proceed similar to (i). First, we prove that B 6= ∅. We con-
struct sequences Zd′ ( Zd′−1 ( · · · ( Z0 = Y and Sd′ ( Sd′−1 ( · · · (
S0 = X of closed subsets such that Si = φ−1Zi and every irreducible
component of Zi has dimension d′− i and every irreducible component
of Si has dimension d− i.

Suppose that we have constructed the sequence up to i − 1 < d′.
We construct Zi and Si as follows. For each irreducible component of
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Zi−1 choose a point and call the set of these points M . Moreover, for
each irreducible component T of Si−1 choose a point in φ(T ) and add
it to M . Now let h be a regular function on Y such that VZi−1

(h) 6= ∅
but h(y) 6= 0 if y ∈ M . Define Zi = VZi−1

(h). Then, every irreducible
component of Zi has dimension d′− i and every irreducible component
of Si = φ−1Zi has dimension d− i.

By construction dimZd′ = 0, that is, Zd′ is a finite set. Every ir-
reducible component of Sd′ has dimension d − d′, so for some y ∈ Y ,
dimXy = d− d′.

Now assume that B 6= Y , then by taking an affine open subset
W ⊂ Y −B and considering the induced regular map φ−1W → W we
get a contradiction. Therefore, B is dense in Y . �
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5. Local properties and smoothness

Let R be a commutative ring and P a prime ideal of R. Then, RP

is a local ring which is defined as

RP := {f
g
| f, g ∈ R, g /∈ P}

where by convention f
g

= f ′

g′
iff there is h /∈ P such that h(fg′−f ′g) = 0.

There is a natural R-homomorphism R → RP sending f to the class
of f

1
, and for each ideal I of R the ideal IP in RP is generated by I,

and every ideal of RP is of this form. In particular, PP is the maximal
ideal of RP . If R is noetherian, then so is RP .

Since any point on a quasi-projective algebraic set has an affine
neighborhood, we restrict ourselves to affine algebraic sets when study-
ing local properties.

Definition 5.1. Let X be an affine algebraic set, R = k[X] its coordi-
nate ring, and Z an irreducible closed subset of X. The ideal of Z in
R, that is P = IZ is a prime ideal and we call RP the local ring of X
at Z and we denote it by OX,Z.

Dimension of a quasi-projective algebraic set X at x ∈ X is defined
as the maximum of dimension of irreducible components containing x.
It is denoted by dimxX.

Lemma 5.2. Let X be an affine algebraic set and x ∈ X. Then,
(i) elements of OX,x can be considered as limits of functions which are
regular at x,
(ii) if U is an affine neighborhood of x, then OU,x ' OX,x,
(iii) dimOX,x = dimxX.

Proof. (i) Let ψ and ρ be regular functions on the neighborhoods U
and V of x, respectively. We say that (ψ,U) and (ρ, V ) are equivalent
if there is a neighborhood W ⊆ U ∩V of x on which ψ and ρ are equal.
Let S be the ring of the equivalence classes. Define a homomorphism
r : OX,x → S by sending f/g to (ψ = f/g, U) where g has no zero
on x ∈ U . This is well-defined because if f/g = f ′/g′, then f/g and
f ′/g′ are equal on a neighborhood of x since there is h /∈ Ix such that
h(fg′ − f ′g) = 0. If r(f/g) = 0 ∈ S , then f should be zero on a
neighborhood of x which implies that there h /∈ Ix such that hf = 0
on X and so f/g = 0 ∈ OX,x, so r is injective. Now let (ψ,U) ∈ S. By
definition, there are f, g ∈ k[X] and a neighborhood x ∈ V such that
ψ = f/g on V . Thus, (ψ, V ) = r(f/g). Therefore r is an isomorphism
of rings.
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(ii) S in (i) is the same if defined on X or U .
(iii) Let d = dimxX. By replacing X with some affine neighborhood

of x, we may assume that dimxX = dimX. Moreover, we have Z0 =
{x} ( Z1 ( · · · ( Zd a sequence of irreducible closed subsets of X by
the proof of Theorem 4.10. This corresponds to a sequence of prime
ideals IZd

( · · · ( IZ0 in k[X] which in turn corresponds to a sequence
of prime ideals in OX,x of the same length. So, d ≤ dimOX,x.

Conversely, any maximal sequence of prime ideals inOX,x correspond
to a sequence of prime ideals in k[X] which in turn corresponds to
a sequence of irreducible closed subsets of X the smallest one being
Z0 = {x}.

�

Definition 5.3. Let X ⊆ An
k be an affine algebraic set, x = (x1, . . . , xn) ∈

X and IX = 〈f1, . . . , fm〉. The tangent space TX,x of X at x is given
by the following differential equations

dxfi =
n∑

j=1

∂fi

∂tj
(x)(tj − xj) = 0

So, TX,x is a linear subspace of An
k and so a vector space over k with

the origin at x. Moreover, TX,x is independent of the choice of the
generators fi.

Exercise 5.4. Let g, h ∈ k[t1, . . . , tn] and x ∈ An
k . Prove that dx(g +

h) = dxg + dxh and dx(gh) = g(x)dxh+ h(x)dxg.

If x = 0 ∈ X, then the equations of the tangent space TX,x are given
by the linear part of the fi. The tangent space can also be defined
as the union of all lines tanget to X at x. A line L ⊂ An

k through
the origin 0 is determined by one other point 0 6= B ∈ An

k , that is,
L = {aB | a ∈ k}. A line L ⊂ An

k is tangent to X at x if fi(aB)
is a multiple of a2 considered as a polynomial in a, for all i. This is
equivalent to saying that gi the linear part of fi vanishes on every point
of L, then TX,x = V (g1, . . . , gm).

Example 5.5. Let X = An
k . Then, TX,x = An

k for every x.

Example 5.6. Let X ( An
k with IX = 〈f〉. Then, TX,x is defined by

the single equation dxf = 0. Thus, TX,x = An
k iff ∂f

∂tj
(x) = 0 for all j.

On the other hand, if some ∂f
∂tj

(x) 6= 0, then dimk TX,x = n− 1.

Note that since IX = 〈f〉, we have a decomposition f = f1 · · · fm

where the fi are distinct irreducible polynomials. Therefore, dx f cannot
be zero for every x. This would not be true if we did not assume IX =
〈f〉.
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Suppose that the characteristic of k is p > 0. Then for g = tp1 we
have ∂g

∂tj
= 0 for all j. More generally, a polynomial g satisfies ∂g

∂tj
= 0

for every j iff g is a polynomial in tp1, . . . , t
p
n. In particular, a nonzero

g with the latter property is not irreducible because (e + h)p = ep + hp

for any two polynomials e, h.

Theorem 5.7. Let X ⊆ An
k be an affine algebraic set. Then, the dual

T ∗
X,x is isomorphic to Ix/I

2
x as vector spaces where Ix is the ideal of x

in k[X].

Proof. First note that Ix/I
2
x is a module over k[X]/Ix ' k hence a

k-vector space.
Let φ ∈ k[X] which is given by φ = g for some g ∈ k[t1, . . . , tn].

The differential dxg is a linear function on An
k and so on TX,x. How-

ever, if φ = g′ for another g′, then dxg = dxg
′ may not hold on An

k .
But, the equality holds on TX,x because g − g′ ∈ IX the ideal of X
in k[t1, . . . , tn]. So, we can define dxφ = dxg. Therefore, we have a
well-defined surjective map dx : Ix → T ∗

X,x.

On the other hand, if φ ∈ I2
x, then dxφ = 0 on TX,x. This is the case

because if g, h ∈ Ix, then dx(gh) = g(x)dxh+h(x)dxg which shows that
dx(gh) vanishes on TX,x. The ideal I2

x is generated by such gh so this
proves the claim.

