Topics in Analysis
In a Time of Covid

T. W. Korner
January 17, 2021
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1 Metric spaces

This section is devoted to fairly formal preliminaries. Things get more inter-
esting in the next section and the course gets fully under way in the third.
Both those students who find the early material worryingly familiar and those
who find it worryingly unfamiliar are asked to suspend judgement until then.

Most Part II students will be familiar with the notion of a metric space.

Definition 1.1. Suppose that X is a non-empty set and d : X*> — R is a
function which obeys the following rules.

(i) d(z,y) >0 for all x, y € X.

(ii) d(z,y) = 0 if and only if x = y.

(i1i) d(x,y) = d(y,x) for all x,y € X.

() d(z,y) + d(y, z) > d(z, z) forall x,y, z € X.

Then we say that d is a metric on X and that (X, d) is a metric space.

For most of the course we shall be concerned with metrics which you
already know well.

Lemma 1.2. (i) Consider R™. If we take d to be ordinary Euclidean distance

. 1/2
d(x,y) = [x—yll = (Z |z; — yj|2> ,

J=1

then (R™,d) is a metric space. We refer to this space as Euclidean space.
(ii) Consider C. If we take d(z,w) = |z — w|, then (C,d) is a metric
space.

Proof. Proved in previous courses (and set as Exercise 18.1). O

The next definitions work in any metric space, but you can concentrate
on what they mean for ordinary Euclidean space.

Definition 1.3. If (X, d) is a metric space x, € X, v € X and d(x,,x) — 0,
then we say that x, ? x asn — oo.

Definition 1.4. If (X,d) is a metric space x € X and r > 0, then we write
Bz,r)={y € X : d(z,y) <r}

and call B(x,r) the open ball of radius r with centre x.



Definition 1.5. Let (X, d) be a metric space.
(i) We say that a subset E of X is closed if, whenever x, € E and
Tn 7 x, it follows that x € F.

(i1) We say that a subset U of X is open if, whenever u € U, we can find
a6 >0 such that B(u,0) CU.

Exercise 1.6. (i) If x € X and r > 0, then B(x,r) is open in the sense of
Definition 1.5.
(i1) If v € X and r > 0, then the set

B(z,r)={y € X : d(z,y) <r}

is closed. (Naturally enough, we call B(x,r) a closed ball.)
(11i) If E is closed, then X \ E is open.
(iv) If E is open then X \ E is closed.

Solution. (1) If y € B(z,r) then § = r — d(x,y) > 0. Now observe that, if
z € B(y,¢), then

d(z,z) <d(z,y) +d(y,z) < d(y,z) + <.

(i) If y, € B(z,r) and y, — Y, then

d(z,y) < d(@,yn) + d(Yn,y) < r+d(yn,y) — 1,

so d(z,y) <rand y € B(z,r).

(iii) Suppose that X \ E is not open. Then there is a point y ¢ E such
that B(y,r) N E # & whenever r > 0. Choose y,, € B(y,1/n) N E. We have
Yn € E, yn Y and yet y ¢ E. Thus E is not closed.

(iii) Suppose that X \ E is not closed. Then there is a sequence y,, ¢ E
with v, ;> y and yet y € E. Thus B(y,r) € E for all » > 0 and E is not

open. ]
We recall (without proof) the following important results from 1A.

Theorem 1.7. [Cauchy criterion] A sequence a, € R converges if and
only if, given € > 0, we can find an N(€) such that |a, — a,| < € for all
n, m > N(e)

Generalisation leads us to the following definitions.

Definition 1.8. If (X, d) is a metric space, then a sequence (a,) with a,, € X
is called a Cauchy sequence if, given € > 0, we can find an N(€) such that
d(ap, am) < € for all n, m > N(e).



Definition 1.9. We say that a metric space (X,d) is complete if every
Cauchy sequence converges.

Exercise 1.10. Show that if (X, d) is a metric space (complete or not), then
every convergent sequence 1s Cauchy.

Solution. Suppose x,, 7 z. Let € > 0. We can find an N such that d(z,,z) <
¢/2 for all n > N. It follows that

d(zp, ) < d(Tp,z) +d(x,2,) < €/2+€/2=¢
for all n, m > N. O]

We note the following very useful remarks.

Lemma 1.11. Let (X,d) be a metric space.

(i) If a Cauchy sequence x,, in (X,d) has a convergent subsequence with
limit x, then x, — x.

(i) Let €, > 0 and ¢, — 0 as n — oo. If (X,d) has the property
that, whenever d(z,,x,11) < €, for n > 1, it follows that the sequence x,
converges, then (X,d) is complete.

Proof. (i) Let ¢ > 0. We can find an N such that d(z,,z,) < €/2 for
m, n > N. We can now find a J such that n(J) > N and d(z,), ) < €/2.
We now observe that, if m > N, we get

(X, ) < d(Tm, Tp(gy) + d(Xne), ) < €/2+€/2 =€
(ii) If x, is Cauchy we can find a strictly increasing sequence n(j) with
A(Tn, Tm) < €(4)

for all n, m > n(j). By hypothesis, ;) converges as j — oco. Part (i) now
tells us that the sequence z,, converges. O]

Lemma 1.11 (ii) is most useful when we have )" €, convergent, for
example if €, = 27",
The next exercise is simply a matter of disentangling notation.

Exercise 1.12. Suppose that (X, d) is a metric space and 'Y is a non-empty
subset of X.

(i) Show that, if dy(a,b) = d(a,b) for all a,b € Y, then (Y,dy) is a
metric space.

(i1) Show that, if (X, d) is complete andY is closed in (X, d), then (Y, dy)
18 complete.

(iii) Show that, if (Y,dy) is complete, then (whether (X,d) is complete
or not) Y is closed in (X,d).



Solution. (i) Observe that, whenever z, y, z € Y,

dy (2,y) = d(z,y) = 0,
dy(z,y) =0 & d(z,y) =0 x =y,
dy (z,y) = d(z,y) = d(y,z) = dy(y, ),
dy(z,y) +dy(y, 2) = d(z,y) + d(y, z) > d(z,2) = dy(z, 2).

(ii) Suppose the sequence z,, is Cauchy in (Y, dy). Then the sequence z,,
is Cauchy in (X, d), so z,, — x for some = € X. But Y is closed, so z € Y
and z, — x in (Y, dy).

(iii) If y, € Y and y, — vy in (X,d), then y, is Cauchy in (X,d), so
Cauchy in (Y.dy), so y, — z in (Y.,d,) for some z € Y. It follows that

Yo — 2z in (X,d) so, by the uniqueness of limits, y = z € Y. Thus Y is
closed. O]

We now come to our first real theorem.
Theorem 1.13. The Fuclidean space R™ with the usual metric is complete.

We shall usually prove such theorems in the case n = 2 and remark that
the general case is similar.

Proof Theorem 1.13 for n = 2. We prove the case when n = 2. Suppose that
X, = (Tp, yn) is Cauchy in R%. Since

|Tn — Tm| < |1Xn — X,

x,, is Cauchy in R and by our 1A theorem (Theorem 1.7) converges to a limit
x. Similarly y, converges to a limit y in R. If we set x = (z,y), then

%0 = x|| < | — 2] + [y —y| = 0

as n — oo. O

2 Compact sets in Euclidean Space

In Part 1A we showed that any bounded sequence had a convergent subse-
quence. This result generalises to n dimensions.

Theorem 2.1. (Bolzano—-Weierstrass theorem). If K > 0 and x, € R™
satisfies ||x,|| < K for all r, then we can find an x € R™ and r(k) — oo such
that X,y — X as k — oo.



Proof. We prove the case m = 2. Write x,, = (z,,y,). We have that x,, is a
bounded sequence in R and so (by the 1A result) there exists an z € R and
a sequence n(j) — oo such that z,;y — = as j = 0o. Now ;) is a bounded
sequence in R and so there exists a y € R and a sequence j(k) — oo such
that y,j) — y as k — oo. Now set (k) = n(j(k)) and x = (x,y) to obtain
r(k) — oo and X, — X as k — oo. O

We now prove a very useful theorem.

Theorem 2.2. (i) If E is closed bounded subset of R™, then any sequence
X, € E has a subsequence with a limit in E.

(i) Conversely, if E is a subset of R™ with the property that any sequence
X, € E has a subsequence with a limit in E, then E is closed and bounded.

Theorem 2.2. (i) Since x, € E, we know that the x, form a bounded sequence
and so have a convergent subsequence x,(x) — X. Since £ is closed, x € E.
(ii) If £ is not bounded, we can find x, € E with ||x,11] > ||x.|| + 1. If
r>s
1 = | = [l ]| = lIxsll = 1,

so no subsequence can be Cauchy and so no subsequence can converge.
If E is not closed, we can find x,, € F and x ¢ E such that x,, — x. Any
subsequence of x, will still converge to x ¢ E. O

We shall refer to the property described in (i) as the Bolzano—Weierstrass
property.

If you cannot see how to prove a result in R™ using the Bolzano—Weierstrass
property then the 1A proof for R will often provide a hint.

We often refer to closed bounded subsets of R™ as compact sets. (The
reader is warned that, in general metric spaces, ‘closed and bounded’ does
not mean the same thing as ‘compact’ (see, for example, Exercise 19.5).
If we deal with the even more general case of topological spaces we have
to distinguish between compactness and sequential compactness!. We shall
only talk about compact sets in R™.)

The reader will be familiar with definitions of the following type.

