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Introduction to non linear Analysis
Example sheet n°® 2- Fourier, tempered distributions and Sobolev spaces

Exercices to be done : 1-6-8-9-11.

Exercice 1. Computation of Fourier transforms.
1. Compute the one dimensional Fourier transforms of the following functions
1 1 22 1 1 sin(x) 1
21 = o5 Zelal = || )
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2. Let f € D(R) and solve the ode v’ — u = f using the variation of the constant method. Show that there is a

unique solution with the boundary value lim, 4. u(x) = 0 and give the corresponding representation formula
in Greens’ form :

u(z) = /RK(JI,Z/)f(y)dy-

3. Let f € D(R) and solve the ode v —u = f in 8’ using the Fourier transform. Make the link with the Green
formula above. Why is it that Fourier analysis does not see the homogeneous solution f = 0,u(z) = e* ¢

Exercice 2. Fourier transform of Gaussians. Let A be a d-dimensional symmetric positive definite square matriz.
. 1
Compute the Fourier transform of fa(X) = e~ 2(X5AX),

Exercice 3. Hilbert transform. Let f € L?(R), we define its Hilbert transform by

j}c _ —isgn(f)f where sgn(§) = 1_12.fz'flE §>2 0.

1. Show that J is an endomorphism of L*(R). Compute its norm.
2. Compute J*.

3. Compute J? and conclude that J is invertible.

Exercice 4. Computation of Fourier transforms in 8’'(R). Computation the Fourier transform in S'(R) of the distri-

butions
1
17 1$>Oapv () .
T

Au+ij8xju+du =0.

Jj=1

Exercice 5. PDE in S'. Solve in S'(R?) :

Exercice 6. Fundamental solution of Helmoltz.

1. Let f € S(RY) with spherical symmetry, show that its Fourier transform also has spherical symmetry

2. Let \>0and E:R° >R, z — e~ VAlz

llzll

3. Given f € S(R?), solve the Helmoltz equation in S'(R?)

show that E € 8'(R?) and compute its Fourier transform.

(A= Nu=f
and give the representation formula both in Fourier and space variables.

Exercice 7. The trace map. We define the trace map from S(R?) to S(RI™1) by

Tu(z') = u(0,2"), ' = (x2,...,1q).
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1. Show that for all u € S(R?) and ¢ € R4,

Fi) = 5- [ e ¢

2. Show that for s > 1/2, 3C(s) > 0 such that Yu € S(R?),

||Tu||Hs—1/2(Rd—1) < CHu”HS(Rd)

Hint : use the previous question to derive the estimate

AP < g ( [ 1a©R©de ) ([10>a)

and express [, (£)72%d&y in terms of (€') (where we noted & = (&1,¢')).
3. Lets > 1/2. Show that the trace application extends uniquely as a continuous map from H*(R?) onto H*~1/?(RI-1).
4. Let s >1/2 and g € H'/2(R*"1). Define
(€/)2(s=1/2)

(€)%

Show that v € H*(RY) and v(0,2') = Cg(a’) for some constant C # 0. Conclude that the above trace map is
surjective.

5(8) =79(¢)

Exercice 8. Uniform regularization in Sobolev spaces. Let ( € D(R?) with
Supp(Q) < {lal <11 [ Gladda =1, ¢() 20,
R L

For e > 0, we define {.(x) = E%C (%) .
1. Use Fourier analysis to prove that Vf € L*(R?), ||¢. * f — fllz2@gaey — 0.
2. Let s > 0. Show that lim._,q SUD||£]] 10 (pat) <1 1¢e x f = fllz2ray = 0.

3. Show that SUD|| 7| 2 ) <1 ICe * f — fllL2(ray does not converge to zero as e — 0.

Exercice 9. Space formulation of the homogeneous Sobolev norm. Let 0 < s < 1. Show that there exists 0 < ¢1 < ¢
such that for all u € H*(RY), let

[ule +y) — u()]?
Is(u) = dr dy <
A

then
crllulld, < Is(u) < callull%. .

Hint : use Plancherel and Fubbins.

Exercice 10. Let y € C°(R?) and s € [0,1]. Let the Fourier multiplier |5|5\v = |£]°V. and define the commutator
Ao = [IDI*, X] = [D*(xv) = x|D[*v.

1. Let v € D(R?), compute Ay in the form of an integral operator ie Z-S\v(f) = [K(&&)o(¢)de.
2. Show that Ay is bounded on L*(R?).

Exercice 11. Let s > %. Show that Ic > 0 such that

s d 17% %
Vu € H*(R?), [|ullpee ey < cllully. * [lul F..