It is enough to prove that the kernel of dx is I2
x. Let φ = g ∈ Ix

such that dxφ = dxg = 0 on TX,x. Suppose that IX = 〈f1, . . . , fm〉
and so TX,x = V (dxf1, . . . , dxfm). Since g − dxg ∈ I2

x, by replacing g
with dxg we can assume that dxg = g. Since g = dxg ∈ ITX,x

, we can
write g =

∑m
i=1 aidxfi where ai ∈ k. This implies that g −

∑m
i=1 aifi =∑m

i=1 ai(dxfi − fi) ∈ I2
x. Hence, g ∈ I2

x. Therefore the kernel of dx is
exactly I2

x and this induces an isomorphism between Ix/I
2
x and T ∗

X,x as
vector spaces over k. �

Let φ : X → Y be a regular map of affine algebraic sets and y = φ(x).
The dual homomorphism φ∗ : k[Y ] → k[X] induces a homomorphism
Iy/I

2
y → Ix/I

2
x because φ∗(Iy) ⊆ Ix and φ∗(I2

y ) ⊆ I2
x. This in turn

induces a k-homomorphism dxφ : TX,x → TY,y of vector spaces which is
called the differential of φ at x.

Corollary 5.8. Let X ⊆ An
k be an affine algebraic set. Then, TX,x

depends only on the isomorphism class of X.

Proof. If φ : X → Y is an isomorphism of affine algebraic sets and
y = φ(x). Then, φ∗ : k[Y ] → k[X] is also an isomorphism and gives
an isomorphism between Ix/I

2
x and Iy/I

2
y which proves that TX,x '

TY,y. �
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Exercise 5.9. Define a differential map dx : OX,x → T ∗
X,x by

dx(f/g) =
g(x)dxf − f(x)dxg

g(x)2

Prove that this is well-defined and it gives an isomorphism mx/m
2
x →

T ∗
X,x as k-vector spaces where mx is the maximal ideal. (Hint: use the

fact that the differential map dx : Ix/I
2
x → T ∗

X,x defined before factors

through Ix/I
2
x → mx/m

2
x → T ∗

X,x)

Definition 5.10. Let X be a quasi-projective algebraic set and x ∈ X.
Define the tangent space TX,x to be TU,x for an affine neighborhood
x ∈ U .

Definition 5.11. Let X be a quasi-projective algebraic set and x ∈ X.
We say that X is smooth or nonsingular at x if dimk TX,x = dimxX.
A point x which is not smooth is called singular. We say that X is
smooth or nonsingular if all of its points are.

Lemma 5.12. Let X be a quasi-projective algebraic variety. Then,
dimk TX,x ≥ dimX for any x ∈ X. Moreover, the equality holds on
some dense open subset.

Proof. By replacingX with an affine neighborhood of x, we may assume
that X ⊆ An

k is affine and put d = dimX. By Corollary 4.6, X is
birational to a hypersurface Y = V (f) ⊂ Ad+1

k with f irreducible. For
a point y ∈ Y , the tangent space TY,y is defined by the single linear
equation dyf = 0. The point y ∈ Y is singular iff the equation dyf is

identically zero on Ad+1
k iff ∂f

∂tj
(y) = 0 for all 1 ≤ j ≤ d+ 1. Therefore,

the set of singular y is a proper closed subset of Y (see Example 5.6). In
other words, there is an open subset of Y for whose points the tangent
space has dimension d. Since X and Y are birational, this implies that
there is an open subset of X for whose points the tangent space has
dimension d, that is, they are smooth points.

Now let S ⊂ X × An
k be defined as

S = {(x, a) ∈ X × An
k | a ∈ TX,x}

S is a closed subset of X ×An
k and we have the natural regular map

φ : S → X given by φ(x, a) = x. Clearly, the fibre Sx is isomorphic to
the tangent space TX,x, and hence every fibre is irreducible. Moreover,
by sending x to (x, x) we can embed X into S, that is, X is isomorphic
to X ′ = {(x, x) | x ∈ X} ⊆ S. Let S ′ be an irreducible component of
S which contains TX,x for a dense subset Z of points x. Then, X ′ ⊆ S ′

since X ′ ∩ S ′ is closed and dense in X ′. So, the induced map S ′ → X
is surjective and we call it ψ.
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By the theorem on the dimension of fibres, dimTX,x ≥ dimS ′ −
dimX. As we already saw, there is a dense open subset U ⊆ X such
that X is smooth at each point of U . Let x = (x1, · · · , xn) ∈ U ∩Z and
we may assume that u1 = t1−x1, . . . , ud = td−xd are local parameters
at x = (x1, · · · , xn) (see Definition 5.22 and the subsequent lemma).

Then, in a neighborhood of x, we have dim
⋂l

i=1 VX(ui) = d − l by

Lemma 4.9 and x =
⋂d

i=1 VX(ui). Accordingly, in a nieghborhood of the

fibre S ′x, we have dim
⋂d

i=1 ψ
−1VX(ui) = d and dim

⋂l
i=1 ψ

−1VX(ui) ≥
2d− l. Therefore, dimS ′ = 2d.

Now by applying the theorem on dimension of fibres we get dimTX,x ≥
dimS ′ − dimX = dimX. �

Exercise 5.13. Find the mistake in the proof of the previous lemma.

Lemma 5.14. Let X be a quasi-projective algebraic set. Then, dimTX,x ≥
dimxX for any x ∈ X. Moreover, the equality holds on a dense open
subset.

Proof. It is enough to prove that dimTX,x ≥ dimxX. As usual, by
replacingX, we may assume thatX is affine and that dimxX = dimX.
Let Z be an irreducible component of X containing x with maximal
dimension. From the definition of tangent spaces, it is clear that TZ,x ⊆
TX,x. Since dimTZ,x ≥ dimZ = dimxX, then dimTX,x ≥ dimxX. �

Corollary 5.15. Let X be a quasi-projective algebraic set. Then, the
set of smooth points of X contains a dense open subset.

With a bit more work, one can prove that the set of smooth points
of a quasi-projective algebraic variety is actually open. To prove this
one should prove that the set B in Theorem 4.10 is open. Later we
prove that the points in the intersection of two irreducible components
of a quasi-projective algebraic set is singular so again the set of smooth
points should be open.

Exercise 5.16. Let X and Y be affine algebraic sets, x ∈ X and y ∈ Y .
Prove that if x and y are smooth points, then (x, y) is a smooth point
of X × Y .

Example 5.17. Let X ⊂ A2
k be defined by f = t22−t31. Then, 0 = (0, 0)

is a singular point because TX,0 = A2
k. Earlier we proved that X is

birational to the affine line A1
k but not isomorphic. The presence of the

singular point 0 prevents an isomorphism.

Example 5.18. Suppose that the characteristic of k is not 2 and let
X ⊂ Pn

k be defined by F = s2
0 + · · · + s2

m = 0 where m ≤ n. If m = n,
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then X has no singular points. But if m < n, then all the points
x = (x0 : · · · : xn) ∈ X with x0 = · · · = xm = 0 are singular.

Example 5.19. Let X ⊂ A2
k be defined by f = t22 − t31 − t21. Then,

0 = (0, 0) is a singular point because TX,0 = A2
k. At the origin, X has

two branches and the part of f with smallest degree, that is, t22−t21 gives
the equations of the tangent lines to these branches.

Example 5.20. An elliptic curve X ⊂ P2
k is a smooth curve given by

F of degree 3. For example, F = t22t0 − t31 + t1t
2
0 defines an elliptic

curve.

Exercise 5.21. Find the singular points of

X = V (t21t
2
2 + t20t

2
2 + t20t

2
1 − t0t1t2t3) ⊂ P3

k

Definition 5.22. Let X be a quasi-projective algebraic set and x ∈ X
a smooth point with dimxX = d. Elements u1, . . . , ud ∈ mx ⊂ OX,x

are called local parameters if their images form a basis of mx/m
2
x as a

vector space over k where mx is the maximal ideal of OX,x.

Lemma 5.23. Let X be a quasi-projective algebraic set and x ∈ X
a smooth point and u1, . . . , ud ∈ mx ⊂ OX,x local parameters. Then,
u1, . . . , ud generate the maximal ideal mx.

