Mich. 2021 ANALYSIS AND TOPOLOGY A7

The purpose of this page is to spell out in detail the special case of Theorem 3.10
(Lindeléf-Picard) mentioned in the lectures that deals with n'"-order ODEs.

Ezample. Let a < b and R > 0 be real numbers, let z = (29, 21, ...,2n—1) € R™ and
let
¥: [a,b] X Bgr(z) > R
be a continuous function. Assume that for some K > 0 we have
l(t,z) — 9 (t,y)| < Kz —yl for all ¢ € [a,b] and all x,y € Br(z) .

Then there exists ¢ > 0 such the for any to € [a,b] the n*-order IVP (initial value
problem)

0 90 = 6(t.9(0. 9 0.9 O).....g (D)
gD (tg) =2 for0<j<n—1
has a unique solution on [c,d] = [ty — &,to + €] N [a, b].
Note. This means that there is a unique n-times differentiable function
g:le,d = R
that satisfies (1) for all ¢ € [¢,d]. This implicitly includes the assumption that
(9(t), gV (1), g2 (1), ..., " V(t)) € Br(2)

for all t € [e, d].
Proof. Let us define ¢: [a,b] x Br(z) — R™ by setting

Ot Xy 1y oy Xe1) = (T1y e v oy Bpe1, V(E, oy X1, -+, L))
for t € [a,b] and © = (zo,x1,...,Zn—1) € Br(z). Then ¢ is continuous and satisfies

lo(t, z) — @t v)| < (K + 1)z —yl for all ¢ € [a,b] and all z,y € Br(z) .

By Lindel6f-Picard (Theorem 3.10 in the lectures), there exists e > 0 such that the
Ivp

(2) fft)y=et. f(t),  [flt)=2

has a unique solution on [¢,d] = [tog — &,tp + €] N [a,b]. Let f be this unique
solution. Thus, f: [¢,d] — Bg(z) is a differentiable function with f(to) = z and
f'(t) = p(t, f(t)) for all ¢t € [¢,d]. Let fo, f1,-.-., fn—1 be the components of f, i.e.,
functions f;: [¢,d] — R such that f(¢) = (fo(t), f1(t), ..., fu=1(t)) for all t € [c,d].
Since f is a solution of (2), each f; is differentiable and

() (fo®), fi(®),- -, foa () = ['(1) = o, (1))

= (fl(ﬂvf?(ﬂ? .- '7fn—1(t)7w(t7f0(t)v fl(t)’ x '7fn—1(t)))

for all t € [¢,d]. Set g = fo. Comparing coordinates in (3) shows that g is an
n-times differentiable function [c,d] — R with ¢9) = f; for 0 < j < n (induction
on j), and moreover

g™ (@) = fr_1(t) = »(E, fo), f1(t),- ., fa1(t))

=(t,g(t), gV (t),....g" V(1)

for all ¢t € [c,d]. Finally, since f(tg) = 2z, we have g\ (ty) = fi(to) = z; for
0 < 7 < n— 1. This completes the proof of existence.

To prove uniqueness, assume that § is another solution to (1) on [¢,d]. Define
f:le,d] — Br(z) by setting f(t) = (§(t), 3P (t),...,5" D(t)). It is straightfor-
ward to verify that f is a solution to (2). It follows that f = f and § = g. O
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