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Introduction to non linear Analysis

Example sheet no 1- Distributions

Exercices to be done : 1-3-4-6-7

Exercice 1. Division by x in D′(R).
1. Solve xT = 0 in D′(R). More generally, solve xmT = 0, m ∈ N, in D′(R).
2. Given S ∈ D′(R), solve xT = S in D′(R).

Exercice 2. ODE in D′(R).
1. Let T ∈ D′(R) with T ′ = 0 in D(R). Show that T is a constant.
2. Solve T ′ − T = δ in D′(R).

Exercice 3. Limit of distributions.
1. Show that the linear form on D(R) given by

〈
pv
(
1
x

)
, φ)
〉

= limε→0

∫
|x|≥ε

φ(x)
x dx belongs to D′.

2. Given ε > 0, let the complex valued function fε(x) = 1
x+iε , compute limε→0 fε in D′(R).

Exercice 4. Derivative and translations. Let φ ∈ D(R), h ∈ R, we define the translation operation by τhφ(x) =
φ(x+ h). Let T ∈ D′(R), we define the translation operation by 〈τhT, φ〉D′,D = 〈T, τ−hφ〉D′,D. Show that

lim
h→0

τhT − T
h

= T ′ in D′(R).

Exercice 5. Computing derivatives in D′(Rd).
1. Let the Heaviside function be H(x) = 1x>0. Let H̃(x1, ..., xN ) = H(x1)...H(xN ) and α = (1, ...1). Show that

∂αH̃ = δ0.
2. Show that the linear form on D(R2) given by 〈T, φ〉D′,D =

∫
R φ(x, x)dx defines an element of D′(R2). Compute

∂xT + ∂yT .

Exercice 6. Distributions with support a singleton. Let T ∈ D′(R) with finite order p ∈ N such that

∀φ ∈ D(R\{0}), 〈T, φ〉D′,D = 0,

we want to show that T =
∑p
i=0 ci

di

dxi δx=0.

1. Let χ ∈ D(R) with χ(x) = 1 for |x| ≤ 1 and Supp(χ) ⊂ [−2, 2]. Let χε(x) = χ
(
x
ε

)
. Let φ ∈ D(R), show that

〈T, φ〉D′,D = 〈T, χεφ〉D′,D.

2. Assume diφ
dxi = 0 for 0 ≤ i ≤ p. Show that limε→0〈T, χεφ〉D′,D = 0 and conclude.

3. Extend the result to D′(Rd).
Exercice 7. Fundamental solution of the Laplacian.

1. Let φ ∈ C∞(Rd) with radial symmetry (ie φ(x) ≡ φ(r) with r =
√∑d

i=1 x
2
i .) Show that

∆φ ≡
d∑
i=1

∂2φ

∂x2i
=
d2φ

dr2
+
d− 1

r

dφ

dr
.

2. Let x ∈ Rd and define

Ed(x) =

{
|x|−d−2 if d ≥ 3,
ln |x| if d = 2.

Show that Ed ∈ C∞(Rd\{0}) with ∆Ed = 0 in D′(Rd\{0}).
3. Let φ ∈ D(Rd). Show that

〈∆Ed, ϕ〉 = lim
ε→0+

∫
‖x‖>ε

Ed∆ϕdx.

4. Let d = 2, 3. By transforming the above integral using Green’s formula, compute ∆Ed in D′(Rd).


