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In tro duction

In the conference there w as a series of talks dev oted to Kato's w ork on the

Iw asa w a theory of Galois represen tations attac hed to mo dular forms. The

presen t notes are mainly dev oted to explaining the k ey ingredien t, whic h is

the Euler system constructed b y Kato, �rst in the K

2

-groups of mo dular

curv es, and then using the Chern class map, in Galois cohomology . This

material is based mainly on the talks giv en b y Kato and the author at the

symp osium, as w ell as a series of lectures b y Kato in Cam bridge in 1993. In

a companion pap er [29] Rubin explains ho w, giv en enough information ab out

an Euler system, one can pro v e v ery general �niteness theorems for Selmer

groups whenev er the appropriate L -function is non-zero (see x 8 of his pap er

for precise results for elliptic curv es).

P artly b ecause of space, and partly b ecause of the author's lac k of un-

derstanding, the scop e of these notes is limited. There are t w o particular

restrictions. First, w e only pro v e the k ey recipro cit y la w (Theorem 3.2.3 b e-

lo w), whic h allo ws one to compute the image of the Euler system under the

dual exp onen tial map, in the case of a prime p of go o d reduction (actually , for

stupid reasons explained at the end of x 2.1, w e also m ust assume p is o dd).

Secondly , w e sa y nothing ab out the case of Galois represen tations attac hed

to forms of w eigh t greater than 2. F or the most general results, the reader

will need to consult the preprin t [17 ] and Kato's future pap ers.

Kato's K

2

Euler system has its origins in the w ork of Beilinson [1] (see

also [30 ] for a b eginner's treatmen t). Beilinson used cup-pro ducts of mo dular

units to construct elemen ts of K

2

of mo dular curv es. He w as able to compute

the regulators of these elemen ts b y the Rankin-Selb erg metho d and relate

them to the L -function of the mo dular curv e at s = 2, in partial con�rmation

of his general conjectures [1; 27] relating regulators and v alues of L -functions.

Kato disco v ered that, b y using explicit mo dular units, one obtained norm-

compatible families of elemen ts of K

2

. These mo dular units are the v alues,

at torsion p oin ts, of what are called here Kato-Sie gel functions . These are

c anonic al (no indeterminate constan t) functions on an elliptic curv e (o v er

an y base sc heme) with prescrib ed divisors, whic h are norm-compatible with

resp ect to isogenies. Suc h functions w ere, o v er C , �rst disco v ered b y Siegel

| the asso ciated mo dular units w ere studied in depth b y Kub ert and Lang

[19]. Ov er C generalisations of these functions w ere found b y Rob ert [28]. It
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w as Kato [16] who �rst found their elegan t algebraic c haracterisation. In x 1 I

ha v e giv en an \arithmetic" mo dular construction of these functions, whic h is

more complicated than Kato's but at least rev eals the k ey fact b ehind their

existence | namely , the trivialit y of the 12th p o w er of the sheaf ! on the

mo dular stac k. (The Picard group of the mo dular stac k w as computed b y

Mumford [25] man y y ears ago.)

In x 2 w e turn to K -theory , and giv e a fairly general construction of the

Euler system in K

2

of mo dular curv es, and the norm relations. It is relativ ely

formal to pass from this to an Euler system in Galois cohomology of (sa y)

a mo dular elliptic curv e. The hard part is to sho w that the cohomology

classes one gets are non-trivial if the appropriate L -v alue is nonzero. In

his 1993 Cam bridge lectures, Kato explained ho w this can b e regarded as a

consequence of a h uge generalisation of the explicit recipro cit y la ws (Artin,

Hasse, Iw asa w a, Wiles : : : ) to lo cal �elds with imp erfect residue �eld. This

is the sub ject of the preprin t [17 ]. A t the Durham conference he sk etc hed a

sligh tly di�eren t pro of, using the F on taine-Hy o do-F altings approac h to p -adic

Ho dge theory . In x 3 w e giv e a stripp ed-do wn pro of of a w eak v ersion of one

of the recipro cit y la ws in [17] in the case of go o d reduction, using a minimal

amoun t of p -adic Ho dge theory .

In x 4 w e explain ho w Kato uses the Rankin-Selb erg in tegral (v ery m uc h

as Beilinson did) to compute the pro jection of the the image of the dual

exp onen tial in to a Hec k e eigenspace. Finally in x 5 w e tie ev erything together

for a mo dular elliptic curv e.

The app endix to x 2 (whic h is the author's only original con tribution to

this w ork) is an attempt to extend Kato's metho ds to other situations. W e

construct an Euler system in the higher K -groups of (a suitable op en part

of ) Kuga-Sato v arieties. This is a precise v ersion of the construction used

in [32 ] (see also x 5 of [9] for a summary) to relate arc himedean regulators

of mo dular form motiv es and L -functions. The p -adic applications of these

elemen ts remain to b e found.

I ha v e man y p eople to thank for their help in the preparation of this

pap er. P articular men tion is due to Jan Nek o v� a � r. He encouraged me to think

ab out norm relations in 1994, although in the end that w ork w as o v ertak en

b y ev en ts, and all that remains of it is the app endix to x 2. It is only b ecause

of his insistence that xx 3{5 exist at all, and his careful reading of m uc h of

the pap er eliminated man y errors (although he is not to b e held resp onsible

for those that remain). I am also grateful to Amnon Besser, Sp encer Blo c h,

Kevin Buzzard, John Coates, Ofer Gabb er, Henri Gillet, Erasm us Landv ogt

and Christophe Soul � e for useful discussions. Karl Rubin read the original

draft of the man uscript and made in v aluable suggestions. Ab o v e all, it is

a great pleasure to thank Kato, the creator of this b eautiful and p o w erful

mathematics, for encouraging me to publish this accoun t of his w ork and for
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p oin ting out some blunders in an earlier draft.

This pap er w as b egun while the author w as visiting the Univ ersit y of

M • unster in win ter 1996 as a guest of Christopher Deninger, and completed

during a sta y at the Isaac Newton Institute in 1998. It is a pleasure to thank

them for their hospitalit y .

Notation

If G is a comm utativ e group (or group sc heme) and n 2 Z then [ � n ]

G

: G ! G

is the endomorphism \m ultiplication b y n ", written simply [ � n ] if no confu-

sion can o ccur. W e also write

n

G and G=n for the k ernel and cok ernel of [ � n ],

resp ectiv ely .

Throughout this pap er w e use the geometric F rob enius, and normalise the

recipro cit y la ws of class �eld theory accordingly (see x 3.1 b elo w for precise

con v en tions, as w ell as the remarks follo wing Theorem 5.2.1).

The sym b ol \=" is used to denote equalit y or canonical isomorphism. W e

use the usual notation \:=" to indicate that the righ t-hand expression is the

de�nition of that on the left (and \=:" for the re
ected relation).

1 Kato-Siegel functions and mo dular units

1.1 Review of mo dular forms and elliptic curv es

W e review some w ell-kno wn facts ab out the mo duli of elliptic curv es. See

for example [7; 8; 18 , Chapter 2]. F or an y elliptic curv e f : E ! S , with

zero-section e , w e ha v e the standard in v ertible sheaf

!

E =S

:= f

�




1

E =S

= e

�




1

E =S

:

F rom the second description (as the conormal bundle of the zero-section of

E =S ) w e ha v e the isomorphism !

E =S

= e

�

O

E

( � e ). Because 


1

E =S

is free

along the �bres of f , in fact !

E =S

= x

�




1

E =S

for an y section x 2 E ( S ).

The formation of !

E =S

is compatible with basec hange | in fancy language,

! is a sheaf on the mo dular stack M of elliptic curv es.

A (meromorphic) mo dular form of w eigh t k is a rule whic h assigns to

eac h E =S a section of !


 k

E =S

, compatible with basec hange. By de�nition this

is the same as an elemen t of �( M ; !


 k

). The discriminan t �( E =S ) is a

no where-v anishing section of !


 12

E =S

compatible with basec hange, and it de�nes

an in v ertible mo dular form � of w eigh t 12. F rom this it follo ws in particular

that

� The set of no where-v anishing sections of !


 12 d

is f� �

d

g , for an y in teger

d .
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Let N � 1 b e an in teger. The mo dular stac k M

�

0

( N )

classi�es pairs

( E =S; � ) where � : E ! E

0

is a cyclic isogen y of degree N of elliptic curv es

o v er S . (When N is not in v ertible on S the de�nition of cyclic can b e found

in [18, x 3.4].) The functor ( E ; � ) 7! E de�nes a morphism c : M

�

0

( N )

! M .

A (meromorphic) mo dular form on �

0

( N ) of w eigh t k is a section of c

�

!


 k

o v er M

�

0

( N )

. Equiv alen tly , it is a rule whic h asso ciates to eac h cyclic N -

isogen y � : E ! E

0

of elliptic curv es o v er S a section of !


 k

E =S

, compatible

with arbitrary basec hange S

0

! S . As w ell as �, one has the mo dular form

�

( N )

of w eigh t 12, de�ned b y

�

( N )

( E

�

� ! E

0

) = �

�

�( E

0

) :

It is in v ertible exactly where � is � etale. In particular, it is in v ertible on

S 
 Z [1 = N ].

Supp ose N = p is prime. The reduction of M

�

0

( p )

mo d p has t w o irre-

ducible comp onen ts, one of whic h parameterises pairs ( E =S; � ) where � is

F rob enius, and the other those pairs where � is V ersc hiebung. On the �rst

comp onen t �

( p )

v anishes, and on the second it do es not.

Let m b e the denominator of ( p � 1) = 12. Then �

( p )

� �

� 1

is the m

th

p o w er of a mo dular function u

p

2 �( M

�

0

( p )

; O ), whic h is in v ertible a w a y

from c haracteristic p b y the previous remarks. It is a classical fact [26] that

�( M

�

0

( p )


 Q ; O

�

) = h Q

�

; u

p

i :

and therefore

�( M

�

0

( p )

; O

�

) = f� 1 g :

Recall the Ko daira-Sp encer map (see e.g. [18, 10.13.10]); if E =S is an elliptic

curv e and S is smo oth o v er T , one has an O

S

-linear map

K S = K S

E =S

: !


 2

E =S

! 


1

S=T

:

If T = Sp ec Q and E =S is the univ ersal elliptic curv e o v er the mo dular

curv e Y ( N ), N � 3 (the de�nition is recalled in x 2.2 b elo w), then K S is an

isomorphism.

If S , ! S , E , ! E is an extension of E to a curv e E = S of gen us 1 (not

necessarily smo oth), and the iden tit y section e 2 E ( S ) extends to a a section

e : S ! E whose image is con tained in the smo oth part, then !

E = S

:= e

�




E = S

is an in v ertible sheaf on S extending !

E =S

. If S is smo oth o v er the base

sc heme T , and S is the complemen t in S of a divisor S

1

with relativ e normal

crossings, the Ko daira-Sp encer map extends to a homomorphism

K S

E = S

: !


 2

E = S

! 


1

S =T

(log S

1

) : (1.1.1)

If S = X ( N )

= Q

for N � 3 and E is the regular minimal mo del of the univ ersal

elliptic curv e, then (1.1.1) is an isomorphism.
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1.2 Kato-Siegel functions

If D is a principal divisor on an elliptic curv e o v er (sa y) a �eld, there is in

general no `canonical' function with divisor D . F or certain sp ecial divisors,

suc h canonical functions do exist. In their analytic construction they ha v e

b een used extensiv ely in the theory of elliptic units. Kato observ ed that they

ha v e a completely algebraic c haracterisation. Here w e giv e a sligh tly more

general, mo dular, description of suc h a class of functions.

Theorem 1.2.1. L et D b e an inte ger with (6 ; D ) = 1 . Ther e is one and only

one rule #

D

which asso ciates to e ach el liptic curve E ! S over an arbitr ary

b ase a se ction #

( E =S )

D

2 O

�

( E � k er [ � D ]) such that:|

(i) as a r ational function on E , #

( E =S )

D

has divisor D

2

( e ) � k er [ � D ] ;

(ii) if S

0

! S is any morphism, and g : E

0

= E �

S

S

0

! E is the b ase change,

then g

�

#

( E =S )

D

= #

( E

0

=S

0

)

D

;

(iii) if � : E ! E

0

is an iso geny of el liptic curves over a c onne cte d b ase S

whose de gr e e is prime to D , then

�

�

#

( E =S )

D

= #

( E

0

=S )

D

(iv) #

� D

= #

D

and #

1

= 1 . If D = M C with M , C � 1 then

[ � M ]

�

#

D

= #

M

2

C

and #

C

� [ � M ] = #

D

=#

C

2

M

:

In p articular, [ � D ]

�

#

D

= 1 .

(v) if � 2 C with Im( � ) > 0 and E

�

= C is the el liptic curve whose p oints ar e

C = Z + � Z , then #

( E

�

= C )

D

is the function

( � 1)

D � 1

2

�( u; � )

D

2

�( D u; � )

� 1

wher e

�( u; � ) = q

1

12

( t

1

2

� t

�

1

2

)

Y

n> 0

(1 � q

n

t )(1 � q

n

t

� 1

)

and q = e

2 � i�

, t = e

2 � iu

.

R emarks. (i) W e do not require that D b e in v ertible on S .

(ii) Lo cally for the Zariski top ology , an y elliptic curv e ma y b e obtained b y

basec hange from an elliptic curv e o v er a reduced base. It is therefore enough

to restrict to reduced base sc hemes S .
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(iii) Prop erties (i) and (iii) alone already determine #

( E =S )

D

uniquely; an y

other function with the same divisor is of the form u# , for some u 2 O

�

( S ),

and applying (ii) for the isogenies [ � 2], [ � 3] w ould giv e u

4

= u = u

9

, whence

u = 1.

(iv) In do wn-to-earth terms, if S = Sp ec k for an algebraically closed �eld

k then for a separable isogen y � : E ! E

0

, the prop ert y (iii) is just the

distribution r elation

Y

x 2 E ( k )

� ( x )= y

#

( E =k )

D

( x ) = #

( E

0

=k )

D

( y ) ; for an y y 2 E

0

( k ).

(v) Ov er C this theorem w as obtained b y Rob ert [28], who pro v es rather

more: he sho ws that for an y elliptic curv e E = C and an y �nite subgroup

P � E of order prime to 6, there is a certain canonical function with divisor

# P ( e ) � P and prop erties generalising those of #

D

. One can pro v e his more

general result in a manner similar to the pro of of 1.2.1; in place of the mo dular

form �

D

2

� 1

one should use �( E )

# P

=�

�

�( E =P ), where � : E ! E =P is the

quotien t map.

Pr o of. W e b egin with the �rst t w o conditions. First observ e that if S is a

sp ectrum of a �eld, then the divisor k er [ � D ] � D

2

( e ) is principal (b ecause D

is o dd, the sum of k er [ � D ] � D

2

( e ) in the Jacobian is zero). T o giv e a rule

#

D

satisfying (i) and (ii) is equiv alen t to giving, for an y elliptic curv e E =S ,

an isomorphism of line bundles on E

O

E

(k er [ � D ])

�

� ! O

E

( D

2

e ) (1.2.2)

compatible with basec hange. W e ha v e just observ ed that the line bundles

are isomorphic when restricted to an y �bre of E =S . Since w e can assume

(b y remark (ii) ab o v e) that S is reduced, the seesa w theorem tells us that

to giv e an isomorphism (1.2.2) is equiv alen t to giving an isomorphism of the

restriction of the bundles to the zero-section. In other w ords, the existence

of #

D

is equiv alen t to �nding, for eac h E =S , a trivialisation of the bundle

e

�

O

E

(k er [ � D ]) 
 e

�

O

E

( D

2

e )

_

= e

�

[ � D ]

�

O

E

( e ) 
 e

�

O

E

( � D

2

e )

= e

�

O

E

( e )


 (1 � D

2

)

= !


 ( D

2

� 1)

E =S

compatible with base-c hange. Note that (6 ; D ) = 1 implies D

2

� 1 (mo d 12).

There are then exactly t w o non-v anishing sections of !


 ( D

2

� 1)

E =S

compatible

with arbitrary basec hange, namely � �( E =S )

( D

2

� 1) = 12

. Cho ose one of them,

and let �

( E =S )

b e the corresp onding function on E � k er [ � D ]. So the rule



386 A. J. Sc holl

( � : E =S 7! �

( E =S )

) satis�es prop erties (i) and (ii). In a momen t w e will see

that exactly one of � � satis�es (iii). (See also remark 1.2.3 b elo w).

By the basec hange compatibilit y (ii), w e are free to mak e an y faithfully


at basec hange in order to c hec k (iii). There exists suc h a basec hange o v er

whic h � factors as a pro duct of isogenies of prime degree. It is therefore

enough to v erify (iii) when deg � = p is prime. The quotien t

g

p

( E =S; � ) = �

�

�

( E =S )

( �

( E

0

=S )

)

� 1

2 O

�

( S )

is compatible with basec hange. It therefore de�nes a mo dular unit g

p

2

�( M

�

0

( p )

; O

�

), and so g

p

( E =S; � ) 2 f� 1 g for ev ery ( E =S; � ). Moreo v er the

sign dep ends only on p .

T o determine the sign, ev aluate g

p

( E = F

p

; F

E

) for an elliptic curv e o v er F

p

and its F rob enius endomorphism. The norm map F

E �

: � ( E )

�

! � ( E )

�

is

then the iden tit y map, so g

p

( E ; F

E

) = 1, and therefore if p is o dd w e ha v e

g

p

= +1. Notice that replacing �

( E =S )

b y � �

( E =S )

do es not c hange g

p

for p

o dd, but replaces g

2

b y � g

2

. Therefore for exactly one c hoice #

D

= � � it will

b e the case that g

2

= +1, so exactly one of these c hoices satis�es (iii).

No w for prop ert y (iv). Eviden tly #

� D

also satis�es the c haracteristic prop-

erties (i) and (iii), hence #

� D

= #

D

. Also #

1

= 1 for the same reason. The

function [ � M ]

�

#

D

has divisor M

2

( C

2

( e ) � k er [ � C ]) and is compatible with

base c hange, so w e can write [ � M ]

�

#

D

= "#

M

2

C

for some " = � 1. No w prop-

ert y (iii) giv es

"#

M

2

C

= [ � M ]

�

#

D

= [ � M ]

�

[ � 2]

�

#

D

=

= [ � 2]

�

[ � M ]

�

#

D

= [ � 2]

�

( "#

M

2

C

) = "

4

#

M

2

C

= #

M

2

C

and so " = 1. The same calculation w orks for M = D b y writing #

1

= 1.

If D = M C then the functions #

C

� [ � M ] and #

D

=#

C

2

M

b oth ha v e divisor

C

2

k er [ � M ] � k er [ � D ]

hence their ratio is a unit compatible with basec hange. The norm compati-

bilit y (iii) then sho ws that this unit equals 1, as in Remark (iii) ab o v e. This

pro v es prop ert y (iv).

Finally w e c hec k (v). Classical form ulae (as can for example b e found in

[39] | the function � is essen tially the same as the Jacobi theta function #

1

)

sho w that

F ( u; � ) = �( u; � )

D

2

�( D u; � )

� 1

is a function on E

�

with divisor D

2

( e ) � k er [ � D ], and is S L

2

( Z )-in v arian t.

1

Hence F ( u; � ) is a constan t m ultiple (indep enden t of � ) of #

( E

�

= C )

D

. As a

1

The S L

2

( Z ) action is:

�

a b

c d

�

: ( u; � ) 7!

�

u

c� + d

;

a� + b

c� + d

�

.
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formal p o w er series,

F = q

( D

2

� 1) = 12

t

� D ( D � 1) = 2

Y

n � 0

(1 � q

n

t )

D

2

1 � q

n

t

D

Y

n> 0

(1 � q

n

t

� 1

)

D

2

1 � q

n

t

� D

is a unit in the ring of Lauren t q -series with co e�cien ts in Z [ t; 1 =t (1 � t

D

)].

So b y the q -expansion principle, the constan t has to b e � 1. T o determine

the sign, consider an y elliptic curv e E

�

de�ned o v er R with 2 real connected

comp onen ts. F or suc h a curv e one can assume that Re( � ) = 0. (T o b e

de�nite, tak e E to b e the curv e

Y

2

= X

3

� X

for whic h � = i .) The real comp onen ts of E

�

are the images of the line seg-

men ts [0 ; 1] and [ � = 2 ; 1 + � = 2] in the complex plane. W e compute [ � 2]

�

F ( u; � )

for suc h a curv e. The explicit form ula for �( u; � ) sho ws that the �rst non-

v anishing u -deriv ativ e of F ( u; � ) at the origin is real and p ositiv e. On the

in terv al [0 ; 1], F ( u; � ) has simple p oles at u = k =D (1 � k � D � 1) and so b y

calculus ( � 1)

( D � 1) = 2

F (1 = 2 ; � ) > 0. On the segmen t [ � = 2 ; 1 + � = 2], F is real,

�nite and non-zero, hence the pro duct F ( � = 2 ; � ) F ((1 + � ) = 2 ; � ) is p ositiv e.

Therefore at the origin,

[ � 2]

�

F ( u; � ) = F (

u

2

; � ) F (

u + 1

2

; � ) F (

u + �

2

; � ) F (

u + 1 + �

2

; � )

� ( � 1)

( D � 1) = 2

� (p ositiv e real ) � u

D

2

� 1

and so [ � 2]

�

F ( u; � ) = ( � 1)

( D � 1) = 2

F ( u; � ).

R emark 1.2.3. As w e sa w in the pro of, #

D

corresp onds to one of the t w o

no where-v anishing mo dular forms of w eigh t ( D

2

� 1) = 12. Using (v) it is easy

to determine whic h. The form arises b y restriction to the zero-section of the

comp osite isomorphism

[ � D ]

�

O

E

( e )

�

 � O

E

(k er [ � D ])

�

� � � � !

� #

( E =S )

D

O

E

( D

2

e )

since e

�

[ � D ]

�

= e

�

. Therefore the q -expansion is D times the leading co e�-

cien t in the expansion of #

( E

�

= C )

D

in p o w ers of t , whic h from (v) is easily seen

to b e

( � 1)

D � 1

2

q

D

2

� 1

12

Y

n> 0

(1 � q

n

)

2 D

2

� 2

= ( � 1)

D � 1

2

�( � )

D

2

� 1

12

R emark. Supp ose that E =S is an elliptic curv e o v er an in tegral base S , and

that P � E ( S ) is a �nite group of sections. Let

D =

X

x 2 P

m

x

( x ) 2 Z [ P ]



388 A. J. Sc holl

b e a divisor with

P

m

x

= 0 and

P

m

x

x = e . In the case when S is the

sp ectrum of a �eld, D is principal, but in general this will not b e the case.

F or example, supp ose that P = f e; x g for a section x of order 2, disjoin t from

e . Then D = 2( x ) � 2( e ) is principal if and only if !


 2

E =S

= e

�

O ( D ) is trivial.

Consider a Dedekind domain R con taining 1 = 2, and an ideal A � R whic h

has order 4 in Pic R . Let A

4

= ( a ) and let E =R b e the elliptic curv e giv en b y

the a�ne equation

y

2

= x ( x

2

� a )

o v er the �eld of fractions of R . T ak e an op en U � Sp ec R o v er whic h A

b ecomes principal, lo cally generated b y � , sa y . Then a = �

4

" for some unit

" 2 O ( U )

�

, and an equation for E o v er U is

( y =�

3

)

2

= ( x=�

2

)(( x=�

2

)

2

� " ) :

Therefore !

E =R

is lo cally generated o v er U b y

d ( x=�

2

)

y =�

3

= �

dx

y

;

i.e. !

E =R

' A . So the divisor 2(0 ; 0) � 2( e ) is not principal on E =R .

1.3 Units and Eisenstein series

Let E b e an elliptic curv e o v er an in tegral base S , let D > 1 b e an in teger

prime to 6, and x 2 E ( S ) a section. If x is disjoin t from k er [ � D ], then one

obtains a unit #

D

( x ) = x

�

#

D

2 O

�

( S ) on the base. In particular, supp ose that

x is a torsion section of order N > 1, with ( N ; D ) = 1. Since S is in tegral, x

has order N at the generic p oin t. Under either of the follo wing conditions it

is automatic that x \ k er [ � D ] = ; :

� N is in v ertible on S (then x has order N in ev ery �bre); or

� N is divisible b y at least t w o primes.

In the classical setting one tak es S to b e a mo dular curv e (o v er C ) and the

functions #

D

( x ) are the Sie gel units , studied extensiv ely (see for example [19]).

There are at least t w o w a ys to form a logarithmic deriv ativ e from the pair

( #

D

; x ). The simplest is to form

dlog

�

#

D

( x )

�

2 �( S; 


1

S

)

whic h in the classical setting giv es w eigh t 2 Eisenstein series. The other

w a y , whic h leads to w eigh t 1 Eisenstein series, is to �rst form the \v ertical"

logarithmic deriv ativ e

dlog

v

#

D

2 �( E � k er [ � D ] ; 


1

E =S

) :
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Since !

E =S

= x

�




1

E =S

(see x 1.1) w e obtain

D

Eis( x ) =

D

Eis( E =S; x ) := x

�

dlog

v

#

D

2 �( S; x

�




1

E =S

) = �( S; !

E =S

) ;

a mo dular form of w eigh t one. Notice that in this construction one can start

with any function whose divisor is D

2

( e ) � k er [ � D ], since it will b e of the

form g #

D

for some g 2 O

�

( S ), and dlog

v

g = 0.