Definition 2.3. If (X,d) and (Y, p) are metric spaces and E C X, we say
that a function f : E —'Y s continuous if, given € > 0 and x € E, we can
find a 6(x,€) > 0 such that, whenever z € E and d(z,x) < 0(z,€), we have

p(f(2), fz)) <e.

'If you intend to climb Everest you need your own oxygen supply. If you intend to
climb the Gog Magogs you do not.




Exercise 2.4. Let (X,d) and (Y, p) be metric spaces and let f: X — Y be
a function.

(1) f is continuous if and only if f~1(U) is open whenever U is.

(11) f is continuous if and only if f~1(E) is closed whenever E is.

Solution. (i) Suppose f~1(U) is open whenever U is. If x € X, ¢ > 0,
we know that B(f(z),€) is an open subset of Y, so f~1(B(f(z),€)) is an
open subset of X containing z. Thus we can find a 6 > 0 with B(z,0) C
F7H(B(f(z),€)). In other words,

z € B(x,0) = f(2) € B(f(z),¢).

Thus f is continuous.

Conversely, if f is continuous and U open in Y, then, given x € X with
f(z) € U, we can find a 6 > 0 such that B(f(z),d) C U and an € > 0 such
that

z € B(z,0) = f(2) € B(f(z),€).

Thus B(z,¢) C f~1(U). We have shown that f~!(U) is open.
(ii) Complementation. If f~'(F) is closed for all F' closed then

U open = Y \ U closed = X \ fH(U) = f (Y \U) closed = f~'(U) open,

so f is continuous.
The converse is proved similarly. O]

Even if the reader has not met the general metric space definition, she
will probably have a good idea of the properties of continuous functions
f: E — R" when F is a subset of R™.

The following idea will be used several times during the course.

Lemma 2.5. If (X,d) is a metric space and A is a non-empty closed subset
of X let us write
d(xz,A) = inf{d(z,a) : a € A}.

Then d(x, A) = 0 implies © € A. Further the map x — d(x, A) is continuous.

Proof. 1If d(z, A) = 0, then we can find x,, € A such that d(z,,z) < 1/n, so
r, — x. But A is closed, so x € A.

Let z,y € X. Given € > 0, we can find a € A such that d(z,a) <
d(x,A) + €. Now

d(y, A) < d(y,a) <d(z,y) +d(z,a) < d(z,y) +d(z, A) +e.



Since € was arbitrary,
d(y,A) < d(z,y)+d(z, A).
The same argument shows that d(x, A) < d(z,y) + d(y, A) so
|d(z, A) = d(y, A)| < d(z,y).
This shows that the map = — d(z, A) is continuous. O

We now prove that the continuous image of a compact set is compact.

Theorem 2.6. If E is a compact subset of R™ and f : E — R™ is continuous,
then f(FE) is a compact subset of R™.

Proof. Suppose that y,, € f(E). Then y, = f(x,) for some x, € E. By the
Bolzano—Weierstrass property, we can find n(j) — oo and x € E such that
Tn(j) — x as J — oo. Now, by continuity,

Yn(j) = [(Tn()) — f(x) € f(E)

so we are done. OJ

At first sight Theorem 2.6 seems too abstract to be useful, but it has an
immediate corollary.

Theorem 2.7. If E is a non-empty compact subset of R™ and f : E — R
18 continuous, then there exist a, b € E such that

f(a) = f(x) = f(b)
forallx e E.

Proof. By Theorem 2.6, f(E) is closed and bounded. Since f(FE) is non-
empty, it has a supremum (see 1A), «, say. By the definition of the supre-
mum, we can find a,, € E such that

a—1/n< f(a,) < a.

By the Bolzano—Weierstrass property, we can find n(j) — oo and a € E such
that a,j) — a as j — oo. We have f(a,;)) = f(a), so f(a) = a. Thus

f(a) = f(x)

for all x € E. We find b in a similar manner. O



Thus a continuous real valued function on a compact set is bounded and
attains its bounds.

Exercise 2.8. Deduce the theorem in 1A which states that if f : [c,d] — R
is continuous, then f is bounded and attains its bounds.

Theorem 2.7 gives a neat proof of the fundamental theorem of algebra
(which, contrary to its name, is a theorem of analysis).

Theorem 2.9. [Fundamental Theorem of Algebra] If we work in the
complex numbers, every non-constant polynomial has a root.

Proof. Let n > 1. Suppose P(z) = Z}LO a;z? where, without loss of gener-
ality, we take a,, = 1.
If R>2(2+ Z}:& la;|), then, whenever |z| > R, we have

n—1
[P(2)] > 2" =) lagl|2P
7=0

n—1
= |2 (1 -> IajIIZIj_">

j=0
> [2["/2 > lag|-

Since Dp = {z € C : |z] < R} is closed and bounded (that is to say
compact) and the map z — |P(z)] is continuous, |P| attains a minimum on
Dp at a point z, say. By the previous paragraph, |zo| < R (since |P(z)| <
|P(0)]) and so we can find a 6 > 0 such that |P(2)| > |P(29)| for all |z —z| <
J.

By replacing P(z) by P(z — z9), we may assume that zp = 0 so that
|P(z)| > |P(0)| for all |z] < 4. If ap = 0, then we have P(0) = 0 and we are
done.

We show that the assumption that ag # 0 leads to a contradiction. Ob-

serve that
n n
P(z) = Zajzj + ap = ag (1 — Z bjzj>
j=m j=m

with a,, # 0 and so b,, # 0. Choose € so that b,, exp(im#) is real and
positive. Then

|P(nexpif)| < |ao| — [bu|n™ + laoln™ > [bs] < lao| = [bm|n™ /2 < | P(0)]

j=m

when 7 is strictly positive and sufficiently small. We have the required con-
tradiction. n

10



The reader will probably have seen, but may well have forgotten, the
contents of the next exercise.

Exercise 2.10. We work in the complex numbers.

(i) Use induction on n to show that, if P is a polynomial of degree n and
a € C, then there exists a polynomial Q) of degree n — 1 and an r € C such
that

P(z)=(z—a)Q(2) +r.
(71) Deduce that, if P is a polynomial of degree n with root a, then there
exists a polynomial Q) of degree n — 1 such that

P(z) = (2 = a)Q(2).

(11i) Use induction and the fundamental theorem of algebra to show that
every polynomial P of degree n can be written in the form

n

ATl —ay)
j=1
with A, ay, as, ..., a, € C and A # 0.
(iv) Show that, if P is a polynomial of degree at most n which vanishes
at n + 1 points, then P is the zero polynomaial.

Solution. (i) Let S(m) be the statement that, if P is a polynomial of degree
n with n < m and a € C, then there exists a polynomial () of degree n — 1
and an r € C such that

P(2) = (= — )Q(2) + .

Suppose that S(m) is true and P is a polynomial of degree m + 1. Then
P(z) = Az™" + Q(z) where A # 0 and @ is a polynomial of degree at most
m. We have

P(z) = A(z —a)z™ + q(2)
where ¢(z) = Q(z) + az™, so ¢ is a polynomial of degree at most m and, by
the inductive hypothesis,

q(2) = (z = aJu(z) +r

with u a polynomial of degree at most m — 1. Thus P(z) = (z —a)Q(z) +r
with Q(z) = A2™ + u(z). We have shown that S(m + 1) is true.

Now S(1) is true, since cz+d = ¢(z —a) + (d — ca), so the required result
follows by induction.

11



(i) We have P(z) = (2 — a)Q(z) + r by (i). Setting z = a, we have
0= P(a) =r so r =0 and the result follows.

(iii) If P, has degree n > 1, then the fundamental theorem of algebra tells
us that P, has a root a,. By (ii), there exists a polynomial P, _; of degree
n — 1 such that

P(z) = (z — an)Pr1(2).

Using induction, we deduce that

Pu(2) = Po(2) [ (= = ay),

j=1

where FPy(z) is a polynomial of degree 0, that is to say, Py(z) = A with A a
constant.

(iv) If P is not the zero polynomial, then (iii) tells we can find m < n
such that

P = AT[¢ = a)

with A, a1, as, ..., a, € Cand A # 0. Now P(z) = 0 if and only if z = a;
for some 1 < j < m. The result follows. O

3 Laplace’s equation

We need a preliminary definition.

Definition 3.1. Let (X, d) be a metric space and E a subset of X.

(i) The interior of E is the set of all points x such that there exists a 6 > 0
(depending on x) such that B(x,0) C E. We write Int E for the interior of
E.

(ii) The closure of E is the set of points x in X such that we can find
e, € B with e,, = x. We write C1E for the closure of E.

d
(iii) The boundary of E is the set OF = C1E \ Int E.

Exercise 3.2. (1) Show that Int E is open. Show also that, if V is open and
V CE, thenV CInt E.

(ii) Show that CLE is closed. Show also that, if F' is closed and F O F,
then ' O ClE.

(Thus Int E' is the largest open set contained in E and C1 E is the smallest
closed set containing E.)

(111) Show that OF is closed.

(iv) Suppose that we work in R™ with the usual metric. Show that if E
18 bounded, then so is Cl1 E.

12



Solution. There are a wide variety of ways of doing this exercise. Any way
that works is fine.

(i) Ifx € Int £, we can find a0 > O such that B(z,2d) C E. Ify € B(x, ),
then, by the triangle inequality,

z € B(y,6) = z € B(x,26) C E.

Thus Int F is open.

If V is open and V C F, then, if v € V, there exists a 6 > 0 with
B(v,0) CV CE. Thus V C Int E.

