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0.1 Introduction

Ramanujan observed that eπ
√

163 = 262537412640768743.99999999999925 is
within 10−12 of an integer and used this to obtain approximations to π. In
his Field’s Medal lecture, Richard Borcherds said that every mathematician
should see once in his/her life why this should be the case, and this essay
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is an attempt to do just that. However this goal is really just an excuse to
study some classic topics in the mathematics of elliptic curves and modular
forms. The essay contains three Chapters.

In the first Chapter we discuss the properties of elliptic curves over C, and
show that they are in some sense the same thing as lattices in C. In proving
this result, the so-called Uniformisation Theorem for Elliptic Curves over C,
we find it necessary to introduce the j-invariant and the first modular group
Γ(1). Both of these will appear time and again in Chapters 2 and 3. It
is perhaps worth noting that the entire subject can be approached without
mention of Elliptic Curves- however I feel that such an approach does not
place the subject in its proper context.

In Chapter 2 we look at Γ(1) in more detail, and then use its properties
to deduce perhaps the main theorem of this essay- the fact that the j-
invariant of an elliptic curve with complex multiplication is an algebraic
integer. In motivating the proof of this result we take a lengthy detour into
some congruence subgroups of Γ(1) and the associated modular curves. We
also encounter for the first time the famous q-expansion

j(τ) =
1
q

+ 744 + 196884q + . . .

Chapter 3 is largely devoted to modular forms. I offer my own derivation of
the formulæ for the dimensions of M2k and M0

2k (the spaces of forms and
cusp forms of weight 2k). Next Jacobi’s celebrated product expansion

∆(τ) = q
∏
n≥1

(1− qn)24

is derived, and then used to prove some bounds on the coefficients c(n) in
the q-expansion of j. Finally I offer a fairly non-calculational proof that∣∣∣eπ√163 − [[eπ

√
163]]

∣∣∣ < 10−12.

I have endeavoured to present the subject from an original angle, but it is
inevitable that the following has a fair amount in common with existing
accounts. The two books of Silverman, the account of McKean and Moll
and the book by Cox are the major references.

I assume only undergraduate knowledge of Algebraic Geometry, Riemann
Surfaces, Number Theory and Analysis.
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Chapter 1

In this first chapter we discuss some of the theory of elliptic curves over C.
This being a large theory, we only sketch many proofs. We will look at these
curves from two different points of view. These will be linked together with
the help of the so-called j-invariant, whose basic properties we will discover.

1.1 Introduction to Elliptic Curves

Definition 1 An elliptic curve over C is an algebraic curve over C of genus
1.

This form being perfectly useless for most calculations, we instead use the
following

Definition 2 An elliptic curve over C is a projective curve E ⊆ P2(C)
given by a Weierstraß Equation Y 2Z = 4X3 − g2XZ

2 − g3Z
3 where ∆ =

g3
2 − 27g2

3 6= 0.

Throughout the following “Elliptic Curve” will mean “Elliptic Curve over
C” unless otherwise stated. Some of our results, however, are valid much
more generally. The fact that Definitions 1 and 2 are essentially equivalent
follows from the Riemann-Roch Theorem and a little manipulation. However
we omit this and take Definition 2 as our definition. It is easy to check that
a curve E given by Weierstaß equations is smooth exactly when F (x) =
4x3 − g2x − g3 and F ′(x) have no common roots, i.e. precisely when the
discriminant ∆ is non-zero. It can also be checked that the differential ω =
dx
y has zero valuation at all P ∈ E, including ∞. Therefore the canonical
divisor class KE is that of the zero divisor, and the genus of E really is 1.

1.1.1 The Group Law

An important property of elliptic curves is the existence of a group law.
Using the Riemann-Roch Theorem one can show that if E is an elliptic
curve with distinguished point O then the map Φ : E −→ Pic0(E) given by
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Φ(P ) = [P−O] is an isomorphism. This induces an Abelian group structure
on E. Furthermore it can be shown, again using Riemann-Roch, that for an
elliptic curve in P2 this group law has an elegant geometric interpretation.

Geometric Form of Group Law. Let Q1, Q2 ∈ C. Suppose Q1Q2 in-
tersects E again at R. Let OR meet E again at S. Then the group law is
given by Q1 ⊕ Q2 = S. Of course, we have to interpret “intersects again”
slightly differently in degenerate cases (for example when Q1 = Q2 we take
“the line Q1Q2” to be “the tangent to E at Q1”)

Note that it is far from obvious, when stated geometrically, that the group
law is associative. Sometimes an elliptic curve is defined as a genus 1 curve
E together with a distinguished point O. This we denote by a pair (E,O).

1.1.2 The Endomorphism Ring

Throughout mathematics the study of structure-preserving maps between
objects facilitates study of the objects themselves. A very important ob-
ject associated with an elliptic curve is thus its Endomorphism Ring, whose
properties we now outline. We will prove many of these properties later
when we have an alternative characterisation of elliptic curves over C.

Definition 3 Let (E1, O1) and (E2, O2) be two elliptic curves. An isogeny
is a morphism φ : E1 → E2 with φ(O1) = O2. in the case E = E1 = E2,
O = O1 = O2 an isogeny φ : E → E is called an endomorphism. The set of
such endomorphisms is denoted End(E).

Now it turns out that the group law ⊕ : E×E → E is itself a morphism, and
so that we may define an addition in End(E) by (φ+ψ)(P ) = φ(P )⊕ψ(P ).
Furthermore it transpires that any isogeny of elliptic curves is also a group
homomorphism. It follows that End(E) can be given the structure of a ring,
the “multiplication” operation in this ring being composition of endomor-
phisms. This expains the term endomorphism ring.

End(E) always contains the multiplication-by-m maps [m] : P → P ⊕ . . .⊕P
for each m ∈ Z. End(E) is a torsion-free Z-module (Abelian group) with
respect to addition. Indeed if [m] ◦ φ = 0 then deg([m]) deg(φ) = 0 and so
either φ or [m] is constant. If φ is constant then it must be the zero map
with constant value O; and one can check using explicit equations that [m]
is constant only for m = 0.

It may be the case that the muliplication-by-m maps form the entire en-
domorphism ring, so that End(E) ∼= Z. If End(E) is larger than Z we say
that E has complex multiplication. It is this situation that will interest us
the most. For elliptic curves over C, End(E) is always commutative with
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respect to composition and has rank at most 2 as a Z-module. Over more
general fields this rank can rise to 4 and End(E) need not be commutative.

1.2 Elliptic Curves as Complex Tori

Now an irreducible non-singular algebraic curve C over C has the natural
structure of a compact connected Riemann Surface. We have a Hausdorff
Topology induced from the underlying projective space Pn, and about each
P ∈ C we take as a co-ordinate chart φP the evaluation map at some local
parameter tP . The fact that tP is a local parameter at P means that φP is
a local homeomorphism; and the “transition maps” φQ ◦ φ−1

P : C → C are
all analytic since the tP are rational functions. in addition it can be shown
(using two versions of the Riemann-Hurwitz formula) that the topological
genus of the resulting surface is just the geometric genus of C.

We pause to be a little more explicit in the case of an elliptic curve E given
by Weierstraß equation y2 = 4x3− g2x− g3 in the affine plane. Co-ordinate
charts are as follows:

(i) φP = x(P ) for all P = (x, y) with y 6= 0
(ii) φP = y(P ) for all P = (x, y) with 12x2 − g2 6= 0
(iii) φP = x

y (P ) at ∞
(1.1)

Any rational function f ∈ C(E) is then easily seen to provide a meromorphic
function on the Riemann Surface E. In fact the converse is also ture, as we’ll
see later.

So an elliptic curve is simply a complex torus. Now we know another way
in which complex tori arise- they are quotients of C by a lattice Λ (or more
correctly, by the action on C of a free group on independant generators ω1,
ω2). Moreover in this context we have a lot of information- we will show
how to construct all meromorphic functions on C/Λ, for example. The most
important such function is the Weierstraß function ℘ defined by

℘(z; Λ) =
1
z2

+
∑
ω∈Λ∗

{
1

(z − ω)2
− 1
ω2

}
(1.2)

This is a meromorphic function of valency two, i.e. ℘ : C/Λ → C∞ is a
double cover. More importantly it turns out to be relatively easy to describe
the endomorhism ring of an elliptic curve in the context of lattices. It would
therefore be nice if all elliptic curves arose from this construction. This
truns out to be the case, a reult known as the Uniformization Theorem for
Elliptic Curves. It also turns out that every torus C/Λ is an elliptic curve
in a natural way. We study this first, as it paves the way for the converse
result.
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Recall first that we have

℘′(z)2 − 4℘(z)3 − g2(Λ)℘(z)− g3(Λ) (1.3)

where g2(Λ), g3(Λ) are defined by

g2(Λ) = 60
∑
ω∈Λ∗

ω−4,

g3(Λ) = 140
∑
ω∈Λ∗

ω−6.

This can be checked using the following easily derived Laurent Expansion
of ℘Λ about 0.

Proposition 4 (Laurent Expansion of ℘Λ about 0) For r ≥ 3 define
Gr(Λ) =

∑
ω∈Λ∗ ω

−r (so that g2 = 60G4, g3 = 140G6). then we have the
Laurent Expansion

℘(z) =
1
z2

+
∞∑
n=1

(2n+ 1)G2n+2(Λ)z2n

about 0.

Proof For |x| < 1 one has (1−x)−2 = 1+
∑∞

n=1(n+1)xn. Hence if |z| < |ω|
we can put x = z

ω to get (z−ω)−2−ω−2 =
∑∞

n=1
n+1
ωn+2 z

n. Summing over Λ∗

and interchanging the order of summation, we get the result. This is valid
because the necessary sums converge absolutely; see the proof of Theorem
16 for an indication of why this is true.

To check (1.3) one shows that ℘′(z)2− 4℘(z)3− g2℘(z)− g3 is analytic with
value 0 at z = 0 by using the Laurent Expansion we have just obtained.
Since then it is doubly periodic and analytic on C, it follows from a standard
argument involving Liouville’s Theorem that it must be constant.

It appears from (1.3) that we have a map φ from C/Λ to an elliptic curve
EΛ with affine Weierstraß equation y2 = 4x3 − g2(Λ)x − g3(Λ). φ is given
by

φ(z) = (℘(z), ℘′(z)).

This map has some remarkable properties.

Theorem 5 (i) EΛ really is an elliptic curve, i.e. ∆(Λ) = g3
2(Λ)− 27g2

3(Λ)
6= 0.

(ii) φ is an isomorphism of Riemann Surfaces

(iii) The meromorphic functions on C/Λ correspond under φ to the rational
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functions on EΛ

(iv) The group law on (EΛ,∞) lifts under φ to ordinary vector addition in
the quotient C/Λ.

Proof (i) We have already remarked that ∆(Λ) is the discriminant of the
polynomial F (x) = 4x3− g2(Λ)x− g3(Λ), and so it suffices to show that the
roots e1,e2,e3 of F are all distinct. Now

℘′(z) = 4(℘(z)− e1)(℘(z)− e2)(℘(z)− e3). (1.4)

But ℘′ is an odd Λ-elliptic function and so either vanishes or has a pole at
all points of 1

2Λ. Hence

℘′(
1
2
ω1) = ℘′(

1
2
ω2) = ℘′(

1
2
(ω1 + ω2)) = 0.

At these points, then, ℘ has multiplicity at least two. But ℘ : C/Λ → C∞ is
a double cover, and so ℘ has multiplicity exactly two and the values ℘(1

2ω1),
℘(1

2ω2) and ℘(1
2(ω1 + ω2)) are all distinct. By (1.4), these must be e1, e2

and e3 in some order; in particular e1, e2 and e3 are all distinct.

(ii) Note that ℘(z) and ℘′(z) are both analytic except for poles at the points
of Λ. It follows that φ is analytic with respect to the obvious chart on C/Λ
and the charts (1.1) on EΛ, except possibly for the point ∞. However φ
is also analytic here since ℘(z)/℘′(z) is holomorphic at z = 0. To prove
that φ is an isomorphism we use the fact that an analytic map between
compact Riemann Surfaces has a well-defined degree, and that this degree
is 1 precisely if the map is an isomorphism. Indeed an analytic map is
already locally analytically invertible and the degree 1 condition ensures
global invertibility. Now we have a commutative triangle

C/Λ ψ−→ EΛ

℘↘ ↙ πx
C∞

where πx is projection onto the x co-ordinate. Both ℘ and πx are analytic
maps of degree 2 and so deg(φ) = deg(℘)/deg(πx) = 1.