Proof. Let J ⊆ mx be the ideal generated by the local parameters
and M = mx/J . Since the local parameters form a basis of mx/m

2
x,

J + m2
x = mx. So, mxM = (m2

x + J)/J = mx/J = M . Now by
Nakayama’s lemma, M = 0, hence J = mx. �

Definition 5.24. Let X be a quasi-projective algebraic set and x ∈ X
a smooth point with u1, . . . , ud ∈ mx ⊂ OX,x local parameters. We say
that f ∈ OX,x has an associated formal power series

Λ = λ0 + λ1 + · · · ∈ k[[s1, . . . , sd]]

if f − λ′0 − λ′1 − · · · − λ′l ∈ ml+1
x where λ′i = λi(u1, . . . , ud). Here λi is

the homogeneous part of Λ of degree i.

Lemma 5.25. Let X be a quasi-projective algebraic set and x ∈ X a
smooth point with u1, . . . , ud ∈ mx ⊂ OX,x local parameters. Then, any
f ∈ OX,x has an associated formal power series.

Proof. Put λ′0 = f(x). So, f − λ′0 ∈ mx and we can find a1, . . . , ad ∈ k
such that f − λ′0 − λ′1 ∈ m2

x where λ′1 =
∑
aiui. On the other hand,

we can write f − λ′0 − λ′1 =
∑
gjhj where gj, hj ∈ mx. Similarly, each

gj and hj can also be written as the sum of a homogeneous polynomial
of degree 1 in k[u1, . . . , ud] and an element in m2

x. So, we can find
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a homogeneous polynomial λ′2 in k[u1, . . . , ud] of degree 2 (note that
λ′2 = 0 is also allowed) such that f −λ′0−λ′1−λ′2 ∈ m3

x. By continuing
this process we can find λ′1, . . . , λ

′
l such that f−λ′0−λ′1−· · ·−λ′l ∈ ml+1

x .
In this way, we get a corresponding formal power series Λ = λ0 + λ1 +
· · · ∈ k[[s1, . . . , sd]]. �

Theorem 5.26. Let X be a quasi-projective algebraic set and x ∈ X a
smooth point and u1, . . . , ud ∈ mx ⊂ OX,x local parameters. Then, the
formal power series Λ associated to f ∈ OX,x is unique. This gives an
embedding of OX,x into k[[s1, . . . , sd]]. Moreover, since the latter ring
is a UFD, the local ring OX,x is also a UFD.

For an elementary proof see [4,II.§2, Theorem 4, and §3, Theorem

2]. A more advanced explanation is that the completion ÔX,x is the
ring k[[s1, . . . , sd]] and associating formal power series to elements of

OX,x gives an embedding of OX,x into ÔX,x = k[[s1, . . . , sd]].

Lemma 5.27. Let X be a quasi-projective algebraic set and x ∈ X
a smooth point. Then, only one irreducible component of X passes
through x.

Proof. By replacing X with a suitable affine neighborhood of x we can
assume that k[X] ⊂ OX,x. Since OX,x is isomorphic to a subring of
k[[s1, . . . , sd]], it is an integral domain. Thus, k[X] should also be an
integral domain which in turn implies that X is irreducible. �

Exercise 5.28. Let X = A1
k, x ∈ X and f ∈ k[t]. Prove that f is a

local parameter at x iff x is a simple root of f , i.e. t− x divides f but
(t− x)2 does not.

Exercise 5.29. Let x ∈ X be a singular point. Prove that any f ∈ OX,x

has infinitely many different associated formal power series.

Proof. We may replace X by an affine neighborhood such that every
component passes through x and k[X] ⊂ OX,x.

First assume that X is irreducible. Let u1, . . . , ud ∈ k[X] such that
they form a basis of mx/m

2
x. Since x is a singular point, d > dimX.

Thus, u1, . . . , ud are algebraically dependent over k and h(u1, . . . , ud) =
0 for some nonzero polynomial h ∈ k[s1, . . . , sd]. Now Λ = h is a power
series associated to 0. This proves that we can associate infinitely many
power series to 0 and so to any f .

Now assume that X is not irreducible and X = X1 ∪ · · · ∪Xn is the
decomposition of X into irreducible components. As above, we can find
hi ∈ k[s1, . . . , sd] such that hi(u1, . . . , ud) = 0 on Xi. Put h = h1 · · ·hn.
The rest is similar. �
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Definition 5.30. Let X be a quasi-projective algebraic set, x ∈ X and
Y ⊆ X a closed subset. The ideal mY in OX,x is the set of elements
vanishing on Y in some neighborhood of x. Equivalently, if x ∈ U is
an affine neighborhood, mY is the extension of the ideal IY in k[U ].

Theorem 5.31. Let X be a smooth quasi-projective algebraic variety
of dimension d and Y ⊂ X a subvariety of dimension d − 1. Then,
the ideal mY in OX,x is principal for any x ∈ X. This in particular
means that for any x ∈ X there is a neighborhood x ∈ U and a regular
function f on U such that IY = 〈f〉 in k[U ].

Proof. Let x ∈ X. Replacing X, we can assume that it is an affine vari-
ety and x ∈ Y . Let f 6= 0 be an irreducible element of mY . Obviously,
〈f〉 ⊆ mY .

On some affine neighborhood x ∈ U we have VU(f) = (Y ∩ U) ∪ Z
where Z is the union of the irreducible components of VU(f) other
than Y ∩ U . If x /∈ Z, then by shrinking U , VU(f) = Y ∩ U . If x ∈ Z,
let g and h be regular functions on U such that g vanishes on Y ∩ U
but not on Z and such that h vanishes on Z but not on Y ∩ U . The
regular function gh vanishes on VU(f). Thus, gh belongs to the ideal√
〈f〉 = 〈f〉 ⊂ OX,x and since f is irreducible, g or h belongs to 〈f〉.

Suppose that g ∈ 〈f〉 which means that g = fe for some e ∈ OX,x. By
shrinking U such that e becomes regular on U , we get a contradiction
because VU(f) ⊆ VU(g = fe). Therefore, we can choose U such that
VU(f) = Y ∩ U .

Now let c ∈ mY be any element. Then, on some affine neighborhood
x ∈ W ⊆ U we have VW (f) ⊆ VW (c) such that f and c are regular on
W . So, c ∈

√
〈f〉 = 〈f〉 ⊂ OX,x. Therefore, mY = 〈f〉. �

Theorem 5.32. Let π : X 99K Y be a rational map where X is a
smooth quasi-projective variety of dimension d and Y is a projective
algebraic set. Then, the set of points where π is not regular is of di-
mension ≤ d− 2.

Proof. Let Z ⊂ X be the set of points where π is not regular. We know
that Z is a closed subset. Suppose that dimZ = d− 1 and let S be an
irreducible component of Z with dimension d− 1. Let x ∈ S.

Assume that Y ⊆ Pm
k . After replacingX with an affine neighborhood

of x, π is given by π = (f0 : · · · : fm) where fi ∈ k[X]. We can assume
that the fi do not have a common factor in OX,x. Since π is not
regular at any point of S, fi(S) = 0 for all i. On the other hand, there
is f ∈ OX,x such that mS = 〈f〉. Therefore, f divides each fi, that is,
we can write fi = gif for some gi ∈ OX,x. This is a contradiction. �
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Corollary 5.33. Let X and Y be birational smooth projective curves.
Then, they are isomorphic.

Proof. Let π : X 99K Y be a birational isomorphism. By the previous
theorem, π is a regular map and for the same reason its inverse is also
a regular map and hence an isomorphism. �
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6. Finite maps and normal varieties

One of the most important problems in algebraic geometry is to
prove that any quasi-projective variety is birational to a smooth pro-
jective variety. This is still open when the characteristic of k is positive.
Though this problem is far beyond this lecture but it is not difficult
to prove a very weak version of it. That is, one can prove that any
quasi-projective variety is birational to a normal projective variety. In
dimension one, normality and smoothness are equivalent conditions.

Remember that if R is a commutative ring and S an R-algebra,
the integral closure of R in S is also an R-algebra. If S is a finitely
generated R-algebra, then S is integral over R iff it is a finite R-module.

Definition 6.1. Let φ : X → Y be a regular map of quasi-projective
algebraic sets. We say that φ is finite if for every y ∈ Y , there is an
affine neighborhood y ∈ W such that U = φ−1W is also affine and k[U ]
is a finite k[W ]-module.