F rom prop ert y 1.2.1(iv) w e ha v e

( #

D

)

D

0 2

� #

D

0

� [ � D ] = ( #

D

0

)

D

2

� #

D

� [ � D

0

]

and therefore

D

0 2

dlog

v

#

D

� [ � D

0

]

�

dlog

v

#

D

= D

2

dlog

v

#

D

0

� [ � D ]

�

dlog

v

#

D

0

: (1.3.1)

No w [ � D ]

�

is m ultiplication b y D on global sections of 


1

E =S

. Hence (1.3.1)

giv es

D

0 2

�

D

Eis( E =S; x ) � D

0

�

D

Eis ( E =S; D

0

x )

= D

2

�

D

0

Eis( E =S; x ) � D �

D

0

Eis( E =S; D x ) :

It follo ws that for an y D � 1 (mo d N ), the section

Eis( E =S; x ) :=

1

D

2

� D

�

D

Eis( E =S; x ) 2 �( S 
 Z [

1

D ( D � 1)

] ; ! ) (1.3.2)

is indep enden t of D . No w if p 6 j 2 N , there exists D > 1, D � 1 (mo d N ) with

( D ; 6) = 1 and p 6 j D ( D � 1), so one can glue the v arious Eis( E =S; x ) for the

di�eren t D to get a section Eis( E =S; x ) 2 �( S 
 Z [1 = 2 N ] ; ! ). F or any D one

then has

D

Eis( E =S; x ) = D

2

Eis( E =S; x ) � D Eis( E =S; D x ) :

Supp ose E = C = � is an elliptic curv e o v er C , with � = Z !

1

+ Z !

2

. Let u

b e the v ariable in the complex plane. Using the function � ( z ; �)

D

2

=� ( D z ; �)

(W eierstrass � -function) in place of #

D

giv es

dlog

v

#

D

=

�

D

2

� ( u; �) � D � ( D u; �)

�

dz

and if x 2 E ( C ) � f e g is the torsion p oin t ( a

1

!

1

+ a

2

!

2

) = N 2 N

� 1

� = �, with

( N ; D ) = 1, then

Eis( E = C ; x ) =

X

m

i

2

a

i

N

+ Z

1

( m

1

!

1

+ m

2

!

2

) j m

1

!

1

+ m

2

!

2

j

s

�

�

�

�

s =0

du: (1.3.3)
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On the T ate curv e T ate ( q ) o v er �

N

= Z [ �

N

](( q

1 = N

)) there is the canonical

di�eren tial dt=t , and the lev el N structure

( Z = N Z )

2

! k er [ � N ] ; ( a

1

; a

2

) mo d N 7! �

a

1

N

q

a

2

= N

:

If x is the p oin t �

a

1

N

q

a

2

= N

then b y explicit di�eren tiation of the in�nite pro duct

in Theorem 1.2.1(v)

Eis(T ate ( q ) = �

N

; x ) =

�

B

1

�

a

2

N

�

�

X

n> 0

�

X

d 2 Z ; d j n

n

d

� a

2

mo d N

sgn( d ) �

a

1

d

N

�

q

n= N

�

dt=t

if 0 � a

1

< n , 0 < a

2

< n . Here B

1

( X ) = X � 1 = 2 is the Bernoulli p olynomial.

(In the case a

2

= 0 6= a

1

the constan t term is somewhat di�eren t.) In

particular, Eis(T ate ( q ) = �

N

; x ) is holomorphic at in�nit y .

One can also compute the logarithmic deriv ativ e of the unit #

D

( x ) 2 �

�

N

.

The result is most in teresting if one w orks with absolute di�eren tials, that is

in the mo dule of ( q -adically separated) di�eren tials

^




�

N

= Z

= �

N

� d ( q

1 = N

) � �

N

=I

N

� d�

N

where I

N

� �

N

is the annihilator of d�

N

(and equals the ideal generated b y

the di�eren t of Q ( �

N

)). The k ey p oin t is that the logarithmic deriv ativ e of

a t ypical term in the in�nite pro duct for #

D

( x ) is

dlog

�

1 � �

� a

1

N

q

( m � a

2

= N )

�

= �

� �

� a

1

N

q

( m � a

2

= N )

1 � �

� a

1

N

q

( m � a

2

= N )

( a

1

dlog �

N

+ ( a

2

� mN ) dlog q

1 = N

)

whereas the corresp onding term for the v ertical logarithmic deriv ativ e is

dlog(1 � t

� 1

q

m

)

�

�

�

t = �

a

1

N

q

a

2

= N

= �

� �

� a

1

N

q

( m � a

2

= N )

1 � �

� a

1

N

q

( m � a

2

= N )

dlog t:

Comparing giv es the follo wing striking congruence:

Prop osition 1.3.4. If x = �

a

1

N

q

a

2

= N

2 T ate( q )(�

N

) , then

dlog #

D

( x ) �

D

Eis(T ate ( q ) = �

N

; x )

dlog t

( a

1

dlog �

N

+ a

2

dlog q

1 = N

) mo d N :
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2 Norm relations

2.1 Some elemen ts of K -theory

F or a regular, separated and no etherian sc heme X , the Quillen K -groups

K

i

X , i � 0, together with the cup-pro duct

[ : K

i

X � K

j

X ! K

i + j

X

de�ne a graded ring K

�

X , whic h is a con tra v arian t functor in X | for an y

morphism f : X

0

! X of regular sc hemes there is a graded ring homomor-

phism f

�

: K

�

X ! K

�

X

0

. If f is pr op er , then there are also pushforw ard

maps f

�

: K

i

X

0

! K

i

X (group homomorphisms) whic h satisfy the pro jection

form ula

f

�

( f

�

a [ b ) = a [ f

�

b: (2.1.1)

F or i = 1 there is a canonical monomorphism

O

�

( X ) ! K

1

X : (2.1.2)

F or arbitrary f , the restriction of the pullbac k map f

�

to the image of (2.1.2)

is pullbac k on functions; if f is �nite and 
at, then the pushforw ard map f

�

restricts to the norm map on functions.

In this section w e are concerned with K

2

. The cup-pro duct in this case is

the universal symb ol map

O

�

( X ) 
 O

�

( X ) ! K

2

X

u 
 v 7! f u; v g

whic h is alternating and satis�es the Stein b erg relation: f u; 1 � u g = 0 if u ,

1 � u 2 O

�

( X ). If X = Sp ec F for a �eld F , then the sym b ol map induces

an isomorphism

K

2

X = K

2

F

�

� ! �

2

F

�

= (Stein b erg relation)

b y Matsumoto's theorem.

Returning for a momen t to the general situation, let Y b e a smo oth (not

necessarily prop er) v ariet y o v er a n um b er �eld F . W rite Y = Y 


F

Q ,

G

F

= Gal ( Q =F ), and let p b e prime. Then if H

j +1

( Y ; Q

p

( n )) has no G

F

-

in v arian ts, there is an A b el-Jac obi homomorphism

K

2 n � j � 1

Y ! H

1

( G

F

; H

j

( Y ; Q

p

)( n )) :

The condition that H

0

( G

F

; H

j +1

( Y ; Q

p

( n ))) = 0 can often b e c hec k ed just b y

considering w eigh ts; if for example Y is prop er, then b y considering the action
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of an unrami�ed F rob enius and using Deligne's theorem (W eil conjectures)

one sees that it holds if j + 1 6= 2 n .

In the case of in terest here, Y is a curv e and j = 1, and n = 2. Then the

Ab el-Jacobi map is ev en de�ned in tegrally:

AJ

2

: K

2

Y ! H

1

( G

F

; H

1

( Y ; Z

p

)(2)) : (2.1.3)

It is constructed as follo ws. There is a theory of Chern classes from higher

K -theory to � etale cohomology: these are functorial homomorphisms, for eac h

q � 0 and n 2 Z :

c

q ;n

: K

q

Y ! H

2 n � q

( Y ; Z

p

( n )) :

Here the cohomology on the righ t-hand side is con tin uous � etale cohomology .

These maps are not m ultiplicativ e, but can b e made in to a m ultiplicativ e map

b y the Chern c haracter construction.. All w e need to kno w here is that if � ,

�

0

2 K

1

Y then

c

1 ; 1

( � ) [ c

1 ; 1

( �

0

) = � c

2 ; 2

( � [ �

0

) (2.1.4)

(see for example [33, p.28]). One writes c h = � c

2 ; 2

.

The � etale cohomology of Y is related to that of Y b y the Ho c hsc hild-Serre

sp ectral sequence:

E

i;j

2

= H

i

( G

F

; H

j

( Y ; Z

p

)( n )) ) H

i + j

( Y ; Z

p

( n )) :

Let Y , ! X b e the smo oth compacti�cation of Y , so that Y = X � Z for a

�nite Z � X . The Z

p

-mo dule H

0

( Y ; Z

p

) = H

0

( X ; Z

p

) is free of rank equal

to the n um b er of comp onen ts of X , and H

2

( X ; Z

p

) = H

0

( X ; Z

p

)( � 1). The

mo dule H

1

( X ; Z

p

) is the T ate mo dule of the Jacobian of X , hence is free.

There is an exact sequence

0 ! H

1

( X ; Z

p

) ! H

1

( Y ; Z

p

) ! H

0

( Z ; Z

p

)( � 1)




� ! H

2

( X ; Z

p

) ! H

2

( Y ; Z

p

) ! 0 :

The map 
 is the Gysin homomorphism, mapping the class of a p oin t z 2 Z

to the class of the comp onen t of X to whic h it b elongs. Therefore all the

mo dules H

j

( Y ; Z

p

) are free

2

. Moreo v er if � is an eigen v alue of a geometric

F rob enius acting on H

j

( Y ; Q

p

) at a prime v 6 j p of go o d reduction, then � is

an algebraic in teger satisfying

j � j =

8

>

<

>

:

1 if j = 0,

N ( v )

1 = 2

or N ( v ) if j = 1, and

N ( v ) if j = 2.

2

In the case to b e considered later, Y is actually a�ne , in whic h case one ev en has

H

2

( Y ; Z

p

) = 0.
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Therefore when n = 2 the �rst column f E

0 ;j

2

g of the sp ectral sequence v an-

ishes. The exact sequence of lo w est degree terms then b ecomes:

0 ! H

2

( G

F

; H

0

( Y ; Z

p

)(2)) ! H

2

( Y ; Z

p

(2))

e

2

� ! H

1

( G

F

; H

1

( Y ; Z

p

)(2)) ! H

3

( G

F

; H

0

( Y ; Z

p

)(2)) :

Comp osing the \edge homomorphism" e

2

with c h = � c

2 ; 2

de�nes the Ab el-

Jacobi homomorphism (2.1.3) | the min us sign is c hosen b ecause of (2.1.4) .

Notice also that the last group H

3

( G

F

; H

0

( Y ; Z

p

)(2)) is zero if p is o dd, and

killed b y 2 in general (see for example [24 ]).

W e also need the Chern c haracter in to de Rham cohomology . F or a No ethe-

rian a�ne sc heme X = Sp ec R there are homomorphisms for eac h q � 0

dlog = dlog

R

: K

q

R ! 


q

R= Z

satisfying:

(i) dlog( a [ b ) = dlog a ^ dlog b ;

(ii) If b 2 R

�

� K

1

R then dlog b = b

� 1

db 2 


1

R= Z

;

(iii) On K

0

R , dlog is the degree map.

(iv) If R

0

=R is a �nite 
at extension of regular rings, then tr




R

0

=R

� dlog

R

0

=

dlog

R

� tr

K

R

0

=R

.

In (iv), tr

K

R

0

=R

: K

q

R

0

! K

q

R is the prop er push-forw ard for Sp ec R

0

! Sp ec R

(also called the transfer), and tr




R

0

=R

: 


q

R

0

= Z

! 


q

R= Z

is the trace map for

di�eren tials. Since this compatibilit y do es not seem to b e do cumen ted in the

literature w e mak e some remarks ab out it. What follo ws w as suggested in

con v ersation with Gillet and Soul � e.

T o c hec k the compatibilit y w e can w ork lo cally on Sp ec R , and th us assume

that R is lo cal. Therefore R

0

is a free R -mo dule of rank d sa y . Cho osing a

basis giv es a matrix represen tation � : R

0

, � ! M

d

( R ). W e get for ev ery n � 1

corresp onding inclusions GL

n

( R

0

) , � ! GL

nd

( R ), whic h in the limit giv e an

inclusion GL ( R

0

) , � ! GL ( R ). This induces b y functorialit y the transfer on

K

q

( � ) = �

q

( B GL ( � )

+

).

One w a y to de�ne the map dlog is to use Ho c hsc hild homology (see

for example [22 , 1.3.11�.]). There is a simplicial R -mo dule C

�

( R ) with

C

q

( R ) = R


 q +1

(tensor pro duct o v er Z ), whose homology is Ho c hsc hild ho-

mology H H

�

( R ). There is also a pair of R -linear maps 


q

R= Z

"

q

� ! H H

q

( R )

�

q

� !




q

R= Z

, whose comp osite is m ultiplication b y q !. The map �

q

is giv en b y

r

0


 r

1


 � � � 
 r

q

7! r

0

dr

1

^ � � � ^ r

q

.
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There is a map Dtr : H

�

( GL ( R ) ; Z ) ! H H

�

( R ), the Dennis tr ac e (see

[22, 8.4.3], whic h maps r 2 R

�

� H

1

( GL ( R ) ; Z ) to the homology class of

r

� 1


 r 2 C

1

( R ). Assume that q ! is in v ertible in R . Then comp osing on

one side with the Hurewicz map K

q

( R ) ! H

q

( GL ( R ) ; Z ), and on the other

with ( q !)

� 1

�

q

, de�nes the map dlog : K

q

( R ) ! 


q

R= Z

, for an y q > 0. It is

not to o hard to c hec k directly (an exercise from [22, Ch.8]) that if a , b 2 R

�

then dlog f a; b g = ( ab )

� 1

da ^ db , whic h is the only part of (i) needed in what

follo ws.

There is a trace map tr

H H

on Ho c hsc hild homology: the represen tation

R

0

, � ! M

d

( R ) induces b y functorialit y a map H H

�

( R

0

) ! H H

�

( M

d

( R )), and

b y Morita in v ariance [22, 1.2.4] w e ha v e an isomorphism H H

�

( M

d

( R )

�

� !

H H

�

( R ).

Still under the h yp othesis that q ! is in v ertible, the maps "

q

and ( q !)

� 1

�

q

mak e 


q

R= Z

a direct factor of H H

q

( R ). One can then de�ne the trace map

tr




R

0

=R

as the comp osite ( q !)

� 1

�

q

� tr

H H

R

0

=R

� "

q

. (This approac h to trace maps is

due to Lipman [21 ] | see also H • ubl's thesis [13 ].) It no w is a simple exercise

to c hec k the compatibilit y (iv), the essen tial p oin t b eing the transitivit y [22,

E1.2.2] of the generalised trace.

W e need all of this only for q � 2. This means that in the recipro cit y la w

3.2.3 and all its consequences w e need to assume that p is o dd.

2.2 Lev el structures

Let E =S b e an elliptic curv e. Then for ev ery p ositiv e in teger N whic h is

in v ertible on S , there exists

3

a mo duli sc heme S ( N ), whic h is �nite and � etale

o v er S , and whic h represen ts the functor on S -sc hemes T

S ( N )( T ) =

�

lev el N structures on E �

S

T

� : ( Z = N )

2

=T

�

� ! k er [ � N ]

=T

�

More generally , for pairs ( M ; N ) of p ositiv e in tegers in v ertible on S there is

a sc heme S ( M ; N ) whic h represen ts the functor

S ( M ; N )( T ) =

�

monomorphisms of S -group sc hemes

� : ( Z = M � Z = N )

=T

, � ! E

=T

�

The group GL

2

( Z = N ) acts freely on S ( N ) on the righ t, with quotien t S .

One has S ( N ; N ) = S ( N ); in general S ( M ; N ) is a quotien t of S ( N

0

) where

N

0

= lcm ( M ; N ). One usually writes S

1

( N ) for S ( N ; 1), and w e will also

write S

0

1

( N ) for S (1 ; N ). Of course S

1

( N ) and S

0

1

( N ) are isomorphic, but

they are di�eren t as quotien ts of S ( N ). W e ha v e a lattice of subgroups of

GL

2

( Z = N Z ), and a corresp onding diagram of quotien ts of S ( N ):

3

T o a v oid o v erloading the notation w e do not include the dep endence on E in the

notation.
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�

� �

� �

�

�

1 0

0 1

�

�

� �

0 �

�

�

1 �

0 �

�

�

� 0

� 1

�

@

@

�

�

A

A

A

A

�

�

�

�

S

S ( N )

S

0

( N )

S

1

( N )

S

0

1

( N )

�

S ( N ) =S

0

1

( N )

�

S

0

1

( N ) =S

�

S ( N ) =S

1

( N )

�

S

1

( N ) =S

0

( N )

�

S

0

( N ) =S

@

@

@R

?

�

�

�	

A

A

A

A

AU

�

�

�

�

��

Ov er S ( N ) there is a canonical lev el N structure �

N

: ( Z = N )

2
�

� ! k er [ � N ] �

E , and w e let y

N

, y

0

N

2 E ( S ( N )) b e the images of the generators (1 ; 0), (0 ; 1).

Then y

N

already b elongs to E ( S

1

( N )), and y

0

N

to E ( S

0

1

( N )).

S

1

( N ) is canonically isomorphic to the op en subsc heme of k er [ � N ] con-

sisting of p oin ts in the k ernel whose order is exactly N ; and

k er [ � N ] =

a

M j N

S

1

( M ) : (2.2.1)

The sc heme S

0

( N ) parameterises �

0

( N )-structures on E =S ; in other w ords,

S

0

( N )( T ) is functorially the set of cyclic subgroup sc hemes of rank N of

E �

S

T . In the case T = S

1

( N ), the morphism �

S

1

( N ) =S

0

( N )

: S

1

( N ) ! S

0

( N )

classi�es the cyclic subgroup generated b y y

N

.

If M j M

0

and N j N

0

then there is a canonical lev el-c hanging map

�

S ( M

0

;N

0

) =S ( M ;N )

: S ( M

0

; N

0

) ! S ( M ; N )

induced b y the inclusion Z = M � Z = N , ! Z = M

0

� Z = N

0

. One has y

M

=

( M

0

= M ) y

M

0

and lik ewise for y

0

.

W e also recall that all the ab o v e mo duli sc hemes can b e de�ned for in tegers

M , N whic h are not in v ertible on S , using Drinfeld lev el structures, see [18,

p assim ]. They are �nite and 
at o v er S .

Recall �nally that for a p ositiv e in teger N whic h is the pro duct of t w o

coprime in tegers � 3, there is a univ ersal elliptic curv e with lev el N structure

o v er the mo dular curv e Y ( N ) = Z . W e shall use the standard notations Y

?

( N ),

Y ( M ; N ) without commen t.

2.3 Norm relations for �( ` ) -structure

No w �x an in teger D > 1 whic h is prime to 6. On eac h basec hange E �

S

T

(where T is one of the ab o v e mo duli sc hemes) there is the canonical function
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#

( E

T

=T )

D

, whic h b y Theorem 1.2.1(ii) is simply the pullbac k of #

( E =S )

D

. Since

E and D will b e �xed in the discussion that follo ws w e shall write all these

functions simply as # .

Consider the case of prime lev el ` . W rite y = y

`

, y

0

= y

0

`

, and abbreviate

S

?

= S

?

( ` ) (? = 1 or 0). Fix x 2 E ( S ) suc h that D `x do es not meet the zero

section of E . Let � : E �

S

S

0

!

e

E b e the quotien t b y the canonical subgroup

sc heme of rank ` , generated b y y . Let ~x 2

e

E ( S

0

) b e the comp osite

S

0

x

� ! E �

S

S

0

�

� !

e

E :

W rite

~

# = #

(

e

E =S

0

)

D

2 �(

e

E � k er [ � D ] ; O

�

).

Lemma 2.3.1.

N

S

1

=S

( # ( x + y )) = # ( `x ) # ( x )

� 1

: (N1)

N

S ( ` ) =S

1

( # ( x + y

0

)) = # ( `x )

Y

a 2 Z =`

# ( x + ay )

� 1

: (N2)

N

S

1

=S

0

( # ( x + y )) =

~

# ( ~ x ) # ( x )

� 1

(N3)

N

S ( ` ) =S

1

( # ( x + y

0

)) = # ( `x )

~

# ( ~ x )

� 1

: (N4)

N

S

0

=S

(

~

# ( ~ x )) = # ( x )

`

# ( `x ) : (N5)

Pr o of. (N1) By (2.2.1) there is a Cartesian square

S

1

q S

( x + y ;x )

� � � � ! E

?

?

y

?

?

y

[ � ` ]

S

`x

� � � � ! E

Hence

N

S

1

=S

( # ( x + y )) # ( x ) = N

S

1

q S=S

(( x + y ; x )

�

# )

= ( `x )

�

[ � ` ]

�

# since the square is Cartesian

= ( `x )

�

# b y 1.2.1(iii)

= # ( `x ) :

(N2) The same argumen t, applied to the Cartesian square

S ( ` ) q

a

a 2 Z =`

S

1

( x + y

0

;x + ay )

� � � � � � � ! E �

S

S

1

?

?

y

?

?

y

[ � ` ]

S

1

`x

� � � � � � � ! E �

S

S

1



An in tro duction to Kato's Euler systems 397

(N3) This comes from the Cartesian square:

S

1

q S

0

( x + y ;x )

� � � � ! E �

S

S

0

?

?

y

?

?

y

�

S

0

~x

� � � � !

e

E

The remaining relations (N4) and (N5) are obtained b y com bining (N1){(N3)

and using

N

S

1

=S

0

( # ( x + y )) =

Y

a 2 ( Z =` )

�

# ( x + ay ) :

Lemma 2.3.2. The norm r elations (N1) { (N5) hold without the hyp othesis

that ` is invertible on S .

Pr o of. Cho ose an auxiliary in teger r > 2 prime to ` . Then after replacing S

b y an � etale basec hange there exists a lev el r structure �

r

: ( Z =r )

2

! k er [ � r ]

on E , with r in v ertible on S . Let E

univ

! Y ( r ) b e the univ ersal elliptic

curv e with lev el r structure o v er Z [1 =r ]. Then there is a unique morphism

� : S ! E

univ

� k er [ � `D ] whic h classi�es the triple ( E =S; �

r

; x ): there is a

Cartesian square

E � � � ! E

univ

�

Y ( r )

( E

univ

� k er [ � `D ])

?

?

y

?

?

y

pr

2

S

�

� � � ! E

univ

� k er [ � `D ]

suc h that �

r

is the in v erse image of the canonical lev el r structure on E

univ

,

and x is the pullbac k of the diagonal section E

univ

! E

univ

� E

univ

.

By the basec hange compatibilit y of #

D

, it is enough to v erify the norm

relations in this univ ersal setting; but the inclusion Y ( r ) 
 Z [1 =` ] , ! Y ( r )

induces an injection on O

�

. Th us w e reduce to the case in whic h ` is in v ertible

on S .

No w consider t w o auxiliary in tegers D , D

0

with (6 `; D D

0

) = 1, and write

# = #

( E =S )

D

and #

0

= #

( E =S )

D

0

. F ollo wing tradition w e write N

? = ?

for the push-

forw ard maps �

? = ? �

on K

2

, but the group op eration in K

2

will b e written

additiv ely (for consistency with the higher K -theory case to b e considered

b elo w).

Prop osition 2.3.3. In K

2

S the fol lowing identity holds:

N

S ( ` ) =S

f # ( x + y ) ; #

0

( x

0

+ y

0

) g

= f # ( `x ) ; #

0

( `x

0

) g + ` f # ( x ) ; #

0

( x ) g � N

S

0

=S

f

~

# ( ~ x ) ;

~

#

0

( ~ x

0

) g
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Pr o of. Compute using the pro jection form ula (2.1.1) and the norm relations

2.3.1:

N

S ( ` ) =S

f # ( x + y ) ; #

0

( x

0

+ y

0

) g

= N

S

1

=S

f # ( x + y ) ; N

S ( ` ) =S

1

#

0

( x

0

+ y

0

) g

= N

S

1

=S

f # ( x + y ) ; #

0

( `x

0

)

~

#

0

( ~ x

0

)

� 1

g b y (N4)

= N

S

0

=S

f

~

# ( ~ x ) # ( x )

� 1

; #

0

( `x

0

)

~

#

0

( ~ x

0

)

� 1

g b y (N3)

= � N

S

0

=S

f

~

# ( ~ x ) ;

~

#

0

( ~ x

0

) g � ( ` + 1) f # ( x ) ; #

0

( `x

0

) g

+ f # ( x ) ; N

S

0

=S

~

#

0

( ~ x

0

) g + f N

S

0

=S

~

# ( ~ x ) ; #

0

( `x

0

) g

= � N

S

0

=S

f

~

# ( ~ x ) ;

~

#

0

( ~ x

0

) g � ( ` + 1) f # ( x ) ; #

0

( `x

0

) g

+ f # ( x ) ; #

0

( x

0

)

`

#

0

( `x

0

) g + f # ( x )

`

# ( `x ) ; #

0

( `x

0

) g b y (N5)

= � N

S

0

=S

f

~

# ( ~ x ) ;

~

#

0

( ~ x

0

) g + ` f # ( x ) ; #

0

( x

0

) g + f # ( `x ) ; #

0

( `x

0

) g

No w supp ose that S is a mo dular curv e of lev el prime to ` , and E is the

univ ersal elliptic curv e. Therefore S = Y

H

:= Y ( N ) =H for some subgroup

H � GL

2

( Z = N ), E = E

univ

f

� ! Y

H

, and S

0

( ` ) = Y

H ;`

:= Y

0

( `; N ) =H . It

is then p ossible to rewrite the ab o v e norm relation using the Hec k e and the

diamond op erators, whose de�nitions w e brie
y recall.

The cen tre ( Z = N )

�

� GL

2

( Z =n ) acts on Y

H

and E

univ

on the righ t, de�ning

the diamond op erators h a i 2 Aut Y

H

, h a i

E

2 Aut E for a 2 ( Z = N )

�

. In mo d-

ular language, the B -v alued p oin ts of Y

H

are pairs ( X=B ; [ �

n

]

H

), where X=B

is an elliptic curv e and [ �

N

]

H

is an H -equiv alence class of lev el N structures

( Z = N )

2

! X . Then h a i : ( X=B ; [ �

N

]

H

) 7! ( X=B ; [ a�

N

]

H

) is an automor-

phism of Y

H

. The B -v alued p oin ts of E

univ

are triples ( X=B ; [ �

N

]

H

; z ) with

z 2 X ( B ), and the automorphism h a i

E

of E

univ

is giv en b y ( X=B ; [ �

N

]

H

; z ) 7!