(i) If #, € CIE and x, — =z, then we can find y, € E such that
d(Yn, x,) < 1/n. By the triangle inequality,

Ad(Yn, ) < d(Yn, xn) + d(xy,2) - 04+0=0

sox € ClE.

If Fis closed and F' O E, then, whenever z,, € E and z,, — x, we have
r, € F,sox e F. Thus F O ClE.

(iii) The complement of an open set is closed and the intersection of two
closed sets is closed, so

OE = C1EN (Int E)°

is closed.
(iv) If E is closed, then we can find an R > 0 such that £ C B(0, R).
Since B(0, R) is closed, C1E C B(0, R). O

Recall that, if ¢ is a real valued function in R™ with sufficiently many
derivatives, then we write

In this section we look at solutions of Laplace’s equation
V20 = 0.
Our first collection of results lead up to a proof of uniqueness.

Lemma 3.3. Let 2 be a bounded open subset of R™. Suppose ¢ : C1€2 — R
is continuous and satisfies
V20 > 0

on . Then ¢ cannot attain its maximum on Q.

13



Proof. We prove the result for m = 2. Since CI( is compact, we know that
¢ attains a maximum at some point (zg,yp) € C1Q2. We need to show that
it is impossible that (xg,yo) € Q.

Suppose, if possible, that (z¢,ys) € Q. Since €2 is open, we can find a
d > 0 such that B((:L’o,yo),é) C Q. Consider the function f(y) = ¢(xo,y)
defined for y € (yo—0,yo+0). We have f twice differentiable with a maximum
at yo. Thus, by 1A analysis, f”(yo) < 0. It follows that

0?¢
8—3/2(%, Yo) < 0.

The same argument applies for the partial derivatives with respect to z, so
0? 0?

V2p(20, o) = @(55071/0) + a_yf(xoayo) <0

contradicting our hypotheses. O]

Theorem 3.4. Let ) be a bounded open subset of R™. Suppose ¢ : C1§2 — R
1s continuous on Cl1§) and satisfies

V2 =0
on 2. Then ¢ attains its maximum on OS).

Proof. Again we prove the result for m = 2. Let ¢(z,y) = z* + 3. Since
¥ is continuous and Cl€) is compact, we know that there exists a M with
M > )(x,y) for all (x,y) € C1Q. By direct calculation, V1) = 4 everywhere.

Set ¢, = ¢ +n~14. Then ¢, satisfies the conditions of Lemma 3.3 with
e = 4/n. It follows that there is an x,, = (2, y,) € 02 with

On(Xn) 2 Pn(t)
for all t € C1§2. Automatically,
o(x,) > o(t) — 8M/n.

Since 0f) is compact, we can find an x € 0 and n(j) — oo such that
X, (j) — X. By continuity

(x) = ¢(t)
for all t € CI€L. O

14



Exercise 3.5. Let 2 be a bounded open subset of C. Suppose that
f:ClQ—=C

is continuous and f is analytic on 2. Recall that the real and imaginary parts
of f satisfy Laplace’s equation on Int Q. Show that |f| attains its mazimum
on 0S).

[Hint: Why can we assume that Rf(z0) = |f(20)| at any particular point zy?|

Solution. The map z — |f(z)| is continuous so, by compactness, there exists
a zg = xo + iyo € C1Q with |f(z0)| > |f(2)| for all z € CIQ. By replacing
f(2) by €¥ f(z), we may assume that f(z) is real and positive.

Write f(x + iy) = u(x,y) + iv(z,y) with u and v real. We have

u(o,y0) = |f(20)| = |f (z + )| = u(z, y)

and u satisfies Laplace’s equation. Thus there exists a z1 + iy; = 21 € 092
such that u(xy,11) = u(zo, yo) and so |f(z1)| > |f(z)] for all z € CIS. O

Theorem 3.6. Let ) be a bounded open subset of R™. Suppose that the
functions ¢, : C1Q2 — R are continuous and satisfy

V2p =0, V¥ =0
on 2. Then, if ¢ =1 on 0L, it follows that ¢ =1 on CI).

Proof. Observe that, if 7 = ¢ — 9, then 7 satisfies the conditions of Theo-
rem 3.4 and so attains its maximum on J€2. But 7 = 0 on 9. Thus 7(x) < 0
for x = C1Q. The same argument applied to —7 shows that —7(x) < 0 for
x = CI). Thus 7 = 0 on CI€2 and we are done. ]

You proved a version of Theorem 3.6 in Part 1A but only for ‘nice bound-
aries’ and functions that behaved ‘nicely’” near the boundary.

You have met the kind of arguments used above when you proved Rolle’s
theorem in 1A. Another use of this argument is given in Exercise 18.13 which
provides a nice revision for this section.

In Part 1A you assumed that you could always solve Laplace’s equation.
The next exercise (which is part of the course) shows that this is not the
case.

Exercise 3.7. (i) Let

Q={xecR®:0< x| <1}
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Show that ) is open, that
CIQ={xeR?: |x]| <1}
and
0N ={xeR?: x| =1}uU{0}.

(ii) Suppose that ¢ : C1Q — R is continuous that ¢ is twice differentiable

on ) and satisfies
Vp =0

on ) together with the boundary conditions

0 ifx|| =1
¢@y:{1 ;rﬂo

Use the uniqueness of solutions of Laplace’s equation to show that ¢ must be
radially symmetric in the sense that

o(x) = f(lIxI)

for some function f:[0,1] — R.
(#ii) Show that

d
%(Tf(”) =0

for 0 < r < 1 and deduce that f(r) = A+ Blogr [0 < r < 1] for some
constants A and B.
(iv) Conclude that the function ¢ described in (ii) can not exist.

Solution. (i) If x € Q, then, setting
6 = min{][x||, T — [x][},

we have 0 > 0 and B(x,d) C Q. Thus Q is open.
Observe that (0,1/n) — (0,0), so 0 € CIQ. Again, if [|x[| = 1, then
(1 —=1/n)x = x, so x € C1Q. Thus C1Q 2 B(0,1). Since B(0,1) is closed

ClQ = B(0,1).
Finally,

90 =ClO\IntQ = CIQ\ Q= {x € R? : ||x|| = 1} U {0}.

(ii) Let T be a rotation with centre the origin. If ¢ = ¢T', then (using
the chain rule if you do not know the result already from applied courses)

v = 0.

16



But

_)o if ||x|| =1,
w(x)_{1 if x = 0.

Thus, by uniqueness, 1 = ¢ and so, since T was an arbitrary rotation,

¢(x) = f(lIxI)

for some function f: [0,1] — R.
(iii) The chain rule gives

dp x o x? (1 a:2>

roord

! " !
o0 = P and S8 = ()5 + ()
so, using the parallel result for derivatives with respect to vy,

d
Vi = f(r)+ f(r)r =T = (rf(r).
r
(Or we can just quote this result from applied courses.) Thus

d
ar (rf(r)) =0

sorf'(r) =B and f(r) = A+ Blogr for appropriate constants A and B.
(iv) We need f(r) — 1 asr — 0+, so B = 0 and A = 1. This gives
f(1) = 1, contradicting the condition ¢(x) = 0 if ||x|| = 1. O

This result is due to Zaremba, one of the founding fathers of Polish mathe-
matics. Later Lebesgue produced a three dimensional example (the Lebesgue
thorn) which will be briefly discussed by the lecturer, but does not form part
of the course.

4 Fixed points

In Part 1A we proved the intermediate value theorem.

Theorem 4.1. If f : [a,b] — R is continuous function and f(a) > ¢ > f(b),
then we can find a y € [a,b] such that f(y) = c.

We then used it to the following very pretty fixed point theorem.

Theorem 4.2. If f : [a,b] — [a,b] is a continuous function, then we can
find a w € |a,b] such that f(w) = w.

17



Notice that we can reverse the implication and use Theorem 4.2 to prove
Theorem 4.1. (See Exercise 4.9.)

The object of this section is to extend the fixed point theorem to two
dimensions.

Theorem 4.3. Let D = {x € R?* : [|x| < 1}. If f: D — D is a continuous
function, then we can find a w € D such that f(w) = w.

Although we will keep strictly to two dimensions the reader should note
that the result and many of its consequences holds in n dimensions.

Notice also that the result can be extended to (closed) squares, triangles
and so on.

Lemma 4.4. Let D = {x € R? : ||x|| < 1}. Suppose that g : D — A is
a bijective function with g and g=' continuous. Then if F : A — A is a
continuous function, we can find an a € A such that F(a) = a.

Proof. Observe that f = ¢g~'Fg is a continuous function from D to D and
so, by Theorem 4.3, has a fixed point w. Set a = g(w). ]

From now on we shall use extensions of the type given for Lemma 4.4
without comment.

The proof of Theorem 4.3 will take us some time. It consists in showing
that a number of interesting statements are equivalent. The proof thus con-
sists of lemmas of the form A = B orB < C, .... I suggest that the reader
considers each of these implications individually and then steps back to see
how they hang together.

We write

D={xeR®: |x| <1}, D={xeR?: ||x]| <1},0D ={x e R* : ||x|| = 1}.

Theorem 4.5. The following two statements are equivalent.

(i) If f : D — D is continuous, then we can find a w € D such that
f(w) = w. (We say that every continuous function of the closed disc into
itself has a fized point.)

(ii) There does not exist a continuous function g : D — 0D with g(x) = x
for allx € OD. (We say that there is no retraction mapping from D to 0D.)