(iii) Now that we have our isomorphism φ, it suffices to show that the only
meromorphic functions on the complex torus C/Λ are rational functions in
℘(z) and ℘′(z). Regard a meromorphic function on C/Λ as a doubly periodic
function on C. We prove the result first in the case f even. Choose c, d ∈ C
such that the roots z of f(z) = c and f(z) = d are all simple and are such
that 2z /∈ Λ. Let these two sets of roots be {a1,−a1, a2,−a2, . . . an,−an}
and {b1,−b1, . . . bn,−bn}. then the function

g(z) =
f(z)− c

f(z)− d
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has simple zeros at precisely ±ai and simple poles just at ±bj . But

h(z) =
∏
i(℘(z)− ℘(ai))∏
i(℘(z)− ℘(bj))

also has exactly these propeties, and hence g/h is a doubly-periodic mero-
morphic function with no poles. By the standard application of Liouville’s
Theorem, it must be constant. It follows immediately that f ∈ C(℘). If we
drop the assumption that f is even then we can write f = fe + fo where
fe = 1

2{f(z)+f(−z)} and fo = 1
2{f(z)−f(−z)}. Now ℘′ is an odd function

and so ℘′ ·fo is even. Since both fe and ℘′ ·fo are also both doubly-periodic,
the result follows immediately.

(iv) There are at least two ways to prove this. One is to ask what identity
℘ would have to satisfy for the result to be true, and then prove it. This
we do by working out explicit equations for the group law on EΛ (using the
geometric form) and pulling back to C/Λ using φ. The answer is that ℘
must satisfy

℘(z + w) = −℘(z)− ℘(w) +
1
4

(
℘′(z)− ℘′(w)
℘(z)− ℘(w)

)2

(1.5)

whenever z, w, z + w /∈ Λ. This can be proved by a careful consideration
of Laurent expansions. We, however, will give a more elegant proof. (1.5)
can then be recovered, if desired, simply by applying φ. We require two
Lemmas.

Lemma 6 Suppose n1, . . . nr ∈ Z and z1, . . . zr ∈ C satisfy
∑
ni = 0 and∑

nizi ∈ Λ. Then there is an ellpitic function f on Λ (that is, a Λ-doubly
periodic function) whose divisor (f) of poles and zeros is precisely

∑
ni[zi].

Proof We may assume
∑
nizi = 0. The required function f is given by the

formula
f(z) =

∏
i

σ(z − zi)ni .

Here
σ(z; Λ) = z

∏
ω∈Λ∗

(
1− z

ω

)
e−(z/ω)− 1

2
(z/ω)2

is the Weierstaß σ-function and has two key properties for us:

Property 1: σ has simple zeros at the points of Λ and nowhere else

Property 2: Let ω ∈ Λ. then σ(z + ω) = eaz+bσ(z) for some a = a(ω),
b = b(ω) and all z ∈ C.
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Property 1 shows that (f) =
∑
ni[zi] as desired. Property 2 gives

f(z + ω) =
∏
i e
ni(a(z−zi)+b) · f(z)

= f(z)

It is of some interest that the conditions of this Lemma are also necessary,
and so we have again constructed the most general elliptic function with
respect to the lattice Λ.

Lemma 7 Let (E,O) be an elliptic curve, and let D =
∑
nPP be a divisor

on E. Then if D is principal we have
⊕
nPP = 0, where ⊕ denotes addition

in the group law on E.

Proof Recall that the group law can be defined by the map Ψ sending P
to [P −O]. If (f) =

∑
nPP then

∑
nP = 0 and so

Ψ
(∑

nPP
)

=
[∑

nPP
]

= [(f)] = [O] = Ψ(0),

i.e.
⊕
nPP = O.//

To deduce Theorem 5 (iv), let z1, z2 ∈ C. Choose an elliptic function f with
(f) = [z1 + z2]− [z1]− [z2] + [0]. That this is possible follows from Lemma
6. We know from (iii) that f = φ∗R for some rational function R. But
φ : C/Λ → EΛ is an isomorphism of Riemann Surfaces and so

vφ(P )(R) = vP (φ∗R) = vP (f)

for any P ∈ C/Λ. It follows that

(R) = [φ(z1 + z2)]− [φ(z1)]− [φ(z2)] + [φ(0)]

and so, by Lemma 7, that φ(z1 + z2) = φ(z1) ⊕ φ(z2) relative to the group
law on (EΛ,∞). This concludes the proof of Theorem 5.//

We take the opportunity to note now that the choice of regular differential
ω = dx

y on EΛ now seems a little less arbitrary; in fact

φ∗ω =
d℘(z)
℘′(z)

= dz

is the most natural differential of all on C/Λ.

1.3 Structure of End(E)

The next question of interest is to ask what the endomorphism ring End(EΛ)
looks like in terms of the Riemann Surface structure. the simple answer is
given by the following Theorem, which may be considered the main justifi-
cation for wishing to regard Elliptic Curves as quotients of C by lattices.
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Theorem 8 (i) Let (E1, O) and (E2, O) be two elliptic curves corresponding
to lattices C/Λ1 and C/Λ2. Let φ1, φ2 be the corresponding isomorphisms
(cf Theorem 5). Then in the commutative square

C/Λ1
g−−−−→ C/Λ2yψ1

yψ2

E1
f−−−−→ E2

g is an analytic map with g(0) = 0 if and only if f is an isogeny. In essence,
isogenies and analytic maps fixing 0 are the same thing.

(ii) The analytic maps g : C/Λ1 → C/Λ2 with g(0) = 0 are precisely those
induced from multiplication maps mα : z → αz on C, where αΛ1 ⊆ Λ2.

Proof (i) An isogeny is just a rational map. Hence it is fairly clear from
the form of the charts (1.1) that if f is an isogeny then g is analytic. The
converse, however, requires a little more work. Any analytic map g : C/Λ →
C/Λ2 has a “lift” g̃ : C → C. For our purposes this is an analytic map with
g̃(0) = 0 which makes the following diagram commute-

C g̃−−−−→ Cyπ1

yπ2

C/Λ1
g−−−−→ C/Λ2

The proof that such a map exists uses the simple-connectedness of C and the
so-called “monodromy theorem”. See Jones and Singerman [7] for details.
Now for any fixed ω ∈ Λ1 we have

π2(g̃(z + ω)) = g(π1(z + ω)) = g(π1(z)) = π2(g̃(z)). (1.6)

The map f satisfies

f
(
℘(z; Λ1), ℘′(z; Λ1)

)
=
(
℘(g̃(z); Λ2), ℘′(g̃(z); Λ2)

)
.

But (1.6) guarantees that ℘(g̃(z); Λ2) and ℘′(g̃(z); Λ2) are Λ1-elliptic, and
so by Theorem 5 (ii) they are rational functions of ℘(z; Λ1) and ℘′(z; Λ1).

(ii) g̃ is continuous and Λ2 is discrete, so from (1.6) we have g̃(z+ω)− g̃(z) =
cω for some constant cω. Hence g̃′ is Λ1-elliptic. But it is also analytic, and
so by the usual argument involving Liouville’s theorem it is constant. Since
g̃(0) = 0 we must have g̃ = mα for some α. Applying (1.6) once again shows
that αΛ1 ⊆ Λ2. Conversely it is easy to see that any such map does give an
analytic map from C/Λ1 to C/Λ2.//
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Apart from proving the Uniformization Theorem, we have now fully set
up the correspondence between Elliptic Curves over C and quotients C/Λ.
Let us, however, state the Uniformization theorem and look at some con-
sequences concerning endomorphism rings in the light of Theorems 5 and
8.

Theorem 9 (Uniformisation Theorem for Elliptic Curves over C)
Every isomorphism class of elliptic curves over C arises as some quotient
C/Λ.

Proof See later for the full details. What we are required to show is that
if γ2, γ3 satisfy γ3

2 − 27γ2
3 6= 0 then we can find a lattice Λ with γ2 = g2(Λ),

γ3 = g3(Λ). The curve with Weierstraß Equation Y 2Z = X3−γ2XZ
2−γ3Z

3

will then be isomorphic to C/Λ.//

From now on we supress the explicit isomorphism φ of Theorem 5 and regard
C/Λ and EΛ as “the same”.

1.3.1 Consequences of Theorem 9

Consequence 9.1 (E1, O1) and (E2, O2) are isogenous (i.e. there exists
a non-trivial isogeny φ : E1 → E2) if and only if there is α ∈ C∗ with
αΛ1 ⊆ Λ2. (E1, O1) and (E2, O2) are isomorphic exactly when Λ1 and Λ2

are homothetic, i.e. when αΛ1 = Λ2 for some α ∈ C.

Consequence 9.2 Description of End(EΛ). From Theorem 8,

End(EΛ) ∼= {α ∈ C|αΛ ⊆ Λ}.

In particular, End(EΛ) is a commutative torsion-free Z-module. The exact
nature of End(EΛ) depends on the lattice Λ, although only the homothety
class of Λ is important by Consequence 9.1 above. Since any lattice is
homothetic to one of the form Λτ = Z ⊕ Zτ (τ /∈ R) it suffices to consider
this case. Which α are allowable? Since α · 1 ∈ Λ one has α = a + bτ for
some a, b ∈ Z. It is then necessary and sufficient that α · τ ∈ Λ, i.e. that

(a+ bτ)τ = cτ + d (1.7)

for some c, d ∈ Z. Unless τ is a quadratic irrational, then, one has b = 0 and
so α ∈ Z. In this case End(EΛ) ∼= Z: this accounts for “almost all” elliptic
curves.

If τ is a (purely imaginary) quadratic irrational satisfying a minimal equa-
tion Aτ2 + Bτ + C = 0 over Z, where we may assume gcd(A,B,C) = 1,
then it is not hard to see from 1.7 that αΛ ⊆ Λ ⇔ A|b. Indeed we require
that there exist e, f with bτ2 + eτ + f = 0, and so A|bB and A|bC. However
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there are u, v, w such that Au + Bv + Cw = 1, and so in fact A|b. Hence
in this case End(EΛ) ∼= Z ⊕ ZAτ . Now Aτ is an algebraic in Q(τ) and so
O ∼= End(EΛ) satisfies the conditions required to be an order in Q(τ).

By saying that O is an order in a number field K we mean

(i) O is a subring of K containing 1

(ii)O is a finitely-generated Z-module

(iii) O ⊗Q Q = K.

Conditions (i) and (ii) imply that O ⊆ OK , the ring of integers of K. To
summarise,

Theorem 10 Let EΛ be an elliptic curve. Let ι : End(EΛ) → C be the map
described in Theorem 8, i.e. ι(End(EΛ)) = {α ∈ C|αΛ ⊆ Λ}. Then either

(i) ι(End(EΛ)) = Z or
(ii) ι(End(EΛ)) is an order O in a quadratic field K over Q.

In the latter case EΛ is said to admit “complex multiplication”.

Consequence 9.3 It is interesting to ask the reverse question. Namely,
given an order O in a quadratic field K, when is End(EΛ) ∼= O? For
simplicity (to avoid setting out the theory of orders) we treat only the case
O = OK . We may suppose that K = Q(τ) where {1, τ} is an integral basis
for OK . Now given an abstract isomorphism End(EΛ) ∼= OK , all we know
is that ι(End(EΛ)) is a subring of C abstractly isomorphic to OK . Our first
lemma removes this subtlety.

Lemma 11 If R ⊆ C is abstractly isomorphic to OK , then R = OK as sets.

Proof Let φ : OK → R be the isomorphism. By the definition of a ring
isomorphism, φ fixes Z. Now any η ∈ OK \ Z satisfies an irreducible monic
quadratic η2+pη+q = 0 over Z. Furthermore the other root η′ = −p−η also
lies in OK . Applying φ to this quadratic shows that {φ(η), φ(η′)} = {η, η′}.
So φ (at worst) swaps conjugate quadratic integers in OK , and R = OK as
sets.//

The next important thing to note is that we may restrict attention to sub-
lattices of OK = Z⊕ Zτ .

Lemma 12 If End(EΛ) ∼= OK , then Λ is homothetic to a sublattice of OK .

Proof It follows from Lemma 11 that ι(End(EΛ)) = OK . Suppose Λ =
Z⊕ Zη. Then τ · 1 ∈ Λ, and so η = 1

b (τ − a) for some a, b ∈ Z. But then Λ
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is homothetic to Zb⊕ Z(τ − a).//

Now a sublattice of OK which is closed under multiplication by OK is none
other than an ideal of OK . In fact we have the following result.

Lemma 13 End(EΛ) ∼= OK if and only if Λ is homothetic to an ideal Λ′ /
OK .

Proof We have done all of this except for showing that if Λ′ / OK then
End(EΛ) is no bigger than OK . Suppose Λ′ = Zω1 ⊕ Zω2 and that α ∈
ι(End(EΛ)). Then αω1 = cω1 + dω2 for some c, d ∈ Z and so we certainly
have α ∈ Q(ω1, ω2) ⊆ Q(τ). But Theorem 10 shows that α is an algebraic
integer, and so α ∈ OK .//

When do two ideals Λ,Λ′ /OK give rise to isomorphic curves EΛ, EΛ′? The
answer is, almost by definition, that EΛ

∼= EΛ′ precisely when Λ and Λ′ are
in the same ideal class in the ideal class group C(OK). Indeed

Theorem 14 We have a bijective correspondence between the isomporhism
classes of elliptic curves over C with End(E) ∼= OK and C(OK). In partic-
ular, the number of isomorphism classes is precisely the class number hK .