( X=B ; [ a�

N

]

H

; z ).

Recall also [18, (9.4.1)] that the e

N

pairing de�nes a morphism

e

N

: Y

H

! Sp ec Z [ �

N

]

det H

(2.3.4)

( E =S; �

N

) 7� ! e

N

( �

N

�

1 = N

0

�

; �

N

�

0

1 = N

�

) (2.3.5)

and the restriction of h a i

�

to Z [ �

N

]

det H

is then the map � 7! �

a

2

(since

det h a i = a

2

).

The is a comm utativ e diagram [5, (3.17)]

E

univ

[ � ` ]

� � � ! E

univ

h ` i

E

� � � !

�

E

univ

f

@

@

@R

f

?

?

y

f

?

?

y

Y

H

�

� � � !

h ` i

Y

H
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and if x : Y

H

! E

univ

is an y N -torsion section, h ` i

E

� `x = x � h ` i . Therefore

b y the basec hange prop ert y 1.2.1(ii),

#

D

( `x ) = ( `x )

�

#

D

= ( `x )

�

h ` i

�

E

#

D

= h ` i

�

#

D

( x ) = h `

� 1

i

�

#

D

( x ) :

The sc heme S

0

is the quotien t Y

H ;`

:= Y

0

( N `; N ) =H , and Y

0

( N `; N ) classi�es

triples ( X ; �

N

; C ) with C � X a subgroup of rank ` . One then has the

standard diagram [5, (3.16)]

w

E

E

univ

c

E

:= pr

1

 � � � � E

univ

�

Y

H

Y

H ;`

� �

?

�

� � � !

]

E

univ

v

� � � !

�

E

univ

�

Y

H

Y

H ;`

c

E

� � � ! E

univ

?

?

y

?

?

y

?

?

y

?

?

y

?

?

y

Y

H

 � � �

c

Y

H ;`

Y

H ;`

�

� � � !

w

Y

H ;`

� � � !

c

Y

H

?

?

y

?

?

y

Sp ec Z [ �

N

]

H

� 7! �

`

� � � ! Sp ec Z [ �

N

]

H

in whic h the �rst, third and fourth squares in the top ro w are Cartesian. The

Hec k e op erator T

`

is b y de�nition the corresp ondence c

�

( cw )

�

on Y

H

, and the

corresp ondence c

E �

( c

E

w

E

)

�

on E

univ

. All the horizon tal arro ws are compatible

with the lev el N structure on E

univ

and the quotien t lev el N structure on

]

E

univ

, hence c

E

� w

E

� x = x � c � w , and therefore

~

# ( ~ x ) = ( � � x )

�

~

# = ( � � x )

�

( c

E

� v )

�

# = ( c � w )

�

# ( x )

using as alw a ys the basec hange prop ert y 1.2.1(ii). Therefore

T

`

f # ( x ) ; #

0

( x

0

) g = c

�

( c � w )

�

f # ( x ) ; #

0

( x

0

) g = N

S

0

( ` ) =S

f

~

# ( ~ x ) ;

~

#

0

( ~ x

0

) g :

Finally write z = x + y

`

, z

0

= x

0

+ y

0

`

, so that `x = `z and x = ( `z ) � h `

� 1

i .

Observ e that the norm relation is in v arian t under the action of GL

2

( Z =` ), so

that y

`

, y

0

`

can b e replaced b y an y basis for the ` -torsion of E . This yields

the follo wing reform ulation of 2.3.3:

Prop osition 2.3.6. If S = Y

H

is a mo dular curve of level prime to ` and z ,

z

0

ar e torsion se ctions of E =S ( ` ) whose pr oje ctions onto k er [ � ` ] ar e line arly

indep endent, then

N

S ( ` ) =S

f # ( z ) ; #

0

( z

0

) g = (1 � T

`

� h ` i

�

+ ` h ` i

�

) f # ( `z ) ; #

0

( `z

0

) g :
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2.4 Norm relations for �( `

n

) -structure

W e no w consider norm relations in the to w er f S ( `

m

; `

n

) g .

Lemma 2.4.1. If m > 1 , n � 0 and x 2 E ( S ( `

m

; `

n

)) is any se ction, then

N

S ( `

m

;`

n

) =S ( `

m � 1

;`

n

)

: # ( x + y

`

m

) 7! # ( `x + y

`

m � 1

) : (N6)

Pr o of. If ` is in v ertible on S this follo ws from the Cartesian square

S ( `

m

; `

n

)

x + y

`

m

� � � � � ! E

?

?

y

?

?

y

[ � ` ]

S ( `

m � 1

; `

n

)

`x + y

`

m � 1

� � � � � ! E

In the general case one reduces to the univ ersal situation exactly as in 2.3.2.

Prop osition 2.4.2. If (6 `; D D

0

) = 1 and m , n > 1 then for al l x , x

0

2

E ( S ( `

m � 1

; `

n � 1

)) ,

N

S ( `

m

;`

n

) =S ( `

m � 1

;`

n � 1

)

: f # ( x + y

`

m

) ; #

0

( x

0

+ y

0

`

n

) g

7! f # ( `x + y

`

m � 1

) ; #

0

( `x

0

+ y

0

`

n � 1

) g :

Pr o of. This follo ws from the lemma since

N

S ( `

m

;`

n

) =S ( `

m � 1

;`

n � 1

)

f # ( x + y

`

m

) ; #

0

( x

0

+ y

0

`

n

) g

= N

S ( `

m

;`

n � 1

) =S

f # ( x + y

`

m

) ; N

S ( `

m

;`

n

) =S ( `

m

;`

n � 1

)

#

0

( x

0

+ y

0

`

n

) g

= N

S ( `

m

;`

n � 1

) =S

f # ( x + y

`

m

) ; #

0

( `x

0

+ y

0

`

n � 1

) g

= f # ( `x + y

`

m � 1

) ; #

0

( `x

0

+ y

0

`

n � 1

) g

If E =S is a mo dular family o v er S = Y

H

of lev el prime to ` , then E ( Y

H

)

is �nite of order prime to ` . Therefore

E ( Y

H

( `

m

; `

n

))

torsion

= ( Z =`

m

� Z =`

n

) � (prime to ` ) ;

so there is a w ell-de�ned pro jection on to ( Z =` )

2

= k er [ � ` ]. Computing as in

2.3.6 w e get:

Prop osition 2.4.3. Supp ose that S = Y

H

is a mo dular curve of level prime

to ` and that z , z

0

ar e torsion se ctions of E over Y

H

( `

m

; `

n

) , with m , n > 1 .

If the pr oje ctions of f z ; z

0

g into k er [ � ` ] ar e line arly indep endent, then

N

Y

H

( `

m

;`

n

) = Y

H

( `

m � 1

;`

n � 1

)

f # ( z ) ; #

0

( z

0

) g = f # ( `z ) ; #

0

( `z

0

) g :
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2.5 Norm relations for pro ducts of Eisenstein series

W e shall rep eat the construction of the last paragraph for pro ducts of the

form

D

Eis( E =S; x ) �

D

0

Eis( E =S; x

0

) 2 �( S; !

2

E =S

) :

If g : S

0

! S is a �nite and 
at morphism of smo oth T -sc hemes and E

0

=

E �

S

S

0

then there are trace maps

tr

g

= tr

S

0

=S

: g

�

O

S

0

! O

S

; g

�




1

S

0

=T

! 


1

S=T

as w ell as a trace map on mo dular forms, de�ned to b e the comp osite

tr

g

= tr

S

0

=S

: �( S

0

; !


 k

E

0

=S

0

) = �( S

0

; g

�

!


 k

E =S

)

= �( S; g

�

O

S

0




O

S

!


 k

E =S

)

tr

g

� ! �( S; !


 k

E =S

) :

The Ko daira-Sp encer map ( x 1.1) and the trace are not compatible.

Prop osition 2.5.1. The diagr ams b elow c ommute:

!


 2

E

0

=S

0

K S

E

0

=S

0

� � � � � ! 


1

S

0

=T

x

?

?

o

x

?

?

g

�

g

�

!


 2

E =S

g

�

K S

E =S

� � � � � ! g

�




1

S=T

!


 2

E

0

=S

0

K S

E

0

=S

0

� � � � � � � � � ! 


1

S

0

=T

x

?

?

o

?

?

y

tr

g

g

�

!


 2

E =S

deg ( g ) � g

�

K S

E =S

� � � � � � � � � ! g

�




1

S=T

Pr o of. The �rst comm utes b ecause of the functorialit y of the Ko daira-Sp encer

map. Then applying tr

g

� g

�

= deg g giv es the second.

Lemma 2.5.2. The notation as in L emma 2.4.1,

tr

S ( `

m

;`

n

) =S ( `

m � 1

;`

n

)

:

D

Eis( x + y

`

m

) 7! `

� 1

D

Eis( `x + y

`

m � 1

) :

Pr o of. Since [ � ` ]

�

#

D

= #

D

, w e ha v e tr

[ � ` ]

: dlog #

D

7! dlog #

D

. But on global

sections of 


1

E =S

, tr

[ � ` ]

is m ultiplication b y ` . Therefore the diagram

�( E � k er [ � D ] ; 


1

)

( x + y

`

n
)

�

� � � � � ! �( S ( `

n

; `

n � 1

) ; ! )

tr

[ � ` ]

?

?

y

?

?

y

` tr

S ( `

n

;`

n � 1

) =S ( `

n � 1

)

�( E � k er [ � D ] ; 


1

)

( `x + y

`

n � 1

)

�

� � � � � � � ! �( S ( `

n � 1

) ; ! )

comm utes, whic h giv es the result.

Corollary 2.5.3. The notations b eing as in 2.4.3, let g b e the pr oje ction

g : Y

H

( `

m

; `

n

) ! Y

H

( `

m � 1

; `

n � 1

) . Then

tr

g

:

D

Eis( z ) �

D

0

Eis( z

0

) 7! `

� 2

D

Eis( `z ) �

D

0

Eis( `z

0

) (2.5.4)

tr

g

: K S

�

D

Eis( z ) �

D

0

Eis( z

0

)

�

7! `

2

K S

�

D

Eis( `z ) �

D

0

Eis( `z

0

)

�

(2.5.5)

Pr o of. F ollo ws from the preceding t w o lemmas, since deg ( g ) = `

4

.
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A App endix: Higher K -theory of mo dular

v arieties

A.1 Eisenstein sym b ols

Let f : E ! S b e an elliptic curv e, and assume from no w on that S is a regular

sc heme. F or an y in teger k > 0, write E

k

for the �bre pro duct E �

S

� � � �

S

E

| it is an ab elian sc heme of dimension k o v er S .

In [2], Beilinson disco v ered a family of canonical elemen ts of K

k +1

( E

k

).

More precisely , he de�ned a canonical map

Q [ E

tors

]

degree =0

! K

k +1

( E

k

) 
 Q

whic h he called the Eisenstein sym b ol. Here w e mak e a mo di�ed construction

whic h giv es a norm-compatible system.

Let �

k

b e the semidirect pro duct of the symmetric group S

k

and �

k

2

, whic h

acts on E

k

as follo ws:

� S

k

acts b y p erm uting the copies of E ;

� the i

th

cop y of �

2

acts as m ultiplication b y � 1 in the i

th

factor of the

pro duct.

There is a c haracter "

k

: �

k

! �

2

whic h is the iden tit y on eac h factor �

2

and

the sign c haracter on the symmetric group.

�

k

has a natural realisation in GL

k

( Z ) as the set of all p erm utation matri-

ces with en tries � 1. Geometrically it is the group of orthogonal symmetries

of a cub e in n -space. In terms of this represen tation, "

k

is just determinan t.

F or an y Z [�

k

]-mo dule M , write M ( "

k

) for the "

k

-isot ypical comp onen t of

M 
 Z [1 = 2 � k !].

F or x 2 E ( S ) w e shall consider the inclusion

i

x

: E

k

! E

k +1

( u

1

; : : : ; u

k

) 7! ( x � u

1

; u

1

� u

2

; : : : ; u

k � 1

� u

k

; u

k

) :

whose image is the subsc heme

�

( v

1

; : : : ; v

k +1

)

�

�

�

�

k +1

X

1

v

i

= x

�

� E

k +1

:

F or an y in teger D 6= 0 suc h that x is disjoin t from k er [ � D ], w e de�ne the

follo wing op en subsc hemes of E

k

:

U

k 0

D ;x

= i

� 1

x

( E � k er [ � D ])

k +1

)

U

k

D ;x

=

\


 2 �

k


 ( U

k 0

D ;x

) :
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Observ e that U

k 0

D ;x

and U

k

D ;x

are stable under translation b y k er [ � D ]

k

, and

there is an � etale co v ering

[ � D ] : U

k

D ;x

! U

k

1 ;D x

:

W e pro v e b elo w the follo wing lemma.

Lemma A.1.1. If z 2 E ( S ) is any se ction disjoint fr om e , the inclusion

U

k

1 ;z

, ! ( E � f� z g )

k

induc es an isomorphism

K

�

( E � f� z g )

k

( "

k

)

�

� ! K

�

U

k

1 ;z

( "

k

) :

Using this lemma w e de�ne K -theory elemen ts, whenev er (6 ; D ) = 1:

#

[ k ]

D

= pr

�

1

( #

D

) [ � � � [ pr

�

k +1

( #

D

) 2 K

k +1

( E � k er [ � D ])

k +1

(1)

#

[ k ]

D

( x ) = i

�

x

( #

[ k ]

D

) 2 K

k +1

U

k 0

D ;x

(2)

#

[ k ]

D

( x ) =

1

#�

k

X


 2 �

k

"

k

( 
 ) 


�

(

(1)

#

[ k ]

D

( x )) 2 K

k +1

( U

k

D ;x

)( "

k

)

(3)

#

[ k ]

D

( x ) = [ � D ]

�

(2)

#

[ k ]

D

( x ) 2 K

k +1

( E � f� D x g )

k

( "

k

)

W e call

( i )

#

[ k ]

D

( x ) Eisenstein symb ols . F or k = 0 w e simply de�ne i

x

to b e the

section x 2 E ( S ), and the Eisenstein sym b ol then b ecomes a Siegel unit:

( i )

#

[0]

D

( x ) = #

D

( x ) 2 O

�

( S ) :

If �

1

; : : : ; �

k +1

:

e

E ! E are isogenies of degree prime to D , then b y rep eated

application of 1.2.1(iii) one get the norm-compatibilit y

( �

1

; : : : ; �

k +1

)

�

( #

[ k ]

D

) = #

[ k ]

D

(A.1.2)

Actually this is only of in terest when all the �

i

are equal.

Pr o of of L emma A.1.1. F or an y T =S

U

k

1 ;z

( T ) =

�

( u

1

; : : : ; u

k

) 2 E ( T )

k

�

�

�

�

for all i , u

i

6= e; � z ;

for all i 6= j , u

i

� u

j

6= 0.

�

The complemen tary divisor E

k

� U

k

1 ;z

is the union of the t w o divisors

V

k

= f ( u

i

) j for some i , u

i

= e g [

�

( u

i

) j for some i 6= j , u

i

� u

j

= e

	

and

W

k

z

= f ( u

i

) j for some i , u

i

= � z g

As S is regular, the K -groups in the lemma can b e computed in K

0

-theory .

F rom the lo calisation sequence, it is then enough to sho w that K

0

�

( V

k

�

W

k

z

)( "

k

) v anishes. This is a sp ecial case of the follo wing:
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Lemma A.1.3. L et V

0

� V

k

b e any �

k

-invariant op en subscheme. Then

K

0

�

( V

0

)( "

k

) is trivial.

Pr o of. De�ne a sequence of reduced closed subsc hemes

V

k

= V

k

[1]

� V

k

[2]

� � � � � V

k

[ k +1]

= ;

inductiv ely , b y writing V

k

[ r +1]

for the smallest closed subset of V

k

[ r ]

suc h that

V

k

[ r ]

� V

k

[ r +1]

is smo oth o v er S . W rite V

0

[ r ]

= V

k

[ r ]

\ V

0

. Then from the de�nition

of V

k

it is easy to see that:

(i) V

k

[ r ]

is a union of closed subsets eac h giv en b y the v anishing of a certain

collection of expressions u

i

, u

i

� u

j

, whic h are p erm uted b y �

k

;

(ii) This giv es a decomp osition of V

0

[ r ]

� V

0

[ r +1]

as a disjoin t union

`

V

0

[ r ]

�

,

of op en and closed pieces, p erm uted b y �

k

, in suc h a w a y that for eac h

� there is some 


�

2 �

k

whic h acts trivially on V

0

[ r ]

�

and for whic h

"

k

( 


�

) = � 1.

This forces K

0

�

( V

0

[ r ]

� V

0

[ r +1]

)( "

k

) = 0 for eac h r � 1. In fact, if

c =

X

c

�

2 K

0

�

( V

0

[ r ]

� V

0

[ r +1]

) 
 Z [1 = 2 � k !]

=

M

�

K

0

�

( V

0

[ r ] �

) 
 Z [1 = 2 � k !]

then 


�

�

( c ) = "

k

( 


�

) c = � c , whereas the � -comp onen t of 


�

�

( c ) is eviden tly

+ c

�

b y (ii). No w using the long exact sequences

K

0

�

( V

0

[ r +1]

) ! K

0

�

( V

0

[ r ]

) ! K

0

�

( V

0

[ r ]

� V

0

[ r +1]

) ! : : :

inductiv ely (b eginning with r = k � 1) w e deduce that K

0

�

( V

0

)( "

k

) = 0.

A.2 Norm relations in higher K -groups

Here w e �nd norm relations for the Eisenstein sym b ols and for cup-pro ducts,

analogous to those in sections 2.3 and 2.4.

F or the �( ` )-structure norm relations, w e use the same notation as in 2.3.

In addition, write

^

� :

e

E ! E �

S

S

0

for the isogen y dual to � , and �

k

,

^

�

k

for

the isogenies on E

k

,

e

E

k

. Consider the push-forw ard for the morphisms:

[ � ` ] � �

S

1

=S

: E

k

�

S

S

1

! E

k

�

k

� �

S

1

=S

0

: E

k

�

S

S

1

!

e

E

k

^

�

k

� �

S

0

=S

:

e

E

k

! E

k

Fix i 2 f 1 ; 2 ; 3 g and abbreviate #

[ k ]

D

( x ) =

( i )

#

[ k ]

D

( x ). The sym b ol

~

#

[ k ]

D

will

denote the analogue on

e

E

k

of #

[ k ]

D

.
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Lemma A.2.1. The fol lowing r elations hold in K

k +1

:

([ � ` ] � �

S

1

=S

)

�

#

[ k ]

D

( x + y ) = #

[ k ]

D

( `x ) � [ � ` ]

�

#

[ k ]

D

( x ) (EN1)

( �

k

� �

S

1

=S

0

)

�

#

[ k ]

D

( x + y ) =

~

#

[ k ]

D

( ~ x ) � �

k

�

#

[ k ]

D

( x ) (EN3)

(

^

�

k

� �

S

0

=S

)

�

~

#

[ k ]

D

( ~ x ) = ` [ � ` ]

�

#

[ k ]

D

( x ) + #

[ k ]

D

( `x ) : (EN5)

Pr o of. Here (EN1) and (EN3) are to b e understo o d on U

k

D ;x

, and (EN5) on

(

~

�

k

)

� 1

( U

k

D ;x

). The relations (EN1) and (EN3) are pro v ed just as (N1) and

(N3), b y considering the Cartesian diagrams:

E

k

�

S

S

1

q E

k

( i

x + y

;i

x

)

� � � � � ! E

k +1

([ � ` ] � �

S

1

=S

; [ � ` ])

?

?

y

?

?

y

[ � ` ]

E

k

i

`x

� � � ! E

k +1

and

E

k

�

S

S

1

q E

k

�

S

S

0

( i

x + y

;i

x

)

� � � � � ! E

k +1

�

S

S

0

( �

k

� �

S

1

=S

0

;�

k

)

?

?

y

?

?

y
�

k +1

e

E

k

i

~x

� � � !

e

E

k +1

and using the norm-compatibilit y (2.5.4) . Applying

^

�

k

� �

S

0

=S

to (EN3) giv es

(EN5).

W e no w consider cup-pro ducts of the form #

[ k ]

D

[ #

D

0

in K

k +2

. Consider

the factorisation of m ultiplication b y ` :

E

k

�

S

S ( ` )

� �

6

id � �

S ( ` ) =S

1

� � � � � � ! E

k

�

S

S

1

�

k

� �

S

1

=S

0

� � � � � � !

e

E

k

^

�

k

� �

S

0

=S

� � � � � ! E

k

[ � ` ] � �

S ( ` ) =S

W e compute:

( �

k

� �

S ( ` ) =S

0

)

�

[ #

[ k ]

D

( x + y ) [ #

D

0

( x

0

+ y

0

)]

= ( �

k

� �

S

1

=S

0

)

�

[ #

[ k ]

D

( x + y ) [ ( #

D

0

( `x

0

) �

~

#

D

0

( ~ x

0

))] b y (N4)

= (

~

#

[ k ]

D

( ~ x ) � �

k

�

#

[ k ]

D

( x )) [ ( #

D

0

( `x

0

) �

~

#

D

0

( ~ x

0

)) b y (EN3)

W e need to compute the image of this cup-pro duct under (

^

�

k

� �

S

0

=S

)

�

. T aking
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the terms in turn:

(

^

�

k

� �

S

0

=S

)

�

:

~

#

[ k ]

D

( ~ x ) [ #

D

0

( `x

0

) 7! ([ � ` ]

�

#

[ k ]

D

( x )

`

+ #

[ k ]

D

( `x )) [ #

D

0

( `x

0

) b y (EN5)

�

k

�

#

[ k ]

D

( x ) [

~

#

D

0

( ~ x

0

) 7! [ � ` ]

�

#

[ k ]

D

( x ) [ ( `#

D

0

( x

0

) + #

D

0

( `x

0

)) b y (N5)

�

k

�

#

[ k ]

D

( x ) [ #

D

0

( `x

0

) 7! ( ` + 1)([ � ` ]

�

#

[ k ]

D

( x ) [ #

D

0

( `x

0

)) as deg �

S

0

=S

= ` + 1

Com bining these giv es the required generalisation of 2.3.3:

Prop osition A.2.2.

([ � ` ] � �

S ( ` ) =S

)

�

( #

[ k ]

D

( x + y ) [ #

D

0

( x

0

+ y

0

)) = #

[ k ]

D

( `x ) [ #

D

0

( `x

0

)

� (

^

�

k

� �

S

0

=S

)

�

(

~

#

[ k ]

D

( ~ x ) [

~

#

D

0

( ~ x

0

)) + ` ([ � ` ]

�

#

[ k ]

D

( x ) [ #

D

0

( x

0

)) :

Ha ving got this far the analogue of 2.4.2 presen ts no further di�cult y:

Prop osition A.2.3. If n > 1 and x , x

0

2 E ( S ( `

n � 1

)) then

([ � ` ] � �

S ( `

n

) =S ( `

n � 1

)

)

�

( #

[ k ]

D

( x + y

`

n

) [ #

D

0

( x

0

+ y

0

`

n

))

= #

[ k ]

D

( `x + y

`

n � 1

) [ #

D

0

( `x

0

+ y

0

`

n � 1

) :

3 The dual exp onen tial map

3.1 Notations

In this section K will denote a �nite extension of Q

p

with ring of in tegers

o . W e �x an algebraic closure K of K . W rite o for the in tegral closure of

o in K , and G

K

for the Galois group of K o v er K . W e normalise all p -adic

v aluations suc h that v ( p ) = 1. Let K

b

b e the completion of K , and write

b

o

for its v aluation ring. Fix a uniformiser �

K

of o .

W e �x for eac h n > 0 a primitiv e p

n

-th ro ot of unit y �

p

n

in K suc h that

�

p

p

n +1

= �

p

n

. W rite K

n

= K ( �

p

n

) and denote b y o

n

the v aluation ring of K

n

.

Put d

n

= the relativ e di�eren t of K

n

=K .

F or a top ological G

K

-mo dule M write H

i

( K ; M ) for the c ontinuous Galois

cohomology groups [38].

The cyclotomic c haracter �

cycl

: G

K

! Z

�

p

is de�ned b y g ( �

p

n

) = �

�

cycl

( g )

p

n

,

for ev ery g 2 G

K

and n > 0. Its logarithm is a homomorphism from G

K

to

Z

p

, often view ed as an elemen t of H

1

( K ; Z

p

).

W e normalise the recipro cit y la w of lo cal class �eld theory in suc h a w a y

that if L=K is unrami�ed, then the norm residue sym b ol ( �

K

; L=K ) equals

the geometric F rob enius (in v erse of the F rob enius substitution x 7! x

q

). This

implies that for an y u 2 o

�

w e ha v e �

cycl

( u; K

ab

=K ) = N

K = Q

p

( u ).
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3.2 The dual exp onen tial map for H

1

and an explicit

recipro cit y la w

Let V b e a con tin uous �nite-dimensional represen tation of G

K

o v er Q

p

. Sup-

p ose that V is de R ham (for generalities ab out p -adic represen tations, see

for example [12 ]). Let D R ( V ) = ( B

dR




Q

p

V )

G

K

b e the asso ciated �ltered

K -v ector space, with the decreasing �ltration D R

i

( V ) (induced from the �l-

tration on B

dR

). Then Kato has de�ned a dual exp onential map [16, x I I.1.2]

exp

�

: H

1

( K ; V ) ! D R

0

( V )

whic h is the comp osite:

H

1

( K ; V ) ! H

1

( K ; B

0

dR




Q

p

V ) = H

1

( K ; Fil

0

( B

dR




K

D R ( V ))) ' D R

0

( V ) :

The last isomorphism comes from T ate's computation [37] of the groups

H

i

( K ; K

b

( j )):

H

i

( K ; K

b

( j )) = 0 unless j = 0 and i = 0 or 1; and

K = H

0

( K ; K

b

)

[ log �

cycl

� � � � � !

�

H

1

( K ; K

b

) (3.2.1)

together with the isomorphisms B

j

dR

=B

j +1

dR

' K

b

( j ).

