Mich. 2021 ANALYSIS AND TOPOLOGY AZ

These notes cover the last part of the course that was not lectured in detail
(only definitions and statements of results were given). This part is therefore not
examinable and is intended for those interested. I will be using (and continuing)
the numbering of results in lectures.

Local extrema

We are given an open set U C R™, a function f: U — R and a point a € U.

We say f has a local mazimum at a if there is an r > 0 such that D,(a) C U and
f(@) < f(a) for all z € D,(a).
We say f has a local minimum at a if there is an r > 0 such that D, (a) C U and
f(z) = f(a) for all z € D,(a).

We say f has a local extremum at a if f has a local maximum or a local minimum
at a.

Proposition 13. We are given an open set U C R™, a function f: U — R and
a point a € U. If f is differentiable at a and f has a local extremum at a, then

fa) = 0.
Before the proof, we make the following definition arising naturally from the above
result. We say a is a stationary point of f if f is differentiable at a and f’(a) = 0.

Proof. Replacing f with —f, we may assume that f has a local maximum at a.
Now assume that f’(a) # 0. Then there exists u € R™ such that f/(a)(u) # 0. By
rescaling, we may assume that f'(a)(u) > 0 and |ju|| = 1. Now, by the definition
of differentiability we have

fla+h) = f(a) + f(a)(h) + |[h]|e(h)

where £(0) = 0 and ¢ is continuous at 0. Choose ¢ > 0 such that if ||h|| < &, then
le(h)| < f'(a)(u) and f(a+ h) < f(a). Putting h = du, we have

0= fla+6u) — f(a) =6(f'(a)(u) +e(du)) >0
which is a contradiction. O

Note. The converse of Proposition 13 is false in general. E.g., 0 is a stationary
point of f: R = R, f(z) =23, but f has no local extremum at 0.

Second-order Taylor expansion

Here we prove a special case of Taylor’s theorem in higher dimension that will be
used to prove a converse of the previous result under additional assumptions.

Lemma 14. We are given an open set U C R™, a function f: U — R" and a
point a € U. If f is twice differentiable at a, then

flat h) = f(a) + f'(a)(h) + 55" (@), ) + o(A]1)

Proof. By considering components of f, we may assume that n = 1. By definition
of the second derivative, we have

f'la+h) = f'(a) + f"(a)(h) + ||hlle(h)

where £(0) = 0 and ¢ is continuous at 0. We next define

g(h) = fla+h) — f(a) - f'(a)(h) — -

S (@)(h 1)
which is defined on some open neighbourhood of 0. We need to show that g(h) =
o(||h||?). Fix h and define ¢: [0,1] — R by ¢(¢) = g(th). Note that
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5 1" (a)(h, 1)

p(t) = fla+th) = f(a) = tf'(a)(h) - 3
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So ¢ is continuous on [0, 1] and differentiable on (0,1) with
¢'(t) = fla+th)(h)—f'(a )(h)—tf"( )(h h)
= flla+th)(h) = f'(a)(h) — f"(a)(th, h)
= [f'(a+th) - f(a) = f"(a)(th)] (h)
= [[thlle(th)(R)
By the MVT, there exists t = ¢t(h) € (0,1) such that
g(h) = w(1) — 9(0) = ¢'(¢) = [¢hl=(th)(h)

It follows by Lemma 1 in the lectures that |e(th)(h)| < |le(th)]|||k|, and hence
lg(h)] < ||h]I?||e(th)||, from which the result follows. O

Classification of extreme points and the Hessian

Recall from Linear Algebra that a symmetric bilinear map 7: R™ x R™ — R
is positive definite if T(x,2) > 0 for all x € R™ \ {0} and negative definite if
T(z,z) <0 for all z € R™ \ {0}.

Theorem 15. We are given an open set U C R™, a function f: U — R and a
point a € U. Assume that [ is twice differentiable on U and f" is continuous at a.

If a is a stationary point of f and f"(a) is positive definite, then f has a local
minimum at a.

If a is a stationary point of [ and f"(a) is negative definite, then f has a local
mazimum at a.

Note By Theorem 12, if f” exists on a neighbourhood of a and is continuous at
a, then f”(a) is a symmetric bilinear map. The corresponding m x m matrix H
defined by

0% f

Hij = f"(a)(ei e;) = DiDj f(a) = Ox;0x; @

is thus symmetric. It is called the Hessian of f at a. Recall that f”(a), or equiva-
lently the matrix H, is positive definite (respectively, negative definite) if and only
if all eigenvalues of H are positive (respectively, negative). This will be used in the
proof below.

Proof of Theorem 15. Assume that f'(a) = 0 and f”(a) is positive definite. Let
U1, ..., Uy be an orthonormal basis of R™ such that f”(a)(u;,u;) = 0if i # j.
Note that in this case f”(a)(u;,u;), 1 < i < m, are the eigenvalues of the Hessian
with multiplicities. Set

p=min{f"(a)(u;,u;) : 1 <i<m}
Then g > 0 and for h = Y., hju; € R™, we have

=" iy f"(a) (uisuy) th (@) (g ui) = py b = plhl?
i=1

4,j=1

Now, by Lemma 14, we have

flat )= f(a) + 3 (@) (b ) + |4l <(h)

where £(0) = 0 and ¢ is continuous at 0. Choose & > 0 such that |e(h)] < p/2
whenever ||h|| < §. Then

fla+h) = f(a) = [n]* (#/2+£(h) 2 0
whenever h € D;s(0). Thus, f has a local minimum at a. The proof of the second
statement is similar. O