Consequence 9.4 Degrees of Maps. If we think geometrically, it is clear
that the degree of an isogeny corresponding to the multiplication map mα is
|α|2. Hence the degree of the multiplication-by-m map [m] is m2. Further-
more (from Consequence 9.2) suppose Λ = Z⊕ Zτ with Aτ2 +Bτ + C = 0
and gcd(A,B,C) = 1. Then the possible degrees of maps φ : EΛ → EΛ are
the values taken by the monic binary quadratic form f(x, y) = x2 + xy(ν +
ν) + y2νν where ν = Aτ . in particular the set of values taken by f as x, y
range over Z is multiplicatively closed and we could easily derive the form
of r, s such that f(x1, y1)f(x2, y2) = f(r, s).

1.4 The j-invariant

To prove Theorem 9 we need to introduce an object which will occupy the
rest of the essay- the so-called j-invariant. This will be a complex number
assigned to each elliptic curve, with the property that

j(E) = j(E′) ⇔ E ∼= E′ (1.8)

There are of course uncountably many functions with this property, but our
j will have remarkable analytic and arithmetic properties which will become
gradually more apparent as we proceed. Let us start by defining j for a
curve of form C/Λ.
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1.4.1 j-invariant of a lattice

At the moment we have three quantities associated to a lattice, namely

g2(Λ) = 60
∑
ω∈Λ∗

ω−4,

g3(Λ) = 140
∑
ω∈Λ∗

ω−6

and
∆(Λ) = g3

2(Λ)− 27g2
3(Λ).

None of these are homothety invariants; indeed one has for any λ ∈ C∗

g2(λΛ) = λ−4g2(Λ), g3(λΛ) = λ−6g3(Λ) and ∆(λΛ) = λ−12∆(Λ). This
enables us to construct a great many homothety invariants. However we have
the additional information (Theorem 5(i)) that for any lattice Λ, ∆(Λ) 6= 0.
This suggests that we might consider one of the invariants g3

2/∆ or g2
3/∆.

In fact we define

j(Λ) = 1728
g2(Λ)3

∆(Λ)
.

The factor of 1728 appears for reasons which will become apparent in due
course.

By a slight abuse of notation we also define

j(g2, g3) =
1728g3

2

g3
2 − 27g2

3

for any pair (g2, g3) ∈ C × C with g3
2 − 27g2

3 6= 0. We would like to further
define, for an elliptic curve E(g2, g3) with affine Weierstraß equation y2 =
4x3 − g2x − g3, j(E) to be j(g2, g3). This would certainly fit with our
existing definition in the case E ∼= C/Λ. However with our current state of
knowledge this is not well-defined, as we do not know enough about when
E(g2, g3) ∼= E(g′2, g

′
3). Nevertheless we do have the following result.

Lemma 15 Suppose that j(g2, g3) = j(g′2, g
′
3) (where g3

2−27g2
3, g

′3
2 −27g′23 6=

0). Then E(g2, g3) ∼= E(g′2, g
′
3).

Proof If g′2, g
′
3 6= 0 we have

(
g3
g′3

)2
=
(
g2
g′2

)3
and so we can write g′3 = g3c

3,

g′2 = g2c
2 for some c ∈ C. But then we have an isomorphicm φ : E(g2, g3) →

E(g′2, g
′
3) given by (x, y)

φ→ (cx,±c3/2y). If g′2g
′
3 = 0 the analysis is simi-

lar.//

It is easy to see from this that to prove the Uniformization Theorem (The-
orem 9) it suffices to show that j : lattices → C is surjective. Indeed given
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E(g2, g3) we can then choose Λ with j(g2, g3) = j(g2(Λ), g3(Λ)) and Lemma
15 guarantees

E(g2, g3) ∼= E(g2(Λ), g3(Λ)) ∼= C/Λ.

Surjectivity of j is therefore our objective.

1.4.2 Surjectivity of j

In order to prove that j : lattices → C is surjective we look at j in a slightly
different light. Recall that j(Λ) depends only on the homothety type of Λ,
and that every lattice is homothetic to one of form Λτ = Z ⊕ Zτ for some
τ ∈ H, the open upper half-plane. Hence we can, by yet another abuse of
notation, define a function j : H → C by setting j(τ) = j(Λτ ). In this
context we have the weapon of complex analysis at our disposal. Indeed one
has the following important result.

Theorem 16 j : H → C is analytic.

Proof Since j(τ) = 1728g3
2(τ)/∆(τ) (with an obvious notation) and ∆(τ) 6=

0, it suffices to show that g2(τ) and g3(τ) are analytic. Recalling that

g2(τ) = 60
∑

m,n∈Z
(m,n) 6=(0,0)

(m+ nτ)−4,

g3(τ) = 140
∑

m,n∈Z
(m,n) 6=(0,0)

(m+ nτ)−6

we proceed much as in the standard proof that ℘(z) is meromorphic. Indeed
the sums for g2 and g3 converge absolutely and uniformly on compacta. To
see this let D ⊆ H be compact and consider the function f : D × S1 → R
given by f(τ, eit) = | cos t + τ sin t|. This is continuous on the compact set
D × S1 and is never zero. Hence it is bounded below by some cD, and one
has |m+ nτ | ≥ cd

√
m2 + n2 for all (m,n) ∈ Z2 \ {(0, 0)}. But∑

m,n∈Z
(m,n) 6=(0,0)

(m2 + n2)−γ

converges whenever γ > 1.//

j is actually a very special type of analytic function, because of the fact
that if Λτ and Λτ ′ are homothetic then j(τ) = j(τ ′). The next proposition
analyses exactly when this happens.

Proposition 17 (i) Let

SL2(Z) =
{(

a b
c d

) ∣∣∣∣ ad− bc = 1, a, b, c, d ∈ Z
}
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Then SL2(Z) acts on H by(
a b
c d

)
τ =

aτ + b

cτ + d

Furthermore ±I acts trivially on H, and so we can factor through to give
an action of the modular group Γ(1) = SL2(Z) on H. Two lattices Λτ and
Λτ ′ are homothetic if and only if τ and τ ′ lie in the same orbit under this
action of Γ(1).

(ii) Every Γ(1)-orbit contains a point of the region F defined by

F =
{
τ ∈ H

∣∣∣∣ |τ | ≥ 1 and |<(τ)| ≤ 1
2

}
(iii) No two points in the interior F◦ are in the same Γ(1)-orbit.

Proof In the following we abuse notation by using matrices to denote ele-
ments of Γ(1). These should always be read modulo ±I.

(i) This is just a straightforward computation.

(ii) To emphasise the links between different area, we prove this and (iii)
using quadratic forms. The arguments may be familiar from the reduction
theory of positive-definite binary quadratic over Z. Here, however, we work
over R. The link to quadratic forms comes from the map

θ : {positive definite forms (a, b, c) over R} → H

defined by
θ(a, b, c) = root of at2 + bt+ c = 0 in H

Importantly this map is surjective, since θ(1, τ + τ , |τ |2) = τ for any τ ∈ H.

Now we have a notion of equivalence of forms- this is defined in terms of
unimodular transformations

x′ = px+ qy,
y′ = rx+ sy

where (
p q
r s

)
∈ SL2(Z).

Thus if (a′, b′, c′) =
(
p q
r s

)
(a, b, c) then

a′ = ap2 + bpr + cr2

b′ = 2apq + b(qr + ps) + 2crs
c′ = aq2 + bqs+ cs2.

(1.9)
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This action of SL2(Z) on forms is related to the action of SL2(Z) on H via

θ in a particularly nice way. Indeed if (a′, b′, c′) =
(
p q
r s

)
(a, b, c) then we

have
a′t2 + b′t+ c = (rt+ s)2(at′2 + bt′ + c)

where t′ = pt+q
rt+s . Hence θ(a′, b′, c′) =

(
p q
r s

)−1

θ(a, b, c) under the action

of SL2(Z) on H. In words, SL2(Z)-equivalent forms have SL2(Z)-equivalent
roots.

Now it is easy to see which forms (a, b, c) have θ(a, b, c) ∈ F . They are what
I call pseudoreduced forms, in which −a ≤ b ≤ a ≤ c. To prove (ii), then, it
suffices to show that every form is equivalent to a pseudoreduced one. Let
us single out two special types of equivalence transformation, namely

Type I: (a, b, c) → (c,−b, a)

Type II: (a, b, c) → (a, b± 2a, a± b+ c).

These correspond to matrices
(

0 1
−1 0

)
and

(
1 ±1
0 1

)
respectively. Start-

ing with a form (a, b, c), use Type II transformations to get |b′| ≤ |a′|. If
then c′ ≥ a′ we are done; if not, apply a Type I transformation and repeat.
Clearly if this process terminates we get a pseudoreduced form equivalent
to our original one, and we will have our result. To see that this is the case,
note that the coefficient of x2 is invariant under transformations of Type II
and is reduced by any Type I transformation that we may be forced to use.
However from (1.9) we see that any such leading coefficient lies in the set

Σ =
{
ap2 + bpr + cr2

∣∣ p, r ∈ Z, gcd(p, r) = 1
}

(1.10)

However it becomes obvious that Σ is well-ordered if we write

ap2 + bpr + cr2 = a

(
p+

br

2a

)2

− ∆
4a
r2,

where ∆ = b2 − 4ac < 0. This completes the proof of (ii).

(iii) Forms (a, b, c) with θ(a, b, c) ∈ F◦ satisfy −a < b < a < c and I call
them strictly reduced. Now if two forms (a, b, c) and (a′, b′, c′) are equivalent
then the corresponding sets Σ and Σ′ defined in (1.10) are clearly equal. So
let us look at Σ in more detail, supposing that (a, b, c) and (a′, b′, c′) are
strictly reduced. We have

ap2 + bpr + cr2 ≥ a|p|2 − |b||p||r|+ c|r|2
= a|p|2 + c|r|(|r| − |p|) + (c− |b|)|r||p|
≥ (a− |b|+ c)|p|2 if |r| ≥ |p|.
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Similarly
ap2 + bpr + cr2 ≥ (a− |b|+ c)|r|2

if |p| ≥ |r|, and so

ap2 + bpr + cr2 ≥ (a− |b|+ c) min(p2, r2).

It follows immediately from this and the fact that (a, b, c) is strictly reduced
that the three smallest elements of Σ are a < c < a−|b|+ c. Therefore a, |b|
and c can be recovered uniquely from Σ, and hence (a′, b′, c′) = (a,±b, c).

However if (a,±b, c) =
(
p q
r s

)
(a, b, c) then one has

ap2 + bpr + cr2 = a and
aq2 + bqs+ cs2 = c

and so by comments above
(
p q
r s

)
= ±I. It follows that any two distinct

strictly reduced forms (a, b, c) and (a′, b′, c′) are inequivalent under the action
of Γ(1), and furthermore that each such form has trivial stabilizer. This
concludes the proof of Proposition 17.//

Let us note that out of our proof we get the following result about Γ(1).

Corollary 18 Γ(1) is generated by matrices S =
(

0 −1
1 0

)
and T =(

1 1
0 0

)
.

Proof It follows from Proposition 17 (ii) and (iii) that every g ∈ Γ(1) can be
expressed as a product of matrices corresponding to Type I and II reductions
of forms.//

We have the relations S2 = (ST )3 = I in Γ(1), but it can be shown that
these are essentially the only ones. In other words, Γ(1) is the free product
〈S〉 ∗ 〈ST 〉 ∼= Z2 ∗ Z3.

Of course the essential point of Proposition 17 is that F is a fundamental
domain for the action of Γ(1) on H. With a little more care (the details are
a little messy) we can show how Γ(1) identifies the sides of F and hence
gain a description of the quotient space H/Γ(1). The translates of H under
Γ(1) give the famous modular diagram (see below). I have indicated how
the sides of F are identified, and it can be seen that H/Γ(1) is topologically
a sphere minus a point. We will return to this in Chapter 2. What we really
wanted Proposition 17 for, however, was the information it gives about j.
This is contained in the following result, which is really just a summary of
what has been said before.
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******see below********

Figure 1.1: The Famous Modular Diagram

Theorem 19 j : H → C is invariant under the action of SL2(Z) on H. In
particular for all τ ∈ H there exists τ ′ ∈ F with j(τ) = j(τ ′). Furthermore j
is injective on the interior of F , and identifies the boundary ∂F as illustrated
in Figure 1.1//

We also record the following result.

Theorem 20 j : H → C is locally 1-1 on H except at Γ(1)-translates of the
points ρ = e2πi/3 and i. We have vρ(j − j(ρ)) = 3, vi(j − j(i)) = 2 (i.e. j is
3-1 at ρ and its Γ(1)-translates, and 2-1 at i and its translates).