Proof. ()= (ii) Suppose, if possible, that there exists a continuous function
g: D — 0D with g(x) = x for all x € dD. If T is a rotation through 7
about 0, then f = T o g is a continuous function from D to itself with no
fixed points, contradicting (i).
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(ii)= (i) Suppose, if possible, that f : D — D is a continuous function with
no fixed points. If we define

E={(x,y)eD*: x#y}

and u : £ — 0D by taking u(x,y) to be the point where the straight line
joining x to y in the indicated direction cuts 0D then w is continuous. (We
shall take this as geometrically obvious. The algebraic details are messy. The
really conscientious student can do Exercise 18.14.) Using the chain rule for
continuous functions, we see that

9(x) = u(x, f(x))
defines a retraction mapping from D to 9D, contradicting (ii). O

Let aj, as and a3 be unit vectors making angles of +£27/3 with each other.
We take T" to be the closed triangle with vertices a;, a; and a3z and sides 1,
J and K.

(For those who insist on things being spelt out

T:{/\1a1+>\2a2+)\3a3 . )\1+)\2+)\3:1, /\]ZO}

but though such ultra precision has its place, that place is not this course.)
The next collection of equivalences is easy to prove.

Lemma 4.6. The following three statements are equivalent.
(i) There is no retraction mapping from D to 0D.
(i1) Let
I ={(cosf,sinf) : 0<6<2n/3}, J=1{(cos,sinb) : 27/3 < 6 < 47/3}
and K = {(cosf,sinf) : 47/3 < 0 < 2x}.
Then there does not exist a continuous function k : D — 0D with
k(x)el forallxel, k(x)eJ forallxe J, k(x) € K forallx € K.
(iii) There does not ezist a continuous function k : T — 0T with
k(x) eI forallx €1, k(x) € J forallx € J, k(x) € K forallx € K.

Proof. (i)=(ii) Suppose, if possible, that k exists with the properties stated
in (ii), Then, if 7" is a rotation through 7, about 0, we see that f =T o k is
a continuous map from D to D without a fixed point. By Theorem 4.5 this
contradicts (i).

(ii))=(i) If k is a continuous retract from D to dD, then it certainly satisfies
(ii).

(iii)<(ii) We use an argument of the type used for Lemma 4.4. O
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We now prove a slightly more difficult equivalence.

Lemma 4.7. The following two statements are equivalent,
(i) There does not exist a continuous function h : T — OT with

h(x) € I forallx €I, h(x) € J forallx € J, h(x) € K for allx € K.

(1) If A, B and C are closed subsets of T with A2 1, BD Jand C 2O K
and AUBUC =T, then ANBNC # @.

Lemma 4.7. (ii)=(i) Let h : T — 9T be continuous with h(I) C I, h(J) C J,
WMK)C K. Let A=h~'(I), B=h""(J),C = h™'(K). Since h is continuous
A, B and C are closed. Since I[UJ UK =0D, AUBUC = D. But

AnBNnC=hYDnh Y HNnh Y (K)=h'INJNK)=h2)=0

contradicting (ii).
(i)=-(ii) Suppose that A, B and C' are closed subsets of T'with A D I, B D J,
COK,AUBUC=T,and AnNBNC =@.

We consider T as the triangle

T={(z,y,2)eR® : x4+y+2=1, z,y, 2> 0}.

(In my school days we called these ‘barycentric coordinates’.) If x € T', we
know that x lies in at most two of the sets A, B and C so (by Lemma 2.5)
at least one of d(x, A), d(x, B) and d(x, (') is non-zero. Thus

1
d(x, A) +d(x, B) + d(x,C)

h(x) = (d(x,A),d(x,B),d(x,C))
defines a continuous function h : T'— T. If x € I, then d(x, A) = 0 and so
h(x) € 1. Similarly h(J) C J and h(K) C K contradicting (i). O

We shall prove statement (ii) of Lemma 4.7 from which the remaining
statements will then follow. The key step is Sperner’s Lemma.

Lemma 4.8. Consider a triangle DEF divided up into a triangular grid. If
all the vertices of the grid are coloured red, green or blue and every vertex on
the side DE of the big triangle (with the exception of E) are coloured red,
every vertex of EF (with the exception of F') green and every vertex of F'D
(with the exception of D) blue then there is a triangle of the grid all of whose
vertices have different colours.
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Proof. Given an edge of the grid joining vertices u and v we assign a value
E(u,v) to the edge by a rule which ensures that, if « and v have the same
colour, E(u,v) = 0, if u and v, have different colours X and Y, then E(u,v) =
C(X,Y) with ((X,Y) = —((Y,X) and ((X,Y) = +1.

This table which follows gives an example.

colour u  colour v E(u,v)

R R 0
R G 1
R B -1
G R -1
G G 0
G B 1
B R 1
B G -1
B B 0

If wow is a grid triangle then, by inspection, the sum of the edge values (going
round anticlockwise) is zero unless all of the vertices have different colours.
By considering internal cancellation, the total sum of the edge values is the
sum of the edge values going round the outer edge and this is non-zero. Thus
one of the grid triangles must have all three vertices of different colours. [J

Proof of Lemma 4.7 (ii). Suppose that A, B and C are closed subsets of T
with ADI, BDJand C D K and AUBUC =T.

Take a triangular grid formed by n equally spaced parallel lines for each
of the three sides dividing 7" into a grid of congruent triangles. Colour the
vertices red, blue or green so that all the red vertices lie in A, all the blue
vertices lie in B and all the green vertices lie in C, making sure that the
outside edges are coloured as required by Lemma 4.8.

Lemma 4.8 tells us that there is a grid triangle with vertex a, red, so in
A, vertex b,, € B and ¢, € C'. By compactness, we can find n(j) — oo and
x € T such that a, ;) — x and so b, = X, ¢,;) — x. Since A, B and C
are closed x€e ANBNC,s0 ANBNC # @ O

We can now prove the statement (ii) of Lemma 4.7 and so of Theorem 4.3
and all its equivalent forms.

The following pair of exercises (set as Exercises 18.7 and 18.8) may be
helpful in thinking about the arguments of this section.

Exercise 4.9. The following four statements are equivalent.
(i) If f:]0,1] — [0,1] is continuous, then we can find a w € [0,1] such
that f(w) = w.
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(i) There does not exist a continuous function g : [0,1] — {0,1} with
g(0) =0 and g(1) = 1. (In topology courses we say that [0,1] is connected.)

(i1i) If A and B are closed subsets of [0,1] with 0 € A, 1 € B and
AUB =0,1] then AN B # @.

() If h : [0,1] = R is continuous and h(0) < ¢ < h(1), then we can find
ay € [0,1] such that h(y) = c.

Exercise 4.10. Suppose that we colour the points r/n red or blue [r =
0,1,...,n] with 0 red and 1 blue. Show that there are a pair of neigh-
bouring points u/n, (u+ 1)/n of different colours. Use this result to prove
statement (iii) of Exercise 4.9.

Sperner’s lemma can be extended to higher dimensions and once this is
done the remainder of our proofs together with Brouwer’s theorem extend
with simple changes to higher dimensions.

Here is an example of the use of Brouwer’s theorem.

Exercise 4.11. Suppose that A = (a;;) is a 3 x 3 matriz such that a;; > 0
foralll1 <i,j <3 and Z?Zlaij =1 foralll <j<3. Let

T={xcR®: x; >0 for all j and x1 + x2 + x5 = 1}.

By considering the effect of A on T, show that A has an eigenvector lying in
T with eigenvalue 1.

Solution. T is a closed triangle in the appropriate plane. If X € T" and we
write y = T'x, then y; > 0 and

3

3 3 3 3
D= D jaymi =) ) ayry=) z;=1,
4 p

3
i=1 i=1 j=1 j=1 i=1

soy € T. Thus T is a continuous map of 7" into itself and has a fixed point
e. We observe that e is an eigenvector lying in 7" with eigenvalue 1. ]

If you have not done the 1B Markov chains course Exercise 4.11 may
appear somewhat artificial. However, if you have done that course, you will
see that is not.

Exercise 4.12. (Only for those who understand the terms used. This is not
part of the course.) Use the argument of Ezercise 4.11 to show that every 3
state Markov chain has an invariant measure. (Remember that in Markov
chains ‘the i’s and j’s swap places’.) What result can you obtain under the
assumption that Brouwer’s theorem holds in higher dimensions?
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Brouwer’s theorem is rather deep. Here is a result which can be proved
using it.

Exercise 4.13. Show that if ABCD is a square and v is a continuous path
joining A and C whilst T is a continuous path joining B and D, then v and
T intersect,

[See Exercise 18.11 for a more detailed statement and a description of the

proof.]

Another interesting result is given as Exercise 18.9.

5 Non-zero sum games

It is said that converting the front garden of a house into a parking place
raises the value of a house, but lowers the value of the other houses in the
road. Once everybody has done the conversion, the value of each house is
lower than before the process started.

Let us make a simple model of such a situation involving just two people
with just two choices to see what we can say about it.