Roughly speaking, a finite map is a proper regular map whose fibres
are all finite sets (see [2, II, §4] for definition of proper maps). When k
is the field of complex numbers, properness has a simple meaning. In
this case, a regular map is proper if and only if the inverse image of
every compact set is compact in the sense of usual complex topology
(not the Zariski topology).

Exercise 6.2. Let φ : A2
k → A1

k be the regular map which sends (x1, x2) ∈
A2

k to x1 ∈ A1
k. Prove that φ is not a finite map.

Exercise 6.3. Let φ : P1
k → P1

k be the regular map which sends (x0 : x1)
to (xl

0 : xl
1) for a fixed l ∈ N. Prove that φ is a finite map.

Let R be an integral domain and K its fraction field. R is called
normal if it is integrally closed in K. It is known that R is normal iff
RP is normal for all prime ideals P of R iff Rm is normal for all maximal
ideals m. Any UFD is normal. Moreover, if R is a local noetherian ring
of dimension one, then R is normal iff its maximal ideal is principal.
In this case, R is a DVR.

Definition 6.4. Let X be a quasi-projective algebraic set. We say that
X is normal if all the local rings OX,x are normal. Let Y be a quasi-
projective algebraic variety. If we have a surjective finite birational
regular map φ : X → Y where X is a normal quasi-projective variety,
we say that X or φ is a normalisation of Y .

For an affine algebraic variety X, being normal means that every
finite birational regular map φ : X ′ → X is an isomorphism.
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Note that the irreducible components of a normal quasi-projective
algebraic set are disjoint because the local rings are integral domains.

Exercise 6.5. Let X be a smooth quasi-projective algebraic set. Prove
that it is normal.

Exercise 6.6. Let X be an affine algebraic variety of dimension one.
Prove that if X is normal, then it is smooth.

Theorem 6.7. Let X be a normal quasi-projective algebraic variety of
dimension d. Then, the set of singular points of X is contained in a
closed subset of dimension ≤ d− 2.

Proof. We can assume that X is affine. We already know that the set
of singular points of X is not dense. Let Z be its closure. Assume that
Z has a component T of dimension d− 1 and let P = IT be its prime
ideal.

Since X is normal, RP is normal where R = k[X]. Moreover, RP

is a local ring of dimension one because dimT = dimX − 1. Thus,
its maximal ideal is generated by one element. Hence, replacing X by
a smaller affine open subset, we can assume that P is principal, say
P = 〈u〉. Note also that R′ := k[T ] = R/P .

There is a dense open subset W ⊆ T on which T is smooth. Let
x ∈ W . So, there are local parameters u1, . . . , ud−1 ∈ R′ at x ∈ T . Let
v1, . . . , vd−1 ∈ R be such that the image of vi is ui under the natural
homomorphism R→ R′. Let mT,x and mX,x be the maximal ideals of x
in OT,x and OX,x respectively. In fact, mX,x is the inverse of mT,x under
the natural homomorphism OX,x → OT,x. Therefore, v1, . . . , vd−1, u
generate mX,x which proves that x ∈ X is smooth. Thus, every point
of W is a smooth point of X. This is a contradiction. �

Theorem 6.8. Let Y be an affine algebraic variety. Then, it has an
affine normalisation.

Proof. LetK = k(Y ) be the function field of Y and let S be the integral
closure of the ring R = k[Y ] in K. In commutative algebra it is proved
that S is a finitely generated R-algebra and so a finite R-module, in
particular, S is a finitely generated k-algebra (see [4, II, 5.2, Thm 4] or
[5, V, Thm 9]). So, for some n there is a surjective k-homomorphism
α : k[t1, . . . , tn] → S which implies that there is a prime ideal I in
k[t1, . . . , tn] such that S is isomorphic to k[t1, . . . , tn]/I as a k-algebra.
Put X = V (I) ⊆ An

k . Thus, S is the coordinate ring of X and this
induces a regular map φ : X → Y which is finite and birational by
construction. Moreover, X is normal.

We prove that φ is surjective. Let y ∈ Y and let Iy be its maximal
ideal in R. Then, since S is integral over R, there is a maximal ideal of
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S whose intersection with R is Iy. Such a maximal ideal corresponds to
a point x ∈ X and so it is nothing but Ix. Thus, φ(x) = y. Therefore,
X is a normalisation of Y which is itself affine. �

Exercise 6.9. Prove that the normalisation of a quasi-projective alge-
braic variety is unique if it exists.

Exercise 6.10. Find an example of a variety which is normal but not
smooth (Hint: look at V (t21 + t22 + t23)).
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7. Divisors

Definition 7.1. Let X be a quasi-projective algebraic variety of di-
mension d > 0. A prime divisor on X is a subvariety of dimension
d− 1. A divisor is as D =

∑n
i=1 aiDi where ai ∈ Z and Di are distinct

prime divisors on X. In other words, a divisor is an element of the free
abelian group generated by prime divisors on X. We show the group by
Div(X). A divisor D is effective if all ai ≥ 0 and we denote effectivity
by D ≥ 0.

Let K = k(X). A valuation of K/k is a function µ : K − {0} → Z
satisfying the following properties:

(i) µ(a) = 0 if a ∈ k,
(ii) µ(fg) = µ(f) + µ(g), and
(iii) µ(f + g) ≥ min{µ(f), µ(g)}.

The subset S = {f ∈ K | µ(f) ≥ 0}∪ {0} is a subring of K which is
called the valuation ring of µ, and the setm = {f ∈ K | µ(f) > 0}∪{0}
is the only maximal ideal of S.

Now let X be normal and D be a prime divisor on X. We define the
valuation ofD, µD as follows: sinceX is normalX is smooth on an open
subset ofD and the ideal ofD is locally principal in some neighborhood.
That is, there is an open affine subset U of X which intersects D and
such that the ideal P of D ∩ U in R = k[U ] is principal. So, RP is a
normal ring of dimension one which is a DVR with a maximal ideal m.

Let 0 6= f ∈ K and suppose that D is not contained in the non-
regular points of f . So, f ∈ RP and define µD(f) = max{l ∈ N ∪
{0} | f ∈ ml}. If D is contained in the non-regular points of f , then
D is not contained in the non-regular points of 1/f and we define
µD(f) = −µD(1/f).

The definition of µD does not depend on U . Moreover,
⋂+∞

l=1 m
l = 0

by Nakayama’s lemma, so µD(f) is well-defined. Finally, RP is the
valuation ring of µD and m coincides with the maximal ideal given by
the valuation.

Definition 7.2. Let X be a normal quasi-projective algebraic variety
of dimension d > 0, and f ∈ K = k(X). The divisor of f is defined
as Div(f) =

∑
Di
µDi

(f)Di where Di runs through the set of prime
divisors of X. The sum is obviously finite.

Definition 7.3. Let X be a normal quasi-projective algebraic variety
of dimension d > 0 and D,D′ two divisors on X. We say that D is
linearly equivalent to D′ if D−D′ = Div(f) for some f ∈ K. We show
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this equivalence by D ∼ D′. Finally, we define the divisor class group
of X as Cl(X) = Div(X)/ ∼.

Example 7.4. Let X = An
k and D a prime divisor on X. The ideal

ID is a prime ideal in k[t1, . . . , tn]. Suppose that D ⊆ V (g). Then,
g ∈ ID because ID is a prime ideal. This means that ID is a principal
ideal which in turn implies that D ∼ 0. Therefore, Cl(X) = 0.

Example 7.5. Let X = Pn
k and D a prime divisor on X. Then,

ID = 〈F 〉 for some homogeneous polynomial F of degree l. Let L be
the prime divisor defined by the linear polynomial s0 = 0. Since F/sl

0

is a rational function on X, D− lL ∼ 0. In other words, every divisor
is a multiple of L, therefore Cl(X) = Z.

Exercise 7.6. Let X be a normal quasi-projective algebraic variety and
f a rational function on X. Prove that Div(f) ≥ 0 iff f is regular on
X.