Proof It is clear from Proposition 17 that j is locally 1-1 on F◦ and its
translates. The rest of the statement becomes clear upon careful considera-
tion of how F maps into each of its “neighbours” on the modular diagram
(Figure ????).//

Let us now finish the proof that j is surjective. Since H is open and j : H → C
is analytic, it follows from the Open Mapping Theorem that j(H) is open.
For our result then, it suffices to show that j(H) is closed. Suppose that
{ηi}∞i=1 is a sequence of values in j(H) with ηi → η. By Theorem 19 we
can choose {τi}∞i=1 ⊆ F so that j(τi) = ηi. We would now like to pick a
subsequence of the τi converging to some τ ∈ F . The continuity of j would
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then give j(τ) = η, and so η ∈ j(H). However F as it stands is not compact
so we cannot do this immediately. Things would go wrong if the imaginary
parts =(τi) could get arbitrarily large. This, however, cannot occur.

Theorem 21 lim
=(τ)→∞

j(τ) = ∞.

Proof One has

lim
=(τ)→∞

g2(τ) = 120ζ(4) + lim
=(τ)→∞

∑
m,n

n6=0

(m+ nτ)−4

= 120ζ(4) +
∑
m,n

n6=0

lim
=(τ)→∞

(m+ nτ)−4

= 120ζ(4)

and
lim

=(τ)→∞
g3(τ) = 280ζ(6),

where we have used the uniform convergence in F of the sums involved here.
Recalling the classical evaluations ζ(4) = π4

90 , ζ(6) = π6

945 , one has the limits

lim
=(τ)→∞

g2(τ) =
4π4

3
,

lim
=(τ)→∞

g3(τ) =
8π6

27
and

lim
=(τ)→∞

∆(τ) =
(

4π4

3

)3

− 27
(

8π6

27

)2

= 0.

Therefore lim
=(τ)→∞

j(τ) = ∞.//

It follows that in practise the τi that we defined above are constained within
some compact region F ∩ {z|=(z) ≤ C}, and so by the argument outlined
above j(H) is closed, and we have at last

Theorem 22 j : H → C is surjective.//

As we have noted, Theorem 9 (Uniformization Theorem for Elliptic Curves
over C) follows immediately. We also have the following important Corollary.

Corollary 23 We can give a well-defined map

j : Elliptic Curves over C → C

in the following manner. Take a Weierstraß equation y2 = 4x3 − g2x − g3
for E, and set j(E) = j(g2, g3).
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Proof Take two different Weierstraß representations

E ∼= E(g2, g3) ∼= E(g′2, g
′
3)

for E. We need to show j(g2, g3) = j(g′2, g
′
3). Choose lattices Λ and Λ′ with

j(g2, g3) = j(Λ) = j(g2(Λ), g3(Λ)) and j(g′2, g
′
3) = j(Λ′) = j(g2(Λ′), g3(Λ′)).

Then
C/Λ ∼= E(g2(Λ), g3(Λ))

∼= E(g2, g3)
∼= E(g′2, g

′
3)

∼= E(g2(Λ′), g3(Λ′))
∼= C/Λ′,

by Theorem 5 and Lemma 15. Hence, by Theorem 8, Λ and Λ′ are homoth-
etic and so have the same j-invariant. So j(g2, g3) = j(g′2, g

′
3) as required.//

Finally, we can show as promised that j parametrises Elliptic Curves.

Corollary 24 j(E) ∼= j(E′) ⇔ E ∼= E′.

Proof This is just Lemma 15 and Corollary 23 together.//

Let us now prove a result which will be useful later, and which offers some
insight into why j should have interesting arithmetical properties. We start
with some preliminaries.

1.4.3 Galois actions on Elliptic Curves

Let σ ∈ Gal(C/Q). Then σ acts on the set of all Elliptic Curves over C by
sending E = E(g2, g3) to Eσ = E(gσ2 , g

σ
3 ). There are two crucial observations

concerning this.

Observation 25 End(E) ∼= End(Eσ).//

Proof If φ : E → E is an endomorphism of E then φσ (defined in the
obvious way) is an endomorphism of Eσ.

Observation 26 j(Eσ) = (j(E))σ.//

Proof This is immediate from the definition j(g2, g3) = 1728g32
g32−27g23

.//

This allows us to say something about curves with complex multiplication
by the ring of integers OK of an imaginary quadratic field.

Theorem 27 Suppose that E is an elliptic curve over C with End(E) ∼=
OK . Then j(E) ∈ Q, and in fact [Q(j(E)) : Q] ≤ hK where hK is the class
number of K.
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Proof Observation 25 says that for any σ ∈ Gal(C/Q), End(Eσ) ∼= End(E)
∼= OK . But Theorem 14 tells us that there are exactly hK different isomor-
phism classes of curve with endomorhism ring OK . Since j parametrises iso-
morphism classes of curves (Corollary 24) this means that j(Eσ) = (j(E))σ.
So j(E) has at most hK Gal(C/Q)-conjugates, and by standard Field The-
ory [Q(j(E)) : Q] ≤ hK .//

Before moving on to matters modular, I find it impossible to resist giving
the following classical application of the machinery we have developed in
this first chapter.

Theorem 28 (Picard’s Little Theorem) An entire function whose range
omits two values is constant.

Proof We may assume the omitted values are 0 and 1, so that we have an
analytic function f : C → C \ {0, 1}. From Theorems 22 and 20 we see that
j restricts to an unbranched covering j : Ĥ → C \ {j(ρ), j(i)} where Ĥ is
the half-plane H with the Γ(1)-translates of i and ρ removed. Clearly we
can use this to produce an unbranched covering γ : Ĥ → C \ {0, 1}. Now in
such a situation we can find a lift f̃ of f . Such a function maps C to Ĥ, is
analytic, and makes the following commute:

C f̃−→ Ĥ
↘ ↓ γ

C \ {0, 1}

But the map θ : z → 1
z+i sends Ĥ into a bounded domain. Hence θ ◦ f̃ :

C → C is bounded and so, by Liouville’s Theorem, must be constant. It is
easy to deduce now that f must be constant.//
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Chapter 2

A the end of Chapter 1 we proved (Theorem 27) that the j-invariant of
an elliptic curve over C with complex multiplication by OK is an algebraic
number. This however was simply a taster for the end result of this chapter,
which we now state.

Theorem 29 Let E be any elliptic curve with complex multiplication. Then
j(E) is an algebraic integer.

This is clearly an unexpected and remarkable result. There are many proofs,
all reasonably non-trivial. Silverman [15] presents three of these. We present
an expanded version of the first of Silverman’s proofs. The other two use
much deeper theory of Elliptic Curves.

Let us begin with an attempt to motivate the proof. Suppose that E ∼= C/Λ
with Λ = Z⊕Zη, η /∈ R. We showed in Consequence 9.2 that E has complex
multiplication if and only if η is a quadratic irrationality. In this case there
is a non-vacuous relation

η =
aη + b

cη + d
(2.1)

with a, b, c, d ∈ Z. We write this as η = Mη, where M =
(
a b
c d

)
. Clearly,

then, j(η) = j(Mη). Suppose we step back from this specific η and ask
ourselves whether there is a general relation between j(τ) and j(Mτ), valid
for all τ ∈ H. Substituting τ = η in such a relation might then give us some
information about j(η). In view of our goal, Theorem 29, we would like to
show in fact that there is a polynomial P such that P (j(τ), j(Mτ)) = 0 for
all τ ∈ H. This would give P (j(η), j(η)) = 0 and we would hope to be able
to derive from this a monic polynomial over Z satisfied by j(η).

This is exactly the approach we use. Our first objective is to look at why
such a P should exist. Along the way we will derive results which will help
us construct P fairly explicitly. This will allow us to prove Theorem 29 as
outlined above.
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2.1 Modular Groups, Curves and Functions

2.1.1 X(1)

Thus far we have not really expanded on the properties of j described in
Theorems 19, 21 and 22. Firstly we discuss the idea that H/Γ(1) is topolog-
ically a sphere minus a point, being F with its sides identified as in Figure
1.1. One aim is to add in the extra point. This is clearly going to arise from
the “point at ∞ of H”. However H ∪∞ is not invariant under Γ(1), so we
must also add in the Γ(1)-orbit of ∞. What we get is the set of rational
points on the real line, and we denote this together with ∞ by P1(Q). we
write H∗ = H∪P1(Q) and call it the extended upper half-plane. The images
of P1(Q) under the action of Γ(1) is called the cusp of Γ(1). So now we have
an action of Γ(1) on H∗ and we feel that H∗/Γ(1) should be topologically
a sphere. Of course this makes no sense as we have not defined a topology
on H∗/Γ(1). What we want to do is define a topology on H∗ and then give
H∗/Γ(1) the quotient topology. A little thought shows that the correct way
to do this is to take our open sets to be

(1) The open sets of H
(2) The sets SC = {τ |=(τ) > C} (the “neighbourhoods of ∞”) and
(3) The Γ(1)-translates of the SC , i.e. all open discs tangent to the real line
at a point of Q.

This sphere will be called X(1), but before we may permit ourselves to name
it thus we must give it the structure of a Riemann Surface. It is no surprise
that j has a rôle to play in all this, and Theorems 19, 21 and 22 can be more
or less summed up in the statement that j : X(1) → C∞ is a bijection (This
is a slight abuse of notation; we really mean (π−1)∗j, where π : H∗ → X(1)
is projection. But this is a touch pedantic). This bijection allows us to
define a complex structure on X(1) by pulling back that on C∞. Of course
X(1) is then isomorphic to C∞ as a Riemann Surface. Also π : H → X(1)
is analytic. 1

Now associated with any Riemann Surface are its meromorphic functions.
The functions on H∗ corresponding to meromorphic functions on X(1) are
of some interest and are described in Theorem 31. First, however, we need

1This Riemann Surface can also be constructed from scratch geometrically, without
the need for j. In Jones and Singerman [7] the construction of the general quotient
surface H∗/G is given, where G is any Fuchsian Group (discrete subgroup of PSL2(R)).
the construction is essentially determined by the requirement that π : H → H∗/G be
analytic,a s well as requiring “good behaviour” at the cusps. It is worthwhile to mention
that slight complications occur at “elliptic points” P ∈ H∗, where π is not locally 1-1. For
example it can be shown that ρ = e2πi/3 has stabilizer of order 3 under the action of Γ(1),
and so π : H∗ → H∗/Γ(1) is 3-1 about ρ. Hence a local parameter at π(ρ) must lift to a
function which is locally 3-1 at ρ. j does indeed have this property, by Theorem 20.

24



to introduce some new concepts.

Definition 30 Let f : H → C∞ be meromorphic, Γ(1)-invariant and holo-
morphic in some neighbourhood of ∞. Then f(τ + 1) = f(τ) for all τ and
so f has a q-expansion

f(q) =
∞∑

n=−∞
anq

n

in terms of q = e2πiτ . this is really just a Laurent Series, and is valid in
some neighbourhood 0 < |q| < C of ∞ (note that q → 0 corresponds to
=(τ) → ∞). We say f is meromorphic at ∞ if there exists N such that
an = 0 for all n < −N . The least such N is the order of the pole at ∞ of
f . When N = 0 we say that f is holomorphic at ∞ and in this case we can
meaningfully define f(∞) = a0.

By standard complex analysis (Riemann’s Removable Singularity Theorem
and Taylor’s Theorem) f is meromorhic at ∞ if and only if lim=(τ)→∞ f(τ)
exists. If this limit is finite, f is holomorhic at ∞. it follows from Theorem
21 that j : H → C∞ is meromorphic at ∞.

Theorem 31 The meromorphic functions on X(1) correspond to functions
f : H∗ → C satisfying

(1) f is Γ(1)-invariant
(2) f is meromorphic on H and at ∞.

That is to say, f is meromorphic on H∗.

Proof (1) is obvious. The fact that meromorphic functions on X(1) corre-
spond to meromorphic functions on H∗ can be checked in detail using the
charts on X(1) and Definition 30 if desired. Conceptually, however, the
crucial fact is that j defines the complex structure on X(1) and j is mero-
morphic on H∗.//

Functions satisfying the conditions of Theorem 31 form a field C(X(1)) and
are deemed to be Γ(1)-modular of weight 0. Of course, the j-function is
such a function. In fact we know from elementary Riemann Surface Theory
that the meromorphic functions on C∞ are just the rational functions. It is
therefore easy to deduce

Theorem 32 The field of Γ(1)-modular functions of weight 0 on H∗ is just
C(j).

Things become really interesting when we look at differential k-forms on
X(1). These give so-called modular functions and modular forms of weight
2k, which have a bewildering array of fascinating properties. Some of these
will be discussed in Chapter 3. In this chapter “modular function” will
always mean “modular function of weight 0”.
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2.1.2 Higher Modular Groups and Curves

Now recall that we were interested in studying the function

fM : τ → j(Mτ)

on H, and in finding a relationship between it and j(τ). HereM =
(
a b
c d

)
is any invertible matrix with a, b, c, d ∈ Z and ad − bc = n, and we take
w.l.o.g. gcd(a, b, c, d) = 1. Of course if fM were Γ(1)-modular, we would be
done. However although fM satisfies the second condition of Theorem 31, it
need not be Γ(1)-invariant. Indeed suppose f is γ-invariant where γ ∈ Γ(1).
Then

fM (τ) = fM (γτ) (∀τ ∈ H)
⇔ j(Mτ) = j(Mγτ) (∀τ ∈ H)
⇔ Mτ = gMγτ for some g ∈ Γ(1) and all τ ∈ H
⇔ γ ∈M−1Γ(1)M ∩ Γ(1).