Suppose that Albert has the choice of doing A; or Ay and Bertha the
choice of doing By or B,. If A; and B; occur, then Albert gets a;; units and
Bertha gets b;; units. If you went to the 1B course on optimisation you learnt
how to deal with the case when a;; = —b;; (this is called zero-sum case since
a;; + b;; = 0 and Albert’s loss is Bertha’s gain). Albert and Bertha agree
that Albert will choose A; with probability p; and Bertha will choose B; with
probability ¢;. The expected value of the arrangement to Albert is

2 2
Alp,aq) = Z Z @i;Piq;
i=1 j=1

and the expected value of the arrangement to Bertha

B(p,q)zz'

=1 j

2

bijpig;
=1

In 1B you saw that in the zero-sum case there is a choice of p and q
such that if Albert chooses p and Bertha q then even if he knows Bertha’s
choice Albert will not change his choice and even if she knows Albert’s choice
Bertha will not change her choice.

So far so good, but if we consider the non zero-sum case we can imag-
ine other situations in which Albert chooses p and then Bertha chooses q
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but, now knowing Bertha’s choice, Albert changes his choice to p” and then,
knowing Albert’s new choice, Bertha changes to q' and then .... The ques-
tion we ask ourselves is whether there is a ‘stable choice’ of p and q such
that neither party can do better by unilaterally choosing a new value. This
question is answered by a remarkable theorem of Nash.

Theorem 5.1. Suppose a;; and b;; are real numbers. Let E = {(p,q) : 1 >
pq=0}, setpr=p,pp=1-p q1=¢q ¢g=1-gq,

2 2 2 2

Alp,q) = Z Z a;piqj and B(p,q) = Z Z bijpiq;-

i=1 j=1 i=1 j=1
Then we can find (p*,q*) € E such that

B(p*,q*) > B(p*,q) for all (p*,q) € E

and
Alp*,q") > Alp,q") for all (p,q") € E.

Proof. Let E = {(p,1 —p,q,1 —¢q) : 0 < p,q < 1}. (Thus E is a two
dimensional square embedded in R*.)
Suppose (p,q) € E. Write

u1(p, q) = max{0, A(1,0,q) — A(p,q)}.

Thus wuy is Albert’s expected gain if, instead of choosing p when Bertha
chooses q, he chooses (1,0) and Bertha maintains her choice provided this is
positive and wuy is zero otherwise. Similarly

us(p, q) = max{0, A(0,1,q) — A(p,q)},

S0 ug is Albert’s expected gain if, instead of choosing p when Bertha chooses
q, he chooses (0, 1) and Bertha maintains her choice provided this is positive
and us is zero otherwise. In the same way, we take

v1(p, q) = max{0, B(p,1,0) — B(p,q)}.

and
v2(p, q) = max{0, B(p,0,1) — B(p,q)}.
Now define
9(p.a) = (p',d)
with

;) p+u(pq)
1+ ui(p, q) + u2(p,q)

p
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and
- q+v(p,q)

T T u(pa) T wlp.a)
We observe that ¢ is a well defined continuous function from E into itself
and so has a fixed point (p*, q*).
We claim that (p*,q*) is a Nash stable point.
Suppose, if possible, that A((r, 1—7), q*) > A((p*, 1—p*), q*). Without
loss of generality, we may suppose that » > p* so that

A((L 0),(]*) > A((p*, 1 _p*)vq*)

and
Thus u; (p*, q*) > 0 and us(p*, q*) = 0, whence p* = (1,0) and u;(p*,q*) =
0 which contradicts our earlier assertion.

We have shown that

Ap*,q") > A((p.1—p).q")

for all 1 > p > 0. The same argument shows that

for all 1 > ¢ > 0 so we are done. O

The pair (p*, ¢*) is called a Nash equilibrium point or Nash stable point.

The interested reader should have no difficulty in convincing herself (given
Brouwer’s fixed point theorem in the appropriate dimension) that the result
can be extended to many participants with many choices to state that there
is always a choice of probabilities such that no single participant has an
incentive to change their choice?. Note that the game theory you did in 1B
only applies to two players.

Unfortunately the stable points need not be unique. Suppose that Albert
and Bertha have to choose scissors or paper. If they both choose scissors
they get £1 each. If they both choose paper they get £2 each but if they
disagree they get nothing. It is clear that the points corresponding to ‘both
choose paper’ and ‘both choose scissors’ are stable. The same is true if when
they disagree they both get nothing but Albert gets £1 and Bertha £2 if
they both choose scissors whilst, if they both choose paper the payments are
reversed.

2However, this applies only to single participants. There may be an incentive for two
or more participants (if they can agree) to change their choices jointly.
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Exercise 5.2. [Chicken| Albert and Bartholomew drive cars fast at one
another. If they both swerve they both lose 1 prestige points. If one swerves
and the other does mot the swerver looses 5 prestige points and the non-
swerver gains 10 prestige points. If neither swerves they both loose 100 points.
Identify the Nash equilibrium points.

Solution. Suppose that A swerves with probability @ and B with probability
b. The value of the game to A is

V(a,b) = —ab+ 10(1 — a)b — 5a(1 — b) — 100(1 — a)(1 — b).

f0<a<1l0<b<1

ov
—(a,b) =95 — 1060
5 (@) ,

so by symmetry we have a Nash equilibrium point (a,b) = (95/106, 95/106).
However

V(a,0) = —5a — 100(1 — a) = 95a — 100, V(a,1) = 10 — 11a

so, again using symmetry, (1,0) and (0, 1) are also Nash equilibrium points.
]

Notice that it is genuinely easy to solve toy problems like this when they
appear in exercises and examinations. First look at the interior of the square
and apply elementary calculus to find stationary points. Then look at the
interior of each edge and apply elementary calculus to find stationary points.
Finally look at the vertices. The same idea applies when there are three
participants, but now we need to examine the interior of the cube, the interior
of each face, the interior of each edge and the vertices in turn. Obviously if
we attack the problem in this way, we run into the curse of dimensionality
— each step is easy but the number of steps increases very rapidly with the
number of participants. So far as I know, there is no way of avoiding this
phenomenon. (But I know of no real life situation where we would wish to
solve a high dimensional problem.)

It is also clear from examples like the one that began this section that
even if the stable point is unique it may be unpleasant for all concerned?.
However this is not the concern of the mathematician.

3McNamara, the US Defence Secretary at the time, was of the opinion that, during the
Cuban crisis, all the participants behaved in a perfectly rational manner and only good
luck prevented a full scale nuclear war.
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6 Dividing the pot

Faced with problems like those of the previous section, the young and ten-
der hearted often ask ‘Why not cooperate?’ It is, of course, true that under
certain conditions people are willing to cooperate, but, even if these condi-
tions are met, the question remains of how to divide up the gains due to
cooperation.

Exercise 6.1. (You will be asked to solve this as Ezercise 19.4.) Consider
two rival firms A and B engaged in an advertising war. So long as the war
continues, the additional costs of advertising mean that the larger firm A
loses 3 million pounds a year and the smaller firm B loses 1 million pounds
a year. If they can agree to cease hostilities then A will make 8 million a
year and B will make 1 million a year. How much should A pay B per year
to achieve this end*?

Nash produced a striking answer to this question. There are objections
to his argument but I hope the reader will agree with me that it is a notable
contribution.

In order to examine his answer we need to introduce the notion of a
convex set.

Definition 6.2. A subset E of R™ is convex if, whenever u,v € E and
1>p >0, we have
pu+ (1 —p)veE.

Nash considers a situation in which m players must choose a point x € F
where F is a closed, bounded, convex set in R™. The value of the outcome to
the jth participant is z;. To see why is reasonable to take £/ convex suppose
that the participants can choose two points u and v. The participants can
agree among themselves to toss a suitable coin and choose u with probability
p and v with probability 1 —p. The expected value of the outcome to the jth
participant is pu; + (1 — p)v;, that is to say, the value of the jth component
of pu+ (1 —p)v.

The participants also know a point s € E (the status quo) which will be
the result if they can not agree on any other point.

Nash argues that a best point x* if it exists must have the following
properties.

(1) @; > s; for all j. (Everyone must be at least as well off as if they
failed to agree.)

4The reader may feel that it would be very difficult for rival firms to come to an
agreement in this way. In fact, it appears to be so easy that most countries have strict
laws against such behaviour.
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(2) (Pareto Optimality) If x € £/ and x; > z} for all j, then x = x*. (If
there is a choice which makes some strictly better off and nobody worse off,
then the participants should take it.)

(3) (Independence of irrelevant alternatives.) Suppose E’ is a closed
bounded convex set with £ O E and x™* is a best point for E’. Then,
if x** € F it follows that x** is a best point for E.

(4) If E is symmetric (that is, if whenever x € E and yi, 42, ..., Ym is
some rearrangement of 1, xs, ..., T, then y € F) and s is symmetric, then
x] = x5 =---=x; . This corresponds to our beliefs about ‘fairness’.

(5) Our final assumption is that we must treat the poor man’s penny with
the same respect as the rich man’s pound. Suppose that x* is a best point
for E. If we change coordinates and consider

E’:{X':x;:ajxj—l—bjforlSjSmandXEE}

with a; > 0, then y* with y; = a;2} + b; is a best point for E'.
Exercise 6.3. Show that the E' defined above is closed bounded and converz.

Solution. If X', y' € E' and 0 <t < 1, then
w; = a;T; + by, yi = a;y; + by
with x, y € F and so
to + (1 =)y = aj(te; + (1 = t)y;) + b

for all j. But tx + (1 —t)y € E, since F is convex, so tx' + (1 —t)y’ € £’
and is convex.

We now recall Theorem 2.6 and observe that E’ is the continuous image
of a compact set so compact. ]

There is no difficulty in remembering these conditions since they each
play a particular role in the proof. If the reader prefers initially only to deal
with the case m = 2, she will lose nothing of the argument. We need a
preliminary lemma.