The group H

1

( K ; V ) classi�es extensions 0 ! V ! V

0

! Q

p

(0) ! 0 of

p -adic Galois represen tations, and the extension V

0

is de Rham if and only

if its class lies in k er (exp

�

). (This follo ws from [3], remark b efore 3.8 and

Lemma 3.8.1.) In particular, the k ernel of exp

�

is the Blo c h-Kato subgroup

H

1

g

( K ; V ) � H

1

( K ; V ).

In some cases one can de�ne and study the dual exp onen tial map without

reference to B

dR

. F or example, if V = H

1

( A; Q

p

(1)) for an ab elian v ariet y

A=K , it can b e de�ned just using the exp onen tial map for the analytic group

A ( K ). More generally , if the �ltration on D R ( V ) satis�es D R

1

( V ) = 0, then

one only needs to use the Ho dge-T ate decomp osition

K

b




Q

p

V

�

� !

M

i 2 Z

K

b

( � i ) 


K

gr

i

D R ( V ) (3.2.2)

since then b y (3.2.1) exp

�

is the natural map from H

1

( K ; V ) to

H

1

( K ; K

b




Q

p

V )

�

� � � !

(3.2.2)

M

i

H

1

( K ; K

b

( � i ) 


K

gr

i

D R ( V ))

= H

1

( K ; K

b

) 


K

D R

0

( V )

�

 � � �

(3.2.1)

D R

0

( V )
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In what follo ws w e shall b e concerned with the case V = H

1

( Y

K

; Q

p

)(1) for a

smo oth o -sc heme Y , whic h is the complemen t in a smo oth prop er o -sc heme

X of a divisor Z with relativ ely normal crossings. W rite

H

i

dR

( Y = o ) = H

i

( X ; 


�

X = o

( Z ))

(the h yp ercohomology of the de Rham complex of di�eren tials with logarith-

mic singularities along Z ). Then D R ( V ) is just de Rham cohomology with a

shift of �ltration:

D R

� 1

( V ) = D R ( V ) = H

1

dR

( Y = o ) 


o

K

D R

0

( V ) = H

0

( X ; 


1

X = o

(log Z )) 


o

K = Fil

1

H

1

dR

( Y = o ) 


o

K

D R

1

( V ) = 0

Moreo v er the Ho dge-T ate decomp osition has an explicit description, essen-

tially thanks to the w ork of F on taine [11 ] and Coleman [4]. T o compute exp

�

one just needs to kno w the pro jection

�

1

: K

b




Q

p

V

�

� � � !

(3.2.2)

K

b




o

H

0

( X ; 


1

X = o

(log Z )) � K

b

(1) 


o

H

1

( X ; O

X

)

� ! K

b




o

H

0

( X ; 


1

X = o

(log Z )) :

It is the limit of the maps giv en b y the diagram

H

1

( Y

K

; �

p

n

)

X

X

X

X

X

X

X

X

X

X

X

Xz

( 1 )

� � � !

�

H

0

Zar

( Y

K

; O

�

=p

n

)

( 2 )

 � � �

�

H

0

Zar

( Y

o

; O

�

=p

n

)

�

1

(mo d p

n

)

?

?

y

dlog

H

0

( X ; 


1

X = o

(log Z )) 
 o =p

n

R emarks. (i) The isomorphism lab elled (1) comes ab out as follo ws. Gener-

ally , let S b e a sc heme on whic h m is in v ertible, with �

m

� O

S

. An elemen t

of H

1

( S; �

m

) is an isomorphism class of �nite � etale co v erings S

0

! S , Galois

with group �

m

. Giv en suc h an S

0

=S , there is an op en (Zariski) co v ering f U

i

g

of S and units f

i

2 O

�

( U

i

) suc h that S

0

� U

i

= U

i

[

m

p

f

i

]. It is easy to see that

f f

i

g is a w ell-de�ned elemen t of H

0

( Y

K

; O

�

S

=m ), and moreo v er that the map

th us obtained �ts in to an exact sequence

H

1

Zar

( S; �

m

) ! H

1

� et

( S; �

m

)

( 1 )

� ! H

0

Zar

( S; O

�

S

=m ) ! H

2

Zar

( S; �

m

) :

If S is irreducible (as is the case here) then ev ery non-empt y Zariski op en

subset is connected, so �

m

is 
asque for the Zariski top ology , and the map

(1) is an isomorphism.
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(ii) The inclusion j : Y

K

, ! Y

o

induces an isomorphism H

0

( Y

o

; O

�

=p

n

)

�

� !

H

0

( Y

K

; O

�

=p

n

) denoted (2) in the diagram. T o see this, consider the e�ect

of m ultiplication b y p

n

on the exact sequence

0 ! O

�

Y

o

! j

�

O

�

Y

K

v

� ! Q

Y

k

! 0

(the last map is the p -adic v aluation along the sp ecial �bre, taking v alues

in the constan t sheaf Q ). This sho ws that O

�

Y

o

=p

n
�

� ! ( j

�

O

�

Y

K

) =p

n

. It is

therefore enough to sho w that ( j

�

O

�

Y

K

) =p

n
�

� ! j

�

( O

�

Y

K

=p

n

), b ecause then

H

0

( Y

o

; O

�

=p

n

)

�

� ! H

0

( Y

o

; j

�

( O

�

Y

K

=p

n

)) = H

0

( Y

K

; O

�

=p

n

) :

By passing to the direct limit, w e can replace K b y a �nite extension of

K . No w consider more generally an op en immersion U , ! S , where S is a

separated no etherian sc heme whic h is in tegral and regular in co dimension 1.

Supp ose that m is in v ertible on U , and that �

m

� O

U

. Then R

i

j

�

�

m

= 0 for

i > 0 as �

m

is Zariski 
asque. The exact sequences

0 ! �

m

! O

�

! ( O

�

)

m

! 0

0 ! ( O

�

)

m

! O

�

! O

�

=m ! 0 :

giv e a short exact sequence

0 ! ( j

�

O

�

U

) =m ! j

�

( O

�

U

=m ) !

m

R

1

j

�

O

�

U

! 0 :

But b ecause S is regular in co dimension one, the divisor sequence

1 ! O

�

S

! K

�

S

div

� !

a

co dim ( x )=1

i

x �

Z ! 0

is exact, and therefore R

1

j

�

O

�

U

= 0.

(iii) The simplest case (whic h is, ho w ev er, not enough for our purp oses) is

when Y = X is prop er, when this recip e reduces to that giv en b y Coleman:

an elemen t of H

1

( X

K

; �

p

n

) = Pic X

K

[ p

n

] is the class [ D ] of a divisor D on

X

K

suc h that p

n

D = div ( g ) is principal. One can assume that the divisor of

g on X

o

is precisely the closure D

c

of D . Put

! = dlog g 2 H

0

( X

o

; 


1

X

o

= o

(supp D

c

)) :

Then b ecause the residues of ! at supp D are � 0 (mo d p

n

), one has

! (mo d p

n

) 2 H

0

( X ; 


1

X = o

) 
 o =p

n

and this de�nes �

1

([ D ]) (mo d p

n

) = ! (mo d p

n

). (Coleman ev en de�nes suc h

a map in the case of bad reduction.) Unfortunately w e kno w of no reference

for this description of the Ho dge-T ate decomp osition in the non-prop er case.
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No w assume that X is a smo oth and prop er curv e o v er o , and that Y

is a�ne. Then Z is a �nite � etale o -sc heme. Recall (see also the follo wing

section) that the di�eren t d

n

= d

K

n

=K

is the annihilator in o

n

of 


o

n

= o

. If

K = Q

p

is unrami�ed, then o

n

= o [ �

p

n

] and therefore 


o

n

= o

is generated b y

dlog �

p

n

, and moreo v er d

n

= p

n

( �

p

� 1)

� 1

o

n

.

Theorem 3.2.3. Supp ose that K = Q

p

is unr ami�e d (and that p > 2 ). Ther e

exists an inte ger c such that for every n > 0 the fol lowing diagr am c ommutes

up to p

c

-torsion:

K

2

( Y 
 o

n

) 
 �


� 1

p

n

ch

� � � � � � � ! H

2

( Y 
 K

n

; �

p

n

)

dlog

?

?

y

?

?

y

Ho c hsc hild-Serre

H

0

( X 
 o

n

; 


2

X 
 o

n

= o

(log Z ))( � 1) H

1

( K

n

; H

1

( Y 
 K ; �

p

n

))










?

?

y

�

1

(mo d p

n � 1

)




1

o

n

= o

( � 1) 
 Fil

1

H

1

dR

( Y = o ) H

1

( K

n

; o =p

n � 1

) 


o

Fil

1

H

1

dR

( Y = o )

dlog �

p

n

 [ �

p

n
]

� 1

7! 1

?

?

y

o

x

?

?

[ (1 =p

n

) log �

cycl

o

n

= d

n




o

Fil

1

H

1

dR

( Y = o ) � � � � � � � ! o

n

=p

n � 1




o

Fil

1

H

1

dR

( Y = o )

Corollary 3.2.4. (The explicit r e cipr o city law) The fol lowing diagr am c om-

mutes:

lim

 �

n

�

K

2

( Y 
 o

n

) 
 �


� 1

p

n

�

HS � ch

� � � � � � ! lim

 �

n

H

1

( K

n

; H

1

( Y 
 K ; �

p

n

))

dlog

?

?

y

?

?

y

lim

 �

n

H

0

( X 
 o

n

; 


2

X 
 o

n

= o

(log Z ))( � 1) lim

 �

n � m

H

1

( K

m

; H

1

( Y 
 K ; �

p

n

))










?

?

y

o

lim

 �

n




1

o

n

= o

( � 1) 
 Fil

1

H

1

dR

( Y = o ) H

1

( K

m

; H

1

( Y 
 K ; Z

p

)(1))

?

?

y

?

?

y

exp

�

lim

 �

n

o

n

= d

n




o

Fil

1

H

1

dR

( Y = o )

(

1

p

n

tr

K

n

=K

m

)

n � m

� � � � � � � � � � ! K

m




o

Fil

1

H

1

dR

( Y = o )

R emarks. (i) The assumption that K = Q

p

is unrami�ed is not essen tial for

the pro of, and is only included to simplify the statemen t. In general the

situation is completely analogous to 3.3.15 b elo w. The case p = 2 is excluded

only b ecause w e do not kno w a reference for the compatibilit y of the trace

maps in this case, cf. x 2.1.
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(ii) The maps \Ho c hsc hild-Serre" comes from the Ho c hsc hild-Serre sp ec-

tral sequence with �nite co e�cien ts (cf. x 2.1); since Y is a�ne, H

2

( Y 


K ; �

p

n

) = 0.

(iv) F or a discussion of the map dlog, see x 2.1. A priori its target is the

group H

0

( Y 
 o

n

; 


2

X 
 o

n

= o

)( � 1). W e just explain wh y its image is con tained

in the submo dule of di�eren tials with logarithmic singularities along Z . By

making an unrami�ed basec hange, one is reduced to the case when Z is a

union of sections. Let A b e the lo cal ring of X 
 o

n

at a closed p oin t of Z ,

and t a lo cal equation for Z . Then b y the lo calisation sequence, one sees

that K

2

A [ t

� 1

] is generated b y K

2

A and sym b ols f u; t g with u 2 o

�

n

, and

dlog f u; t g = u

� 1

du ^ dlog t .

Pr o of. First w e explain precisely what are the transition maps in the v arious

in v erse systems in the diagram. In the Galois cohomology groups they are

giv en b y corestriction and reduction mo d p

n

. The �nite 
at morphisms Y 


o

n +1

! Y 
 o

n

induce compatible trace maps (cf. x 2.1)

K

2

( Y 
 o

n +1

) ! K

2

( Y 
 o

n

) and 


2

Y 
 o

n +1

= o

! 


2

Y 
 o

n

= o

whic h are the maps in the �rst and second in v erse systems in the left-hand

side of the diagram. In the system (


1

o

n

= o

)

n

the transition maps are trace,

and in the remaining system ( o

n

= d

n

)

n

the maps are

1

p

tr

K

n +1

=K

n

. (F or the

compatibilit y of these v arious maps, see 3.3.12 b elo w.)

F rom the discussion ab o v e, the diagram b elo w comm utes:

H

1

( K

m

; H

1

( Y 
 K ; Q

p

)(1))

�

1

� � � � � ! H

1

( K

m

; K

b




o

Fil

1

H

1

dR

( Y = o ))

exp

�

?

?

y

k

K

m




o

Fil

1

H

1

dR

( Y = o )

�

� � � � � !

[ log �

cycl

H

1

( K

m

; K

b

) 


o

Fil

1

H

1

dR

( Y = o )

T o deduce the corollary from the theorem it is th us only necessary to tak e

in v erse limits and use the comm utativit y (cf. Prop osition 3.3.10 b elo w) of the

follo wing diagram

K

n

1

p

n

log �

cycl

� � � � � � ! H

1

( K

n

; K

b

)

1

p

n � m

tr

K

n

=K

m

?

?

y

?

?

y

cor

K

m

1

p

m

log �

cycl

� � � � � � ! H

1

( K

m

; K

b

) :

(3.2.5)

R emarks. (i) Consider the sp ecial case Y = A

1

� f 0 g = Sp ec o [ t; t

� 1

]. Let

( u

n

) 2 lim

 �

o

�

n

b e a univ ersal norm. By applying the corollary to the norm-

compatible sym b ols f u

n

; t g 2 K

2

( Y 
 o

n

) one reco v ers a form of Iw asa w a's
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cyclotomic explicit recipro cit y la w, whic h will b e pro v ed more directly in

3.3.15 b elo w.

(ii) Theorem 3.2.3 is pro v ed in section 3.4 b elo w. It is m uc h easier than the

general cases considered b y Kato in [17], �rst b ecause one is not w orking with

co e�cien ts in a general formal group, and secondly b ecause the assumption

that X= o is smo oth mak es for considerable simpli�cations. In the non-smo oth

case there is an analogous statemen t whic h is needed to compute the image

of Kato's Euler system when p divides the conductor.

3.3 F on taine's theory

W e shall review here some of the theory of di�eren tials for lo cal �elds dev el-

op ed b y F on taine [11 ], and as a w arm-up for the next section, sho w ho w it

giv es a v ersion of Iw asa w a's explicit recipro cit y la w.

Recall (see for example [34, x I I I.6{7]) that if K

0

=K is a �nite extension

then its v aluations ring o

0

equals o [ x ] for some x 2 o

0

. This implies that the

mo dule of K• ahler di�eren tials 


o

0

= o

is a cyclic o

0

-mo dule, generated b y dx ,

and that its annihilator is the relativ e di�eren t d

K

0

=K

.

The mo dule 


o = o

equals the direct limit of 


o

0

= o

tak en o v er all �nite ex-

tensions of K in K . In particular, it is torsion.

Theorem 3.3.1. [11 ] Ther e is a short exact se quenc e of o -mo dules

0 ! a (1) ! K (1)

�

! 


o = o

! 0

wher e a = a

o = o

is the fr actional ide al

a

o = o

= ( �

p

� 1)

� 1

d

� 1

K = Q

p

o � K

and wher e � : K (1) := Z

p

(1) 
 K ! 


o = o

is the unique o -line ar map satisfying

� ([ �

p

m

]

m


 p

� n

) = dlog �

p

n

=

d�

p

n

�

p

n

for any n � 0 .

R emark 3.3.2. In particular, for an y n � 0 the annihilator of dlog �

p

n

2 


o = o

is p

n

a \ o .

F rom 3.3.1 w e get the fundamen tal canonical isomorphism

b

a

o = o

(1)

�

� ! T

p




o = o

(3.3.3)

whic h is o -linear, and maps ( �

p

n

)

n

2 Z

p

(1) �

b

a (1) to (dlog �

p

n

)

n

.
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Supp ose that K

00

=K

0

=K are �nite extensions. Then there is an exact

sequence of di�eren tials




o

0

= o




o

0

o

0 0

! 


o

00

= o

! 


o

00

= o

0

! 0

(the \�rst exact sequence", [23 , 26.H]), whic h is exact on the left as w ell b y

the m ultiplicativit y of the di�eren t (or alternativ ely b y the argumen t in the

fo otnote on page 420). P assing to the direct limit o v er K

00

giv es a short exact

sequence

0 ! 


o

0

= o




o

0

o ! 


o = o

! 


o = o

0

! 0 (3.3.4)

A t this p oin t, recall that for an y short exact sequence 0 ! X ! Y ! Z ! 0

of ab elian groups, there is an in v erse system of long exact sequences

0 !

p

n

X !

p

n

Y !

p

n

Z ! X=p

n

! Y =p

n

! Z =p

n

! 0 : (3.3.5)

If the in v erse systems

p

n

M (for M = X , Y , Z ) satisfy the Mittag-Le�er

condition (ML) then the in v erse limit sequence

0 ! T

p

X ! T

p

Y ! T

p

Z ! lim

 �

X=p

n

! lim

 �

Y =p

n

! lim

 �

Z =p

n

! 0

is also exact (a sp ecial case of EGA 0, 13.2.3). Note that (

p

n

M ) satis�es (ML)

in t w o particular cases:

� the torsion subgroup of M is p -divisible (then

p

n

M !

p

n � 1

M is surjec-

tiv e);

� the p -primary torsion subgroup of M has �nite exp onen t (then (

p

n

M )

is ML-zero).

Applying these considerations to (3.3.4), since 


o = o

and 


o = o

0

are divisible and




o

0

= o

is killed b y a p o w er of p , w e get an exact sequence

0 ! T

p




o = o

! T

p




o = o

0

! 


o

0

= o




o

0

o ! 0 : (3.3.6)

No w pass to con tin uous Galois cohomology . This giv es a long exact sequence

since the surjection in (3.3.6) has a con tin uous set-theoretic section (this is

ob vious here as 


o

0

= o




o

0

o is discrete). W e are only in terested in the connecting

map, and de�ne � to b e the comp osite homomorphism:

� = �

K

0

: 


o

0

= o

, � ! H

0

( K

0

; 


o

0

= o




o

0

o )

connecting

� � � � � � ! H

1

( K

0

; T

p




o = o

) :

The map \reduction mo d p

n

" : T

p




o = o

!

p

n




o = o

induces a map on cohomol-

ogy , whic h when comp osed with �

K

0

giv es

�

K

0

(mo d p

n

) : 


o

0

= o

! H

1

( K

0

;

p

n




o = o

) :



414 A. J. Sc holl

Lemma 3.3.7. (i) The fol lowing diagr am c ommutes:

o

0�

Kummer

� � � � � � ! H

1

( K

0

; �

p

n

)

dlog

?

?

y

?

?

y

dlog




o

0

= o

�

K

0

mo d p

n

� � � � � � ! H

1

( K

0

;

p

n




o = o

)

(ii) F or any nonzer o x 2 o

0

�

K

0

( dx ) (mo d p

n

) = x dlog(Kummer ( x ))

Pr o of. (i) Simply compute: if u 2 o

0�

then �x a sequence ( u

m

) in o

�

with

u

0

= u , u

p

m +1

= u

m

. The comp osite dlog � \Kummer" maps u to the class of

the co cycle

g 7! dlog( u

g � 1

n

) 2

p

n




o = o

:

No w compute the e�ect of �

K

0

on dlog u : �rst lift dlog u in the exact sequence

(3.3.6) to the elemen t (dlog u

m

)

m

2 T

p

(


o = o

0

), then act b y g � 1 to get the

desired co cycle. So the comm utativit y is trivial.

(ii) If x is a unit this is equiv alen t to (i). F or the general case one simply

calculates as in (i).

Lemma 3.3.8. L et n � 1 and assume that �

p

n

� K

0

. If p 6= 2 , then the

diagr am

o

0

=p

n

(1)

[

1

p

n

log �

cycl

� � � � � � � ! H

1

( K

0

; a

o = o

=p

n

)(1)

1 
 [ �

p

n
] 7! dlog �

p

n

?

?

y

o

?

?

y

(3.3.3)




1

o

0

= o

�

K

0

mo d p

n

� � � � � � � ! H

1

( K

0

;

p

n




1

o = o

)

c ommutes. F or p = 2 it c ommutes mo d 2

n � 1

.

Pr o of. All the maps are o

0

-linear, so it is enough to compute the image of

1 
 [ �

p

n

]. W e ha v e �

cycl

( g ) � 1 (mo d p

n

) for all g 2 G

K

, hence log �

cycl

( g ) �

0 (mo d p

n

) and so if p 6= 2 then

1

p

n

log �

cycl

( g ) �

1

p

n

( �

cycl

( g ) � 1) mo d p

n

:

In the pro of of 3.3.7 one can tak e u

m

= �

p

m + n

for all m � 0, and then

�

K

0

(dlog �

p

n

) 2 H

1

( K

0

; T

p

(


o = o

)) is represen ted b y the co cycle

g 7! (dlog �

g � 1

p

m + n

)

m

2 T

p

(


o = o

)
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and �

g � 1

p

m + n

= �

�

cycl

( g ) � 1

p

m + n

= �

( �

cycl

( g ) � 1) =p

n

p

m

. Applying the in v erse of (3.3.3) maps

this to the class of the co cycle

g 7!

1

p

n

( �

cycl

( g ) � 1) 
 ( �

p

m

)

m

2 a

o = o

(1)

�

1

p

n

log �

cycl

( g ) mo d p

n

:

The reader will mak e the necessary mo di�cations when p = 2.

W e no w need some elemen tary facts ab out cyclotomic extensions of lo cal

�elds. Our c hosen normalisation of the recipro cit y la w of lo cal class �eld

theory iden ti�es the homomorphisms

log �

cycl

2 H

1

( K ; Z

p

) = Hom

cts

(Gal ( K =K ) ; Z

p

)

and

log � N

K = Q

p

: K

�

� ! Z

p

:

As observ ed in the pro of of the previous lemma, if �

p

m

� K then log �

cycl

�

0 (mo d p

m

).

Lemma 3.3.9. Supp ose that �

p

m

� K . Then for any �nite extension K

0

=K

the diagr am

o

0

[

1

p

m

log �

cycl

� � � � � � � ! H

1

( K

0

;

b

o )

tr

K

0

=K

?

?

y

?

?

y

cor

o � � � � � � � !

[

1

p

m

log �

cycl

H

1

( K ;

b

o )

c ommutes.

Pr o of. The statemen t follo ws from the pro jection form ula for cup-pro duct in

group cohomology , since on H

0

the corestriction

cor : H

0

( K

0

;

b

o ) = o

0

� ! H

0

( K ;

b

o ) = o

equals tr

K

0

=K

.

Recall that K

n

:= K ( �

p

n

). Let ` b e the largest in teger suc h that �

p

`

� K .

Then if n > m � ` , direct calculation giv es

tr

K

n

=K

m

�

o [ �

p

n

]

�

=

(

p

n � m

o [ �

p

m

] if m > 0

p

n � 1

o if m = 0.

De�ne, for an y n > m � 0

t

n;m

:=

1

p

n � m

tr

K

n

=K

m

: K

n

! K

m

:
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Prop osition 3.3.10. If n > m � max( `; 1) the diagr am

o [ �

p

n

]

[

1

p

n � 1

log �

cycl

� � � � � � � � ! H

1

( K

n

;

b

o )

t

n;m

?

?

y

?

?

y

cor

o [ �

p

m

]

[

1

p

m � 1

log �

cycl

� � � � � � � � � ! H

1

( K

m

;

b

o )

is c ommutative. If n > ` = 0 , the diagr am

o [ �

p

n

]

[

1

p

n � 1

log �

cycl

� � � � � � � � ! H

1

( K

n

;

b

o )

pt

n; 0

?

?

y

?

?

y

cor

o

[ log �

cycl

� � � � � ! H

1

( K ;

b

o )

is c ommutative.

Pr o of. F or n = 1, the second diagram comm utes b y 3.3.9 with K

0

= K

1

. By

transitivit y of trace and corestriction, the lemma will b e pro v ed if w e v erify

the comm utativit y of the �rst diagram for n = m + 1 > 1. T ak e the diagram

of 3.3.9 for K

m +1

=K

m

and factorise:

'

&

-

o [ �

p

m +1

]

[ p

� m

log �

cycl

� � � � � � � � � � � � � � � � � � � � � � ! H

1

( K

m +1

;

b

o )

?

?

y

tr

K

m +1

=K

m

?

?

y

cor

1

p

tr

K

m +1

=K

m

p o [ �

p

m

]

[ p

� m

log �

cycl

� � � � � � � � ! H

1

( K

m

; o

m

) � � � ! H

1

( K

m

;

b

o )

o

x

?

?

� p

[ p

1 � m

log �

cycl

o [ �

p

m

]

�

�

�

�

�

�

�*

The b ottom triangle comm utes since H

1

( K

m

; o

m

) = Hom

cts

(Gal ( K =K

m

) ; o

m

)

is torsion-free. Hence the en tire diagram is comm utativ e, and going round

the outside giv es what w e need.

No w consider d

n

= d

K

n

=K

. F rom the de�nition of d

� 1

n

as the largest fractional

ideal of K

n

whose trace is con tained in o , it is an easy exercise to c hec k

d

� 1

n

� p

� n

o [ �

p

n

] :

By [37, Propn. 5] the di�erence v

p

( d

n

) � n is b ounded, so for some c indep en-

den t of n ,

p

c

o

n

� o [ �

p

n

] � o

n

:
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Since 


o

n

= o

is cyclic with annihilator d

n

, the homomorphism

o [ �

p

n

] =p

n

x 7! x dlog �

p

n

� � � � � � � ! 


o

n

= o

(3.3.11)

is w ell-de�ned, and its k ernel and cok ernel are killed b y a b ounded p o w er of

p , b y remark 3.3.2.

Prop osition 3.3.12. L et n > m � max( `; 1) . Then the diagr am

o [ �

p

n

]

� dlog �

p

n

� � � � � ! 


o

n

= o

t

n;m

?

?

y

?

?

y

tr

o [ �

p

m

]

� dlog �

p

m

� � � � � � ! 


o

m

= o

c ommutes.

