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Cusp forms | of weight w > 0O
on I C SLy(7Z):

Sw(lM=all f:$H——C such that:

: f(Z:__II__Z) = (er + d)f(7) v(‘é Z) cr

o Im(T)W/?|f(7)

: 1
—— f = ZAnqn/'u7 q:627m7_, (O /]j_J)Er
n>1

Deligne (1968)

f e Sw(SLo(7)), eigenform for Hecke T,

K =Q{An}), M\ prime of K.

Thm | 3p; @ Gal(@/Q) — GLo(K))

e Unram. outside /¢
e pF~ L= trps (Froby) = Ay
det = pw—1
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Kuga-Sato varieties e

F=T1(n)
___elliptic
Xn «—s X, surface
wl l
affine smooth projective
curve/Q(¢,)
(1,2)
C b
A Zan(C) — F\ﬁx@/ZQ l(ccbd>
T (CLT—|—b z )
l l ct+d’ et+d
[7] € Mp(C) = M\H
projective

~ singular if k> 2
XF =Xy xpp oo X Xp C XF — XE

L \ “nice”

resolution
f+— W = (27Ti)k+1f dr Ndzq1--- Ndzp

gives:

o

Sy4o(M(n)) — HO(XFE QFlygC
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Automorphisms of X%

k :
Xp 3 (@1, 2)

S

Sy sgn
{+11F 3 e
(Z /nZ)>" trivial

k= {£1}F %6, C Mk = M*x(Z/nZ)?*
E
11}
k ~k
v eI — Aut(X,)

Ywp = e(y)wy

Spao(M(n)) ® Spao(T(n)) — H*(XE,C)(e)

Thm | This map is an —— (k> 0)




Shimura’s isomorphism

k

T T

— My, Xn

Leray for Xk

Egb = HY(My, RbwEQ) = HOT (X}, Q)
( also for HY and Hj :=im(H; — H*))

e-eigenspaces:—

(R*m;Q)(¢) = (RFR*m.Q) () = SymFRT.Q =: F,

Kiinneth  [x —1]* = (-1)? on R'1.Q

s HE(XK)(e) = HY (M, F},) in degree k+1
(I = (nothing), ¢, p)

Y

— Hy (Mn, Fj) ® C

Sk42 D Sk42
+ + (Shimura)

SO enough to show:

H*(XF)(e) —— HA(XE)(e)
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Structure at oo, I

S U U
—kreg at most one
U (1) |
smooth/M,, 753’87% {(2z;) | no z; € Pf}img}
U (2)
Xy

(1) H*(X*™)(e) —— Hi(XE)(e)

(2) H*(Xn" ) (e) —=— H*(X"™)(e)

So enough to show:
H*(XE)(e) —=— H*(XETe9)(e)

or equivalently

HL(XE — XEreay(e) = 0

"

exceptional divisor
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(1):

XEsm _ xk o~ Moo GE x (Z/n)*
H*(GF)(e) = Q(—k — 1) in degree k
H; = Q(0) —"—

C

— (1) by exact sequences of H and He.

(2):
Xhireg _ xksm o~ ppoo (knk copies of G,,’?,{l>
O
permuted trans” by ?%
A =stab(GF 1) > 1 x {1}
acting trivially /!
=

k
H*(—) = IndkH*(Gﬁ;l X M) is induced

— (Frobenius reciprocity)
H*(=)(e) = H*(Gh 1 x M) (e| () =0

/]\
as 5‘{11} + 1
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Structure at oo, II

Xn D7 1(cusp) : xy =t

— XF* locally ~

k ok
VP={z1y1 = - = 2y} C A

O
rk t=x;y;

k . . . . k Al
Q" = projectivisation of V

= | J of 2% copies of V*~1

Singular & xizyizozszyi, 1 # 7.

blow up O

Vi) — V¥

|

Qk
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. sequence vk = VEGE — 1)

of blowups: % J
(h) |

— stratification:

‘//\%:Fk—lj o oL

J

Lemma

J

Fiiq1—F; = Q(k_j)’mg x (linear variety)

for any smooth S,

H*(Q*"¢9 x 8)(¢) = 0.
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Motives | (for rational equiv ... )

W,,li: = (?,,’3, I‘I5>

Realisations (Betti, Z-adic):

Wk = H*(XE(©), Q) (e)

Wy = H*(X; @ Q,Q)(e)

WE — h(XE)(e) = @@ Q(—k — 1)[k — 1]
Mge

split by Eisenstein symbol: realisation

Sk+2 © Sk42 —> Mp4o® Sp40 — P C
MOO



Motivic cohomology

D>1, (D,6)=1, E/S elliptic curve
x € E(S), y = Dz disjoint from 0-section.

Propn. | (Siegel/Robert/Kato) 3 canonical

function ¥ on E with divisor D?(0)—[x D].

i BF BRI T p (0<j<k)

(u;) (T — Ui, U1 — U, ..., Up_1 — Up, Up)
Image = {(zz) 28 Z; = x}
D’UJ,L' 7+— 0, +x 7 L
) T B +1
{D(uiiuj) ) O} — (E — ker[x D])

[XD]l

Yy U; 7= Uj

|

(E — {£y})*
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Lemma | j* = isom" on H(—,)(e)®Z[5].

X D]xiy(pridp U---Upridp)(e) oy
M M
HIFNUE k+1)(e)  HETH(E — {£y)F k4 1)(e)

Eisenstein symbol (B)

ny = 0, some n > 1

[xnlioy €  HUTT((E—0)F k4 1)(e)

|

HIFY(ER k4 1)(e)

Elliptic polylog (L,JI,I',W ... )

W((E — {£y})")(e) = Sym* n(E — {+y})"

>4

= o, € Ext’(Q(-1), SymFH,)
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