Lemma 6.4. If K is a convezr set in R™ such that (1,1,...,1) € K and
[Ij= 25 <1 forallx € K with x; >0 [1 <j <n], then

KC{x:xi+x2+...2, <n}.
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Proof. If x € K and 0 <t <1, then, since 1 € K and K is convex, we have
(1-t)1+txe K

so, by our hypothesis,

ﬁtxj +(1—t) =[] @+t —1)
=1+ tzn:(xj — 1)+ t*P(t)

where P is a polynomial with coefficients depending on x. It follows that, if
0 <t<1, we have

0>Z — 1) +tP(t).

Allowing t — 0+ gives
> (-
j=1
which is the desired result. O

Theorem 6.5. Suppose that we agree to the Nash conditions. If E is closed
bounded convex set in R™, s is the status quo point and the function f : E —
R given by

has a mazimum (in E) with x; —s; > 0 at xX*, then x* is the unique best
point.

Proof. The Nash conditions mean that the problem is invariant under affine
transformation (i.e. transformations of the type discussed in Exercise 6.3).
Thus we may assume that s = 0. If the hyperboloid H?:1 y; = K touches the
convex set E' at y (with y; > 0) then the transformation z; = K‘l/"yj/y;f
gives a hyperboloid [[7_, #; = 1 touching a convex set E at (1,1,...,1).
Thus we may assume that s =0 and 2] =25 =--- =z = 1.
By Lemma 6.4, we have

KCL={x:Y x;<n},
j=1
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and, by the independence of irrelevant alternatives, if x* is best for L, it
is best for K. Now L is symmetric so any best point x for L must lie on
r1 =1x9 = ... = I, But, amongst these points, only x* is Pareto optimal so
we are done. [

We complete our discussion by observing that a best point always exists.

Lemma 6.6. If E is closed bounded convex set in R™, s € Int E and the
function f: E — R given by

then there is a unique point in E with x;—s; > 0 where f attains a mazimum.

Lemma 6.6. By compactness, there is a point x* where f attains its maxi-
mum. By translation, we may suppose s = 0 and, re-scaling the axes, we
may suppose x* =e = (1,1,...,1).

Lemma 6.4 tells us that

(ke K :k>0Vj}C{xeK :2;>0Vjand z1 +2z2+ ...+ 1z, =n}.

The uniqueness of the maximum now follows from the conditions for equality
in the arithmetic geometric inequality. O]

‘There is no patent for immortality under the the moon’ but I suspect
that Nash’s results will be remembered long after the last celluloid copy of
A Beautiful Life has crumbled to dust.

The book Games, Theory and Applications [6] by L. C. Thomas maintains
a reasonable balance between the technical and non-technical and would
make a good port of first call if you wish to learn more along these lines.

7 Approximation by polynomials

It is a guiding idea of both the calculus and of numerical analysis that ‘well
behaved functions look like polynomials’. Like most guiding principles, it
needs to be used judiciously.

If asked to justify it, we might mutter something about Taylor’s Theorem,
but Cauchy produced the following example to show that this is not sufficient®

When we do 1A this result is a counterexample but, by Part II, if we need a ‘partition
of unity’ or a ‘smoothing kernel’, it has become an invaluable tool.
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Exercise 7.1. Let E: R — R be defined by

E(t) = exp(—1/t%) ift #0,
0 ift=0.

(i) E is infinitely differentiable, except, possibly, at 0, with
E™(t) = P,(1/t)E(t)

for all t # 0 for some polynomial P,.
(i1) E is infinitely differentiable everywhere with

E™(0) = 0.
(i1i) We have
> pn)
E(t)# ) ET'(O)t”
n=0 :

for allt # 0.

(It is very unlikely that you have not seen this exercise before, but if you
have not you should study it.)

Solution for Exercise 7.1. (i) We use induction on n to show that E is n
times differentiable with

E™(t) = P.(1/1)E(1)

for all ¢ # 0 and some polynomial P,.

The result is certainly true for n = 0 with Fy = 1. If it is true for n = m,
then the standard rules for differentiation show that E(™ is differentiable
with

EMID () =t72P) (1/)B(t) — 2t 3Py (1/t)E(t) = Pyt (1/t)E(t)

for all ¢ # 0 and the polynomial Py, 1(s) = s*P! (s) — 2s3P,,(s).
(ii) We use induction on n to show that E is n times differentiable at 0
with
E™(0) = 0.

The result is true for n = 0. If it is true for n = m, then

E)(h) — EM™)(0)

- =h'P(hHE() — 0
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as h — 0, so it is true for n = m + 1.
(iii) We have

0N E7(0),

E(t)#£0=> —t :ZTt

n!
n=0 n=0

for all t # 0, as stated. O

We could also mutter something like ‘interpolation’. The reader probably
knows all the facts given in the next lemma.

Lemma 7.2. Let zg, x1, ..., x, be distinct points of [a, b].
(i) If f : la,b] — R then there is at most one polynomial of degree no
greater than n with P(x;) = f(x;) for 0 <j <n.

(ii) Write
f}—l’k
ej(t):Hx._x -
ks ok

If f:[a,b] = R then
P=>Y" f(z;)e;
=0
is a polynomial of degree at most n with P(x;) = f(x;) for 0 <i <n. (Thus
we can replace ‘at most’ by ‘exactly’ in (i).)

(111) In the language of vector spaces, the e; form a basis for the vector
space of polynomials P, of degree n or less.

Proof. (i) If P and @ have degree at most n and
P(z;) = Q(x;) = f(x;)

for 0 < j < n, then P — @ is a polynomial of degree at most n vanishing at
at least n + 1 points. Thus P — @ = 0, by Exercise 2.10, so P = Q.

(ii) We observe that e;(z;) = 1 if i = j, but e;(x;) = 0 otherwise and that
e; is a polynomial of degree n. Thus

P =Y f(z;)e;
=0
is a polynomial of degree at most n with
P(x;) = Z f(zj)ej(zi) = f(x:)
j=0
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for 0 <i<n.
(iii) It is easy to check that P, is a vector space. Part (ii) shows that the

ej span P,. If
Z /\jej = 0,
§=0

then .
)\z’ = Z /\j@j(CL’Z‘) =0
§=0
for each i, so the the e; are linearly independent. O

However polynomials can behave in rather odd ways.

Theorem 7.3. There exist polynomials T, of degree n and U,_1 of degree
n — 1 such that
T, (cos @) = cosnb

for all 6 and

sin nd

Up—1(cos ) =

sin 6
forsin@ # 0. The value of U, _1(cos @) when sinf = 0 is given by continuity
and will be £n. The roots of U,,_1 are cos(rm/n) with 1 <r <n—1 and the
roots of Ty, are cos ((r + 3)m/n) with 0 <r <n—1.

The coefficient of t* in T), is 2% forn > 1.

Proof. By de Moivre’s theorem,

cosnf + isinnf = (cosf + isinf)"

_ 2; i (7;) (cos )" (sin )"

-y <_1)T(27;> (cos )" 2" (sin 0)"

0<2r<n
o _1\" n n—1-2r/_: 2r
+isind Z (—1) (2r+1) (cos0) (sin )
0<2r<n—1
= Z (—1)7"(”)((3080)"2’"(1—(0089)2)T
0<2r<n 2r
.. 1\ n n—1-2r . 2\T7
+¢sind Z (—1) <2r—|—1) (cos0) (1 — (cos6)?)
0<2r<n-—1

= T, (cos ) + isin OU,,_1(cos ),
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where T), is a polynomial of degree at most n and U,,_; a polynomial of degree
at most n — 1.
Taking real and imaginary parts, we obtain

T, (cosf) = cosnb

for all § and
sin nd

Up—1(cosf) = e

for sin€ # 0, U,,_1(1) = n, U,_1(—1) = (=1)""'n . The roots of U,_; and T,,

can be read off directly and show that the two polynomials have full degree.
The coefficient of t™ in T,, is

> (;) = %((1 + 1) (1= 1)) = 2n !

0<2r<n
for n > 1. O

We call T, the Chebychev® polynomial of degree n. The U, are called
Chebychev polynomials of the second kind. Looking at the Chebychev poly-
nomials of the second kind, we see that we can choose a well behaved function
f which is well behaved at n + 1 reasonably well spaced points but whose
nth degree interpolating polynomial is very large at some other point. It can
be shown (though this is harder to prove) that this kind of thing can happen
however we choose our points of interpolation.

A little thought shows that we are not even sure what it means for one
function to look like another. It is natural to interpret f looks like ¢ as
saying that f and g are close in some metric. However there are a number
of ‘obvious’ metrics. The next exercise will be familiar to almost all my
audience.

Exercise 7.4. Show that the following define metrics on the space C([0,1])
of continuous functions f :[0,1] — R.
(i) |1 fllh = f01 |f(t)| dt defines a norm with associated distance

dmﬁmznf—m1=£|ﬂw—mwMt

(ii) The equation

mm:/ﬂm@ﬁ

60r Tchebychev, hence the T.
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defines an inner product on C(la,b]) with associated norm || || and so a

distance
1/2

atr.0) =15 - ol = ( [ (0 - g0 at)

for the derived norm.
(iii) The equation ||f|lcc = supepq |f(t)| defines a norm and so a dis-
tance

ds(f,9) = IIf — gl = Sup] |f(t) = g(®)]-

telo,1

Show that
1f =gl <1 =gl < NIf = gl

Let

0 otherwise.