Pr o of. It is enough to compute what happ ens when m = n � 1. T aking

1 ; �

p

n

; : : : ; �

p � 1

p

n

as basis for o [ �

p

n

] o v er o [ �

p

n � 1

], for 1 � j < p

tr( �

j

p

n

dlog �

p

n

) = tr( j

� 1

d�

j

p

n

) = j

� 1

d (tr �

j

p

n

) = 0

and for j = 0

tr(dlog �

p

n

) = dlog( N

K

n

=K

n � 1

�

p

n

) = dlog �

p

n � 1

:

Therefore passing to the in v erse limit giv es a homomorphism

lim

 �

t

� ; �

o [ �

p

n

] = lim

 �

t

� ; �

o [ �

p

n

] =p

n

� ! lim

 �

tr




o

n

= o

(3.3.13)

whic h b ecomes an isomorphism when tensored with Q . (If K = Q

p

is unram-

i�ed, then (3.3.13) is itself an isomorphism.) By [38 , Prop osition 2.2], the

canonical map H

1

( K

m

; Z

p

) ! lim

 �

n

H

1

( K

m

; Z =p

n

) is an isomorphism. In v ert-

ing b oth of these arro ws yields a diagram

Q 
 lim

 �

norm

o

�

n

Kummer

� � � � � � � ! Q 
 lim

 �

n

H

1

( K

n

; �

n

)

dlog

?

?

y

?

?

y

�

p

n
7! 1

Q 
 lim

 �

trace




o

n

= o

Q 
 lim

 �

n

H

1

( K

n

; Z =p

n

)

dlog �

p

n
7! 1

?

?

y

o

?

?

y

cor

Q 
 lim

 �

t

� ; �

o [ �

p

n

] =p

n

Q 
 lim

 �

n

H

1

( K

m

; Z =p

n

)

( t

n;m

)

n

?

?

y

?

?

y

K

m

�

� � � � � � � !

[

1

p

m

log �

cycl

H

1

( K

m

; K

b

)

(3.3.14)
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where do wn the righ t-hand side all the in v erse limits are with resp ect to the

corestriction maps and reduction mo d p

n

. W e then ha v e the follo wing v ersion

of the classical explicit recipro cit y la w of Artin-Hasse and Iw asa w a. Without

loss of generalit y w e can assume m c hosen so that �

p

m +1

6� K .

Theorem 3.3.15. The diagr am (3.3.14) is c ommutative.

Pr o of. A t �nite lev el, replacing Z =p

n

with o =p

n

, one has the diagram:

o

�

n

Kummer

� � � � � � � ! H

1

( K

n

; �

p

n

)

�

	

�

dlog

?

?

y

dlog

?

?

y




1

o

n

= o

�

K

n

mo d p

n

� � � � � � � ! H

1

( K

n

;

p

n




o = o

)

�

p

n
7! 1

1 7! dlog �

p

n

x

?

?

1 7! dlog �

p

n

x

?

?

o [ �

p

n

] =p

n

[

1

p

n

log �

cycl

� � � � � � � ! H

1

( K

n

; o =p

n

)

t

n;m

?

?

y

?

?

y

cor

o [ �

p

m

] =p

n

[

1

p

m

log �

cycl

� � � � � � � ! H

1

( K

m

; o =p

n

) :

This is for m > 0; for m = 0 the b ottom arro w should read p

� 1

o =p

n

!

H

1

( K ; p

� 1

o =p

n

). The top t w o squares comm ute b y 3.3.7, 3.3.8 resp ectiv ely .

The b ottom square comm utes up to p -torsion b y (3.2.5). All maps are com-

patible with passing to the in v erse limit. As remark ed after equation (3.3.11) ,

the left-hand map lab elled \1 7! dlog �

p

n

" has cok ernel and k ernel killed b y

a b ounded p o w er of p , and b y (3.3.3) the same is true for the one on the

righ t. Therefore passing to the limit and tensoring with Q one obtains the

theorem.

R emark. One can use 3.3.7(ii) to describ e the image of an arbitrary elemen t

of K

�

n

under the Kummer map in a similar w a y .

Here is the relation with the usual form of the explicit recipro cit y la w. Let

u = ( u

n

)

n

2 lim

 �

o

�

n

b e a univ ersal norm. Its image do wn the left hand side

of the diagram (3.3.14) equals (with an ob vious abuse of notation)

�( u ) := lim

n !1

1

p

n � m

tr

K

n

=K

m

 

dlog u

n

dlog �

p

n

!

2 K

m

:

Going round the other w a y , use the expression of the Kummer map in terms

of the Hilb ert sym b ol, whic h w e write as a bilinear map [ � ; � ]

n

: K

�

n

� K

�

n

!

Z =p

n

giv en b y

(

p

n

p

x )

( a;K

ab

n

=K

n

) � 1

= �

[ x;a ]

n

p

n
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Th us u

n

is mapp ed to the co cycle in H

1

( K

n

; Z =p

n

) whic h tak es the norm

residue sym b ol ( a; K

ab

n

=K

n

) to [ u

n

; a ]

n

. By the compatibilit y of the norm

residue sym b ol with norm and corestriction, one gets that the image of the

family u in H

1

( K

m

; Z

p

) is represen ted b y the co cycle (i.e. homomorphism)

( a; K

ab

m

=K

m

) 7� ! lim

n !1

[ u

n

; a ]

n

2 Z

p

Therefore the recipro cit y la w sa ys that this homomorphism, and the homo-

morphism

g 7� ! p

� m

�( u ) log �

cycl

( g )

represen t the same cohomology class in H

1

( K

m

; K

b

).

Prop osition 3.3.16. [35, I I I.A7 ex. 2] L et c

K

: Hom

Q

p

( K ; K ) ! K b e the

unique map such that for al l T 2 Hom

Q

p

( K ; K ) and al l x 2 K ,

tr([ � x ] � T ) = tr

K = Q

p

( x c

K

( T )) :

Then the diagr am

Hom

Q

p

( K ; K )

c

K

� � � ! K

� log

?

?

y

�

�

�

Hom

cts

( o

�

; K ) o

�

�

�

�

�

log �

cycl

lo cal CFT

x

?

?

o

?

?

y

Hom

cts

( G

ab

K

; K ) � � � ! H

1

( G

K

; K

b

)

is c ommutative.

R emark. Because of the normalisation of the recipro cit y la w of lo cal class

�eld theory used here (see x 3.1), this di�ers from the statemen t in [35] b y a

sign.

No w the comp osite

Hom

Q

p

( K ; Q

p

) , � ! Hom

Q

p

( K ; K )

c

K

� � � � � ! K

is the in v erse of the isomorphism K

�

� ! Hom

Q

p

( K ; Q

p

) giv en b y the trace

form. Therefore, for ev ery a 2 o

�

m

,

lim

n !1

[ u

n

; a ]

n

= p

� m

tr

K

m

= Q

p

(�( u ) log a )

whic h is the \limit form" of the classical explicit recipro cit y la w [20, Ch. 9,

Thm. 1.2].
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3.4 Big lo cal �elds

This section reviews the generalisation b y Hy o do [14, esp. x 4] and F altings

[10, x 2] of F on taine's theory to lo cal �elds with imp erfect residue �eld. W e

consider �elds L � Q

p

suc h that:

L is complete with resp ect to a discrete v aluation, and

its residue �eld ` satis�es [ ` : `

p

] = p

r

< 1 .

(3.4.1)

Fix suc h a �eld L , and write A for its ring of in tegers. If R � A is an y

subring, de�ne

b




A=R

:= lim

 �




A=R

=p

n




A=R

:

Fix also an algebraic closure L of L , and let A b e the in tegral closure of A in

L . F or an y B with A � B � A and an y subring R � B set

b




B =R

= lim

� !

A

0

b




A

0

= A

0

\ R

the limit running o v er all �nite extensions A

0

= A con tained in B .

Let K � L b e a �nite extension of Q

p

, with ring of in tegers o and uni-

formiser �

K

. Then �

K

is prime in A if and only if A= o is formally smo oth

(b y [23 ], (28.G) and Theorems 62, 82).

Let L

0

=L b e a �nite extension with v aluation ring A

0

. Then A

0

is �nite

o v er A (b eing the normalisation of a complete D VR in a �nite extension),

and is a relativ e complete in tersection (b y EGA IV 19.3.2). Therefore the

�rst exact sequence of di�eren tials is exact on the left as w ell

4

0 ! A

0




A




A= o

! 


A

0

= o

! 


A

0

= A

! 0 :

4

More generally , if A

0

= A is a relativ e complete in tersection of in tegral domains whic h is

generically smo oth, then for an y R � A the �rst exact sequence is exact on the left. F or

an elemen tary pro of, write A

0

as the quotien t B =I of a p olynomial algebra B o v er A b y an

ideal I generated b y a regular sequence. Then one has a split exact sequence

0 ! 


A=R


 B ! 


B =R

! 


B = A

! 0 (1)

as w ell as exact sequences, for ? = A or R ,

I =I

2

! 


B = ?




B

A

0

! 


A

0

= ?

! 0 : (2)

Applying the tensor pro duct 


B

A

0

to (1), and using (2) and the snak e lemma, giv es the

exact sequence

N

A

0

= A

! A

0




A




A=R

! 


A

0

=R

! 


A

0

= A

! 0 :

where N

A

0

= A

= k er ( I =I

2

! 


B = A




B

A

0

). Since A

0

= A is generically smo oth the map

I =I

2

! 


B = A

is generically an injection, hence N

A

0

= A

is torsion. No w I =I

2

is pro jectiv e

since I is a regular ideal; therefore N

A

0

= A

= 0.
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As in (3.3.5), w e get an exact sequence of in v erse systems

p

n




A

0

= A

! A

0




A




A= o

=p

n

! 


A

0

= o

=p

n

! 


A

0

= A

=p

n

! 0 :

Since 


A

0

= A

is a �nite A

0

-mo dule, the in v erse system (

p

n




A

0

= A

) is ML-zero,

and so passing to the in v erse limit giv es an exact sequence:

0 ! A

0




A

b




A= o

!

b




A

0

= o

! 


A

0

= A

! 0 : (3.4.2)

Prop osition 3.4.3. (i)

b




A= o

is a �nite A -mo dule, gener ate d by elements of

the form dy , y 2 A

�

.

(ii) If T

1

; : : : T

r

2 A ar e elements whose whose images in ` form a p -b asis,

then f dlog T

i

g is a b asis for the ve ctor sp ac e

b




A= o




A

L .

(iii) If �

K

is prime in A , then

b




A= o

is fr e e over A .

Pr o of. By [23] pp. 211{212, A is a �nite extension of a complete D VR B

in whic h p is prime. Then A

0

= B o is a complete D VR with uniformiser

�

K

, and A= A

0

is �nite and totally rami�ed. Let k = o =�

K

o . One kno ws

( lo c. cit. , Thm. 86) that the image of f dT

i

g is an ` -basis for 


`=k

, and therefore

(b y Nak a y ama's lemma)

b




A

0

= o

=

L

A

0

� dT

i

=

L

A

0

� dlog T

i

, pro ving (iii).

T o deduce (i) and (ii), it is enough to apply the exact sequence (3.4.2) to

A= A

0

= o .

T aking the direct limit of (3.4.2) o v er all �nite extensions L

0

=L , one gets

an exact sequence

0 ! A 


A

b




A= o

!

b




A = o

! 


A = A

! 0

of A -mo dules. No w apply (3.3.5) again. Since x dy = pz

p � 1

x dz if y = z

p

,

one sees (using 3.4.3(i)) that

b




A = o

and 


A = A

are divisible. Therefore, since

b




A= o

is �nitely generated, one can pass to the limit to get an exact sequence

of A

b

-mo dules

0 ! T

p

(

b




A = o

) ! T

p

(


A = A

)

�

! A

b




A

b




A= o

! 0 : (3.4.4)

Because

b




A= o

is a �nite A -mo dule, the map � has a con tin uous set-theoretic

section (write

b




A= o

= P � N with P free and N torsion; o v er A

b


 P one has

a con tin uous linear section of � b y freeness, and A

b


 N is discrete, so o v er it

one can tak e an y section).

One then has Hy o do's generalisation [14 , (4-2-2)] of 3.3.1 (see also [10,

x 2b)]):
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Prop osition 3.4.5. L et a

o = o

b e as in 3.3.1 ab ove, and put a

A = o

= a

o = o

A � L .

Then ther e is an exact se quenc e of A -mo dules and Galois-e quivariant maps

0 ! a

A = o

(1)

�

� ! L (1)

�

� !

b




A = o

�

� ! L

r

! 0

wher e � is given by the same formula as in 3.3.1, and wher e the map � is a

split surje ction, with right inverse

L

r

!

b




A = o

( a

1

=p

n

; : : : ; a

r

=p

n

) 7!

X

a

i

dlog( T

p

� n

i

) ( a

i

2 A ) :

R emark. Hy o do states this only in the case K = Q

p

, but his pro of w orks in

general. The k ey p oin t (whic h underlies F altings' approac h to p -adic Ho dge

theory) is that the extension L =L ( �

p

1

; T

p

�1

i

) is almost unrami�ed (cf. the

pro of of Prop osition 3.4.12 b elo w), whic h sho ws that

b




A = o

is generated as an

A

b

-mo dule b y the forms dlog �

p

n

, dlog T

p

� n

i

.

Corollary 3.4.6. Ther e is a unique isomorphism

b

a

A = o

(1)

�

� ! T

p

(

b




A = o

) (3.4.7)

which maps ( �

p

n

)

n

2 Z

p

(1) to (dlog �

p

n

)

n

.

R emark. Comparing (3.3.3) and (3.4.7) w e ha v e in particular

p

n

b




A = o

=

p

n




o = o




o

A : (3.4.8)

No w consider as b efore the connecting homomorphism attac hed to the

Galois cohomology of (3.4.4) , for a (not necessarily �nite) extension L

0

=L

con tained in L :

�

L

0

=L

:

b




A= o




A

b

A

0

! H

1

( L

0

; T

p

b




A = o

) (3.4.9)

F or L

0

= L w e write �

L

for �

L

0

=L

. If L

0

=L is �nite the maps �

L

0

, �

L

0

=L

are

related b y a comm utativ e diagram

b




A= o




A

A

0

H

H

H

H

Hj

canonical

?

?

y

�

L

0

=L

b




A

0

= o

�

L

0

� � � ! H

1

( L

0

; T

p

b




A = o

)

(3.4.10)

(b ecause the exact sequence (3.4.4) is functorial in A ). If L

0

=L is in�nite,

w e de�ne �

L

0

:

b




A

0

= o

! H

1

( L

0

; T

p

b




A = o

) as the direct limit of the maps �

L

00

, for

�nite sub extensions L � L

0 0

� L

0

; the analogue of (3.4.10) still holds.

The follo wing lemma is pro v ed just the same w a y as 3.3.7.
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Lemma 3.4.11. F or any algebr aic extension L

0

=L , the fol lowing diagr am

c ommutes:

A

0

�

Kummer

� � � � � � ! H

1

( L

0

; �

p

n

)

dlog

?

?

y

?

?

y

dlog

b




A

0

= o

�

L

0

mo d p

n

� � � � � � ! H

1

( L

0

;

p

n

b




A = o

)

Prop osition 3.4.12. L et L

1

=L b e an algebr aic extension which c ontains al l

p -th p ower r o ots of unity, with valuation ring A

1

, and whose r esidue �eld

extension is sep ar able. Supp ose that r = 1 , so that [ l : l

p

] = p . Then for

j � 2 , H

j

( L

1

; T

p

b




A = o

) is kil le d by the maximal ide al m

1

� A

1

, and the

kernel and c okernel of

�

L

1

=L

:

b




A= o




A

d

A

1

! H

1

( L

1

; T

p

b




A = o

)

ar e kil le d by a p ower of p .

Pr o of. Initially there is no need to mak e an y assumption on r . Cho ose units

T

1

; : : : ; T

r

2 A

�

whose images in l form a p -basis. Consider the extensions

M = L ( T

p

�1

i

; : : : T

p

�1

i

) and M

1

= M L

1

. Let B , B

1

b e the v aluation

rings of M , M

1

. Then the residue �eld of M is p erfect, so T ate's theory

[37] applies; in particular, the groups H

i

( M

1

; A

b

) are m

1

-torsion for i > 0.

Therefore, using the Ho c hsc hild-Serre sp ectral sequence and the fact that

m

2

1

= m

1

, the in
ation map

H

j

( M

1

=L

1

;

d

B

1

) = H

j

( M

1

=L

1

; H

0

( M

1

; A

b

)) ! H

j

( L

1

; A

b

) (3.4.13)

is an isomorphism up to m

1

-torsion. No w b y Kummer theory and the h y-

p othesis on the residue �elds, Gal ( M

1

=L

1

) ' Z

p

(1)

r

(the isomorphism b eing

determined b y the c hoice of f T

i

g ). Therefore if r = 1

H

j

( M

1

=L

1

;

d

B

1

(1)) = 0 for all j > 1, and (3.4.14)

H

1

( M

1

=L

1

;

d

B

1

(1)) '

�

d

B

1

�

Z

p

(1)

: (3.4.15)

No w b y 3.4.6 there exists a (non-canonical!) isomorphism of Gal ( L =L

1

)-

mo dules T

p

b




A = o

' A

b

. Com bining this and equations (3.4.14) and (3.4.13) ,

one sees that that H

j

( L

1

; T

p

b




A = o

) is killed b y m

1

for all j > 1.

F or the second part, w e compute the coin v arian ts in (3.4.15). First observ e

that the ring A

0

= A [ T

p

� n

] is �nite o v er A , and that �

A

A

0

is a maximal ideal
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in it. Therefore A

0

is a discrete v aluation ring, hence is the v aluation ring of

L ( T

p

� n

). It follo ws that an y elemen t of

d

B

1

has the form

b =

X

a 2 Q

p

= Z

p

b

a

T

a

where T = T

1

and b

a

2

d

A

1

, with b

a

! 0 as j a j

p

! 1 . Let 
 2 Gal ( M

1

=L

1

)

b e the top ological generator for whic h 
 ( T

1 =p

r

) = �

p

r

T

1 =p

r

, for eac h r � 1. If

b is divisible b y (1 � �

p

), then b = b

0

+ (1 � 
 ) b

0

, where

b

0

=

X

0 6= x=p

r

2 Q

p

= Z

p

(1 � �

x

p

r

)

� 1

b

x=p

r

T

x=p

r

2

d

B

1

:

F rom this one sees that the inclusion

d

A

1

�

d

B

1

induces an injection

d

A

1

, � ! H

1

( M

1

=L

1

;

d

B

1

(1)) (3.4.16)

whose cok ernel is killed b y (1 � �

p

). No w there is a diagram

d

A

1

(3.4.16)

� � � � ! H

1

( M

1

=L

1

;

d

B

1

(1))

�

�

�

?

?

y

in


1 7! dlog T

�

�

�

�

�

H

1

( L

1

; A

b

(1))

?

?

y

?

?

y

(3.4.7)

b




A= o




d

A

1

�

L

1

=L

� � � ! H

1

( L

1

; T

p

b




A = o

)

in whic h the v ertical arro ws ha v e k ernel and cok ernel killed b y a p o w er of

p (b y 3.4.3, 3.4.6 and (3.4.13)). It remains to c hec k that it is comm utativ e,

whic h ha ving got this far is an easy exercise.

A similar computation can b e carried out for all r > 1, using the isomor-

phism Gal ( M

1

=L

1

) ' Z

p

(1)

r

and the Koszul complex. In this w a y Hy o do

computed the cohomology of L

b

( j ) o v er L , generalising T ate's result. His �nal

result (not needed here) is:

Theorem 3.4.17. [14 , Theorem 1] Ther e ar e c anonic al isomorphisms

H

q

( L; L

b

( j ))

�

� !

8

>

<

>

:

b




q

A= o


 Q if j = q

b




q � 1

A= o


 Q if j = q � 1

0 otherwise

c omp atible with cup-pr o duct. F or j = q � 1 = 0 it is given by cup-pr o duct

with log �

cycl

and for q = j = 1 by (3.4.7) and (3.4.9) .
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3.5 Pro of of Theorem 3.2.3

Theorem 3.2.3 is pro v ed b y reducing to the setting of the previous section.

Recall that X is a smo oth and prop er curv e o v er the ring of in tegers o of

a �nite unrami�ed extension K = Q

p

. Assume that X is connected and that

�( X ; O

X

) = o (otherwise �rst replace K b y an unrami�ed extension). Let

� 2 X b e the generic p oin t of the sp ecial �bre. W rite also:

A =

[

O

X :�

; L = �eld of fractions of A ;

L

n

= L ( �

p

n

); A

n

= in tegral closure of A in L

n

;

The �elds L , L

n

satisfy the h yp othesis (3.4.1) , with r = 1. There is an ob vious

lo calisation map � : Sp ec A ! Y . Note that since A= o is formally smo oth w e

actually ha v e A

n

= A 
 o

n

; and b y 3.4.3,

b




A= o

is a free A -mo dule of rank 1.

No w use the fact that the map

�

�

: Fil

1

H

1

dR

( Y = o ) = H

0

( X ; 


1

X = o

(log Z )) !

b




A= o

is injectiv e and its cok ernel is torsion-free (this holds b ecause the �bres of

X= o are connected). This means that the diagram in Theorem 3.2.3 can

b e lo calised to Sp ec A without losing information. W e shall write do wn the

lo calised diagram and then explain wh y it implies 3.2.3.

Prop osition 3.5.1. Ther e exists an inte ger c such that for every n > 0 the

fol lowing diagr am c ommutes up to p

c

-torsion:

( K

2

( A

n

) 
 �


� 1

p

n

)

0

c h

� � � � � � � � � ! H

2

( L

n

; �

p

n

)

0

dlog

?

?

y

?

?

y

Ho c hsc hild-Serre




2

A

n

= o

( � 1) H

1

( K

n

; H

1

( LK ; �

p

n

))
















1

o

n

= o

( � 1) 


o

b




A= o

H

1

( K

n

; ( A o )

�

=p

n

)

dlog �

p

n

 [ �

p

n
]

� 1

7! 1

?

?

y

o

?

?

y

dlog

o

n

= d

n




o

b




A= o

[ (1 =p

n

) log �

cycl

� � � � � � � � � ! H

1

( K

n

;

b




A= o


 o =p

n � 1

)

R emarks. (i) Since A= o is formally smo oth, the v aluation ring of LK is simply

A o .

(ii) W e ha v e written

H

2

( L

n

; �

p

n

)

0

= k er

�

res : H

2

( L

n

; �

p

n

) ! H

2

( LK ; �

p

n

)

�

( K

2

( A

n

) 
 �


� 1

p

n

)

0

= k er

�

c h : K

2

( A

n

) 
 �


� 1

p

n

! H

2

( LK ; �

p

n

)

�

:
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The map mark ed \Ho c hsc hild-Serre" is then the �rst edge-homomorphism

from the Ho c hsc hild-Serre sp ectral sequence.

(iii) Concerning the b ottom righ t-hand corner: the natural map is

dlog : ( A o )

�

=p

n

!

b




A o = o

=p

n

but as A= o is formally smo oth

b




A o = o

= (

b




A= o


 o ) � (


o = o




o

A )

and the second summand is divisible.

(iv) T o deduce Theorem 3.2.3 from the prop osition, it is enough, b y what

has already b een said, to sho w that there is a map from the diagram in

3.2.3 to the diagram ab o v e. Since the comp osite K

2

( Y 
 o

n

) ! K

2

( A

n

) !

H

2

( LK ; �


 2

p

n

) factors through H

2

( Y 
 K ; �


 2

p

n

) = 0, one obtains the map

K

2

( Y 
 o

n

) ! K

2

( A

n

)

0

. The only remaining thing to c hec k is that the

diagram

H

1

( K

n

; H

1

( Y 
 K ; �

p

n

)) � � � ! H

1

( K

n

; H

1

( LK ; �

p

n

))

�

�

�










�

�

�

�

1

(mo d p

n

) H

1

( K

n

; ( A o )

�

=p

n

)

?

?

y

?

?

y

dlog

H

1

( K

n

; o (1) =p

n

) 


o

Fil

1

H

1

dR

( Y = o ) � � � ! H

1

( K

n

;

b




A= o


 o =p

n

)

comm utes, but this follo ws from the description of �

1

giv en in x 3.2.

Pr o of of 3.5.1. W e reduce the diagram to the (smaller) diagrams in the fol-

lo wing three lemmas. By (3.4.7),

p

n

b




A = o

is free o v er A =p

n

of rank one, and

b y

p

n

b





 2

A = o

w e mean its tensor square as A =p

n

-mo dule.

Lemma 3.5.2. F or any m , n the diagr am b elow c ommutes:

K

2

( A

m

)

c h

� � � ! H

2

( L

m

; �


 2

p

n

)

dlog

?

?

y

?

?

y

b




2

A

m

= o

^

2

�

L

m

� � � ! H

2

( L

m

;

p

n

b





 2

A = o

)

in which the unlab el le d arr ow is induc e d by dlog : �

p

n

!

p

n

b




A = o

.

Pr o of. Since A

m

is lo cal the sym b ol A

�

m


 A

�

m

! K

2

( A

m

) is surjectiv e. Since

the Chern c haracter is compatible with cup-pro duct, the compatibilit y follo ws

b y Lemma 3.4.11.
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This reduces the computation to Galois cohomology . W rite

H

2

( L

n

;

p

n

b





 2

A = o

)

0

= k er

h

H

2

( L

n

;

p

n

b





 2

A = o

) ! H

2

( LK ;

p

n

b





 2

A = o

)

i

:

Lemma 3.5.3. (i) The c omp osite map

b




2

A

n

= o

^

2

�

L

n

� � � ! H

2

( L

n

;

p

n

b





 2

A = o

) � ! H

2

( LK ;

p

n

b





 2

A = o

)

e quals zer o.

(ii) The fol lowing diagr am is c ommutative:




o

n

= o




b




A= o

=

b




2

A

n

= o

^

2

�

L

n

� � � � � � � ! H

2

( L

n

;

p

n

b





 2

A = o

)

0

�

K

n

=K


 id

?

?

y

�

�

�

H

1

( K

n

;

p

n

b




o = o




o

b




A= o

) Ho c hsc hild-Serre

�

�

�

H

1

(id 
 �

LK =L

)

?

?

y

?