Now the set of such γ is clearly a subgroup of Γ(1), which we call G(M). It
would be of interest to describe this in more detail. there are two important
points to note:

Fact 1. IfM ′ = γM for some γ ∈ Γ(1) then fM = fM ′ andG(M) = G(γM).

Fact 2. If M ′ = Mγ for some γ ∈ Γ(1) then G(M ′) = γ−1G(M)γ is
conjugate to G(M).

This suggests we look not just at M but at all M ′ of the form γ1Mγ2 for
γ1, γ2 ∈ Γ(1). There are lots of suchM ′, but they have two common features-
they all have determinant n, and their entries have no non-trivial common
factor. Let us, then, consider the right and left actions of Γ(1) on the whole

set Sn of matrices
(
i j
k l

)
with il − jk = n and gcd(i, j, k, l) = 1.

Theorem 33 (Left action of Γ(1) on Sn) For every A ∈ Sn there is γ ∈

Γ(1) such that
(
i′ j′

k′ l′

)
= γA is “reduced”, i.e. k′ = 0, i′l′ = n, 0 ≤ j′ <

l′ and gcd(i′, j′, k′, l′) = 1. Furthermore these reduced matrices are mutually
inequivalent under the left action of Γ(1).

Proof It is easy to find γ. First get k′ = 0, and then get j′ in the required

range using γ =
(

1 λ
0 l

)
. We will then automatically have i′l′ = n and

gcd(i′, j′, k′, l′) = 1. The proof that reduced matrices are inequivalent is
straightforward and unenlightening.//

We denote the set of reduced matrices in Sn by Rn.
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Theorem 34 (Right action of Γ(1) on Sn) The right action of Γ(1) on
Sn is transitive on the orbits under the left action described above. In other
words any two matrices A,A′ ∈ Sn are related by A′ = γ1Aγ2 for some
γ1, γ2 ∈ Γ(1).

Proof Write A ∼ A′ for an equivalence of the above kind. It suffices to

show that A ∼ Pn =
(
n 0
0 l

)
for all A. This is another unenlightening

fiddle with explicit matrices.//

It follows from Facts 1 and 2 together with Theorems 33 and 34 that the
groups G(A) (A ∈ Sn) are precisely the conjugates in Γ(1) of the group
G(Pn). However it is a triviality to verify that

G(Pn) =
{(

p q
r s

)
∈ SL2(Z)

∣∣∣∣ q ≡ 0 (mod n)
}

It is standard to call this group Γ0(n). We can summarise much of the above
in the following

Proposition 35 The function fM : τ → j(Mτ) is G(M)-modular (of
weight 0). G(M) = M−1Γ(1)M ∩ Γ(1) is a conjugate of Γ0(n) in Γ(1).//

Note, however, that we have not fully defined what it means for a function
to be G(M)-modular. The problem is that there may well be more than one
cusp in H∗/G(M)- that is to say G(M) need not act transitively on P1(Q)
as was the case for Γ(1). For example the action of Γ0(p) on P1(Q), where
p is a prime, gives rise to the two orbits

S1 =
{ q
r

∣∣ gcd(q, r) = 1, q 6≡ 0 (mod p)} ∪ {∞
}

and
S2 =

{ q
r

∣∣ gcd(q, r) = 1, q ≡ 0 (mod p)
}

There will however only be finitely many cusps on H∗/G(M). In particular
they are isolated, and so we deem a G(M)-invariant function f : H → C∞ to
be meromorphic at a cusp if it is continuous there (cf. Riemann’s Removable
Singularity Theorem). Shimura [12] can be consulted for more details. One
then defines a G(M)-modular function of weight 0 to be one satisfying

(i) f : H → C∞ is G(M)-invariant
(ii) f is meromorphic at all the cusps on H∗/G(M).

Recall our first goal was to motivate the existence of a polynomial P ∈
C[X,Y ] such that P (j(τ), j(Mτ)) = 0 for all τ ∈ H. this we can now do.
First of all we observe that j itself is a G(M)-modular function. It is cer-
tainly G(M)-invariant because G(M) ⊆ Γ(1). Now we obtained information
about the Γ(1)-modular functions by looking at H∗/Γ(1) as a Riemann Sur-
face. To describe G(M)-modular functions then, we look at H∗/G(M). This
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can be given the natural structure of a compact connected Riemann Surface
X(M) such that πM : H∗ → X(M) is analytic (see Shimura [12]).

Now if M and M ′ are in the same left Γ(1)-orbit in Sn then we know that
G(M) = G(M ′) and so X(M) = X(M ′). It turns out that in fact all the
X(M) (M ∈ Sn) are isomorphic. To prove this it suffices, by Theorem 34,
to consider the case M ′ = Mγ. Then G(M ′) = γ−1G(M)γ and so

τ
G(M ′)∼ τ ′ ⇐⇒ γτ

G(M)∼ γτ ′

It follows that the map γ : H∗ → H∗ factors through the projections πM , πM ′

to give an isomorphism ι : X(M ′) → X(M). The situation is illustrated in
the following diagram.

H∗ γ−−−−→ H∗yπM′

yπM

XM ′
ι−−−−→ XM

In particular, all the X(M) are isomorphic to X0(n) = H∗/Γ0(n). Now
(exactly as with X(1)) the meromorphic functions on X(M) correspond to
G(M)-modular functions of weight 0. j(τ) and j(Mτ) are both examples of
such functions. But it is shown in any suitably advanced text on Riemann
Surfaces that any two meromorphic functions on a compact Riemann Sur-
face satisfy some polynomial over C 2

Hence we do indeed get a relation P (j(τ), j(Mτ)) = 0 for some P ∈ C[X,Y ]
and all τ ∈ H.

We can also guess as to what P must be. Suppose M ′ = Mγ. Then
γ∗j(τ) = j(γτ) = j(τ) and γ∗j(Mτ) = j(Mγτ) = j(M ′τ). In words, the
function j(Mτ) on X(M) “corresponds” to j(M ′τ) on X(M ′) under ι∗ and
j corresponds to itself. Since ι∗ is an isomorphism of function fields, we have
P (j(τ), j(Mτ)) = 0 ⇔ P (j(τ), j(M ′τ)) = 0. This suggests in view of Theo-
rem 34 that the P we are looking for is not specific to M , but is dependant
only on detM = n. This turns out to be the case, and the polynomial in
question is called the modular equation of level n. We denote it by Φn, and
will construct it below. We note however that an explicit determination of
the coefficients of Φn, even for n = 2, is highly non-trivial. Φ2 is given in
Silverman [15].

Before constructing Φn, however, we pause to discuss a few aspects of these
2In fact this result is not hard to prove. And then, once we know that there are non-

trivial meromorphic functions on R, it follows that C(R) has transcendence degree 1. This
can be used to deduce that Riemann Surfaces are essentially the same thing as algebraic
curves.
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******PICTURE!!!!*****

Figure 2.1: The Modular Curve X0(2)

new surfaces X0(n) that have arisen in this discussion. One should perhaps
keep in mind a picture of X0(n) as a certain number of translates of F , cor-
responding to cosets of Γ0(n) in Γ(1), together with certain identifications.
For example we have Figure 2.1, which shows X0(2) to be topologically a
sphere: Perhaps the most obvious question to ask is “What is the genus of
X0(n)?” This can be calculated explicitly using the Riemann-Hurwitz Re-
lation. The key observation is that, since Γ0(n) ≤ Γ(1), we have a branched
covering

π : X0(n) → X(1) ∼= C∞

The number of sheets, deg(π), is equal to the index [Γ(1) : Γ0(n)]. By
exhibiting a bijection of sets

θ : Γ(1)/Γ0(n) → Rn,

where Rn is the set of “reduced” matrices defined earlier, one can show that

deg(π) = n
∏
p|n

(
1 +

1
p

)

It is not hard to see that ramification can only occur above the points
ρ = e2πi/3, i and∞ of X(1), and a detailed analysis of the behaviour at these
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points enables one to deduce g(X0(n)). The formula is complicated in its
full generality (see, for example, Hüsemoller [6]) but simplifies considerably
when n = p is a prime. Indeed one has g(X0(2)) = g(X0(3)) = 0,

g(X0(p)) = p+1
12 − 1

4

(
1 +

(
−1
p

))
− 1

3

(
1 +

(
−3
p

))
(p ≥ 5)

=
{
bp+1

12 c − 1 (p ≡ 1(mod12))
bp+1

12 c (otherwise)

In particular the only p for which g(X0(p)) is zero are p = 2, 3, 5, 7, 13. For
those p the Γ0(p)-modular functions of weight 0 form a rational function
field C(t). t is called an absolute invariant of Γ0(p); Theorem 32 then says
that j is an absolute invariant for Γ(1).

For p = 11, 17, 19, 23, X0(p) is an elliptic curve. For example X0(11) is
isomorphic to the curve y2 = x(x3−20x2 +56x−44) (see McKean and Moll
[8]- note that this curve is not in Weierstraß Form). This gives much extra
structure to X0(11), which may be used to study the arithmetic of the curve.
The famous Taniyama-Weil conjecture states in part that we can study any
elliptic curve over Q using higher modular curves, in the following sense-

Conjecture 36 (Taniyama-Weil, weak form) Let E be an elliptic curve
defined over Q. Then for some n there is a surjective map φ : X0(n) → E
defined over Q.

A partial solution of this conjecture was used by Andrew Wiles in his proof
of Fermat’s Last Theorem. We conclude this digression by mentioning that
there are two other important families {Γ(n)|n ∈ N} and {Γ1(n)|n ∈ N}
of “congruence subgroups” of Γ(1)which find application in number theory.
These are defined by

Γ1(n) =
{(

a b
c d

)
∈ Γ(1)

∣∣∣∣ c ≡ 0(mod n), a ≡ d ≡ 1(mod n)
}

Γ(n) =
{(

a b
c d

)
∈ Γ(1)

∣∣∣∣ a ≡ d ≡ 1(mod n), b ≡ c ≡ 0(mod n)
}

One can consider modular functions for these groups, and also the quotient
surfaces X1(n) and X(n). See Silverman [14], [15] for more details.
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2.2 The Modular Equation, and the Integrality of
the j-Invariant

We now take a more concrete approach. Without further ado, define

Ψn(X; τ) =
∏

M∈Rn

(X − j(Mτ))

=
∏

ad=n
gcd(a,b,d)=1

0≤b<d

(
X − j

(
aτ + b

d

))
(2.2)

The product picks out exactly one M from each orbit in the left action
of Γ(1) on Sn, by Theorem 33. Certainly then Ψn(j(Mτ), τ) = 0 for any
M ∈ Sn. Our aim is to show that Ψn(X; τ) has the form Φn(X, j(τ)) for a
polynomial Φn. Now the coefficient ai(τ) ofXi is a symmetric function in the
j(Mτ), and so is Γ(1)-invariant as a function of τ . Indeed if M1, . . . ,MN are
a distinct set of representatives for the orbits of the left Γ(1)-action on Sn,
then so are M1γ, . . .MNγ for any γ ∈ Γ(1). Hence {j(M1γτ), . . . , j(MNγτ)}
is a permutation of {j(M1τ), . . . , j(MNτ)}. But ai is meromorphic on H∗,
and so is in fact Γ(1)-modular. It is therefore a rational function of j by
Theorem 32. However none of the functions j

(
aτ+b
d

)
has a pole in H and

hence neither does ai. It follows that ai is actually a polynomial in j. So
indeed we have a polynomial Φn(X,Y ) with Φn(j(Mτ), j(τ)) = 0 for all
τ ∈ H and any M ∈ Sn. it is defined by

Φn(X, j(τ)) =
∏

ad=n
gcd(a,b,d)=1

0≤b<d

(
X − j

(
aτ + b

d

))
(2.3)

As we remarked earlier, the fact that E = Z⊕Zη has complex multiplication
gives a non-trivial relation η = Mη (M ∈ Sn), and this exhibits j(η) as a
solution of the diagonal equation Φn(j(η), j(η)) = 0.

Our next objective, then, is to start proving things about the coefficients
of Φn so as to enable us to deduce Theorem 29. However there is a very
good reason why we cannot do this immediately. For Theorem 29 is clearly
very dependant on the factor 1728 in the definition of j, and we have yet
to use this in any way. in fact we could have got this far with any non-zero
rational number in place of 1728. The reson for the choice is the following
remarkable result.

Theorem 37 The q-expansion of j (cf Definition 30) is

j(τ) = q−1 + 744 + 196884q + 21493760q2 + . . .
= q−1 +

∑∞
n=0 c(n)qn

where the c(n) are integers.
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We will prove Theorem 37 in the next Chapter, but our immediate objective
is to press on with the proof of Theorem 29. The next result is the following.