£.(t) = {(1 —nt) for0<t<1/n,

Compute || fullso/ || fullr and || fulls/| fall2- Comment.

Solution. The key result that we use in (i) and (ii) is that, if f € C([0,1]),
f(t)>0forall t € [0,1] and [, |f(t)|dt = 0, then f(t) = 0 for all ¢ € [0, 1].
(i) Observe that

1
wma/uwao
0
and that, if || f||; = 0, then

AV@W—&

so |[f(t)] =0 for all t, so f(t) =0 for all t and f = 0.
Further

1 1
A = A dt = |\ dt = |\
[RYAlR /0 IA[Lf()|dt = | |/O |f@)]dt = [[[ f]l1
and, since |f(t) + g(t)] < |f (&) + |g(t)], we have

||f+g||1=/0 If(t)+g(t)|dtﬁ/0 [F@OF+lg@®)]dt = £l + gl

So we have a norm.

(ii) We have
_ [ dt >0
mn—lfm >0,
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If (f,f) =0, then fo )2dt =0, so f(t)? =0 for all ¢, so f(t) = 0 for
all t and f = 0.
We have

(f. ) = / F(t)g(t) dt = / g(t)f(t) dt = {g. f)

and

(f + g, 1) = / (F(t) + g(O)h() dt
/f dt+/ g(Oh(t) dt = (£} + (g, h)

whilst
(\,g) = / A (1)g(t) di = / F(Dg(t) dt = (. ),

so we have an inner product.

(iii) Observe that |f(t)| > 0,s0
[fllec = sup |f(t)] =0,

t€[0,1]

that
[fllc =0= sup [f(t)| =0=[f(t)|=0Vt= f=0,

te[0,1]
that

[Afllo = sup [Af()] = sup [A|[f()] = [A] sup [f(t)] = Allfll,
te[0,1] tef0,1]

te[0,1]
and, that, since |f(t) + g(t)| < [f(£)| + |g(£)];
1+ glle = sup [f() +9(B)] < sup](lf( )+ 1g(8)])

te[0,1 tefo,1

=, sup (F @1+ 19()) = [ Flloe + llglloc,

so we are done.

If f, is as stated, || fuli =2 [,/" ntdt = 1/n, || fallo = 1 and

1/n 1/2 9\ /2
||fn||2=<2/0 <ms>2dt> :(371) |

Thus ||fn||oo/||fn||1 = n — oo and ||fn||1/||fn||2 = (3/2)1/2n1/2 — 00 as
n — 0o. We have genuinely different measures of difference. 0
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Each of these metrics has its advantages and all are used in practice.
We shall concentrate on the metric ds. We quote the following result from
a previous course (where it is known as the General Principle of Uniform
Convergence).

Theorem 7.5. If [a,b] is a closed interval and C([a,b]) is the space of con-
tinuous functions on |a,b] then the uniform metric

18 complete.

We have now obtained a precise question. If f is a continuous function can
we find polynomials which are arbitrarily close in the uniform norm? This
question was answered in the affirmative by Weierstrass in a paper published
when he was 70 years old. Since then, several different proofs have been
discovered. We present one due to Bernstein based on probability theory”

Before that, we need a definition and theorem which the reader will have
met in a simpler form earlier.

Definition 7.6. Let (X,d) and (Y, p) be metric spaces. We say that a func-
tion f: X — Y is uniformly continuous if, given € > 0, we can find a 6 > 0
such that p(f(a), f(b)) < € whenever d(a,b) < é.

Theorem 7.7. If E is a bounded closed set in R™ and f : E — RP is
continuous, then f is uniformly continuous.

Proof. Suppose that f is not uniformly continuous. Then we can find an
€ > 0 and x,,, y, € E such that

1% = ynll < 1/n and [[f(xn) = fyn)ll = €.

By compactness, we can find e € E and n(j) — oo such that x,;) — e. The
triangle inequality tells us that y,) — e and so

1f (i) = Fn)Il < 1 Fn)) = F@N + 1 (yniy) — f(e)] = 0+0=0.

We have a contradiction. ]

Although we require probability theory we only need deal with the sim-
plest case of a random variable taking a finite number of values and, if the
reader wishes, she need only prove the next result in that case.

"Some other proofs are given in Exercises 20.6, 20.7 and 20.8. It is the author’s belief
that one can not have too many (insightful) proofs of Weierstrass’s theorem.
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Theorem 7.8. [Chebychev’s inequality]| If X is a real valued bounded
random variable, then, writing

o =var X = E(X — EX)?,

we have

[

o
for all a > 0.

Proof. By replacing X by Y = X — EX, we may suppose that EX = 0.

Let
0 if |¢t| <a,
IRr\(~a,a) () =
R\(—aa)(!) {1 otherwise.
Then
t2
2 2 Ir\(aa)(t)
for all ¢, so, automatically,
XQ
— Z HR\(—a,a) (X)
and ) X2
o
— = E— 2 Elp\((X) = Pr(|X]| 2 a).

]

Theorem 7.9. [Bernstein] Suppose f : [0,1] — R is continuous. Let
X1, Xo, ... X, be independent identically distributed random variables with
Pr(X, =0)=1—t and Pr(X, = 1) =t (think of tossing a biased coin). Let

X 4 X+ X,
n

Ya(t)

and let
pa(t) = Ef (Ya(t)).
Then
(i) pn is polynomial of degree n. Indeed,

n

ity =3 () i oy

J=0

(i) |[pn — fllo = 0 as n — oc.
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Proof. (i) We have
Pu(t) = Ef (Ya(t))

=Y /) Pr(Xi+ Xo+ - 4+ X, = )

=0

=3 (M)
=0 \J

(ii) Automatically,

n n n

EY, =E

and, since the X; are independent,

X+ X4+ X,
var Y, = var 1+ Xo+ -+ Zn_zvar(X1+X2+"'+Xn)
n

=n " ?(var X; +var Xo + ... +var X,,)
=ntvarX; =n"t(1—-t)<nh

Let € > 0. By uniform continuity we can find an n > 0 such that |f(¢) —
f(s)] <efor|t—s| <mandt, se€|0,1]. Thus, using Chebychev’s inequality,

pa(t) = f(O)] = [E(f(Ya) = F(1)[ < Elf(Ya) — f(1)]
< ePr([Y, — 1] <n) + 2[|flloo Pr([Yn — 1] = 1)
< €4 2 flloo Pr([Yn — EYa[ = n)
< e+ 2| flloen™/n < 3,

provided only that n > e '(2||f|| + 1)n~2. Since € is arbitrary, the result
follows. o

Bernstein’s result differs from many proofs of Weierstrass’s theorem in
giving an elegant explicit approximating polynomial.

8 Best approximation by polynomials

Bernstein’s theorem gives an explicit approximating polynomial but, except
in very special circumstances, not the best approximating polynomial. (In-
deed, we have not yet shown that such a polynomial exists.)

Chebychev was very interested in this problem and gave a way of telling
when we do have a best approximation.
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Theorem 8.1. [The Chebychev equiripple criterion] Let f : [a,b] — R
be a continuous function and P a polynomial of degree at most n—1. Suppose
that we can finda < ap < ay < -+ < a, < b such that, writing o = || f — P||
we have either

f(a;) — P(aj) = (=1)Y0 forall0<j<n
or
f(a;) — P(aj) = (=1)"o for all0 < j <n.
Then ||P — flleo < ||Q — flloo for all polynomials Q of degree n — 1 or less.
Proof. Without loss of generality, suppose that
f(a;) — P(a;) = (=10 for all 0 < j < n.

Suppose, if possible, that () is a polynomial of degree n — 1 or less such that

1P = flloc > 1Q = flloc-
We look at R = P — (). Note first that R is a polynomial of degree at

most n — 1. If j is odd,

R(a;) = (P(a;) — f(a;)) + (f(a;) — Q(a;))
= |P(a;) — f(a)] + (f(a;) — Q(ay))
> |P(aj) — f(aj)] = |Q = flle = 1P = flloo = |Q — flloc > 0.

and a similar argument shows that
R(aj) <0

when 7 is even.
The intermediate value theorem now tells that R has at least n zeros, so
R =0 and P = @, contradicting our initial assumption. O

We apply this to find the polynomial of degree n — 1 which gives the best
approximation to " on [—1, 1].

Theorem 8.2. Write S,(t) = t" — 2""T,(t), where T,, is the Chebychev
polynomial of degree n. Then (if n>1)

sup " — Q)] = sup |t" — S, (t)| =2'7"
te[—1,1] te[—1,1]

for all polynomials @) of degree n — 1.
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Proof. 1If t = cos @, then
t" — Sp(t) = 21T, (t) = 2" cosnfl

Thus
|t — Sa(t)] < 27"

for t € [-1,1] and '
" — Su(t) = (—1)72'"
for t = cosjm/n [0 < j < n).
The stated result now follows from the equiripple criterion. n

Corollary 8.3. We work on [—1,1].

(i) If P(t) = > 7_a;t’ is a polynomial of degree n with |a,| > 1 then
1Plla > 27,

(ii) We can find e(n) > 0 with the following property. If P(t) = 3 7_, a;t!
is a polynomial of degree at most n and |ay| > 1 for some n > k > 0 then
1Plloc > €(n).

Proof. (i) This is just a restatement of Theorem 8.2.

(ii) Let I'(n) be the statement given in (ii) with the extra condition ¢, < 1.
['(0) is true with ¢y = 1 by inspection.