Definition 7.7. Let X be a topological space. A sheaf F on X is de-
fined as follows:

(i) for every open subset U ⊆ X, we have an abelian group F(U),
(ii) F(∅) = 0,
(iii) If V ⊆ U , we have a restriction homomorphism rUV : F(U) →
F(V ),
(iv) rUU is the identity,
(v) if W ⊆ V ⊆ U are open subsets, then rUW = rV W rUV ,
(vi) if U is open and U =

⋃
Vi is an open covering, and if s ∈ F(U)

such that rUVi
(s) = 0 for all i, then s = 0,

(vii) if U is open and U =
⋃
Vi is an open covering, and if si ∈ F(Vi)

such that rViVi∩Vj
(si) = rVjVj∩Vi

(sj), then there is s ∈ F(U) such that
rUVi

(s) = si.

Elements of F(U) are called sections of F on U . Instead of rUV (s)
it is often written s|V .

Let X be a normal quasi-projective algebraic variety and D a divisor
on X. Define

H0(X,D) = {f ∈ K | Div(f) +D ≥ 0} ∪ {0}
This is a vector space over k and it is known that it is finite dimen-

sional if X is projective.

Exercise 7.8. Let X be a normal quasi-projective algebraic variety
and D ∼ D′ linearly equivalent divisors on X. Prove that H0(X,D) '
H0(X,D′).
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Exercise 7.9. Let X be a normal quasi-projective algebraic variety and
D a divisor on X. Prove that the abelian groups H0(U,D|U) define a
sheaf on X. This is called the sheaf associated to D and is denoted by
OX(D).

Exercise 7.10. Let X be a normal quasi-projective algebraic variety
and D a divisor on X. Prove that the rings k[U ] define a sheaf on X.
This is called the structure sheaf of X and is denoted by OX . Note that
this is the same as OX(0).

We now turn our attention to divisors on curves. For a divisor D =∑
aiDi on a smooth projective curve X, define its degree as degD =∑
ai. Here, a curve means a one dimensional algebraic variety.

Theorem 7.11. Let X be a smooth projective curve and D ∼ D′.
Then, degD = degD′.

We need to prove a couple of lemmas before we are able to prove
this theorem.

Lemma 7.12. Let φ : X → Y be a non-constant regular map of smooth
projective curves. Then, φ is a surjective finite map.

Proof. Since X and Y are curves, φ(X) is dense in Y . Let K = k(X),
L = k(Y ), W an affine open subset of Y , U = φ−1W , and R = k[W ].
Since dimX = dimY = 1, K is a finite extension of L. In commutative
algebra, it is proved that the integral closure of R in K, say S is a finite
R-module. Let V be the affine variety defined by S.

For any open affine U ′ ⊆ U , R is inside k[U ′] and since U ′ is smooth,
k[U ′] is normal. Therefore, S is inside k[U ′] because k[U ′] is inte-
grally closed in K. This gives a regular map U → V which is bira-
tional because the function field of V is K. So, we get a rational map
ψ : V 99K X. It actually, is a regular map because V is smooth and X
is projective. Now since V → W is finite and surjective, so φ is also
surjective and U = V = φ−1W . �

Exercise 7.13. Let X be a smooth projective curve. Prove that there
is a finite regular map φ : X → P1

k.

For a finite regular map φ : X → Y of smooth quasi-projective curves
and a divisorD on Y , we define the pullback ofD as follows. Let y ∈ Y ,
y ∈ W an affine neighborhood, u ∈ k[W ] a local parameter at y ∈ Y
such that I{y} = 〈u〉 in k[W ], and v = φ∗(u) the regular function on
U = φ−1W . Define φ∗(y) =

∑
x∈U µx(v)x. This is independent of the

choice of u and W . Moreover, if D =
∑

i aiDi, put φ∗D =
∑

i aiφ
∗Di.

We also define the degree of φ to be deg(φ) = [k(X) : k(Y )].
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Lemma 7.14. Let φ : X → Y be a finite regular map of smooth pro-
jective curves and D a divisor on Y . Then, deg φ∗D = deg(φ) degD.

Proof. Obviously, it is enough to prove the case D = y where y ∈ Y is
a point of Y . Moreover, by taking an affine neighborhood of y, we may
assume that X, Y are affine. Assume that f−1{y} = {x1, . . . , xn}, R =
k[Y ], S = k[X], L = k(Y ), and K = k(X). Moreover, let I, I1, . . . , In
be the maximal ideals of y, x1, . . . , xn in R and S, respectively.

Let T = SI be the localisation of S with respect to I. Here I may
not be an ideal of S but R − I is a multiplicative system of S and we
can define localisation. Then, we have natural inclusions, R ↪→ S ↪→ T
and R ↪→ OY,y ↪→ T ↪→ OX,xi

. Now let u ∈ R be a local parameter
at y ∈ Y with I = 〈u〉, and Ji = T ∩ uOX,xi

. Thus, we the natural
isomorphism

T⋂
Ji

' T

J1

⊕ · · · ⊕ T

Jn

because Ji + Jj = T if i 6= j. The latter follows from the fact that

uOX,xi
= m

µxi (u)

i and T ∩mi is a maximal ideal of T where mi is the
maximal ideal of OX,xi

.
On the other hand,

T

Ji

=
T

T ∩ uOX,xi

' OX,xi

uOX,xi

because OX,xi
is the localisation of T at Ii and

OX,xi

uOX,xi
is a k-vector space

with the basis 1, vi, . . . , v
µxi (u)−1

i where vi ∈ T is a local parameter at
xi. Therefore,

T

uT
' OX,x1

uOX,x1

⊕ · · · ⊕ OX,xn

uOX,xn

because uT =
⋂
Ji. In fact if (g1/h1)u = · · · = (gn/hn)u ∈ T where

gi/hi ∈ OX,xi
, then it is easy to prove that g1/h1 = · · · = gn/hn ∈ T

using the fact that 〈h1, . . . , hn〉 = T . So, we have proved that

dimk
T

uT
=

∑
dimk

OX,x1

uOX,x1

=
∑

µxi
(u) = deg f ∗y

To finish the proof, we should prove that deg(φ) = dimk T/uT . Let
α1, . . . , αd be a basis of K over L where d = deg(φ). By multiplying
each α with some power of u, we can assume that αi ∈ T . In particular,
the αi are linearly independent over OY,y. Now since OY,y is a principal
ideal domain and since T is an integral domain, T is a free OY,y-module.
In fact, α1, . . . , αd form a basis for T over OY,y because there cannot
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be another element of T which is linearly independent of α1, . . . , αd.
Therefore, dimk T/uT = deg(φ) and we are done. �

Proof. (of Theorem 7.11) Suppose that D − D′ = Div(f) for some
f ∈ K = k(X). Define a rational map φ : X → P1

k by φ = (1 : f).
Since X is a smooth curve, φ is a regular map. By Lemma 7.12, φ is
a surjective finite map. Let D′′ be the divisor (1 : 0) − (0 : 1) which
is Div(s1/s0). Then, Div(f) = φ∗(D′′) because f = φ∗(s1/s0). By
Lemma 7.14, deg Div(f) = 0 because degD′′ = 0. �

So, for any smooth projective curveX we get a well-defined surjective
group homomorphism deg : Cl(X) → Z. The kernel of this is shown
by Cl0(X).

Example 7.15. Let X be a smooth projective curve and assume that
there is a rational function f on X such that Div(f) = D1 − D2

where D1, D2 are prime divisors as usual. We prove that X ' P1
k.

Let φ : X → P1
k be the rational map defined by φ = (1 : f) which is

regular because X is smooth. On the other hand, φ∗(1 : 0) = D1.
Thus, deg(φ) = 1 which means that k(X) = k(P1

k). So, X and P1
k are

birational and therefore isomorphic.

Theorem 7.16. Let X be a smooth projective curve. Then, k[X] = k.