?

y

H

1

( K

n

;

p

n

b




o = o




o

H

1

( LK ;

p

n

b




A = o

)) H

1

( K

n

; H

1

( LK ;

p

n

b





 2

A = o

))

(iii) The map H

1

(id 
 �

LK =L

) has kernel and c okernel kil le d by a b ounde d

p ower of p .

Pr o of. (i) The cup-pro duct ^

2

�

L

n

factorises as




o

n

= o




b




A= o

�

K

n


 �

L

n

=L

� � � � � � ! H

1

( K

n

;

p

n




o = o

) 
 H

1

( L

n

;

p

n

b




A = o

) ! H

2

( L

n

;

p

n

b





 2

A = o

)

and so its comp osition with the restriction to LK is zero (it factors through

H

1

( K ;

p

n




o = o

) 
 H

1

( LK ;

p

n

b




A = o

) = 0).

(ii) The b ottom equalit y comes from (3.4.8) . The comm utativit y is a

general fact. W e ha v e groups

� = Gal ( L =L

n

) � � = Gal ( L =LK ) ; � = � = Gal ( LK =L

n

) = Gal ( K =K

n

)

and t w o exact sequences of �-mo dules

0 ! A ! B ! C ! 0

0 ! A

0

! B

0

! C

0

! 0

giv en b y (3.3.6) and (3.4.4) resp ectiv ely . On the �rst � acts trivially . So w e
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ha v e the follo wing diagram

H

0

(� = � ; C ) 
 H

0

(� ; C

0

)

� 
 �

0

� � � � � � ! H

1

(� = � ; A ) 
 H

1

(� ; A

0

)

�

�

�

?

?

y

[

� 
 id

�

�

�

�

�

k er

�

res : H

2

(� ; A 
 A

0

) ! H

2

(� ; A 
 A

0

)

�

?

?

y

?

?

y

HS

H

1

(� = � ; A ) 
 H

0

(� ; C

0

) H

1

(� = � ; H

1

(� ; A 
 A

0

))

[

?

?

y

x

?

?

H

1

(� = � ; A 
 H

0

(� ; C

0

))

H

1

(id 
 �

0

)

� � � � � � ! H

1

(� = � ; A 
 H

1

(� ; A

0

))

and it is a simple, if tedious, exercise to c hec k this comm utes.

(iii) F ollo ws from Prop osition 3.4.12 applied to L

1

= LK .

Lemma 3.5.4. The fol lowing diagr am c ommutes:

H

1

( LK ; �


 2

p

n

)

dlog 
 dlog

� � � � � � � � � � � � � � ! H

1

( LK ;

p

n

b





 2

A = o

)

Kummer

x

?

?

o










( A o )

�

=p

n

(1)

p

n

b




o = o




o

H

1

( LK ;

p

n

b




A = o

)

dlog

?

?

y

x

?

?

id 
 �

LK =L

o =p

n

(1) 


b




A= o

x 
 �

p

n

 ! 7! x dlog �

p

n

 !

� � � � � � � � � � � � � � !

p

n




o = o




o

b




A= o

Pr o of. This follo ws from Lemma 3.4.11.

As K = Q

p

is unrami�ed, w e ha v e a = a

o = o

= ( �

p

� 1)

� 1

o b y 3.3.1, so d

n

o = p

n

a

and o = d

n

o , � ! a =p

n

.

W e no w can mak e a big diagram:

( K

2

A

n


 Z =p

n

)

0

� ! H

2

( L

n

; �


 2

p

n

)

0

� � � � � ! H

1

( K

n

; H

1

( LK ; �


 2

p

n

))

?

?

y

?

?

y

?

?

y

b




2

A

n

= o

� � � � � ! H

2

( L

n

;

p

n

b





 2

A = o

)

0

� � � � � ! H

1

( K

n

; H

1

( LK ;

p

n

b





 2

A = o

))
















o

n

= o




b




A= o

� � ! H

1

( K

n

;

p

n




o = o




o

b




A= o

)

( � )

! H

1

( K

n

;

p

n




o = o




o

H

1

( LK ;

p

n

b




A = o

))

o

?

?

y

dlog �

p

n
7! 1 
 �

p

n

o

x

?

?

o

n

= d

n

(1) 


b




A= o

( y )

! H

1

( K

n

; a =p

n

(1) 


o

b




A= o

)  � � � H

1

( K

n

; ( A o )

�

=p

n

)(1)

�

�

 �

o
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T o sa v e space w e ha v e not lab elled most of the arro ws: they can b e found

in the corresp onding places in the sub diagrams 3.5.2{3.5.4, apart from the

arro w lab elled ( y ), whic h is [ (1 =p

n

) log �

cycl

. The top left square comm utes

b y 3.5.2, and the top righ t square b y functorialit y of the Ho c hsc hild-Serre

sp ectral sequence. The rectangle in the middle comm utes b y 3.5.3, and the

b ottom left square b y 3.3.8. The remaining part of the diagram (the righ t-

hand hexagon) comm utes b y 3.5.4

Going round the outside of the diagram in b oth directions giv es t w o maps

( K

2

A

n


 Z =p

n

)

0

� ! H

1

( K

n

; a =p

n

(1) 


o

b




A= o

)

and it is enough to sho w that their di�erence is killed b y a b ounded p o w er

of p . This follo ws from the comm utativit y of the diagram, since the k ernel of

the arro w mark ed ( � ) is killed b y a b ounded p o w er of p , b y 3.5.3(iii).

4 The Rankin-Selb erg metho d

In this section w e calculate the pro jection of the pro duct of t w o w eigh t one

Eisenstein series on to a cuspidal Hec k e eigenspace, using the Rankin-Selb erg

in tegral. In order to separate the Euler factors more easily , w e w ork semi-

adelically , regarding mo dular forms as functions on ( C � R ) � GL

2

( A

f

). The

passage from classical to adelic mo dular forms is w ell-kno wn, but w e review

the corresp ondence brie
y in x 4.2 since there is more than one p ossible nor-

malisation. The same applies to the discussion of Eisenstein series in section

x 4.3.

4.1 Notations

G denotes the algebraic group GL

2

, with the standard subgroups

P =

�

� �

0 �

�

; U =

�

1 �

0 1

�

; Z =

� �

a 0

0 a

� �

If R is a ring and H is G or an y of the ab o v e subgroups, write H

R

for the group

of R -v alued p oin ts of H . If R � R then H

+

R

denotes f h 2 H

R

j det( h ) > 0 g .

The ring of �nite adeles of Q is A

f

=

^

Z 


Z

Q . If � =

Q

�

p

: A

�

f

= Q

�

> 0

! C

�

is

a c haracter (con tin uous homomorphism) and M is a m ultiple of the conductor

of � , then �

mo d M

: ( Z = M Z )

�

! C

�

denotes the asso ciated (not necessarily

primitiv e) Diric hlet c haracter: for a 2

^

Z

�

, � ( a ) = �

mo d M

( a mo d M ). Of

course this means that if ( p; M ) = 1 then �

mo d M

( p mo d M ) = �

p

( p )

� 1

.

W rite �nite idelic and p -adic mo dulus as j�j

f

, j�j

p

, and arc himedean

absolute v alue as j�j

1

. If there can b e no confusion w e drop the subscripts.
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W rite also H

f

, H

p

in place of H

A

f

, H

Q

p

, and de�ne the standard congruence

subgroups

G

p

� K

p

= G

Z

p

� K

0

( p

�

) =

n

h 2 K

p

j h �

�

� �

0 �

�

mo d p

�

o

� K

1

( p

�

) =

n

h 2 K

p

j h �

�

1 �

0 �

�

mo d p

�

o

:

Haar measure on all the groups encoun tered is to b e normalised in the usual

w a y: on Q

p

the additiv e measure dx giv es Z

p

measure 1, and on Q

�

p

the

m ultiplicativ e measure d

�

x giv es Z

�

p

measure 1. On G

f

, G

p

the subgroups

G

^

Z

, K

p

ha v e measure 1.

Fix additiv e c haracters  

p

: Q

p

! C

�

,  

f

=

Q

 

p

: A

f

! C

�

b y requiring

 

p

( x=p

n

) = e

2 � ix=p

n

for ev ery x 2 Z .

H denotes the upp er-half plane, and H

�

= C � R . The group G

R

acts on

H

�

b y linear fractional transformations. Put

j ( 
 ; � ) = det 
 � ( c� + d )

� 1

if � 2 H

�

, 
 =

�

a b

c d

�

2 G

R

so that j ( 
 ; � )(1 ; � � ) 


� 1

= (1 ; � 
 ( � )).

W rite S ( A

2

f

) for the space of lo cally constan t functions A

2

f

! C of compact

supp ort. The group G

f

acts on S ( A

2

f

) b y the rule

( g � )( x ) = � ( g

� 1

x ) ; � 2 S ( A

2

f

) ; x 2 A

2

f

: (4.1.1)

If � 2 A

�

f

and � 2 S ( A

2

f

), write [ � ] � for the function

[ � ] � : x 7! � ( �

� 1

x ) : (4.1.2)

So in particular, if � is the c haracteristic function of an op en compact subset

X � A

2

f

, then [ � ] � is the c haracteristic function of � X .

4.2 Adelic mo dular forms

In the adelic setting, a holomorphic mo dular form of w eigh t k is a function

F : H

�

� G

f

! C

whic h is holomorphic in the �rst v ariable, and satis�es:

(i) F or ev ery 
 2 G

Q

, F ( 
 ( � ) ; 
 g ) = j ( 
 ; � )

� k

F ( � ; g );

(ii) There exists an op en compact subgroup K � G

f

suc h that F ( � ; g h ) =

F ( � ; g ) for all h 2 K ;
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(iii) F is holomorphic at the cusps.

An y mo dular form F has a F ourier expansion

F ( � ; g ) =

X

m 2 Q

a

m

( g ) e

2 � im�

; � 2 H ; g 2 G

f

where a

m

( g ) = 0 when m < 0 (this is the meaning of condition (iii)). Put

A ( g ) = a

1

( g ), the Whittaker function attac hed to F . Then A is a lo cally

constan t function on G

f

whic h satis�es

A

� �

1 b

0 1

�

g

�

=  

f

( � b ) A ( g ) for all b 2 A

f

. (4.2.1)

One can reco v er the remaining F ourier co e�cien ts (apart from the constan t

term) from A ( g ) b y

a

m

( g ) = m

k

A

� �

m 0

0 1

�

g

�

if 0 < m 2 Q .

It is con v enien t to in tro duce the normalised Whittak er function

A

�

( g ) = A ( g ) j det g j

� k = 2

f

: (4.2.2)

The group G

f

acts on adelic mo dular forms b y righ t translation, and the

translates of F b y G

f

generate an admissible represen tation, call it � . F rom

the de�nition � is isomorphic to the represen tation generated b y A ( g ); the

represen tation generated b y A

�

( g ) is isomorphic to the t wist � 
 j det j

� k = 2

f

. If

� is irreducible it has a factorisation � = 


0

�

p

, and the cen tre of G

f

acts on

the space of � via a c haracter. With the normalisation used here, there is a

(�nite order) c haracter " : A

�

f

= Q

�

> 0

! C

�

with " ( � 1) = ( � 1)

k

suc h that

�

�

a 0

0 a

�

= " ( a ) j a j

k

f

for all a 2 A

�

f

.

This means that

A

�

� �

a 0

0 a

�

g

�

= " ( a ) A

�

( g ) for all a 2 A

�

f

and g 2 G

f

.

If F comes from a newform on �

1

( N ) then A ( g ) is factorisable: there are

functions A

p

: G

p

! C , satisfying A

p

(1) = 1,

Q

A

p

( g

p

) = A ( g ) for all g =

( g

p

) 2 G

f

and suc h that

A

p

� �

a 0

0 a

� �

1 b

0 1

�

g

�

= "

p

( a ) j a j

k

p

 

p

( � b ) A

p

( g ) for all a 2 Q

�

p

and b 2 Q

p

:

(4.2.3)
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Supp ose A

p

is K

p

-in v arian t. Then �

p

is unrami�ed, and its lo cal L -function

is giv en b y

L ( �

p

; s ) =

X

r � 0

A

p

�

p

r

0

0 1

�

p

r ( k � s )

=

X

r � 0

A

�

p

�

p

r

0

0 1

�

p

r ( k = 2 � s )

=

1

(1 � �

p

p

� s

)(1 � �

0

p

p

� s

)

where

�

p

+ �

0

p

= p

k = 2

A

�

p

�

p 0

0 1

�

and �

p

�

0

p

= "

p

( p ) p

k � 1

(this is the normalisation of L -functions whic h giv es the functional equation

for s $ k � 1 � s ; it di�ers from that of Jacquet-Langlands b y a shift).

Complex conjugation of F ourier co e�cien ts de�nes an in v olution of the

space of mo dular forms. In represen tation theoretic terms, this b ecomes the

isomorphism

�� ' � 
 "

� 1

: (4.2.4)

If � : A

�

f

= Q

�

> 0

! C

�

is an y c haracter of �nite order and F is an adelic mo dular

form of w eigh t k , so is

F 
 � : ( � ; g ) 7! � (det g ) F ( � ; g ) : (4.2.5)

T o go from adelic to classical mo dular forms, let K ( n ) b e the standard lev el

n subgroup of G

^

Z

. Then

G

Q

n H

�

� G

f

=K ( n ) = G

Z

n H

�

� G

^

Z

=K ( n ) ' Y ( n )( C ) :

where the last isomorphism is normalised in suc h a w a y that the p oin t ( � ; h ) 2

H

�

� GL

2

( Z =n Z ) corresp onds to the elliptic curv e E

�

= C = ( Z + � Z ) with

lev el structure

�

� ;h

: v 7! (1 =n; � � =n ) � h � v

( Z =n Z )

2

! (

1

n

Z +

�

n

Z ) = ( Z + � Z ) = k er [ � n ]

E

�

:

W rite z for the co ordinate on E

�

, and let F b e an adelic mo dular form whic h

is in v arian t under K ( n ). It corresp onds to the classical mo dular form o v er C

( E

�

; �

� ;h

) 7� ! F ( � ;

~

h ) du


 k

2 H

0

( E

�

; !


 k

)

where h 2 G

Z =n Z

and

~

h 2 G

^

Z

is an y lifting of h .

The map (2.3.4) e

N

: Y ( N ) ! Sp ec Q ( �

N

) is then giv en on complex p oin ts

b y

e

N

: ( � ; g ) 7!  

f

( � det g = N ) if g 2 G

^

Z

(the sign dep ends on the normalisation of the e

N

-pairing).
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4.3 Eisenstein series

Here w e establish notations for Eisenstein series in the framew ork of the

previous section. The results quoted can b e obtained easily from those found

in classical references (probably [31 , Chapter VI I] is closest to what is found

here).

Let � 2 S ( A

2

f

), with the action (4.1.1) of G

f

. The series

E

k ;s

( � )( � ; g ) =

X

0 6= m 2 Q

2

( g � )( m )( m

1

� m

2

� )

� k

j m

1

� m

2

� j

� 2 s

is absolutely con v ergen t for k + 2 Re ( s ) > 2, with a meromorphic con tin uation,

and satis�es

E

k ;s

( � )( 
 � ; 
 g ) = j ( 
 ; � )

� k

j j ( 
 ; � ) j

� 2 s

E

k ;s

( � )( � ; g ) for all 
 2 G

Q

.

The functions E

k

( � ) := E

k ; 0

( � ) are holomorphic (and therefore mo dular of

w eigh t k ) if k � 3 or k = 1; if k = 2 they are holomorphic pro vided that

R

A

2

f

� = 0.

The map � 7! E

k ;s

( � ) is G

f

-equiv arian t. In particular, if � = d 2 Q

�

, then

in the notation of (4.1.2)

E

k ;s

([ d ] � ) = d

� k

j d j

� 2 s

1

E

k ;s

( � ) : (4.3.1)

One can rewrite the Eisenstein series as a sum o v er the group. If f : G

f

! C

is a lo cally constan t function satisfying

f

� �

a b

0 d

�

g

�

= a

� k

j a j

� 2 s

1

f ( g ) for all a , d 2 Q

�

, b 2 A

f

(4.3.2)

then de�ne

E

k ;s;f

( � ; g ) =

X


 2 P

+

Q

n G

+

Q

f ( 
 g ) j ( 
 ; � )

k

j j ( 
 ; � ) j

2 s

: (4.3.3)

The relation b et w een the t w o de�nitions is that E

k ;s

( � ) = E

k ;s;f

with

f ( g ) =

X

x 2 Q

�

( g � )

�

x

0

�

x

� k

j x j

� 2 s

1

:

Moreo v er ev ery E

k ;s;f

is an E

k ;s

( � ) for some � .

In the normalisation used here, the Whittak er function of E

k

( � ) is

B ( g ) =

(2 � i )

k

( k � 1)!

lim

s ! 0

X

y 2 Q

�

y

� k

j y j

1 � 2 s

1

Z

A

f

 

f

( � x=y )( g � )

�

x

y

�

dx
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whic h can b e obtained without to o m uc h di�cult y from the classical form ulae

| see e.g. [31, pp.156{7 & 164�.].

One can decomp ose the Eisenstein series under the action of the cen tre of

G

f

. It is more con v enien t to replace f and B b y the normalised functions

(cf. (4.2.2) ab o v e)

f

�

( g ) = f ( g ) j det g j

� ( k +2 s ) = 2

f

; B

�

( g ) = B ( g ) j det g j

� k = 2

f

and then to write

f

�

( g ) =

X

�

f

�

�

( g ) ; B

�

( g ) =

X

�

B

�

�

( g )

where the functions f

�

�

( g ), B

�

�

( g ) are zero unless � ( � 1) = ( � 1)

k

, in whic h

case

f

�

�

( g ) =

Z

A

�

f

= Q

�

> 0

� ( a ) f

�

� �

a

� 1

0

0 a

� 1

�

g

�

d

�

a

= 2 j det g j

� ( k +2 s ) = 2

f

Z

A

�

f

� ( x ) j x j

k +2 s

f

( g � )

�

x

0

�

d

�

x

and

B

�

�

( g ) =

Z

A

�

f

= Q

�

> 0

� ( a ) B

�

� �

a

� 1

0

0 a

� 1

�

g

�

d

�

a

= 2

(2 � i )

k

( k � 1)!

j det g j

� k = 2

f

Z

A

f

� A

�

f

� ( y ) j y j

k +2 s � 1

f

 

f

( � x=y )( g � )

�

x

y

�

dx d

�

y

�

�

�

�

s =0

If � =

Q

�

p

is factorisable, with �

p

equal to the c haracteristic function of Z

2

p

for almost all p , then the expressions ab o v e factorise and one has

f

�

�

( g ) = 2

Y

p

f

�

�

p

( g

p

) ; B

�

�

( g ) = 2

(2 � i )

k

( k � 1)!

Y

p

B

�

�

p

( g

p

) for g = ( g

p

) 2 G

f

where the functions f

�

�

p

, B

�

�

0

p

are giv en b y lo cal in tegrals

f

�

�

p

( g

p

) = j det g

p

j

� ( k +2 s ) = 2

p

Z

Q

�

p

�

p

( x ) j x j

k +2 s

p

( g

p

�

p

)

�

x

0

�

d

�

x (4.3.4)
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B

�

�

p

( g

p

) = j det g

p

j

� k = 2

p

Z

Q

p

� Q

�

p

�

p

( y ) j y j

k +2 s � 1

p

 

p

( � x=y )( g

p

�

p

)

�

x

y

�

dx d

�

y

�

�

�

�

s =0

= j det g

p

j

� k = 2

p

Z

Q

p

� Q

�

p

�

p

( y ) j y j

k +2 s

p

 

p

( � x )( g

p

�

p

)

�

xy

y

�

dx d

�

y

�

�

�

�

s =0

(4.3.5)

In fact the in tegral in (4.3.5) is a �nite sum, b ecause the x -in tegral is a �nite

linear com bination of in tegrals of the form

Z

t + p

�

Z

p

 

p

( � x=y ) dx

whic h v anish if y is su�cien tly close to 0. So one can omit s from the form ula.

Because of (4.3.2) and (4.2.3) the functions f

�

�

p

and B

�

�

p

are determined

b y their restrictions to the subgroup

�

Q

�

p

0

0 1

�

K

p

� G

p

and these are giv en b y

f

�

�

p

� �

m 0

0 1

�

h

�

= �

p

( m ) j m j

( k +2 s ) = 2

f

�

�

p

( h ) (4.3.6)

B

�

�

p

� �

m 0

0 1

�

h

�

= j m j

� k = 2+1

p

Z

Q

p

� Q

�

p

�

p

( y ) j y j

k � 1

p

 

p

( � mx=y )( h�

p

)

�

x

y

�

dx d

�

y

(4.3.7)

= j m j

� k = 2+1

p

Z

Q

p

� Q

�

p

�

p

( y ) j y j

k

p

 

p

( � mx )( h�

p

)

�

xy

y

�

dx d

�

y

(4.3.8)

4.4 The Rankin-Selb erg in tegral

Let F , G b e adelic mo dular forms of w eigh ts k + l , k resp ectiv ely , at least one

of whic h is a cusp form, and let E

l ;s;f

b e the Eisenstein series (4.3.3) . The

pro duct


 = E

l ;s;f

G F y

k + l + s � 2

j det g j

� k � l � s

d� ^ d ��

is a left G

+

Q

-in v arian t form on H � G

f

, and the aim of this and the follo wing

sections is to compute the inner pro duct

h E

l ;s;f

G; F i :=

Z

G

+

Q

n H � G

f


 dg
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whic h is a Rankin-Selb erg in tegral.

Prop osition 4.4.1. L et A ( g ) , B ( g ) b e the Whittaker functions of F and G .

Then

h E

l ;s;f

G; F i = �

i �( k + l + s � 1)

(4 � )

k + l + s � 1

�

Z

A

�

f

� G

^

Z

f

� �

m 0

0 1

�

h

�

B

� �

m 0

0 1

�

h

�

A

� �

m 0

0 1

�

h

�

j m j

� k � l � s � 1

d

�

m dh:

Pr o of. A v ery similar calculation is done in [30 , x 5]; here w e simply write the

equations with little commen t:

h E

l ;s;f

G; F i =

Z

G

+

Q

n H � G

f

X


 2 P

+

Q

n G

+

Q

f ( 
 g ) j ( 
 ; � )

l

j j ( 
 ; � ) j

2 s

� G ( � ; g ) F ( � ; g ) y

k + l + s � 2

j det g j

� k � l � s

f

d� ^ d �� dg

= � 2 i

Z

P

+

Q

n H � G

f

f ( g ) G ( � ; g ) F ( � ; g ) y

k + l + s � 2

j det g j

� k � l � s

f

dx dy dg

= � 2 i

Z

P

+

Q

n H � G

f

f ( g )

X

m 2 Q

�

> 0

B A

� �

m 0

0 1

�

g

�

� e

� 4 � my

y

k + l + s � 2

j det g j

� k � l � s

f

dx dy dg

= � 2 i

Z

Z

Q

U

Q

n H � G

f

f ( g ) B ( g ) A ( g ) e

� 4 � y

y

k + l + s � 2

j det g j

� k � l � s

f

dx dy dg

= �

2 i �( k + l + s � 1)

(4 � )

k + l + s � 1

Z

Z

Q

N

Q

n R � G

f

f ( g ) B ( g ) A ( g ) j det g j

� k � l � s

f

dx dg

T o get the �nal result, use the parameterisation

� : A

f

� A

�

f

� G

^

Z

= f� 1 g � ! G

f

= Z

Q

( b; m; h ) 7� !

�

1 b

0 1

� �

m 0

0 1

�

h

in terms of whic h in tegration is giv en b y

Z

G

f

= Z

Q

�( g ) dg =

Z

A

f

� A

�

f

� G

^

Z

= f� 1 g

( �

�

�)( b; m; h ) j y j

� 1

db d

�

m dh
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Since f ( g ) B ( g ) A ( g ) is in v arian t b y g 7!

�

1 b

0 1

�

g , the in tegral in the last line

ab o v e splits as a pro duct

Z

Q n R � A

f

dx db

Z

A

�

f

� G

^

Z

= f� 1 g

f B A

� �

m 0

0 1

�

h

�

d

�

m dh

and the �rst factor equals 1 b y c hoice of Haar measure.

No w supp ose:

� F is a cusp form, b elonging to an irreducible � = 


0

�

p

, with cen tral

c haracter " , whose Whittak er function A ( g ) =

Q

A

p

( g

p

) is factorisable;

� G = E

k

( �

0

) is an Eisenstein series and f = f

�

for factorisable functions

� =

Q

�

p

, �

0

=

Q

�

0

p

2 S ( A

2

f

).

Then the in tegral in the previous prop osition can b e decomp osed under the

action of the cen tre and then factorised, giving:

Prop osition 4.4.2. Under the ab ove hyp otheses:

h E

l ;s

( � ) E

k

( �

0

) ; F i = C

X

�;�

0

Y

p

I

p

( �

p

; �

0

p

)

wher e C =

i

k � 1

�( k + l + s � 1)

2

k +2 l +2 s � 4

( k � 1)!

and

I

p

( �

p

; �

0

p

) =

Z

Q

�

p

� K

p

f

�

�

p

B

�

�

0

p

A

�

p

� �

m 0

0 1

�

h

�

j m j

� 1

d

�

m dh

and f

�

�

p

, B

�

�

0

p

ar e as in (4.3.4) , (4.3.5) ab ove. The sum is over al l p airs of

char acters � , �

0

: A

�

f

= Q

�

> 0

! C

�

such that ��

0

= " and � ( � 1) = ( � 1)

l

.

R emark 4.4.3. It will b ecome clear in the computation that follo ws that the

sum o v er c haracters is actually a �nite sum.

4.5 Lo cal in tegrals

W rite c har

�

X

Y

�

for the c haracteristic function of a subset X � Y � A

2

f

.

The next prop osition will compute the lo cal in tegral I

p

( �

p

; �

0

p

) for almost

all primes.
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Prop osition 4.5.1. Supp ose that

�

p

= �

0

p

= �

0

p

:= c har

�

Z

p

Z

p

�

and that A

p

is K

p

-invariant, with A

p

(1) = 1 . Then

I

p

( �

p

; �

0

p

) =

(

L ( �

p

; k + l + s � 1) L ( �

p


 �

0 � 1

p

; l + s ) if �

p

is unr ami�e d

0 otherwise :

R emark 4.5.2. Since �

p

has a K

p

-in v arian t v ector, " is unrami�ed at p . There-

fore since ��

0

= " , either b oth or neither of �

p

, �

0

p

are unrami�ed.