Theorem 38 Φn(X,Y ) ∈ Z[X,Y ].

Proof It clearly suffices to show that ai ∈ Z[j], where ai is any symmetric
function in the elements of {j(Mτ) |M ∈ Rn} - see “construction of Φn”.
Now (as we remarked) ai is Γ(1)-modular, and so has a q-expansion. In view
of Theorem 37, it is this we look at first.

Lemma 39 The q-expansion of ai(τ) lies in Z[[q, q−1]].

Proof of Lemma In the following set ζ = e2πi/n and Q = q1/n = e2πiτ/n.

Then it is immediate to check that if M =
(
a b
0 d

)
∈ Sn (so that ad = n)

then

j(Mτ) = ζ−abQ−a2
+

∞∑
k=0

c(k)ζabkQa
2k (2.4)

in some annulus 0 < Q < cM . By standard analysis (see Rudin [10]) we
may add and multiply these series for various M term-by-term to get a se-
ries expansion for ai in Z[ζ][[Q,Q−1]] and valid in some annulus 0 < Q < c.
However ai(τ) is Γ(1)-modular, and so has 1 as a period. it follows that
this series for ai(τ) actually lies in Z[ζ][[q, q−1]]. However we are to show
that this series for ai(τ)does in fact lie in Z[[q, q−1]]. Although this is just
a combinatorial statement about “how the powers of ζ cancel” it is most
naturally proved in the language of Galois Theory. Let σ ∈ Gal(Q(ζ)/Q).
Then σ(ζ) = ζr for some r = r(σ) with gcd(r, n) = 1, because σ(ζ) must
have order exactly n in C∗. Let σ act on the Q-expansion of j(Mτ), co-
efficient by coefficient. Here Q is being regarded as an indeterminate. We
get

(j(Mτ))σ = ζ−rabQ−a2
+
∑∞

k=0 c(k)ζ
abrkQa

2k

= j(M ′τ) where M ′ =
(
a rb
0 d

)
= j(M ′′τ) where M ′′ =

(
a rb(mod d)
0 d

)
,

(2.5)

since M ′ ∼M ′′ under the left action of Γ(1) on Sn. Indeed(
1 λ
0 1

)(
a β
0 d

)
=
(
a β + λd
0 d

)
for any λ, β. We now claim

Claim 40 Sending M to M ′′ induces a permutation of the reduced matrices
Rn.
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Proof of Claim This amounts to showing that as b runs through the com-
plete set of allowable values (i.e. 0 ≤ b < d, gcd(a, b, d) = 1) then so does
rb(mod d). Now gcd(r, n) = 1 ⇒ gcd(r, d) = 1 since ad = n. therefore
b 7→ rb(mod d) induces a permutation on the complete set {0, 1, . . . , d −
1} of reduced residues. But it is easy to see that gcd(a, b, d) = 1 ⇒
gcd(a, rb(mod d), d) = 1, again using the coprimality of r and d. this proves
the claim.//

Claim 40 and Equation 2.5 show that if ai is any symmetric function in the
elements of {j(Mτ) |M ∈ Rn} then all coefficients γij in the Q-expansion
of ai are Gal(Q(ζ)/Q)-invariant. Therefore γij ∈ Q. But we have already
shown that γij ∈ Z[ζ]; and hence γij ∈ Q ∩ Z[ζ] = Z. It follows that the
q-expansion of ai(τ) is in Z[[q, q−1]], thus completing the proof of Lemma
39.//

Now Theorem 38 is concerned with the expression for ai(τ) as a polyno-
mial ai0 + ai1j + . . . + aimj

m in j. Using Theorem 37 we can see that the
q-expansion of ai(τ) must be

aimq
−m + {terms in q−t with t < m}

hence by Lemma 39 we have aim ∈ Z. Now the q-expansion of jm can be
obtained simply by formally raising the q-expansion of j to the power m,
and hence lies in Z[[q, q−1]]. It follows that

ai(τ)− aimj
m = ai0 + ai1j + . . .+ ai,m−1j

m−1 ∈ Z[[q, q−1]].

We can now proceed inductively to get ai,m−1 ∈ Z and so on. Therefore
ai(τ) ∈ Z[j] and Theorem 38 follows immediately.//

Finally we are ready to look at the diagonal equation Φn(X,X) satisfied by
j(η) in cases of interest. Theorem 38 says that this lies in Z[X], and we
would like to show that it is in fact monic. The next Theorem shows that
this is true with one small proviso.

Theorem 41 Suppose n > 1 is not a square. then Φn(X,X) has leading
coefficient ±1.

Proof As we saw during the proof of Theorem 38, the leading coefficient
in j of Φn(j, j) is just the leading coefficient of the q-expansion of Φn(j, j)-
that is to say the coefficient of the most negative power of q. But Equation
2.3 gives

Φn(j, j) =
∏

M∈Rn

(j − j ◦M) (2.6)
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Now (2.4) together with Theorem 37 shows that the Q-expansion of j(τ)−
j(Mτ) is (

1
Qn

+
∞∑
k=0

c(k)Qn/k
)
−

(
1

ζabQa2 +
∞∑
k=0

c(k)ζabkQa
2k

)
This has leading coefficient either 1 or ζab; for since n is not a square,
the terms Q−n and ζ−abQ−a2

cannot cancel. In both cases, the leading
coefficient is a root of unity. Hence when multiplying all these together
in the product (2.6), we get a Q-expansion for Φn(j, j) with some root of
unity ε as the leading coefficient. However this Q-expansion is really a q-
expansion (that is to say all terms Qi with i 6≡ 0(modn) vanish) with integer
coefficients. Therefore ε = ±1, and we have proved Theorem 41.//

Let us assess the situation. If η = Mη (M ∈ Rn) then j(η) satisfies the
diagonal equation Φn(j(η), j(η)) = 0. Furthermore if n is not a square, this
will be a monic polynomial in Z[X] and j(η) will be an algebraic integer.
We are, therefore, a short step away from proving Theorem 29.

Proof of Theorem 23 It suffices to show that we can choose n not a square.
Suppose pη2 + qη + r = 0 with gcd(p, q, r) = 1 and q2 − 4pr < 0. then it

suffices for M =
(
a b
c d

)
to satisfy b = −r, c = p, d− a = q; we will have

gcd(a, b, c, d) = 1 automatically since gcd(p, q, r) = 1. For any such set of
integers we have det(M) = ad−bc = a2 +qa+rp. If this is a square, say λ2,
then (2a+ q)2− (2λ)2 = ∆ = q2−4pr. But this can only happen for finitely
many a. Therefore one can find a non-square n and a matrix M ∈ Sn with
η = Mη. By above comments, this proves the result.//

Corollary 42 Suppose E is an elliptic curve such that End(E) ∼= OK ,
where K is a quadratic imaginary field with class number 1. then j(E) ∈ Z.

Proof This is merely a combination of Theorems 29 and 27.//

It is well-known that there are only nine such fields: they are K = Q(
√
−1),

Q(
√
−2), Q(

√
−3), Q(

√
−7), Q(

√
−11), Q(

√
−19), Q(

√
−43), Q(

√
−67) and

Q(
√
−163). By the results leading up to Theorem 14 there is for each K a

unique isomorphism class of elliptic curve with End(E) ∼= OK , and E ∼= C/Λ
for any ideal Λ / OK . In particular we can take Λ = OK , in which case
Λ = Z ⊕ ZηK for suitable ηK . In fact for K = Q(

√
−D), D squarefree, we

take

ηK =

{ √
−D D ≡ 1 or 2 (mod 4)

1+
√
−D

2 D ≡ 3 (mod 4)

For the nine special fields K, j(ηK) will then be an integer. In particular,
j
(

1+
√
−163
2

)
∈ Z. The corresponding value of q = e2πiτ is e−π

√
163, and if
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we substitute this into the q-expansion for j (Theorem 37 we get

j

(
1 +

√
−163

2

)
= −eπ

√
163 + 744 +

∞∑
n=1

c(n)(−1)n+1e−nπ
√

163 (2.7)

Now e−π
√

163 < 4 × 10−18, so provided the c(n) decay “quite quickly” the
sum in the above equation should be negligable. Hence

eπ
√

163 ≈ 744− j

(
1 +

√
−163

2

)
should be very nearly an integer. In the next chapter we give bounds on
the coefficients c(n), and after that we will be in a position to make all this
more precise.

We conclude this chapter with some brief remarks on some considerable
extensions of Theorems 27 and 29. Firstly one has

Theorem 43 (First Main Theorem of Complex Multiplication) Let
E be an elliptic curve with End(E) ∼= OK , where K is an imaginary quadratic
extension of Q. Then

(i) [Q(j(E)) : Q] = [K(j(E)) : K] = hK exactly;

(ii) If E1, . . . Eh is a complete set of representatives for the isomorphism
classes of curves with End(E) ∼= OK , then j(E1), . . . , j(En) is a complete
set of Gal(K/K)-conjugates for j(E);

(iii) K(j(E)) is the Hilbert Class Field for K.

For the proof, see for example Silverman [15]. Items (i) and (ii) can be
proved essentially by considering the modular equation in more detail- See
McKean and Moll [8] for this. It would take us to far afield to even explain
Item (iii) properly. Roughly speaking, the Hilbert Class Field describes the
Abelian extensions of K which are also “unramified”, these being in 1-
1 correspondence with the Galois Group Gal(K(j(E))/K). This group is
naturally isomorphic to the ideal class group C(K); hence the name. The
goal of describing Abelian extensions of imaginary quadratic fields K was
known in the 19th century as “Kronecker’s Jugendtraum” (Jugendtraum
= Youthful Dream). Kronecker had made conjectures in 1860 concerning
the use of the j-function in generating such extensions. Theorem 43 was
essentially obtained by Weber in 1891. It should be noted that a more
general Theorem is possible in which OK is replaced by an arbitrary order
O in an imaginary quadratic field.

Secondly one can say even more about j(E) than Theorem 29 does.
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Theorem 44 Let E be an elliptic curve with End(E) ∼= OK . If 3 6 |disc(K),
then j(E) is a perfect cube.

For the proof see Cox [5]. There are also some results due to Gross, Zagier
and Deuring showing that in some sense only “small” primes may divide
j(E) or, more generally, differences j(E1) − j(E2). Cox [5] is also a good
reference for these.
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Chapter 3

In this, the last of our three chapters, we consider the q-expansions of various
functions. In particular we will provide a proof of Theorem 37, and will give
a precise estimate of how close eπ

√
163 is to an integer. All of this is most

naturally discussed in the language of modular forms, a theory so attractive
that I feel no guilt in indulging in a fairly detailed discussion.

3.1 Modular Forms

As we remarked earlier, modular forms of weight 2k arise from differential
k-forms on the modular curve X(1) = H∗/Γ(1). They are therefore natural
objects of study. However we will not set up this correspondence here,
choosing instead to define modular forms from scratch.

Definition 45 (Modular Functions) Let f : H → C be meromorphic
and let k ≥ 0 be an integer. Then f is said to be Γ(1)-modular of weight 2k
if it satisfies the transformation law

f(Mτ) = (cτ + d)2kf(τ) (3.1)

for all M =
(
a b
c d

)
∈ Γ(1) and all τ ∈ H, and if f is meromorphic at ∞.

We note

(i) The transformation law (3.1) guarantees that f(τ + 1) = f(τ) for all
τ ∈ H, and so f has a q-expansion in the sense of Definition 30. Hence it
makes sense to talk about f being meromorphic at ∞.

(ii) In the case k = 0, this coincides with our earlier definition of Γ(1)-
modular functions of weight 0.

(iii) Any modular function of odd weight would have to be identically zero
(put M = −I). This explains the restriction to even weights.

(iv) If f is a modular function of weight 2k and g is a modular function of
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weight 2m, then fg is a modular function of weight 2(k + m). If f and g
are modular functions of the same weight, then f/g is modular of weight 0.

Now it is routine to check that for any f : H → C the set of all M ∈ Γ(1) for
which (3.1) holds is a subgroup of Γ(1). Hence, by Corollary 18, f satisfies

(3.1) for all M ∈ Γ(1) if and only if it satisfies it for M =
(

1 1
0 1

)
and(

0 1
−1 0

)
. To spell it out, f is Γ(1)-modular iff

f(τ + 1) = f(τ), f
(
−1
τ

)
= τ2kf(τ) (3.2)

for all τ ∈ H and if f is meromorphic at ∞.

Definition 46 (Modular Forms) A Γ(1)-modular function f : H → C
which is holomorphic on H and at ∞ is deemed to be a modular form. The
set of such f of weight 2k forms a C-vector space which we denote M2k. If
f(∞) = 0 then f is called a cusp form of weight 2k; these also form a vector
space over C, which we denote M0

2k.

Of course, one can also define modular forms for the subgroups Γ0(n), Γ1(n)
and Γ(n) of Γ(1) discussed earlier.

