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Introduction to non linear Analysis- Weak convergence and Sobolev spaces

Exercices to be done 2-3-4-6-7.

Exercice 1 (Fundamental solution of Helmoltz). Let d > 1.
1. Let f € S(RY) with spherical symmetry, show that its Fourier transform also has spherical symmetry
2. Let \>0and E:R?> - R, z %, show that E € S'(R3) and compute its Fourier transform.

3. Given f € S(R3), A > 0, solve the Helmoltz equation in S'(R3)
(~A+Nu=f

and give the representation formula both in Fourier and space variables. Show that for all s € R, the map f — u
is continuous from H® into H*12,

Exercice 2 (Uniform approximation of LP functions). Let d > 1. Let 1 < p < 4o0.
1. Show that

=

1
VYheRY, VreRY VfeDRY), |flz+h) - fz)|<c {W/ |V f(z + th)[Pdt
0
2. Show that
vheRY, Ve DEY), [ |f(a+h) = F@P < CHPITI oy
3. Let ¢ € C(RY) with
Swp(O) el <1}, [ (e =1, (@) >0,
Let e > 0 and

)= ¢ (2).

1€ x f = fllzrway < CleIV £l e may-
4. Show that limsup__,osup s ,<1 |G * f — fllzz > 0.

Show that

5. Show that for all s > 0, limsup,_,qsupy s, <1 [ICc x f — f[lr= = 0.

Exercice 3 (Weak convergence). Let H be a separable Hillbert space, V' a dense subset of H. Let u € H and (un)n>1
be a sequence of elements in H. Show that
Up —u n H

iff (un)n>1 is bounded in H and
YoeV, lim (up,v)g = (u,v)q.

n—-+o0o

Exercice 4 (Separating bubbles). Letd > 1. Let £ € N* and (V;)1<j<¢ be £ functions in H'(R?,C). Let x7 = (24,)n>1,
1 <75 <? bel sequences with ‘
Vi#k, |27 —aF| = 400 as n— 4.

1. Show that

HZV” (- —ad)llie = Z||VJHL2+O 1) as n— +o0.

2. Show that

4
1Y Vv =23, = Z||VVJ||L2+0( ) as n — +oo.
- e
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3. Let 1 < p < 400. Show that there exists a universal constant Cp, > 0 such that for all complex numbers

(zi)1<j<es
P

¢
D% lejl” <Gy lzllel™
j=1

J#k
4. Let 1 < p < 4oc0. Show that if V; € LP(R?), then

~

||ZV7 (-— 2|, Z|V]H o(1) as n — +oo.

Exercice 5 (The trace map). . We define the trace map from S(R?) to S(R?~1) by
Tu(z") = u(0,2"), ' = (v2,...,74q).

1. Show that for all u € S(R?) and ¢ € R,
Py 1 [
i) = - [ e &)

2. Show that for s > 1/2, 3C(s) > 0 such that Yu € S(R?),
||Tu||Hs—1/2(]Rd—1) < CHU”HS(Rd).

Hint : use the previous question to derive the estimate

AP < g2 ([ BOPE©¥a) ([ ©>a)

and express fR<§>725d§1 in terms of (') (where we noted £ = (£1,€')).
3. Lets > 1/2. Show that the trace application extends uniquely as a continuous map from H*(R%) onto H*~1/?(R4-1),
4. Let s >1/2 and g € H*~Y/2(R?~1). Define
(€Y2(s=1/2)

(&)

Show that v € H*(R?) and v(0,2") = Cg(x') for some constant C' # 0. Conclude that the above trace map is
surjective.

5(8) =39(¢)

Exercice 6 (Space formulation of the homogeneous Sobolev norm). . Let 0 < s < 1. Show that there exists 0 < ¢ < ¢
such that for all u € H*(RY), let

u(e + ) — (o)l
I (u) = dx d
= fos <0

then
crllull < To(u) < collull3,. -
Hint : use Plancherel and Fubbini.

Exercice 7 (A commutator estimate). Let x € D(R?) and s € [0,1]. Let the Fourier multiplier |5|s\v = |¢]°7, and
define the commutator
Ao =[|D", x] = [D*(xv) = x| D["v.
1. Let v € D(R?), compute A, in the form of an integral operator ie Zs\v(f) = [K(&&)o(¢)de'.
2. Show that A, is bounded on L*(R%).