Pr o of. (See [15, x 15.9].) If �

p

= �

0

p

= �

0

p

then b y (4.3.6) for h 2 K

p

, m 2 Q

�

p

f

�

�

p

� �

m 0

0 1

�

h

�

= �

p

( m ) j m j

( l +2 s ) = 2

Z

Z

p

�f 0 g

�

p

( x ) j x j

l +2 s

d

�

x

=

(

L ( �

p

; l + 2 s ) if �

p

is unrami�ed

0 otherwise :

Moreo v er b y (4.3.7)

B

�

�

0

p

� �

m 0

0 1

�

h

�

= j m j

1 � k = 2

Z

Z

p

� Z

p

�f 0 g

�

0

p

( y ) j y j

k � 1

 

p

( � mx=y ) dx dy

where the x -in tegral equals 1 is m=y 2 Z

p

and v anishes otherwise. The y -

in tegral then v anishes if �

0

p

�

�

Z

�

p

6= 1, giving

B

�

�

0

p

� �

m 0

0 1

�

h

�

=

8

>

>

<

>

>

:

p

� r k = 2

P

0 � j � r

�

0

p

( p )

j

p

( r � j )( k � 1)

if r = v

p

( m ) � 0 and �

0

p

is unrami�ed

0 otherwise :

(4.5.3)

Th us I

p

( �

p

; �

0

p

) = 0 unless b oth � , �

0

are unrami�ed at p , whic h w e no w

assume. Then f

�

�

p

, B

�

�

0

p

are K

p

-in v arian t and

I

p

( �

p

; �

0

p

) =

X

r 2 Z

p

r

f

�

�

p

B

�

�

0

p

A

�

p

�

p

r

0

0 1

�

= L ( �

p

; l + 2 s )

X

r � 0

� ( p )

r

p

r (1 � l = 2 � s )

B

�

�

0

p

A

�

p

�

p

r

0

0 1

�

:
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No w from (4.5.3)

X

r � 0

B

�

�

0

p

�

p

r

0

0 1

�

T

r

=

1

(1 � �

0

p

( p ) p

� k = 2

T )(1 � p

k = 2 � 1

T )

and therefore b y [15 , Lemma 15.9.4] one gets

I

p

( �

p

; �

0

p

) = L ( �

p

; l + 2 s )

L ( � �

p


 �

p

�

0

p

; k + l + s � 1) L ( � �

p


 �

p

; l + s )

L ( "

� 1

p

�

0

p

�

2

p

; l + 2 s )

:

Since " = ��

0

and �� ' � 
 "

� 1

(4.2.4) the result follo ws.

Corollary 4.5.4. Under the hyp otheses of Pr op osition 4.4.2, let S b e a �nite

set of primes such that, for every p =2 S , �

p

= �

0

p

= �

0

p

, A

p

is K

p

-invariant

and A

p

(1) = 1 . Then

h E

l ;s

( � ) E

k

( �

0

) ; F i =

C � L

S

( � ; k + l + s � 1)

X

�;�

0

L

S

( � 
 �

0 � 1

; l + s )

Y

p 2 S

I

p

( �

p

; �

0

p

)

wher e the sum is over char acters � , �

0

unr ami�e d outside S , with ��

0

= "

and � ( � 1) = ( � 1)

l

.

Here L

S

denotes the L -function with Euler factors at all p 2 S remo v ed.

A t other primes w e use the follo wing c hoice for �

p

:

Prop osition 4.5.5. L et t 2 Q

p

with v

p

( t ) = � � < 0 . Supp ose that

�

p

= �

1 ;t

p

:= c har

�

t + Z

p

Z

p

�

:

L et m 2 Q

�

p

, h =

�

a b

c d

�

2 K

p

. Then

f

�

�

p

� �

m 0

0 1

�

h

�

=

8

>

>

>

<

>

>

>

:

�

1 �

1

p

�

� 1

p

� ( l +2 s � 1)

�

p

( amt ) j m j

l = 2+ s

if cond �

p

� � and h 2 K

0

( p

�

)

0 otherwise :

Pr o of. Straigh tforw ard calculation from (4.3.4).

A t the bad primes for F w e are going to c ho ose �

0

p

in suc h a w a y as to

mak e the lo cal factor b e simply a constan t.
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The standard w a y to ac hiev e this is to use a suitable A tkin-Lehner op erator

to replace the co e�cien t of q

n

in the q -expansion b y zero whenev er p j n . In

represen tation-theoretic language, this means to use the v ector in the Kirillo v

mo del whic h is the c haracteristic function of Z

�

p

. (See [6, Thm. 2.5.6], and

also compare [30, 4.5.4].) F or Eisenstein series it is easy to write do wn a

parameter �

0

p

whic h do es the tric k, although p ossibly this do es not giv e the

b est constan t in 4.6.3 b elo w.

Prop osition 4.5.6. Supp ose

�

0

p

= �

2 ;t

0

p

:= c har

�

t

0

+ Z

p

Z

�

p

�

�

1

p

c har

�

t

0

+ p

� 1

Z

p

Z

�

p

�

wher e t

0

2 Q

�

p

, v

p

( t

0

) = � � � 0 . Then for al l h =

�

a b

c d

�

2 K

0

( p

� +1

) \ K

0

( p

2

)

B

�

�

0

p

� �

m 0

0 1

�

h

�

=

8

>

>

<

>

>

:

�

0

p

( � amt

0

)

Z

p

� �

Z

�

p

�

0

p

( y )

� 1

 

p

( y ) d

�

y

if cond �

0

p

� � and m 2 Z

�

p

0 otherwise :

R emark. In the sp ecial case � = 0, this b ecomes

�

0

p

= �

2 ; 1

p

= c har

�

Z

p

Z

�

p

�

�

1

p

c har

�

p

� 1

Z

p

Z

�

p

�

and for all h 2 K

0

( p

2

) and all m 2 Q

�

p

B

�

�

0

p

� �

m 0

0 1

�

h

�

=

(

1 if �

0

p

is unrami�ed and j m j = 1

0 otherwise :

Pr o of. First consider what happ ens when �

0

p

= c har

�

t

0

+ Z

p

Z

�

p

�

. F or ev ery

h 2 K

0

( p

� +1

) one has

h�

0

p

= c har

�

at

0

+ Z

p

Z

�

p

�

whic h giv es

B

�

�

0

p

� �

m 0

0 1

�

h

�

= j m j

1 � k = 2

Z

( at

0

+ Z

p

) � Z

�

p

�

0

p

( y )  

p

( � mx=y ) dx d

�

y (4.5.7)
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and the x -in tegral v anishes for m =2 Z

p

, and equals  

p

( � amt

0

=y ) otherwise.

Therefore for m 2 Z

p

(4.5.7) b ecomes

j m j

1 � k = 2

Z

Z

�

p

�

0

p

( y )  

p

( � amt

0

=y ) d

�

y

= j m j

1 � k = 2

�

0

p

( � amt

0

)

Z

mt

0

Z

�

p

�

0

p

( y )

� 1

 

p

( y ) d

�

y

No w if B : G

p

! C is any Whittak er function (i.e. satis�es (4.2.1) and is

lo cally constan t) whic h is in v arian t under K

1

( p

�

), some � � 1, then the

function

e

B = B �

1

p

X

x mo d p

�

1 p

� 1

x

0 1

�

B

satis�es, for ev ery h 2 K

0

( p

�

) \ K

0

( p

2

),

e

B

� �

m 0

0 1

�

h

�

= c har

Z

�

p

( m ) B

� �

m 0

0 1

�

h

�

:

Since

( t

0

+ p

� 1

Z

p

) � Z

�

p

=

a

x mo d p

�

1 p

� 1

x

0 1

�

�

( t

0

+ Z

p

) � Z

�

p

�

the result follo ws.

F rom Prop ositions 4.5.5 and 4.5.6 one obtains:

Prop osition 4.5.8. Supp ose that A

p

is invariant under K

1

( p

�

) and that

A

p

(1) = 1 . L et t , t

0

2 Q

�

p

with v

p

( t ) = � � , v

p

( t

0

) = � � and � > � � 0 ,

� � 2 . Then if �

p

= �

1 ;t

p

and �

0

p

= �

2 ;t

0

p

,

I

p

( �

p

; �

0

p

) =

8

>

>

>

<

>

>

>

:

�

1 �

1

p

2

�

� 1

p

� ( l +2 s � 2)

�

p

( t ) �

0

p

( � t

0

)

Z

p

� �

Z

�

p

�

0

p

( y )

� 1

 

p

( y ) d

�

y

if cond �

0

p

� �

0 otherwise :

R emark. Since " = ��

0

one has cond �

0

p

� � = ) cond �

p

� � .

Pr o of. If cond �

0

p

> � then I

p

( �

p

; �

0

p

) = 0. Otherwise, if h 2 K

0

( p

�

) and

A

p

is K

1

( p

�

)-in v arian t, one has A

�

p

( h ) = "

p

( a ) A

�

p

(1) = �

p

�

0

p

( a ) A

�

p

(1), so that
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I

p

( �

p

; �

0

p

) equals

�

1 �

1

p

�

� 1

p

� ( l +2 s � 1)

Z

p

� �

Z

�

p

�

0

p

( y )

� 1

 

p

( y ) d

�

y

Z

K

0

( p

�

)

�

p

( at ) �

0

p

( � at

0

) A

�

p

( h ) dh

= v ol K

0

( p

�

)

�

1 �

1

p

�

� 1

p

� ( l +2 s � 1)

Z

p

� �

Z

�

p

�

0

p

( y )

� 1

 

p

( y ) d

�

y �

p

( t ) �

0

p

( � t

0

) A

�

p

(1)

and v ol K

0

( p

�

) = [ K

p

: K

0

( p

�

)]

� 1

= (1 + 1 =p )

� 1

p

� �

.

There is just one more case to consider, in order to compute the image of

the Euler system in the cyclotomic to w er.

Prop osition 4.5.9. Supp ose that

�

0

p

= ( �

1 ;t

0

p

)

tr

= c har

�

Z

p

t

0

+ Z

p

�

; v

p

( t

0

) = � � < 0 :

Then for al l m 2 Q

�

p

and h =

�

a b

c d

�

2 K

0

( p

�

) ,

B

�

�

0

p

� �

m 0

0 1

�

h

�

=

8

>

>

>

<

>

>

>

:

�

1 �

1

p

�

� 1

p

� ( k � 2)

j m j

(1 � k = 2)

�

0

p

( dt

0

)  

p

( � mb=d )

if cond �

0

p

� � and v

p

( m ) � � �

0 otherwise :

Pr o of. One has h�

0

p

= c har

�

bt

0

+ Z

p

dt

0

+ Z

p

�

and dt

0

+ Z

p

= dt

0

(1 + p

�

Z

p

), therefore

b y (4.3.7)

B

�

�

0

p

= j m j

� k = 2+1

Z

dt

0

(1+ p

�

Z

p

)

�

0

p

( y ) j y j

k � 1

�

Z

bt

0

+ Z

p

 

p

( � mx=y ) dx

�

d

�

y

=

(

0 if v

p

( m ) < � �

j m j

� k = 2+1

�

0

p

( dt

0

) p

� ( k � 1)

Z

1+ p

�

Z

p

�

0

p

( y )  

p

( � mb=dy ) d

�

y if v

p

( m ) � � � .

If v

p

( m ) � � � and y 2 1 + p

�

Z

p

then  

p

( � mb=dy ) =  

p

( � mb=d ) and the

result follo ws.

Corollary 4.5.10. Supp ose ther e exists a char acter �

p

: Q

�

p

! C

�

such that

�

p


 �

� 1

p

is unr ami�e d, and that A

�

p

is the twist of the spheric al ve ctor; that

is, A

�

p


 �

� 1

p

: g 7! �

p

(det g )

� 1

A

p

( g ) is K

p

-invariant and A

p

(1) = 1 . Put

�

p

= �

1 ;t

p

; �

0

p

= ( �

1 ;t

0

p

)

tr

with v

p

( t ) = v

p

( t

0

) = � � < 0 :
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Then if �

0

p

�

� 1

p

is unr ami�e d and cond �

p

� � ,

I

p

( �

p

; �

0

p

) =

�

1 �

1

p

�

� 1

�

1 �

1

p

2

�

� 1

p

� ( k + l +2 s � 4)

�

p

( t ) �

0

p

( t

0

) L ( �

p


 �

0� 1

p

; l + s )

and otherwise I

p

( �

p

; �

0

p

) = 0 .

Pr o of. The cen tral c haracter "

p

= �

p

�

0

p

of �

p

is �

2

p

times an unrami�ed c har-

acter, so one of �

p

�

� 1

p

, �

0

p

�

� 1

p

is unrami�ed if and only if b oth are. By

Prop ositions 4.5.5 and 4.5.9, I

p

( �

p

; �

0

p

) = 0 whenev er cond �

p

or cond �

0

p

> � .

Otherwise

I

p

( �

p

; �

0

p

) =

�

1 �

1

p

�

� 2

p

� ( k + l +2 s � 3)

�

p

( t ) �

0

p

( t

0

)

�

Z

Q

�

p

� K

0

( p

�

)

�

p

( am ) �

0

p

( d ) j m j

s +( l � k ) = 2

A

�

p

� �

m 0

0 1

�

h

�

d

�

m dh

=

�

1 �

1

p

�

� 2

p

� ( k + l +2 s � 3)

�

p

( t ) �

0

p

( t

0

)

�

X

r � 0

�

p

( p )

r

p

� r ( l � k +2 s ) = 2

�

p

( p )

� r

A

�

p


 �

� 1

p

�

p

r

0

0 1

�

�

Z

K

0

( p

�

)

�

p

( a ) �

0

p

( d ) � (det h ) dh:

The in tegral in the last expression v anishes unless �

p

�

� 1

p

and �

0

p

�

� 1

p

are un-

rami�ed, in whic h case I

p

( �

p

; �

0

p

) b ecomes

�

1 �

1

p

�

� 1

�

1 �

1

p

2

�

� 1

p

� ( k + l +2 s � 4)

�

p

( t ) �

0

p

( t

0

)

�

X

r � 0

( �

p

�

� 1

p

)( p )

r

A

�

p


 �

� 1

p

�

p

r

0

0 1

�

p

� r ( l � k +2 s ) = 2

(4.5.11)

=

�

1 �

1

p

�

� 1

�

1 �

1

p

2

�

� 1

p

� ( k + l +2 s � 4)

�

p

( t ) �

0

p

( t

0

) L ( � �

p


 �

p

; l + s )

giving the desired expression from (4.2.4) .

R emark 4.5.12. One can do exactly the same computation merely assuming

that A

�

p


 �

� 1

p

is K

1

( p

�

)-in v arian t; I

p

( �

p

; �

0

p

) v anishes unless �

0

p

�

� 1

p

is unram-

i�ed, in whic h case one gets the form ula (4.5.11) .
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4.6 Putting it all together

W e c hange notation sligh tly from the previous sections. Begin with a cusp

form F of w eigh t k + l , generating an irreducible � = 


0

�

p

, and whose Whit-

tak er function A ( g ) =

Q

A

p

( g

p

) factorises, with A

p

(1) = 1 for all p . Let " b e

the c haracter of the cen tre of G

f

on A

�

. Assume that the follo wing data is

giv en:

(i) Disjoin t �nite sets of primes S and T , suc h that if p =2 S then A

p

is

K

p

-in v arian t. (In particular this means that " is unrami�ed outside S .)

(ii) A c haracter � : A

�

f

= Q

�

> 0

! C

�

, unrami�ed outside T .

(iii) F or eac h p 2 S , elemen ts t

p

, t

0

p

2 Q

�

p

with v

p

( t

p

) = � �

p

, v

p

( t

0

p

) = � �

p

,

suc h that �

p

> �

p

� 0, �

p

� 2, and A

p

is K

1

( p

�

p

)-in v arian t.

(iv) F or eac h p 2 T , elemen ts t

p

, t

0

p

2 Q

�

p

with v

p

( t

p

) = v

p

( t

0

p

) = � �

p

where

�

p

� max(cond �

p

; 1).

Put

N =

Y

p 2 S

p

�

p

; M =

Y

p 2 S

p

�

p

; R =

Y

p 2 T

p

�

p

:

Denote b y t , t

0

the �nite ideles whose comp onen ts at primes p 2 S [ T are t

p

,

t

0

p

, and whic h are 1 elsewhere. Pic k y 2 Z suc h that

y � �

p

�

p

t

0

p

N t

p

mo d p

�

p

for all p 2 S (4.6.1)

(note that the righ t-hand side b elongs to Z

�

p

) | th us y is w ell-de�ned mo d M .

The in tegral to compute is

h E

l ;s

( � ) E

k

( �

0

) 
 �

� 1

; F i = h E

l ;s

( � ) E

k

( �

0

) ; F 
 � i

where

F 
 � ( � ; g ) = � (det g ) F ( � ; g )

is the t wist of F b y � , and � , �

0

are giv en as follo ws:

� F or p 2 S , �

p

= �

1 ;t

p

p

and �

0

p

= �

2 ;t

0

p

p

.

� F or p 2 T , �

p

= �

1 ;t

p

p

and �

0

p

= ( �

1 ;t

0

p

p

)

tr

� F or p =2 S [ T , �

p

= �

0

p

= �

0

p

.
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W e can then assem ble the previous calculations. Put � = "�� and �

0

= ��

� 1

for a v ariable c haracter � | th us ��

0

= "�

2

, the cen tral c haracter of A

�


 � .

Then only those � satisfying the follo wing conditions con tribute to the sum:

� � ( � 1) = ( � 1)

k

� ( � 1);

� If p =2 S then �

p

is unrami�ed;

� If p 2 S then cond �

p

� �

p

.

So cond � j M , cond " j N and cond � j R . This giv es:

h E

l ;s

( � ) E

k

( �

0

) ; F 
 � i = C � L

S [ T

( � 
 �; l + k + s � 1)

�

X

� ( � 1)=( � 1)

k

� ( � 1)

cond � j M

L

S [ T

( � 
 � ; l + s )

Y

p 2 S [ T

I

p

( �

p

; �

0

p

)

b y 4.5.4, 4.5.8 and 4.5.9, where

Y

p 2 S

I

p

( �

p

; �

0

p

) = N

l +2 s � 2

Y

p 2 S

�

1 �

1

p

2

�

� 1

�

p

( t

p

) �

0

p

( � t

0

p

)

Z

p

� �

p

Z

�

p

�

0

p

( y )

� 1

 

p

( y ) d

�

y

with

Y

p 2 S

�

p

( t

p

) �

0

p

( � t

0

p

) =

Y

p 2 S

�

p

( p )

� �

p

� �

p

"

p

( t

p

) �

p

( � t

p

=t

0

p

)

= �

mo d M

( y )

Y

p 2 S

"

p

( t

p

) �

p

( p )

�

p

�

p

( M N )

� 1

;

and

Y

p 2 T

I

p

( �

p

; �

0

p

) =

R

k + l +2 s +4

Y

p 2 T

�

1 �

1

p

�

� 1

�

1 �

1

p

2

�

� 1

�

p

( t

p

) �

0

p

( t

0

p

) L ( �

p


 �

p

; l + s )

and for eac h p 2 T , �

p

( t

p

) �

0

p

( t

0

p

) = "

p

( t

p

) �

p

( t

p

t

0

p

). This giv es

h E

l ;s

( � ) E

k

( �

0

) ; F 
 � i =

C � N

l +2 s � 2

R

k + l +2 s � 4

Y

p 2 S [ T

�

1 �

1

p

2

�

� 1

Y

p 2 T

�

1 �

1

p

�

� 1

� " ( t )

Y

p 2 T

�

p

( M N t

p

t

0

p

) � L

S [ T

( � 
 �; l + k + s � 1)

�

X

� ( � 1)=( � 1)

k

� ( � 1)

cond � j M

�

Y

p j M

�

p

( p )

�

p

Z

p

� �

p

Z

�

p

�

0

p

( y )

� 1

 

p

( y ) d

�

y

� �

mo d M

( y ) � L

S

( � 
 � ; l + s )

�

: (4.6.2)
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In the third line of this expression, the pro duct o v er p j M can b e rewritten in

terms of a classical Gauss sum as

' ( M )

� 1

X

x 2 ( Z = M Z )

�

�

mo d M

( x ) e

2 � ix= M

:

(Here ' is Euler's totien t function.) The sum o v er c haracters � in (4.6.2) then

b ecomes (com bining o dd and ev en c haracters)

1

2

' ( M )

� 1

X

cond � j M

X

x 2 ( Z = M Z )

�

X

m � 1

( m;N )=1

�

1 + ( � 1)

k

� � ( � 1)

�

� �

mo d M

( xy

� 1

m

� 1

) e

2 � ix= M

a

m

m

� l � s

=

X

m � 1

( m;N )=1

1

2

�

 

f

( my = M ) + ( � 1)

k

� ( � 1)  

f

( � my = M )

�

a

m

m

� l � s

b y the c haracter orthogonalit y relations.

F or � 2 A

f

write

L

S

( � ; s ; � ) =

X

m � 1

( m;N )=1

 

f

( m� ) a

m

m

� s

for the t wisted Diric hlet series.

Theorem 4.6.3. Under the ab ove hyp otheses

h E

l ;s

( � ) E

k

( �

0

) 
 �; F i = C N

l +2 s � 2

R

k + l +2 s

# GL

2

( Z =R Z )

� 1

� " ( t )

Y

p 2 T

�

p

( M N t

p

t

0

p

)

Y

p 2 S

�

1 �

1

p

2

�

� 1

L

S [ T

( � 
 �; l + k + s � 1)

�

�

L

S

( � ; l + s ; y = M ) + ( � 1)

k

� ( � 1) L

S

( � ; l + s ; � y = M )

�

with C as in Pr op osition 4.4.2.

5 The Euler systems

5.1 Mo dular curv es

W e can at last giv e Kato's construction of an Euler system in the Galois

cohomology of the mo dular curv e Y ( N ) o v er a family of ab elian extensions

of Q . W e assume throughout that p is a prime not dividing N .
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Pic k auxiliary in tegers D , D

0

> 1 whic h are prime to 6 N p , and put

R

0

p

= f squarefree p ositiv e in tegers prime to N pD D

0

g

R

p

= f r = r

0

p

m

j r

0

2 R

0

p

; m � 1 g

W e supp ose that, for eac h r 2 R

p

, w e are giv en p oin ts z

r

, z

0

r

2 E

univ

( Y ( N r )) '

( Z = N r )

2

, suc h that:

� If r and r s 2 R

p

, then sz

( 0 )

r s

= z

( 0 )

r

| i.e., one has elemen ts of the in v erse

limit

( z

r

)

r

; ( z

0

r

)

r

2 lim

 �

r 2R

p

k er [ � N r ] ' Z

2

p

�

Y

` 6 j N pD D

0

Z =`

of torsion p oin ts on the univ ersal elliptic curv e.

� F or ev ery r 2 R

p

, the p oin ts N z

r

and N z

0

r

generate k er [ � r ] (in partic-

ular, the orders of z

r

, z

0

r

are m ultiples of r ).

� If r = p

m

then the orders of z

r

, z

0

r

are divisible b y a prime other than

p .

R emarks. (i) The �rst condition implies that there exists e 2 Z

�

p

suc h that

for ev ery r = r

0

p

m

2 R

p

, the W eil pairing of z

r

and z

0

r

is

e

N r

( z

r

; z

0

r

) = �

er

� 1

0

p

m

� (prime-to- p ro ot of 1) : (5.1.1)

(ii) The third condition is really only added for con v enience. It ensures

that for ev ery r the p oin ts z

( 0 )

r

are not of prime p o w er order, whic h means

that they do not meet the zero section of E

univ

= Y ( N r ) in an y c haracteristic.

It follo ws from (ii) that the mo dular units #

D

( z

r

), #

D

0

( z

0

r

) actually b elong

to O

�

( Y ( N r )

= Z

), for an y r 2 R

p

. De�ne

e�

r

= f #

D

( z

r

) ; #

D

0

( z

0

r

) g 2 K

2

�

Y ( N r )

�

and also

�

r

= N

Y ( N r ) = Y ( N ) 
 Q ( �

r

)

e�

r

2 K

2

�

Y ( N ) 
 Q ( �

r

)

�

;

b y what w as just said, these b elong to the images of K

2

of the mo dels o v er

Sp ec Z .

Let T

`

= T

`;Y ( N )

, h a i = h a i

Y ( N )

denote the Hec k e corresp ondence and dia-

mond op erators as in x 2.3 ab o v e. If ( `; r ) = 1 write F rob

`

2 Gal ( Q ( �

r

) = Q ) for

the ge ometric F rob enius automorphism, so that F rob

`

= '

� 1

`

where '

`

: �

r

7!

�

`

r

is the arithmetic F rob enius substitution. F or ev ery �nite �eld extension
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L

0

=L write simply N

L

0

=L

for the norm map K

2

( Y ( N ) 
 L

0

) ! K

2

( Y ( N ) 
 L ).

Notice that if ` 6 j N r then

N

Y ( N r ) = Y ( N ) 
 Q ( �

r

)

� T

`;Y ( N r )

= ( T

`;Y ( N )


 '

`

) � N

Y ( N r ) = Y ( N ) 
 Q ( �

r

)

N

Y ( N r ) = Y ( N ) 
 Q ( �

r

)

h ` i

Y ( N r )

= ( h ` i

Y ( N )


 '

2

`

) � N

Y ( N r ) = Y ( N ) 
 Q ( �

r

)

since T

`

acts as '

`

on the constan t �eld and h ` i acts as '

2

`

, b y x 2.3. Therefore

from 2.3.6 and 2.4.3 one obtains:

Theorem 5.1.2. L et r 2 R

p

. Then:

(i) N

Q ( �

r p

) = Q ( �

r

)

�

r p

= �

r

.