Proof. Let f ∈ k[X] and let φ : X → P1
k be the regular function defined

by φ = (1 : f). By Lemma 7.12, φ is constant or a surjective finite
map. Since f is regular, (0 : 1) is not in the image of φ. Therefore, φ
and so f is a constant. �

Note that if we accept that every projective curve has a projective
normalisation, then we can easily extend the previous theorem to any
projective algebraic variety. In fact, if X is a projective algebraic va-
riety and f ∈ k[X], then f restricted to any projective curve C ⊆ X
gives a regular function f |C ∈ k[C]. Now let π : C ′ → C be a projective
normalisation of C. Then, fπ is a regular function on C ′ which should
be constant. This is possible only if f is a constant.

We now prove a weak version of the Riemann-Roch theorem for
curves.

Theorem 7.17. Let X be a smooth projective curve and D a divisor
on X. Then, H0(X,D) is a finite dimensional vector space over k.
More precisely, dimk H

0(X,D) ≤ degD + 1.

Proof. If degD < 0, then H0(X,D) = 0 and the theorem is proved in
this case. So, we may assume that degD ≥ 0. If H0(X,D) = 0, then
again the theorem is proved so we assume otherwise. In particular, we
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can replace D by one which is effective, that is, D ≥ 0 because linearly
equivalent divisors have the same degree by the theorems above.

We use induction on degD. If degD = 0, then D = 0 and so
H0(X,D) = k by Theorem 7.16. Now assume that degD > 0 and
D = aD1+D′ where D′ ≥ 0 does not contain D1 and a > 0. Obviously,
H0(X, (a− 1)D1 +D′) ⊆ H0(X,D).

Let u be a local parameter at D1. Then, for any f ∈ H0(X,D), uaf
is regular at D1. So, we can define a linear map L : H0(X,D) → k by
putting L(f) = (uaf)(D1). If L is constant, it means that

Div(f) + (a− 1)D1 +D′ ≥ 0

if f ∈ H0(X,D) which means that H0(X,D) = H0(X, (a−1)D1 +D′).
We are done in this case. So, assume that L is not constant in which
case it is surjective. Moreover, H0(X, (a− 1)D1 +D′) is the kernel of
L. So, dimk H

0(X,D) ≤ degD + 1 by induction. �
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8. Differential forms

Let X be an affine algebraic set. For each f ∈ k[X] consider a for-
mal symbol d f . Let Ω[X] be the free k[X]-module generated by all
the symbols d f modulo the following relations

d(f + g) = d f + d g,
d fg = f d g + g d f ,
d a = 0 for any a ∈ k.

Elements of Ω[X] are called regular differential forms on X. So, an
element ω ∈ Ω[X] can be written in the form ω =

∑
gi d fi where

fi, gi ∈ k[X].8.1

If U ⊆ X is an open affine subset, then there is a natural homo-
morphism p : k[X] → k[U ] which induces a natural homomorphism
P : Ω[X] → Ω[U ]. If ω ∈ Ω[X] we usually write ω|U instead of P (ω).

For every f ∈ k[X] and x ∈ X, we have defined dxf ∈ T ∗
X,x before.

By putting T =
⋃̇

x∈XT
∗
X,x, to each ω =

∑
gi d fi ∈ Ω[X] we can assign

a function X → T via ω(x) =
∑
gi(x) dx fi. However, if X is singular

it may happen that ω 6= 0 but the assigned function is zero.

Definition 8.1. Let X be a quasi-projective algebraic set. A regular
differential form is an object which locally on open affine subsets is a
regular differential form as defined above. More precisely, a regular
differential form ω on X is made of ω1, . . . , ωm where ωi is a regular
differential form on an open affine subset Ui, all the Ui cover X, and
ωi|V = ωj|V for any open affine subset V ⊆ Ui ∩Uj. The set of regular
differential forms on X is denoted by Ω[X].

One can check that if X is affine, then this definition coincides with
the earlier definition.

Exercise 8.2. Let X be a quasi-projective algebraic set. Prove that the
abelian groups Ω[U ] define a sheaf on X which is denoted by Ω. This
sheaf is called the sheaf of regular differential forms.

Example 8.3. Let X = An
k . For f ∈ k[X], we have d f =

∑n
j=1

∂f
∂tj

d tj.

Then, Ω[X] is the free k[X]-module with the basis dt1, . . . , dtn.

Example 8.4. Let X = P1
k. A regular differential form ω on X is

determined by its restriction to the two affine open subsets U = P1
k −

8.1There are other ways of defining differential forms which do not coincide with
ours in the singular case but they are the same in the smooth case. See for example
[4].
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{(0 : 1)} and V = P1
k − {(1 : 0)}. On U we take the variable t and

on V the variable s. On U ∩ V , we have ts = 1. Let ω|U = f d t
and ω|V = g d s. On U ∩ V , d s = − 1

t2
d t. So, on this intersection,

f d t = − g
t2

d t. Therefore, f(t) = −g(1/t)
t2

which implies that f = g = 0.
So, Ω[X] = 0.

Theorem 8.5. Let X be a quasi-projective algebraic variety. Then, X
is smooth iff every point x ∈ X has an affine neighborhood U such that
Ω[U ] is a free k[U ]-module.

Proof. See [2] for an advanced proof. �

Let X be a smooth quasi-projective algebraic variety. According to
Theorem 8.5, each point of X has an affine neighborhood U where
Ω[U ] is a free k[U ]-module. More precisely, there are local parameter
u1, . . . , ud at some point of U such that du1, . . . , dud form a basis of
Ω[U ] as a k[U ]-module. Now for any p ∈ N, we can take the exterior
power

∧p Ω[U ] which is a free k[U ]-module whose basis consists of ele-
ments like dui1∧· · ·∧duip where ui1 , . . . , uip is a subset of {u1, . . . , ud}
with p elements and we ignore the order of the i1, . . . , ip. So, the basis

has (
d
p

) elements. Obviously, when p > d we have
∧p Ω[U ] = 0.

Elements of
∧p Ω[U ] are called regular differential p-forms on U . In

the spirit of Definition 8.1, we can cover X with open affine subsets like
U , take regular differential p-forms on the U and glue them together
to get regular differential p-forms on X.

Definition 8.6. Let X be a quasi-projective algebraic variety. A ra-
tional differential form ω is a regular differential form ωU on some
non-empty open subset U up to the following relation: we say that ωU

on U and ω′U ′ on U ′ define the same rational differential form if their
restriction to U ∩ U ′ is equal.

Let U be an open affine subset of a quasi-projective algebraic variety
X such that Ω[U ] is a free k[U ]-module with the basis du1, . . . , dud.
Any rational differential form ω on X is determined by a regular differ-
ential form on some open subset of U . So, ω can be written as

∑
fi dui

where fi are rational functions.
Let ω be a rational differential form on a smooth quasi-projective

curve X. Cover X by finitely many affine open subsets Ui such that ω
is equal to fi dui on Ui where ui ∈ k[Ui] is a local parameter at some
point of Ui. On Ui ∩ Uj, we have fi dui = fj duj which implies that
fi

fj
dui = duj and d ui =

fj

fi
duj hold on Ui ∩ Uj. Since ui and ui are

regular on Ui ∩ Uj, on this set Div( fi

fj
) = 0, that is, Div(fi) = Div(fj)
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on Ui ∩ Uj. Now define the divisor Div(ω) to be the divisor such that
on Ui it is equal to Div(fi). Obviously, Div(fω) = Div(f) + Div(ω).
So, no matter what rational differential form we choose we end up with
the same divisor up to linear equivalence.

Definition 8.7. Let X be a smooth quasi-projective curve. The canon-
ical divisor KX is defined up to linear equivalence as the divisor of a
non-zero rational differential form.

Definition 8.8. Let X be a smooth projective curve. We define the
genus of X by g(X) = dimk H

0(X,KX).

Genus is the most important invariant in the classification of curves.

Example 8.9. Let X = P1
k and let U = P1

k − {(0 : 1)} and V =
P1

k − {(1 : 0)}. On U we take the variable t and on V the variable s.
On U∩V , we have ts = 1. Let ω be the rational differential form defined
by d s on V . So, ω = d s = − 1

t2
d t. Therefore, Div(ω) = −2(1 : 0)

which means that KX = −2(1 : 0).
Since degKX = −2, H0(X,KX) = 0 hence g(X) = 0.