Examples. (i) The classical examples of modular forms are the Eisenstein
Series G2k. For a lattice Λ, define G2k(Λ) =

∑
ω∈Λ∗ ω

−2k (so, with the usual
notation, g2(Λ) = 60G4(Λ) and g3(Λ) = 140G6(Λ)). For τ ∈ H define

G2k(τ) = G2k(Λτ ) =
∑

m,n∈Z
(m,n) 6=(0,0)

(mτ + n)−2k.

Now for any M =
(
a b
c d

)
∈ Γ(1) the lattices ΛMτ and Λτ are homothetic,

and an easy calculation shows that in fact ΛMτ = 1
cτ+dΛτ . But from the

form of G2k(Λ) it is clear that G2k(λΛ) = λ−2kG2k(Λ) for any λ ∈ C∗ and
any lattice Λ. Hence for all τ ∈ H we have

G2k(Mτ) = G2k(ΛMτ ) = (cτ + d)2kG2k(Λτ ) = (cτ + d)2kG2k(τ)

However we can show that lim=(τ)→∞G2k(τ) = 2ζ(2k) using the same
method that dealt with g2 and g3 in Theorem 21, and also that G2k has no
poles in H. HenceG2k is a modular form of weight 2k, andG2k(∞) = 2ζ(2k).

(ii) From the above and note (iii) following Theorem 45, g3
2 and g2

3 are both
modular forms of weight 12. Hence so is ∆ = g3

2 − 27g2
3. But we showed

that lim=(τ)→∞ ∆(τ) = 0; therefore ∆ is actually a cusp form of weight 12.

An obvious question is “How big are M2k and M0
2k?” We discuss this next.
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Theorem 47 A basis for M2k (k ≥ 1) is B2k = {Ga4Gb6 |a, b ∈ N0, 2a+3b =
k}.

Proof We start with a Lemma containing a few properties of G4 and G6.

Lemma 48 G4 has a simple zero at ρ (= e2πi/3) and no other zeros in
H∗/Γ(1). G6 has a simple zero at i and no other zeros in H∗/Γ(1).

Proof The key observations are that Si = i and STρ = ρ, where S =(
0 1
−1 0

)
and T =

(
1 1
0 1

)
as always. Using the modular transforma-

tion properties of G4 and G6 this gives G4(ρ) = (ρ+1)4G4(STρ) = ρ2G4(ρ)
and G6(i) = i6G6(Si) = −G6(i). Hence certainly G4(ρ) = G6(i) = 0. Now
we can recast the definition of j in terms of G4 and G6 to get

j(τ) = 1728
20G3

4(τ)
20G3

4(τ)− 49G2
6(τ)

Recalling that ∆ = 10800(20G3
4− 49G2

6) 6= 0 we have j(τ) = 0 ⇔ G4(τ) = 0
and j(τ) = 1728 ⇔ G6(τ) = 0. Since j : H∗/Γ(1) → C∞ is a bijection, this
means that ρ is the only zero of G4 and i is the only zero of G6. Furthermore,
recalling that vρ(j − j(ρ)) = 3, vi(j − j(i)) = 2 (Theorem 20), it is easy to
see that both of these zeros are simple.//

Continuing with the proof of Theorem 47, let us assume that f ∈ M2k.
Choose c, d ∈ Z with 2c + 3d = k (we do not require c, d ≥ 0 here). Then
f/Gc4G

d
6 is Γ(1)-modular of weight 0, and so is a rational function in j. But

j itself is a rational function in x(τ) = G2
6(τ)/G

3
4(τ), and so we may write

f(τ) =
Gc4(τ)G

d
6(τ)P (x)

Q(x)
(3.3)

for polynomials P , Q over C. We may assume that P , Q are coprime and also
that neither P (0) or Q(0) is zero. Indeed if either P (x) or Q(x) has a factor
of x this may be absorbed into the Gc4G

d
6 term. Suppose Q(x) is not just a

constant. Then it has some factor x−λ(λ ∈ C). But j : H∗ → C is surjective
and hence so is x : H∗ → C, and we can find τ0 ∈ H∗ with x(τ0) = λ, giving
Q(x(τ0)) = 0. However f ∈M2k requires that f be holomorphic on H∗, and
so τ0 must also be a zero of the numerator Gc4(τ)G

d
6(τ)P (x) in (3.3). There

are three cases:

(i) P (x(τ0)) = 0. This cannot occur as we supposed P and Q to have no
common factor.
(ii) G4(τ0) = 0. Then x(τ0) = ∞ 6= λ.
(iii) G6(τ0) = 0. then x(τ0) = 0. But we assumed that Q(0) 6= 0.
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This contradiction forces Q to be constant. It follows from (3.3) that f can
be expressed as a finite sum

f(τ) = α1G
a1
4 (τ)Gb16 (τ) + . . .+ αnG

an
4 (τ)Gbn6 (τ) (3.4)

in which 2ai + 3bi = k for i = 1, 2, . . . n. We may order this so that a1 >
a2 > · · · > an and b1 < b2 < · · · < bn. If b1 < 0 then f has a pole of order
b1 at i by Lemma 48. But f is holomorphic on H∗, and so this cannot be
the case. Therefore b1 ≥ 0, and similarly an ≥ 0. It follows immediately
that B2k is a spanning set for M2k. To show that B2k is a basis, then, we
must prove that the elements in it are linearly independent. To see this note
that by Lemma 48 the values {vρ(bt) | bt ∈ B2k} are all different. Order the
basis elenents so that vρ(b1) > · · · > vρ(bs), and suppose we have a relation
λ1b1 + . . . λsbs = 0 with λs 6= 0. Then we get a contradiction on considering
the identity

λ1b1(τ) + · · ·+ λsbs(τ)
(τ − ρ)vρ(bs)

= 0

as τ → ρ. Theorem 47 follows.//

Once we have shown that a weight 2k Γ(1)-modular form is just a differential
k-form on X(1), it is possible to give a more conceptual demonstration of
this result. See, for example, Silverman [15] for details.

Corollary 49 For k ≥ 1,

dimM2k =
{
bk6c k ≡ 1(mod 6)
bk6c k 6≡ 1(mod 6)

and dimM0
2k = dimM2k − 1.

Proof The dimension of M2k is just the number of solutions of 2a+3b = k
with a, b ∈ N0. The above formulæ can be checked by a 6-case induction on
k. M0

2k is the kernel of the evaluation-at-∞ map ev∞ : M2k → C and so
dimM0

2k ≥ dimM2k − 1. However for each k there are modular forms of
weight k which are not cusp forms, namely the Eisenstein Series G2k.//

The fact that these dimensions are so small forces some fascinating identities
to hold. For example G8 and G2

4 are both in M8, which has dimension 1.
Hence G8 = λG2

4 for some λ ∈ C. Evaluating at ∞ (see Example (i) above)
and using the facts that ζ(4) = π4

90 , ζ(8) = π8

9450 we get λ = 3
7 . Now we are

about to show that the q-series for G4 and G8 are

G4(τ) = π4

45

{
1 + 240

∑
n≥1 σ3(n)qn

}
G8(τ) = π8

4725

{
1 + 480

∑
n≥1 σ7(n)qn

} (3.5)
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where σr(n) =
∑

d|n d
r. Substituting this into G8 = 3

7G
2
4 and equating

coefficients of qn gives the amazing

σ7(n) = σ3(n) + 120
n−1∑
m=1

σ3(m)σ3(n−m).

This is just one of a whole series of related identities- Shimura [12] gives a
general formula. We note in passing that identities such as these can also
be obtained by substituting the Laurent Expansion of ℘Λ (Proposition 4)
into the differential equation (1.3).

3.2 q-series for j

We now embark on the derivation of the q-expansion of j in a form which will
enable us to bound the sum in (2.7). To begin with we need the q-expansions
of g2 and g3. It turns out to be just as easy to derive the q-expansion of
G2k.

3.2.1 q-Expansions of Eisenstein Series

Theorem 50 Let k ≥ 2. Then

G2k(τ) = 2ζ(2k) + 2
(2πi)2k

(2k − 1)!

∑
n≥1

σ2k−1(n)qn

Note that the result generalises (3.5). The quickest proof is that in Serre
[11]; this we now give. The starting point is the identity

π cotπτ =
1
τ

+
∞∑
m=1

(
1

τ +m
+

1
τ −m

)
=
∑
m∈Z

1
m+ τ

(3.6)

which is often established in an elementary complex variable course.

In terms of q, we have easily π cotπz = iπ − 2iπ
∑∞

n=0 q
n, and so (3.6)

becomes ∑
m∈Z

1
m+ τ

= iπ − 2iπ
∞∑
n=0

qn (3.7)

We now differentiate this identity k − 1 times to get

∑
m∈Z

1
(m+ z)k

=
1

(k − 1)!
(−2iπ)k

∞∑
n=1

nk−1qn (3.8)
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But we have by definition

G2k(τ) =
∑

m,n∈Z
(m,n) 6=(0,0)

(mτ + n)−2k

= 2ζ(2k) + 2
∑∞

n=1

∑
m∈Z(mτ + n)−2k

= 2ζ(2k) + 2(−2πi)2k

(2k−1)!

∑∞
d=1

∑∞
a=1 d

2k−1qad from (3.8)

= 2ζ(2k) + 2(2πi)2k

(2k−1)!

∑∞
n=1 σ2k−1(n)qn

as required.//

Suffice it to say that the termwise differentiations and the interchange in
the order of summation in the above proof are valid: however I prefer not
to get caught up in these details here and refer the sceptical reader to a
reputable analysis text (e.g. Rudin [10]). The general philosophy is that we
have uniform convergence when we need it.

It is convenient to define the normalized Eisenstein Series E2k = 1
2ζ(2k)G2k.

It can be shown (see Silverman [15] or Serre [11]) that ζ(2k) = −(2πi)2k

2(2k)! B2k

where the Bernoulli numbers Bm are defined by

x

ex − 1
=

∞∑
m=0

Bm
xm

m!
.

Hence one has the q-expansion

E2k(τ) = 1− 4k
B2k

∑
n≥1

σ2k−1(n)qn. (3.9)

Now we have ζ(4) = π4

90 , ζ(6) = π6

945 , g2 = 60G4, g3 = 140G6, ∆ = g3
2 − 27g2

3

and j = g32
∆ . This enables us to derive the following entirely calculational

proposition, whose proof we omit on grounds of taste.

Proposition 51 The first few terms in the q-expansions of g2, g3, ∆ and
j are as follows.

g2(τ) = 4π4

3

{
1 + 24q + 2160q2 + · · ·

}
g3(τ) = 8π6

27

{
1− 504q − 16632q2 + · · ·

}
∆(τ) = (2π)12

{
q − 24q2 + 252q3 + · · ·

}
j(τ) = 1

q + 744 + 196884q + · · ·

3.2.2 Jacobi’s Product Formula for ∆

We now come to the discussion of some amazing results. It is slightly un-
fortunate that these will appear a little unmotivated, but the most natural
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approach to the whole subject would take us rather far afield. For this ap-
proach see Cox [5]; however even this can hardly be described as conceptual.

We start with a definition.

Definition 52 The Dedekind η-function η(τ) is defined by

η(τ) = q1/24
∏
n≥1

(1− qn) (τ ∈ H)

where q = e2πiτ and q1/24 = e2πiτ/24.

It can be shown that this defines a holomorphic function on H. This func-
tion has some remarkable properties, many of which follow from the next
Proposition.

Proposition 53 (Transformation Properties of η) For all τ ∈ H we
have

(i) η(τ + 1) = e2πi/24η(τ)
(ii) η(−1/τ) =

√
−iτη(τ),

where we take the branch of
√

which is positive on the positive real axis.

Proof We give an exposition of a slight adaptation of a proof of Siegel [13].
(i) is obvious, so we turn our attention to (ii). Furthermore if we can check
this for τ = iy (y ∈ R+) then by the identity principle it will hold for all
τ ∈ H. The beauty of doing this is that q = e−2πy is then real, and so
η(−1/τ),

√
−iτ and η(τ) are all real and positive. We may therefore take

logarithms of (ii), reducing the identity we are required to prove to

log η(i/y)− log η(iy) =
1
2

log y. (3.10)

Now
log η(iy) = −πy

12 +
∑∞

n=1 log
(
1− e−2πny

)
= −πy

12 −
∑∞

n=1

∑∞
m=1

e−2πmny

m
= −πy

12 −
∑∞

m=1
1
m

∑∞
n=1 e

−2πmny

= −πy
12 +

∑∞
m=1

1
m

1
1−e2πmy ,

the interchange in the order of summation being valid because
∑∞

m=1 e
−2πmny

converges uniformly over all m ∈ [1,∞). Therefore (3.10) can be written in
the form

∞∑
m=1

1
m

1
1− e2πmy

−
∞∑
m=1

1
m

1
1− e2πm/y

− π

12

(
y − 1

y

)
= −1

2
log y. (3.11)
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Now comes the clever bit. We write the first two terms as

lim
N→∞

{(
−1

2

N∑
m=1

1
m

+
N∑
m=1

1
m

1
1− e2πmy

)

−

(
−1

2

N∑
m=1

1
m

+
N∑
m=1

1
m

1
1− e2πm/y

)}

= lim
N→∞

{
N∑
m=1

i

2m
cot iπmy −

N∑
m=1

i

2m
cot

iπm

y

}

= lim
N→∞


N∑

m=−N
m6=0

i

4m
cot iπmy −

N∑
m=−N
m6=0

i

4m
cot iπmy



(3.12)

Now we recall from elementary complex analysis that in summing a series∑∞
n=−∞ f(n), where f : C → C is analytic except for finitely many poles, it is

useful to consider the function F (z) = f(z)π cotπz. For suitable f this has a
pole at z = n(n ∈ Z) with residue f(n), and so we can get useful information
on
∑N

n=−N f(n) by considering the integral of F (z) around a suitable square.