(ii) If ` is prime and ( `; N D D

0

r ) = 1 then

N

Q ( �

`r

) = Q ( �

r

)

�

`r

= (1 � T

`

h ` i

�


 F rob

`

+ ` h ` i

�


 F rob

2

`

) �

r

:

No w write

T

p;N

= H

1

( Y ( N ) 


Q

Q ; Z

p

(1))

and consider, for r = r

0

p

m

, the homomorphisms

lim

 �

n � m

K

2

( Y ( N ) 
 Q ( �

r

0

p

n

)) 
 �


� 1

p

n

?

?

y

AJ

lim

 �

n � m

H

1

( Q ( �

r

0

p

n

) ; H

1

( Y ( N ) 


Q

Q ; �

p

n

))

?

?

y

cor

lim

 �

n � m

H

1

( Q ( �

r

0

p

m

) ; H

1

( Y ( N ) 


Q

Q ; �

p

n

))







H

1

( Q ( �

r

) ; T

p;N

)

By 5.1.2(i), the family f �

r

0

p

n


 [ �

p

n

]

� 1

; n � m g is an elemen t of the �rst

group. (This t wisting of elemen ts of K

2

w as used �rst b y Soul � e.) Let

�

r

= �

r

( Y ( N )) 2 H

1

( Q ( �

r

) ; T

p;N

)

b e its image. On the one hand, Gal ( Q ( �

r

) = Q ) acts on H

1

( Q ( �

r

) ; T

p;N

), since

T

p;N

is a Gal ( Q = Q )-mo dule; on the other, the lev el N Hec k e op erators T

`

,

h ` i act b y functorialit y . Also F rob

`

acts as `

� 1

on �

p

n

. By Theorem 5.1.2 the

classes �

r

therefore satisfy Euler system-lik e iden tities:
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Corollary 5.1.3. (i) F or al l r 2 R

p

, cor

Q ( �

r p

) = Q ( �

r

)

�

r p

= �

r

.

(ii) If ` is prime and r , `r 2 R

p

then

cor

Q ( �

`r

) = Q ( �

r

)

�

`r

= (1 � `

� 1

T

`

h ` i

�

F rob

`

+ `

� 1

h ` i

�

F rob

2

`

) �

r

:

In the next section w e will pass to an elliptic curv e and get an Euler system

in the sense of x 2 of [29].

Recall from x 1.3 the de�nition of the w eigh t 1 Eisenstein series (for an y

N and an y D > 1 whic h is prime to 6 N )

D

Eis( z ) = z

�

dlog

v

#

D

2 H

0

( X ( N ) ; ! ) :

de�ned for an y 0 6= z 2 E

univ

( Y ( N )) = ( Z = N Z )

2

. The form

D

Eis( z ) extends

to X ( N )

Z

pro vided the order of z is divisible b y at least 2 primes.

Recall from x 1.1 the Ko daira-Sp encer isomorphism

K S

N

:= K S

Y ( N )

: H

0

( X ( N ) ; !


 2

)

�

� ! H

0

( X ( N ) ; 


1

X ( N ) = Q

(log cusps ))

iden tifying holomorphic mo dular forms of w eigh t 2 and di�eren tials with at

w orst simple p oles at cusps. Let Y ( N )

ord

b e the complemen t in Y ( N )

= Z

of the

(�nite) set of sup ersingular p oin ts in c haracteristic dividing N . The sc heme

Y ( N )

ord

is smo oth o v er Z [ �

N

] b y [18 , Cor. 10.9.2].

Prop osition 5.1.4. The Ko dair a-Sp enc er map divide d by N extends to a

homomorphism of she aves on Y ( N )

ord

1

N

K S

N

: !


 2

E

univ

= Y ( N )

ord

! 


1

Y ( N )

ord

= Z [ �

N

]

with lo garithmic singularities at the cusps.

Pr o of. The Ko daira-Sp encer map tak es the mo dular form f ( q

1 = N

) ( dt=t )


 2

to

the di�eren tial f ( q

1 = N

) dq =q = N f ( q

1 =n

) dlog( q

1 = N

). So on q -expansions it is

divisible b y N . The result follo ws b y the q -expansion principle.

R emark. One kno ws that (alw a ys assuming that N is the pro duct of t w o

coprime in tegers, eac h � 3) the sc heme X ( N ) is regular. Therefore the mor-

phism e

N

: X ( N ) ! Sp ec Z [ �

N

] is a lo cal complete in tersection (b eing a 
at

morphism of �nite t yp e b et w een regular sc hemes, EGA IV 19.3.2). Therefore

the sheaf of relativ e di�eren tials extends to an in v ertible sheaf on X ( N )

= Z

,

namely the relativ e dualising sheaf (sheaf of regular di�eren tials), and one can

then sho w that (1 = N ) K S

N

extends to an isomorphism of in v ertible shea v es

on all of X ( N )

= Z

1

N

K S

N

: !

2

! 


reg

X ( N ) = Z [ �

N

]

(log cusps ) :

This is not needed in what follo ws.
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Because Y ( N )

ord

is smo oth o v er Z [ �

N

], one has




2

Y ( N )

ord

= Z

= 


1

Y ( N )

ord

= Z [ �

N

]


 


1

Z [ �

N

] = Z

and 


1

Z [ �

N

] = Z

is killed b y N and generated b y dlog( �

N

).

Prop osition 5.1.5. L et z , z

0

2 E

univ

( Y ( N )

= Z

) b e disjoint fr om k er [ � D D

0

] .

In 


2

Y ( N )

ord

= Z

the identity

dlog f #

D

( z ) ; #

D

0

( z

0

) g =

1

N

K S

N

�

D

Eis( z ) �

D

0

Eis( z

0

)

�


 dlog e

N

( z ; z

0

)

holds.

Pr o of. This can b e c hec k ed on q -expansions. Supp ose that on the completion

of Y ( N ) along a cusp w e ha v e �xed an isomorphism of E

univ

with the T ate

curv e T ate( q ) o v er Z [ �

N

](( q

1 = N

)), and that z , z

0

are the p oin ts z = �

a

1

N

q

a

2

= N

,

z

0

= �

b

1

N

q

b

2

= N

. Applying the congruence 1.3.4 and the fact that e

N

( z ; z

0

) =

�

a

2

b

1

� a

1

b

2

N

one get the desired result. (W e ha v e normalised the e

N

-pairing as

in [18, (2.8.5.3)].)

W e can no w giv e Kato's description of the image of the Euler system f �

r

g

under the dual exp onen tial map (see x 3.2 ab o v e)

exp

�

p

: H

1

( Q ( �

r

) ; T

p;N

) ! Q

p




Q

Q ( �

r

) 


Q

Fil

1

H

1

dR

( Y ( N ) = Q )

recalling that Fil

1

H

1

dR

( Y ( N ) = Q ) = H

0

( X ( N ) ; 


1

X ( N ) = Q

(log cusps )).

De�ne the follo wing di�eren tials on the mo dular curv e in terms of the

w eigh t 1 Eisenstein series:

e!

r

=

1

N r

K S

N r

�

D

Eis( z

r

) �

D

0

Eis( z

0

r

)

�

2 H

0

( X ( N r ) ; 


1

(log cusps )) :

!

r

= tr

X ( N r ) =X ( N ) 
 Q ( �

r

)

e!

r

2 H

0

( X ( N ) 
 Q ( �

r

) ; 


1

(log cusps )) (5.1.6)

Theorem 5.1.7. F or every r 2 R

p

,

exp

�

p

�

r

=

e

r

!

r

wher e e 2 Z

�

p

is as in (5.1.1) .

Pr o of. By 5.1.5 w e ha v e in H

0

( X ( N r )

ord

; 


2

X ( N r ) = Z

(log cusps )) the iden tit y

dlog e�

r

= e!

r


 dlog e

N r

( z

r

; z

0

r

) :

No w tak e r = r

0

p

m

and tensor with Z

p

. Then b y (5.1.1)

dlog e�

r

= r

� 1

0

e e!

r


 dlog �

p

m

2 H

0

( X ( N r )

ord


 Z

p

; 


2

(log cusps )) :
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T aking the trace to X ( N ) 
 Q ( �

r

) giv es, using the compatibilit y ( x 2.1) of

trace and transfer

dlog �

r

= r

� 1

0

e !

r


 dlog �

p

m

:

Let o

n

b e the ring of in tegers of Q

p

( �

p

n

). By the explicit recipro cit y la w

3.2.3,

exp

�

p

�

r

= lim

n !1

r

� 1

0

e

p

n

tr

Y ( N ) 
 o

n

= Y ( N ) 
 o

m

!

r

0

p

n

:

But since tr

Y ( N r

0

p

n

) = Y ( N r )

e!

r

0

p

n

= p

n � m

e!

r

b y 2.5.3, this giv es the desired

form ula.

5.2 Elliptic curv es

Supp ose that E = Q is a mo dular elliptic curv e of conductor N

E

, with a W eil

parameterisation

'

E

: X

0

( N

E

) ! E :

Cho ose a prime p not dividing 2 N

E

, and write T

p

( E ) = H

1

( E ; Z

p

)(1) | of

course, this is the same as the T ate mo dule of E , but it is b etter to think in

terms of cohomology , esp ecially if w e w ere to w ork more generally with an y

w eigh t 2 eigenform (with c haracter). Let the L -series of E b e

L ( E ; s ) =

X

n � 1

a

n

n

� s

(again, this is b est though t of here as the L -series attac hed to the motiv e

h

1

( E )). Let N b e an y p ositiv e m ultiple of N

E

with ( N ; p ) = 1. (The actual

c hoice of N is to b e made later.) Consider the comp osite morphism

'

E ;N

: X ( N ) ! X

0

( N

E

)

'

E

� ! E :

There are Galois-equiv arian t maps of restriction and direct image

H

1

( X ( N ) 


Q

Q ; Z

p

(1))

restriction

� � � � � ! H

1

( Y ( N ) 


Q

Q ; Z

p

(1)) = T

p;N

?

?

y

'

E ;N �

H

1

( E 


Q

Q ; Z

p

(1)) = T

p

( E )

No w the Manin-Drinfeld theorem (or rather its pro of ) implies that there is

an idemp oten t �

cusp

N

in the Hec k e algebra (with rational co e�cien ts) whic h
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induces for ev ery p a left in v erse to the map lab elled \restriction". So for

some p ositiv e in teger h

E

(indep enden t of p ) the comp osite map

h

E

'

E ;N �

� �

cusp

N

: T

p;N

! T

p

( E )

is w ell-de�ned. Cho ose D , D

0

prime to 6 N p , and systems ( z

r

), ( z

0

r

) as in the

previous section.

Theorem 5.2.1. De�ne for r 2 R

p

�

r

( E ) := ( h

E

'

E ;N �

� �

cusp

N

) �

r

( Y ( N )) 2 H

1

( Q ( �

r

) ; T

p

( E )) :

Then the family f �

r

( E ) g is an Euler system for T

p

( E ) ; that is,

� F or every r 2 R

p

, cor

Q ( �

r p

) = Q ( �

r

)

�

r p

( E ) = �

r

( E ) ;

� If ` is prime and ( `; N D D

0

r ) = 1 then

cor

Q ( �

`r

) = Q ( �

r

)

�

`r

( E ) = (1 � `

� 1

a

`

F rob

`

+ `

� 1

F rob

2

`

) �

r

( E ) :

wher e F rob

`

2 Gal ( Q ( �

r

) = Q ) is the ge ometric F r ob enius.

R emark. Actually , Rubin considers cohomology classes not o v er Q ( �

r

) but

rather o v er the sub�eld Q

m � 1

( �

r

0

), where r = r

0

p

m

and Q

m � 1

= Q is the unique

extension of degree p

m � 1

con tained in the cyclotomic Z

p

-extension of Q . T o

get an Euler system in the precise sense of [29, x 2], one should therefore

tak e the corestriction of �

r

( E ) to Q

m � 1

( �

r

0

). Note that his form ula for the

norm relation di�ers from that here, as w e are using geometric F rob enius: as

Nek o v� a � r has explained to us, the relation (ii) can b e rewritten more concep-

tually as cor( �

`r

) = Q

`

(F rob

`

) �

r

, where Q

`

( x ) = det(1 � F rob

`

x j T

p

( E )

�

(1)).

W riting P

`

( x ) = Q

`

( `

� 1

x ) one gets the same form ula as in lo c. cit.

Pr o of. The �rst statemen t follo ws directly from the corresp onding statemen t

5.1.3(i) for �

r p

( Y ( N )). The second follo ws from 5.1.3(ii) together with the

fact that h ` i = 1 and T

`

= a

`

on T

p

( E ).

On di�eren tials, the pro jector �

cusp

N

is the iden tit y on cusp forms and

annihilates Eisenstein series. Put

!

cusp

r

= �

cusp

N

( !

r

) 2 H

0

( X ( N ) 
 Q ( �

r

) ; 


1

) :

Then Theorem 5.1.7 giv es:

exp

�

p

�

r

( E ) =

eh

E

r

'

E ;N �

( !

cusp

r

) : (5.2.2)

T o compute this in terms of the L -function, use the Rankin-Selb erg in tegral

from x 4. Fix a di�eren tial !

E

on E = Q suc h that '

�

E

!

E

is a newform on

X

0

( N

E

), whic h w e write as 2 � iF ( � ; g ) d� for a w eigh t 2 cusp form F whose

Whittak er function satis�es:
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� A

q

is K

q

-in v arian t if q 6 j N

E

, and is K

0

( q

�

)-in v arian t if ord

q

( N

E

) = � > 0;

� A

q

(1) = 1 for all q .

This means that A

q

( q ) = q

� 2

a

q

for ev ery q 6 j N

E

, and that L ( E ; s ) = L ( � ; s )

where � is the represen tation of G

f

generated b y F .

A t this p oin t it w ould b e wise to recall that w e ha v e in x 3.1 normalised

the recipro cit y la w of lo cal class �eld theory to tak e uniformisers to geometric

F rob enius. This giv es the classical isomorphism:

^

Z

�

, � ! A

�

Q

global CFT

� � � � � � ! Gal ( Q

ab

= Q )

a 7� ! ( �

n

7! �

a

n

)

If � is an y idele class c haracter of conductor M , with asso ciated Diric hlet

c haracter �

mo d M

: ( Z = M Z )

�

! C

�

, w e then ha v e

L ( � 
 �

� 1

; s ) = L ( E ; �

mo d M

; s ) :=

X

( m;M )=1

a

m

�

mo d M

( m ) m

� s

W e also de�ne the incomplete and t wisted L -series

L

N

( E ; �

mo d M

; s ) :=

X

( m;M N )=1

a

m

�

mo d M

( m ) m

� s

L

N

( E ; s ; � ) :=

X

( m;N )=1

e

2 � im�

a

m

m

� s

as in x 4 ab o v e. No w put

� �

E

= n um b er of connected comp onen ts of E ( R );

� 


+

E

= fundamen tal real p erio d of !

E

;

� 


�

E

= �

E

� fundamen tal imaginary p erio d of !

E

so that

Z

E ( C )

!

E

^ �!

E

= 


+

E




�

E

2 i R

The set of complex p oin ts Sp ec Q ( �

r

)( C ) is the set of primitiv e r

th

ro ots of

unit y f e

2 � ix=r

g in C , whic h w e iden tify with ( Z =r Z )

�

. W rite �

x

: Q ( �

r

) , � ! C

for the corresp onding em b edding �

r

7! e

2 � ix=r

. Supp ose � : A

�

f

= Q

�

> 0

! C

�

is
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a c haracter of conductor dividing r . Then w e can compute

X

x 2 ( Z =r Z )

�

Z

E ( C )

�

mo d r

( x ) � �

x

'

E ;N �

( !

cusp

r

) ^ �!

E

=

Z

Y ( N )( C ) � ( Z =r Z )

�

�

mo d r

( x ) � �

x

!

cusp

r

^ '

�

E ;N

�!

E

=

Z

Y ( N )( C ) � ( Z =r Z )

�

�

mo d r

( x ) � �

x

!

r

^ '

�

E ;N

�!

E

(since cusp forms and Eisenstein series are orthogonal)

=

Z

Y ( N r )( C )

( �

mo d N r

� e

N r

) � e!

r

^ '

�

E ;N r

�!

E

(5.2.3)

where the map e

N r

: Y

N r

( C ) ! Sp ec Q ( �

N r

)( C ) = ( Z = N r Z )

�

is that de�ned

in (2.3.4).

A t this p oin t w e need to c ho ose the parameters z

r

, z

0

r

of the Euler system

�

r

in suc h a w a y that the expression (5.2.3) can b e computed using Theorem

4.6.3. In fact it will b e necessary to replace �

r

( E ) b y a certain linear com bi-

nation of Euler systems. The c hoices to b e made are b est brok en do wn in to

a n um b er of steps:

Step 1: Fix a prime p with p 6 j N

E

, and " 2 f� 1 g . W e will restrict to

c haracters � with � ( � 1) = " .

Step 2: If � = y = M 2 Q , the v alue of the t wisted Diric hlet series at s = 1

is a p erio d in tegral

L

M N

E

( E ; 1; � ) = �

i 1

Z

�

X

( n;M N

E

)=1

a

n

q

n

2 � i d�

and one kno ws that this is a rational m ultiple of a p erio d along a closed path

in X ( N )( C ), for suitable N . Moreo v er the cusp form

P

( n;N )=1

a

n

q

n

dq =q is

obtained from the eigenform '

�

!

E

b y applying a suitable Hec k e op erator. It

follo ws that for an y � 2 Q ,

L

M N

E

( E ; 1; � ) � "L

M N

E

( E ; 1; � � ) (5.2.4)

is a rational m ultiple of 


"

E

. Moreo v er, one can �nd � with denominator

prime to an y c hosen in teger for whic h (5.2.4) is nonzero, b y [36 ].

W e c ho ose an � = y = M with M > 0 and ( M ; y ) = ( M ; p ) = 1, and for

whic h (5.2.4) is non-zero. By what has b een just said, there will b e a �nite
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collection of suc h y = M whic h will co v er all p ossible c hoices of p . W e then

tak e

N =

Y

q j M N

E

q

�

q

; �

q

= max(2 ; ord

q

( N

E

) ; ord

q

( M ) + 1) :

Step 3: Fix auxiliary in tegers D , D

0

> 1 with ( D D

0

; 6 pN

E

) = 1 and D �

D

0

� 1 (mo d M ). Let r = r

0

p

m

2 R

p

; th us m � 1 and r

0

> 0 is squarefree

and coprime to pD D

0

N . In the notation of x 4.6 w e put R = r , T = f q j r g ,

S = f q j N g and c ho ose the ideles t , t

0

2 A

�

f

to ha v e lo cal comp onen ts

t

q

=

(

1 if q 6 j N r

( N r )

� 1

if q j N r

; t

0

q

=

8

>

<

>

:

1 if q 6 j M r

� r

� 1

y j M j

q

if q j M

( M r )

� 1

if q j r

Then (4.6.1) holds, and t 2 ( N r )

� 1

^

Z

�

, t

0

2 ( M r )

� 1

^

Z

�

. In x 4.6 this data then

determines functions � , �

0

2 S ( A

2

f

). Let � 2

^

Z

�

b e the �nite unit idele

�

q

=

(

D if q j N r ;

1 otherwise

and set, b y analogy with (1.3.2) ,

D

� = D

2

� � D [ � ] �

in the notation of (4.1.2). Lik ewise de�ne �

0

and

D

0

�

0

in the ob vious w a y .

Since ( N r ; D ) = 1, if cond ( � ) j r w e ha v e

� ( � ) =

Y

q j N r

�

q

( D ) = �

mo d r

( D ) : (5.2.5)

Step 4: W e ha v e � = c har[( t +

^

Z ) �

^

Z ] = c har[( N r )

� 1

+

^

Z �

^

Z ]. Cho ose

z

r

2 E

univ

( Y ( N r )) to b e the p oin t whic h in complex co ordinates is

1

N r

2 (

1

N r

Z +

�

N r

Z ) = ( Z + � Z ) ' ( Z = N r Z )

2

:

F or di�eren t r the p oin ts z

r

are compatible: `z

`r

= z

r

. W e then can use (1.3.3)

to write the Eisenstein series in terms of the complex parameterisation as

D

Eis( z

r

) = E

1

(

D

� ) du: (5.2.6)
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Step 5: The function �

0

has lo cal comp onen ts

�

0

q

=

8

>

>

>

<

>

>

>

:

c har [ Z

q

� Z

q

] if q 6 j N r ;

c har [ Z

q

� (1 = M r + Z

q

)] if q j r ;

c har

�

t

0

q

+ Z

q

Z

�

q

�

� q

� 1

c har

�

t

0

q

+ q

� 1

Z

q

Z

�

q

�

if q j N .

The last expression can b e rewritten as

c har

�

t

0

q

+ Z

q

Z

q

�

� [ q ]c har

�

q

� 1

t

0

q

+ q

� 1

Z

q

Z

q

�

� q

� 1

c har

�

t

0

q

+ q

� 1

Z

q

Z

q

�

+ q

� 1

[ q ]c har

�

q

� 1

t

0

q

+ q

� 2

Z

q

Z

q

�

:

No w b y (4.3.1) there exist a �nite set of p oin ts z

0

r ;j

2 E

univ

( Y ( N r )) and

constan ts b

j

2 N

� 1

Z whic h are indep enden t of r , suc h that

X

j

b

j

�

D

0

Eis( z

0

r ;j

) = E

1

(

D

0

�

0

) du

and `z

0

`r ;j

= z

0

r ;j

. Moreo v er the di�erences z

0

r ;j

� z

0

r ;i

will b e N -torsion, and in

complex co ordinates N z

0

r ;j

will b e the p oin t

( � N t

0

mo d

^

Z ) � 2 (

1

r

Z +

�

r

Z ) = ( Z + � Z ) ' ( Z =r Z )

2

:

It follo ws that

e

N r

( z

r

; z

0

r ;j

) = �

� ( M r

0

)

� 1

p

m

� (prime-to p ro ot of 1)

and th us that the constan t e of (5.1.1) equals ( � M

� 1

) 2 Z

�

p

.

Step 6: Put e�

r ;j

= f #

D

( z

r

) ; #

D

0

( z

0

r ;j

) g , and let �

r ;j

( E ) b e the asso ciated

Euler system for T

p

( E ). The required Euler system is then

c

r

=

X

j

b

j

�

r ;j

( E ) 2 H

1

( Q ( �

r

) ; T

p

( E )) :

W e can no w compute the dual exp onen tial of c

r

. Put e!

r ;j

for the di�er-

en tial on Y ( N r ) constructed from ( z

r

; z

0

r ;j

). The Ko daira-Sp encer map tak es

( dt=t )


 2

to dq =q , and therefore du


 2

to (2 � i )

� 1

d� . Therefore

X

j

b

j

� e!

r ;j

=

(2 � i )

� 1

N r

E

1

(

D

� ) E

1

(

D

0

�

0

) d� :
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W e then get

X


 2 Gal ( Q ( �

r

) = Q )=( Z =r Z )

�

�

mo d r

( 
 ) exp

�

p

c




r

=

�

� M

� 1

h

E

r 


+

E




�

E

X

j

b

j

Z

Y ( N r )( C )

( �

mo d N r

� e

N r

) � e!

r ;j

^ '

�

E ;N r

�!

E

�

!

E

= �

h

E

# GL

2

( Z = N r Z )

M N r

2




+

E




�

E

h E

1

(

D

� ) E

1

(

D

0

�

0

) 
 �; F i !

E

:

By Theorem 4.6.3, taking k = l = 1 and s = 0,

h E

1

( � ) E

1

( �

0

) 
 �; F i = C

0

r

� 2

# GL

2

( Z =r Z )

� 1

Y

q j r

�

q

( M N t

q

t

0

q

)

� 1

� L

N r

( E ; �

mo d r

; 1)

�

L

N

( E ; 1; y = M ) � � ( � 1) L

N

( E ; 1; � y = M )

�

for some C

0

2 Q

�

, dep ending only on E , M and N . Moreo v er, using (5.2.5)

and the h yp othesis that D � D

0

� 1 (mo d M ),

h E

1

(

D

� ) E

1

(

D

0

�

0

) 
 �; F i = C

0

r

2

# GL

2

( Z =r Z )

� 1

�

Y

q j r

�

q

( M N t

q

t

0

q

)

� 1

D D

0

( D � �

mo d r

( D )

� 1

)( D

0

� �

mo d r

( D

0

)

� 1

)

� L

N r

( E ; �

mo d r

; 1)

�

L

N

( E ; 1; y = M ) � � ( � 1) L

N

( E ; 1; � y = M )

�

:

No w for q j r w e ha v e t

q

t

0

q

= ( M N r

2

)

� 1

, so

Q

q j r

�

q

( M N t

q

t

0

q

) = 1 since cond ( � ) j r .

Com bining ev erything one gets the �nal result:

Theorem 5.2.7. L et E = Q b e a mo dular el liptic curve of c onductor N

E

. Fix

a non-zer o 1-form !

E

2 


1

( E = Q ) , with r e al and imaginary p erio ds 


+

E

, 


�

E

.

L et p b e a prime not dividing N

E

. Then ther e is an inte ger M prime to

p , and for every p air of inte gers D , D

0

> 1 with ( D D

0

; 6 pN

E

) = 1 and

D � D

0

� 1 (mo d M ) an Euler system:

c

r

= c

r

( E ; p; D ; D

0

) 2 H

1

( Q ( �

r

) ; T

p

( E )) ; r = r

0

p

m

, r

0

squar efr e e and

prime to pM N

E

, m � 1

such that for e ach r and e ach char acter � : Gal ( Q ( �

r

) = Q ) ' ( Z =r Z )

�

! C

�

with � ( � 1) = � 1

X


 2 Gal ( Q ( �

r

) = Q )

� ( 
 ) exp

�

p

c




r

=

C

�

E

D D

0

( D � � ( D )

� 1

)( D

0

� � ( D

0

)

� 1

)

L

r M N

E

( E ; �; 1)




�

E

!

E

for some c onstant C

�

E

, dep ending only on E .

In the sp ecial case r = p

m

this is (with minor mo di�cations of notation)

Theorem 7.1 of [29 ].
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