Exercise 8.10. Let X and X ′ be two isomorphic smooth projective
curves. Prove that g(X) = g(X ′).
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9. Riemann-Roch theorem for curves

The Riemann-Roch problem is about calculating the dimension
dimk H

0(X,D) where X is a smooth projective variety and D a divisor
on X. In general there is no easy formula for this. However, in low
dimensions, eg, 1, 2, 3, there is an explicit and fairly easy formula.

The following theorem for curves is the backbone of the theory of
curves and its generalisation to higher dimension also plays a central
role in algebraic geometry.

Theorem 9.1 (Riemann-Roch). Let D be a divisor on a smooth pro-
jective curve X. Then,

dimk H
0(X,D)− dimk H

0(X,KX −D) = degD + 1− g(X)

The most conceptual and ”easy” way to prove this theorem is via
cohomology. In the section on cohomology we give the proof assuming
certain theorems on cohomology such as the Serre duality. In Theorem
7.17, we proved a weak version of this theorem.

Example 9.2. Let X be a smooth projective curve. Applying the
Riemann-Roch theorem to D = KX , we get

dimk H
0(X,KX)− dimk H

0(X, 0) = degKX + 1− g(X)

which implies that degKX = 2g(X)− 2.

Example 9.3. Earlier, we proved that g(P1
k) = 0. Let D ≥ 0 be a

divisor on X. The Riemann-Roch theorem implies that

dimk H
0(X,D) = degD + 1

Example 9.4. We prove that P1
k is the only smooth projective curve

with genus zero. Let X be a smooth projective curve with g(X) = 0. Let
D be a prime divisor on X, that is, just a point. By the Riemann-Roch
theorem,

dimk H
0(X,D) = 2

which implies that there is a non-constant f ∈ k(X) such that D′ :=
Div(f)+D ≥ 0. Thus, Div(f) = D′−D and since deg Div(f) = 0, D′

is also a prime divisor. Now by Example 7.15, X ' P1
k.

Example 9.5. An elliptic curve is a smooth projective curve X of
g(X) = 1. So, degKX = 0. Let D ≥ 0 be an effective divisor on X.
By the Riemann-Roch theorem

dimk H
0(X,D)− dimk H

0(X,KX −D) = degD

which says that if D 6= 0, then dimk H
0(X,D) = degD and if D = 0,

then obviously dimk H
0(X,D) = 1.
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We can also calculate the canonical divisor KX . By definition, g(X) =
dimk H

0(X,KX) = 1 and as mentioned degKX = 0. So, there is an ef-
fective divisor D such that D ∼ KX and degD = 0. Therefore, D = 0
and KX ∼ 0.

Example 9.6. Let X be an elliptic curve and let x ∈ X. Let Cl0(X)
be the subgroup of Cl(X) consisting of divisors with degree zero. Now
define a map θ : X → Cl0(X) by θ(y) = y−x for any y ∈ X. We prove
that this is one-to-one.

The map θ is injective, otherwise y−y′ is the divisor of some rational
function for some y 6= y′. But this is not possible by Example 7.15. Now
let D be a divisor on X such that degD = 0. By the Riemann-Roch
theorem

dimk H
0(X,D + x) = deg(D + x) = 1

which implies that there is f ∈ k(X) such that D′ := Div(f)+D+x ≥ 0.
So, degD′ = 1. This means that D′ is a single point hence D ∼ D′−x,
that is, D = θ(D′). Thus, θ is bijective.

On the other hand, Cl0(X) is an abelian group, so this makes X into
an abelian group. This is the famous group law on elliptic curves.

Example 9.7. For any smooth projective curve X ⊆ P2
k of degree n,

that is, defined by a homogeneous polynomial of degree n, it is possible
to calculate its genus directly. In this case, g(X) = (n − 1)(n − 2)/2.
This follows from the adjunction formula. In particular, we see that
curves of degree 1 and 2 are all of genus zero and so they are isomorphic
to the projective line by Example 9.4.

If n = 3, then g(X) = 1 and so X is an elliptic curve according to
Example 9.5. Another thing we can get form this is that two curves
of different degree cannot be isomorphic except when one is of degree 1
and the other of degree 2.
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10. Sheaves

See Definition 7.7 for the definition of a sheaf on a topological space.

Examples. Let X be a quasi-projective algebraic set.
(i) For any open subset U let OX(U) = k[U ]. This defines a sheaf on
X which is called the structure sheaf of X and is denoted by OX .
(ii) Let Ω(U) = Ω[U ]. This also defines a sheaf Ω which is called the
sheaf of regular differential forms.
(iii) When X is normal and D a divisor on X, OX(D)(U) = H0(U,D)
defines a sheaf OX(D) associated to the divisor D. In particular, the
sheaf ωX := OX(KX) is called the canonical sheaf of X.

When X is smooth, OX(D) is also called a line bundle.

Stalks. Let F and G be sheaves on a topological space X and x ∈ X.
Define the stalk Fx = lim−→x∈U

F(U) where U runs through the open

subsets of X containing x.

Morphisms. A morphism ρ : F → G consists of homomorphisms
ρ(U) : F(U) → G(U) such that they commute with restriction maps of
F and G:

F(U)

��

→ G(U)

��
F(V ) → G(V )

where V ⊆ U . Any morphism ρ : F → G induces homomorphisms on
the stalks: ρx : Fx → Gx. The morphism ρ is called injective (resp.
surjective, an isomorphism) if ρx is injective (resp. surjective, an iso-
morphism) for all x ∈ X.

Restriction to subsets. For an open subset U ⊆ X, we can restrict
a sheaf F on X to U in an obvious way by putting F|U(V ) = F(V )
when V ⊆ U .

Gluing sheaves. If we cover X by open subsets Ui and if we have a
sheaf Fi on each Ui, then by gluing these sheaves we can construct a
sheaf on X subject to the following condition: for each i, j there is an
isomorphism ρij : Fi|Ui∩Uj

→ Fj|Ui∩Uj
such that ρii is the identity and

ρil = ρjlρij on Ui ∩ Uj ∩ Ul for all i, j, l.
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Sequences. A sequence of sheaves

· · · → F ′ → F → F ′ → · · ·
where each arrow is a morphism of sheaves is called exact if the sequence
of stalks

· · · → F ′
x → Fx → F ′′

x → · · ·
is exact for all x ∈ X. In particular, an exact sequence

0 → F ′ → F → F ′′ → 0

is called a short exact sequence.

Direct image. Let φ : X → Y be a continuous map of topological
spaces and F a sheaf on X. Then, we can define the direct image φ∗F
by putting φ∗F(U) = F(φ−1U). This is a sheaf on Y .

OX-modules. Let X be a quasi-projective algebraic set. A sheaf F
on X is called an OX-module if for each open subset U ⊆ X, the group
F(U) is a k[U ]-module and the restriction homomorphism F(U) →
F(V ) is compatible with the restriction homomorphism k[U ] → k[V ]
for any open subset V ⊆ U .

A morphism ρ : F → G of sheaves on X is called a morphism of
OX-modules if the two sheaves are OX-modules and for each open sub-
set U ⊆ X, the homomorphism F(U) → G(U) is a homomorphism of
k[U ]-modules.

Locally free sheaves. Let X be a quasi-projective algebraic set and
F an O-module. We say that F is locally free if each point of X has
a neighborhood U such that F|U '

⊕
OU . If the sum is finite and r,

the number of copies of OU , does not depend on U , then we call F a
locally free sheaf of rank r.

Quasi-coherent sheaves. In algebraic geometry, the most important
sheaves are the quasi-cohorent sheaves which are defined as follows. Let
X be an affine algebraic set, R = k[X] and M an R-module. Consider

the disjoint union Θ =
⋃̇

x∈XMx where Mx is the localisation of M

with respect to the maximal ideal of x in R. We define M̃(U) to be
the set of functions s : U → Θ such that for each x ∈ U , s(x) ∈ Mx,
there is an open subset V ⊆ U containing x, and elements m ∈M and
f ∈ R such that s(y) = m

f
∈ My for every y ∈ V . The sheaf M̃ is the

sheaf associated to M .
It is rather straightforward to prove that
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(i) the stalk (M̃)x 'Mx,
(ii) for any 0 6= f ∈ R, M̃(Xf ) = Mf where Xf = {x ∈ X | f(x) 6= 0}
and Mf is the localisation of M with respect to the multiplicative sys-
tem {1, f, f 2, . . . },
(iii) M̃(X) = M . This follows from (ii) by putting f = 1.