Let us look at one of the series in (3.12) in this light, say
N∑

m=−N
m6=0

i

4m
cot

iπm

y
.

Let f(z) = − i
4z cot iπzy , so that F (z) = −πi

4z cot iπzy cotπz. Here, unlike the

usual examples one meets, f has infinitely many poles (at z = ky
i for k ∈ Z).

However the residue of F at ky
i (k 6= 0) can be calculated to be exactly

i
4k cot iπky, and so the sum of all these “extra” residues inside a suitable
contour CN looks like giving us exactly the first series

N∑
m=−N
m6=0

i

4m
cot iπmy

of (3.12)!

Now for our contour CN we do not in fact take a square with side length
O(n) as is usual. Instead we fix CN to be a square Γ with sides Γ1, Γ2, Γ3

and Γ4 parallel to the co-ordinate axes and passing through the four points
1, iy, -1, −iy. See Figure 3.1. We then “compress” F by an N -dependant
factor so that the necessary poles lie inside Γ. this will clearly give the same
results, but simplifies discussion of the limit

lim
N→∞

∫
CN

F (z)dz.

Let us, then, define

FN (z) = −πi
4z

cot
iπnz

y
cotπnz
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*****SEEEBELOWW****.

Figure 3.1: The Contour Γ

where n = N + 1
2 . Inside Γ, FN has simple poles at z = k

n and at z = ky
in for

k = ±1, . . .± n. The residues at these poles are − i
4k cot πiky and i

4k cot iπky

respectively. There is also a triple pole at z = 0 with residue − π
12

(
y − 1

y

)
,

as one can easily check using the expansion cot z = 1
z −

z
3 +O(z2) about 0.

It follows immediately from the Residue Theorem that

1
2πi

∫
Γ
FN (z)dz =

N∑
m=−N
m6=0

i

4m
cot iπmy −

N∑
m=−N
m6=0

i

4m
cot

iπm

y
− π

12

(
y − 1

y

)
.

Hence from (3.12) it suffices to show that

1
2πi

lim
N→∞

∫
Γ
FN (z)dz = −1

2
log y (3.13)

To prove this we need two Lemmata.

Lemma 54 FN is uniformly bounded on Γ independantly of N ∈ N.

Proof It clearly suffices to show that both cotπnz and cot iπnzy are uniformly
bounded on Γ. The calculation for cotπnz illustrates the method.

On Γ1 and Γ3 we have

| cotπnz| = | cotπn(±1 + it)| = | tanπnit| =
∣∣∣∣e2πnt − 1
e2πnt + 1

∣∣∣∣ < 1

On Γ2 and Γ4 one has

| cotπnz| = | cotπn(t± iy)| =
∣∣∣1+e±2yπne−2itπn

1−e±2yπne−2itπn

∣∣∣
≤ 1+e±2yπn

|1−e±2yπn|

≤ max
{

1+e±y

|1−e±y | , 1
}
,
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this last step following from some obvious properties of the graph of 1+x
|1−x|

on x > 0.//

Lemma 55 As N →∞, FN (z) converges pointwise on Γ to the function G
defined on Γ as follows:

G(z) =


−πi

4z (<z · =z > 0)
πi
4z (<z · =z < 0)
0 (<z · =z = 0)

Proof Just check the pointwise limits of cotπnz and cot iπnzy separately

using cot(θ) = 1+e−2iθ

1−e−2iθ .//

We can now use the Bounded Convergence Theorem of Lebesgue Integration
Theory and a short calculation to deduce that

1
2πi

lim
N→∞

∫
Γ
FN (z)dz = lim

N→∞

∫
Γ
G(z)dz = −1

2
log y

Hence (3.13) holds and we have proved Proposition 53.//

An immediate consequence is Jacobi’s Famous Product Expansion for ∆(τ).

Theorem 56 (Jacobi’s Product Expansion for ∆(τ)) For all τ ∈ H,

∆(τ) = (2π)12η(τ)24 = (2π)12q
∏
n≥1

(1− qn)24.

Proof In view of Proposition 53 it is trivial to verify that η(τ)24 satisfies
(3.2) with k = 6. Furthermore directly from Definition 52 we see that
lim=(τ)→∞ η(τ) = 0. It follows that η(τ)24 is a cusp form of weight 12.
But from Corollary 49 we see that dimCM0

12 = 1. Hence we must have
∆(τ) = λη(τ)24 for some λ ∈ C, and it is immediate from the q-expansions
that λ = (2π)12.//

We note that the Dedekind η-function can also be used to construct modular
forms for congruence subgroups of Γ(1); for example η(τ)2η(11τ)2 is a weight
2 cusp form for Γ0(11). We can also find expressions for j in terms of η- an
example is

j(τ) =
η(1

2τ)
16

η(τ)16
+

16η(τ)8

η(τ/2)8

which may be verified by checking that the right-hand side is Γ(1)-invariant
and than inspecting the first few terms of the q-expansion. For a more per-
spicacious derivation, see Cox [5].

It follows from Theorem 56 that ∆(τ) = (2π)12
∑

n≥1 τ (n)qn for integers
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τ (n). τ is called the Ramanujan Function.

We can now prove (at last) Theorem 37. Note, however, that this could
have been done, albeit a little more lengthily than we are about to, directly
from the q-expansions of g2 and g3.

Proof of Theorem 29 We compute using the q-expansion of g2 and The-
orem 56

j(τ) =
1728g3

2(τ)
∆(τ)

=

{
1 + 240

∑
n≥1 σ3(n)qn

}3

q
∏
n≥1(1− qn)24

(3.14)

which makes the whole of Theorem 37 clear.//

3.2.3 Properties of c(n) and τ (n)

Now is perhaps the time to mention some remarkable facts about the coef-
ficients c(n) and τ (n). The following is just a sample:

Identities for τ (n)

(1) For all m,n ∈ Z with gcd(m,n) = 1 we have τ (mn) = τ (m)τ (n).

(2) For all primes p and all e ≥ 1 we have τ (pe)τ (p) = τ (pe+1)+p11τ (pe−1).
These were conjectured by Ramanujan and proved by Mordell. See Silver-
man [15].

Congruences for τ (n)

(3) For all n ∈ N, we have τ (n) ≡ σ11(n) (mod 691).

Proof Using dimCM12 = 2 and the values B4 = − 1
30 , B6 = − 1

42 , B12 =
− 691

2730 in (3.9) shows after a little work that 691E6 = 250E2
3 + 441E3

2 . One
also has ∑

τ (n)qn = (2π)−12∆ = g3
2 − 27g2

3 =
E3

2 − E2
3

1728
.

Eliminating gives

263572
∑

n≥1 τ (n)qn = 691(E6 − E2
3)

≡ 65520
∑

n≥1 σ11(n)qn (mod 691)

with an obvious notation, on noting that E3 = 1 − 504
∑
σ5(m)qm has

integer coefficients, and that E6 = 1+ 65520
691

∑
σ11(m)qm. The result follows

on equating coefficients and noting that 263572 ≡ 65520 6≡ 0 (mod 691).//
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Inequality for τ (n)

(4) |τ (p)| ≤ 2p11/2 for all primes p. This was shown by Deligne as a con-
sequence of his proof of the “Riemann Hypothesis” for varieties over finite
fields.

Congruences for c(n)

(5) If p = 2, 3, 5, 7, 11 then n ≡ 0 (mod pe) ⇒ c(n) ≡ 0 (mod pe)

Monstrous Moonshine

(6) There is a surprising connection between the c(n) and the dimensions
of the irreducible characters of the Monster Simple group. This was first
discussed in Conway-Norton [4].

3.3 Bounds on the coefficients c(n)

Formula 3.14 enbles us to bound the coefficients c(n) accurately enough for
us to establish the sum in (2.7) to our satisfaction. First of all we look at
the expansion ∏

n≥1

(1− qn)−24 =
∞∑
n=1

γ(n)qn.

We have the following estimate for the γ(n).

Theorem 57 For all n ≥ 1, γ(n) < e4π
√
n.

Proof This is proved in a very similar manner to the proof in Apostol [1]
that p(n) < eπ

√
2n/3, where p is the partition function.

Let F (q) =
∏
n≥1(1−qn)−24. It can be shown that this converges on |q| < 1.

Then
logF (q) = −24

∑
n≥1 log(1− qn)

= 24
∑

n≥1

∑
m≥1

qmn

m

= 24
∑

m≥1
1
m · qm

1−qm

(3.15)

the interchange in the order of summation being valid since the series∑
m≥1

qmn

m

converges uniformly on any compact subset of the open unit disc. Now if
0 < q < 1 we have

mqm−1(1− q) < (1 + q + . . .+ qm−1)(1− q) = 1− qm
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and so
1
m

(
qm

1− qm

)
<

q

m2(1− q)
.

Hence from (3.15) one has

logF (q) < 4π2

(
q

1− q

)
. (3.16)

Now each γ(n) is non-negative, and so

γ(n)qn <
∞∑
n=1

γ(n)qn = F (q).

Hence
log γ(n) ≤ logF (q)− n log q

< 4π2
(

q
1−q

)
+ n

(
1−q
q

)
,

(3.17)

where we have used the inequality log q < 1−q
q , valid for q ∈ (0, 1). Note that

(3.17) is valid for any q ∈ (0, 1). The tightest bound results from putting
q =

√
n

2π+
√
n
, giving log γ(n) < 4π

√
n.//

Our next job is to (very crudely) estimate the coefficients θ(n) in the ex-
pansion 1 + 240

∑
n≥1

σ3(n)qn


3

=
∞∑
n=1

θ(n)qn.

First of all observe that

σ3(n) ≤ 13 + 23 + . . .+ n3 =
1
4
n2(n+ 1)2. (3.18)

Hence

θ(n) < 2403
∑

l+k+m=n
0≤l,k,m≤n

σ3(l)σ3(k)σ3(m)

� 2403

43 n6(n+ 1)6 ·# {l, k,m ∈ Z | 0 ≤ l, k,m ≤ n, l + k +m = n}

= 603n6(n+ 1)6
(
n+ 2

2

)
,

(3.19)
where we have set σ3(0) = 1.

Finally, using Theorem 57, (3.14) and the above we have

c(n) =
∑

k+m=n+1
k,m≥0

γ(k)θ(m)

≤ (n+ 2) max
k≤n+1

γ(k) max
m≤n+1

θ(m)

≤ 603(n+ 1)6(n+ 2)6
(
n+ 3

2

)
e4π

√
n+1.

(3.20)
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This does not compare too unfavourably with the asymptotic formula of
Petersson [9] for c(n), viz

c(n) ∼ e4π
√
n

√
2n3/4

as n→∞

Let us now look at the implications of (3.20) for the sum S in (2.7). We
have

|S| =

∣∣∣∣∣
∞∑
n=1

c(n)(−1)ne−nπ
√

163

∣∣∣∣∣
≤

∣∣∣196884e−π
√

163 − c(2)e−2π
√

163
∣∣∣+ ∞∑

n=3

Sn,

(3.21)

where Sn = 603(n+1)6(n+2)6
(
n+ 3

2

)
e4π

√
n+1−nπ

√
163. Now by suitable

means (a pocket calculator, or some clever work with inequalities) one can
check that S2 < 3× 10−13, so

c(2)e−2π
√

163 < S2 < 3× 10−13. (3.22)

Furthermore for n ≥ 2 one has

Sn+1

Sn
= (n+3)6(n+4)

(n+1)6(n+2)
· e4π{

√
n+2−

√
n+1}−π

√
163

≤ 56·6
36·4 · e

4π(2−
√

3)−π
√

163

≈ 1.1× 10−16

� 1
4 .

(3.23)

Now finally note that

7× 10−13 < 196884e−π
√

163 < 8× 10−13

and so we have from (3.21), (3.22) and (3.23)

|S| ≤ 8× 10−13 + 10−13 < 10−12. (3.24)

Recalling the equation (2.7), this implies

Theorem 58 j
(

1+
√
−163
2

)
= [[−eπ

√
163 + 744]] = −6403203

= −2185333233293.

Note that we have verified Theorem 44 in this case.

Theorem 59 eπ
√

163 is within 10−12 of an integer.//
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