Now let X be a quasi-projective algebraic set and F an OX-module.
We say that F is a quasi-coherent sheaf if every x ∈ X has an open
affine neighborhood U such that F|U = M̃ for some k[U ]-module M .
If for every x, the module M is finitely generated over k[U ], we say
that F is coherent.

Examples. Let X be an affine algebraic set and R = k[X]. Then,

(i) R̃ is the structure sheaf OX ,

(ii) ˜Ω[X] is the sheaf of regular differential forms on X,
(iii) if IY ⊆ R is the ideal of a closed subset Y ⊆ X, ĨY is called the
ideal sheaf of Y .

Morphisms of quasi-coherent sheaves. Let X be an affine algebraic
set and R = k[X]. If M,N are R-modules with an R-homomorphism
r : M → N , then we get a corresponding morphism of OX-modules
ρ : M̃ → Ñ . This gives an isomorphism between the category of R-
modules and the category of quasi-coherent sheaves on X.

Tensor and sum of sheaves. Let U be an affine algebraic set, R =
k[U ] and M,N two R-modules. Then, we define M̃ ⊗OX

Ñ to be
˜(M ⊗R N), and M̃ ⊕ Ñ to be ˜(M ⊕N). Now if X is a quasi-projective

algebraic set and F and G two quasi-coherent sheaves on X, we define
F ⊗OX

G and F ⊕G to be the coherent sheaves on X such that locally
on affine open subsets U ⊆ X they are defined as above.

Tensor of sheaves of divisors. On a smooth quasi-projective algebraic
set X, we have

OX(D)⊗OX
OX(D′) ' OX(D +D′)
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11. Cohomology

Cohomology groups. Let X be a topological space, F a sheaf on
X and X =

⋃
i∈I Ui a covering of X by open subsets Ui such that I

is well-ordered and Ui 6= Uj if i 6= j. We denote the covering by U.
For any finite subset {i0, . . . , ip} ⊆ I, put Ui0,...,ip = Ui0 ∩ · · · ∩ Uip .
Moreover, for each p ∈ N ∪ {0} define

Cp = Cp(U,F) =
∏

i0<···<ip

F(Ui0,...,ip)

and a map dp : Cp → Cp+1 by sending an element (si0<···<ip) ∈ Cp to
an element (ti0<···<ip+1) ∈ Cp+1 such that

ti0<···<ip+1 =

p+1∑
l=0

(−1)lsi0,...,îl,...,ip+1
|Ui0,...,ip+1

One can check that dp+1dp = 0 and so we get a complex of abelian
groups

0 → C0 → C1 → C2 → · · ·
where d−1 : 0 → C0 is the trivial homomorphism. Now we define the
(Čech) cohomology groups as

Hp(U,F) = ker dp/ im dp−1

Zero-th cohomology. Lets see what H0(U,F) is. By definition

C0 =
∏
i∈I

F(Ui)

and the kernel of d0 consists of those (si) ∈ C0 such that

si|Ui∩Ui′
= si′|Ui∩Ui′

which identifies an element of F(X) by the definition of a sheaf. Since
the image of d−1 is 0 we get H0(U,F) = F(X).

Cohomology of quasi-coherent sheaves. From now on we assume that
X is a quasi-projective algebraic set and F a quasi-coherent sheaf on
X. Let U be a covering of X by open affine subsets. We define the
cohomology groups Hp(X,F) = Hp(U,F). It is proved that this does
not depend on the choice of U.
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Cohomology and dimension. Suppose that d = dimX. If p > d,
then Hp(X,F) = 0.

Long exact sequence. For an exact sequence

0 → F ′ → F → F ′′ → 0

of quasi-coherent sheaves we have a long exact sequence of cohomology:

0 → H0(X,F ′) → H0(X,F) → H0(X,F ′′) →

H1(X,F ′) → H1(X,F) → H1(X,F ′′) → H2(X,F ′) → · · ·

Cohomology of affine algebraic sets. Let X be an affine algebraic set.
Then, Hp(X,F) = 0 for all quasi-coherent sheaves F and all p > 0.
This is easy to see, just take the covering of X which consists of the
one open subset X itself. Then, C0 = F(X) and C1 = 0.

Example. Let X = P1
k and Ω be the sheaf of regular differential

forms. Let U = P1
k − {(1 : 0} and V = P1

k − {(0 : 1}. We know
that Ω(U) = k[t] d t and Ω(V ) = k[s] d s where t, s are the vari-
ables on U, V respectively satisfying st = 1 on U ∩ V . Moreover,
Ω(U ∩ V ) = k[t, 1

t
] d t. Now C0 = Ω(U) × Ω(V ) and C1 = Ω(U ∩ V ).

The map d0 : C0 → C1 is given by d0(f d t, g d s) = (f d t − g d s)|U∩V

and its kernel is H0(X,Ω) = 0. The image of d0 is the set of all the
possible (f d t− g d s)|U∩V . Since d s = − 1

t2
d t, we get elements of the

form f d t + g(1/t) 1
t2

d t. In particular, this contains all elements like
tn d t where n ∈ Z and n 6= −1. Therefore, H1(X,Ω) = 1.

Exercise. LetX = P1
k. Prove thatH0(X,OX) = 1 andH1(X,OX) =

0.

Serre duality. Let X be a smooth projective variety of dimension d.
Then, for any locally free sheaf F on X we have

Hp(X,F) ' Hd−p(X,F˘⊗OX
ωX)

where F˘ = HomOX
(F ,OX) is the dual and ωX = OX(KX) is the

canonical sheaf.
When F = OX(D) for a divisor D, then F˘ = OX(−D) and so the

Serre duality says that

Hp(X,OX(D)) ' Hd−p(X,OX(KX −D))
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Riemann-Roch theorem for curves. Here we show how to prove
the Riemann-Roch theorem for curves using cohomology. Let X be
a smooth projective curve and D a divisor on X. If D = 0, then

H0(X,OX)−H0(X,OX(KX)) = 1− g(X)

so we are done in this case. Now let x ∈ X and assume that we have
proved the theorem for D, we show that the theorem also holds for
D + x. There is an obvious injective morphism OX(−x) → OX . By
taking the quotient, we get a short exact sequence

0 → OX(−x) → OX → G → 0

for some sheaf G. Tensoring the sequence with OX(D + x) gives

0 → OX(D) → OX(D + x) → F → 0

where F = G ⊗OX
OX(D + x). Now by the long exact sequence of

cohomology we have

0 → H0(X,OX(D)) → H0(X,OX(D+x)) → H0(X,F) →

H1(X,OX(D)) → H1(X,OX(D + x)) → H1(X,F) → 0

because H2(X,OX(D)) = 0 since dimX = 1. And linear algebra tells
us that

dimk H
0(X,OX(D+ x))− dimk H

1(X,OX(D+ x)) =

dimk H
0(X,OX(D))−dimk H

1(X,OX(D))+dimk H
0(X,F)−dimk H

1(X,F)

One can easily check that F(U) = 0 if x /∈ U and if you calculate the
cohomology of F you see that dimk H

0(X,F) = 1 and H1(X,F) = 0.
Therefore, putting all these together and using Serre duality we have

dimk H
0(X,OX(D+x))−dimk H

0(X,OX(KX−D−x)) =

dimk H
0(X,OX(D))− dimk H

0(X,OX(KX −D)) + 1

and by induction

dimk H
0(X,OX(D+x))−dimk H

0(X,OX(KX−D−x)) =

degD + 1− g(X) + 1 = deg(D + x) + 1− g(X)

In the same way we can prove that if the theorem holds for D + x,
then it also holds for D. This completes the proof.
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