Suppose that I',, is true, that P(t) = Z?:OI a;t? is a polynomial of degree
at most n + 1, and that |ag| > 1 for some n+ 1 >k > 0. If |a,41] < €,/2,
then

P(t) = anrt™ 1 Q(1)

where Q(t) = Y7 a;t’ is a polynomial of degree at most n+ 1 and |ax| > 1
for some n > k > 0. Thus

[Pllec = [|Qllcc = lanta] = €n/2.
On the other hand, if |a,41]| > €,/2, then part (i) tells us that
|Plloe > 27" e, /2 =27 ",.
Thus, whatever the value of a1,
IPlloc > 27" "en

and T'(n + 1) holds with €,,1 = 27" ¢,.
The required result holds by induction. O

We can now use a compactness argument to prove that there does exist
a best approximation.
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Theorem 8.4. If f : [a,b] — R is a continuous function, then there exists a
polynomial P of degree at most n such that ||P — fl|loo < [|Q — f|leo for all
polynomials Q) of degree n or less.

Proof. By rescaling and translation, we may suppose that [a,b] = [—1,1].
Consider the map F : R"™! — R given by F(a) = ||f — Q||oc Where

n
t)=> a;t.
j=0

Recalling the inequality ||d(f, g)| — |d(f, h)|| < d(g, ), we have

Zajt —thﬂ

7=0

[F(a) = F(b)| < sup <Z\%—b!< (n+1)[la—=bl,

te[-1,1]

so F'is continuous. Also

n

F(a) > sup Zajtj
te[—1,1] =0

— [ £l

so, by Corollary 8.3 (ii), we can find a K > 0 such that
a¢|[-K,K|"" = F(a) > F(0).

By compactness, F attains a minimum at some point p € [-K, K]"™!

and .
P(t) =) pt’
§=0

is the required polynomial. O]

We could also have proved Corollary 8.3 (ii) directly by a compactness
argument without using Chebchev’s result.

We have only shown that the Chebychev criterion is a sufficient condition.
However, it can be shown that it is also a necessary one. The proof is given
in Exercise 20.10 but is not part of the course.

9 Gaussian quadrature

How should we attempt to estimate fab f(z) dx if we only know f at certain
points. One, rather naive, approach is to find the interpolating polynomial
for those points and integrate that. This leads rapidly, via Lemma 7.2, to
the following result.
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Lemma 9.1. Let o, x1, ..., x, be distinct points of [a,b]. Then there are
unique real numbers Ag, A1, ..., A, with the property that

b n
/ P(z)dr =Y A;P(x))
a _]IO
for all polynomials of degree n or less.
Proof. As in Lemma 7.2, we take

xr — XI;
o =22
J

J#k

If
b n
/ P(x)dr = Z A;P(z;)

for all polynomials of degree n or less, then, setting P = ey, gives us

b
Ak:/ €k<$)d[[’,

proving uniqueness.
On the other hand, if P has degree n or less,

Q=P-) Pxj)e;
j=0
has degree n or less but vanishes at the n + 1 points x;. Thus ) = 0 and
P =Y P(z)e,
=0

whence

with
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However our previous remarks about interpolating polynomials suggest,
and experience confirms, that it may not always be wise to use the approxi-
mation

/ fl)de = Y Ay f(e)

even when f well behaved. In the particular case when the interpolation
points are equally spaced, computation suggests that as the number of points
used increases the A; begin to vary in sign and become large in absolute value.
It can be shown that this is actually the case and that this means that the
approximation can actually get worse as the number of points increase.

It is rather surprising that there is a choice of points which avoids this
problem. Earlier (in Exercise 7.4 (ii)) we observed that the definition

(f,g) = / F@)gte)a

gives an inner product on the vector space C'([—1,1]). Let us recall some
results from vector space theory.

Lemma 9.2. [Gramm—Schmidt] Let V' be a vector space with an inner
product. Suppose that e1, ey, ..., e, are orthonormal and f is not in their

linear span. If we set
n

v=1f-— Z<fvej>ej

j=1
we know that v # 0 and that, setting e,,1 = ||v||~'v the vectors ey, e, ...,

€,.1 are orthonormal.

Lemma 9.2. Linear independence shows that v # 0. We have ||e, 1] =
[VI=Hlivil = 1. Now

(v,ep) = <f — Z(f,ej>ej,ek>

J=1
n

= <f7 ek> - Z<f7 ej><ekvej>
j=1
= <f,ek> — <f, ek) =0
so (eni1,e,) =0forall 1 <k <n. O

Lemma 9.2 enables us to make the following definition.
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Definition 9.3. The Legendre polynomials p, are the the polynomials given
by the following conditions®.
(i) pn is a polynomial of degree n with positive leading coefficient.

ﬁﬁ/im&mmwﬁ:@m:{

1 ifn=m,

0 otherwise.

Lemma 9.4. The nth Legendre polynomial p, has n distinct roots all lying
in (—1,1).

Proof. Suppose that p, has k roots «; of odd order (that is to say the poly-

nomial changes sign at the root) on (—1,1). If we set Q(t) = Hle(t — o),

then p, (t)Q(t) is a continuous single signed not everywhere zero function so

tﬁQ@mﬁﬁ#Q

Thus @ has degree at least n, so k > n.
It follows that & = n and all of the roots of p, are simple lying in (—1,1).
m

Gauss had the happy idea of choosing the evaluation points to be the
roots of a Legendre polynomial.

Theorem 9.5. [Gaussian quadrature] (i) If ay, as, ..., are the n roots
of the nth Legendre polynomial p, and the A; are chosen so that

/_ P(z)dx = ZAjP(aj)

1 et

for every polynomuial P of degree n — 1 or less, then, in fact

| @@= 4,00))

for every polynomaial Q) of degree 2n — 1 or less.
(1) If B; € [—1,1] and B; are such that

| @@ar=3" B0

for every polynomial Q) of degree 2n — 1 or less, then the 3; are the roots of
the nth Legendre polynomaial.

8There are various other definitions but they all give polynomials of the form b,p,,.
The only difference is in the choice of b,. As may be seen from Exercise 19.14 our choice
is not very convenient.
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Proof. Suppose that p, has k roots a; of odd order on (—1,1). If we set
Qt) = H?Zl(t — ), then p,(t)Q(t) is a continuous single signed not every-
where zero function so

[ ewmio

Thus @ has degree at least n, so k > n.
It follows that & = n and all of the roots of p, are simple lying in (—1,1).
O

Theorem 9.5 looks impressive but it is the next result which really shows
how good Gauss’s idea is.

Theorem 9.6. We continue with the notation of Theorem 9.5.
(1) A; >0 for each 1 < j < n.

(it) Z?:l Aj=2.
(iii) If f:[—1,1] = R is continuous and P is any polynomial of degree
at most 2n — 1, then

‘/_lf(ﬂﬁ)dﬂ?—zfljf(%)

(iv) Write G, f for the estimate of fjl f(t) dt obtained using Gauss’s idea
with the nth Legendre polynomial. Then, if f is continuous on [—1,1],

< 4f = Pll.

an%/l () dt
as n — 0Q.

Proof. (i) Let

2

T — 1

P = L.

() (H P xj)
J7#k

Then Py has degree 2n — 2, so

1 st

(ii) Taking P =1 in the formula, we obtain

1 n
2:/ lde =Y A;.
—1 =1
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(iii) We have

/ ey - émo@-)

- /_ (f(z) — P(x)) dx—ZAj(f(aj)—P(%))|

1

n

Z A;(f(eg) = P(ay)) ‘

IA

+

/_ (f(:z:) — P(x)) dx

1

< [ 1@ = P@lds+ Y Al(a) = Play)

<2f = Plloo + Y Allf = Plloc < 4l1f = Plloc:

Jj=1

(iv) Let € > 0. By Weierstrass’s theorem, we can find a polynomial P
such that ||f — P|loc < €/4. Then, if n is greater than the degree of P,
part (iii) tells us that

1
\/ (@) do — Gof| < 4lf - Plle < e

10 Distance and compact sets

This section could come almost anywhere in the notes, but provides some
helpful background to the section on Runge’s theorem. We start by strength-
ening Lemma 2.5.

Lemma 10.1. If E is a non-empty compact set in R™ and a € R™, then
there is a point e € E such that

la —efl = inf [la —x].
Proof. 1t is a standard observation about metric spaces (X,d) that, since
d(z,y) + d(y,z) > d(z, z), we have d(y, z) > d(x,z) — d(x,y) and similarly
Ay, z) = d(z,y) = d(z,y) — d(x, =), so that
d(y, z) = |d(z, z) — d(z,y)|.
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Thus, if we write f(x) = ||a — x||, we have

|f(x) = fy)l < llx =yl

so f is continuous and attains its minimum on the compact set E. O]
As before we write d(a, E) = infxep ||a — x||.

Exercise 10.2. (i) Give an example to show that the point e in Lemma 10.1
need not be unique.
(i1) Show that, if E is convez, e is unique.

Solution. (i) Consider n = 2,
E={(z,y) : *+y*=1} and e = 0.

Any point of E will do.
(ii) Suppose that E is convex, e, f € E and ||a —e|| = ||a — f||. Then

e+ f

E
7 €

but the parallelogram law tells us that

dlla—el* =2[a—e|* +[la—f|

=l(a—e)+ @1+ (a-e) - (a—1)|*

f
—4la— 25| e - £l
and so ¢
- Hsua—e\

with equality only if e = f. (Alternatively draw a diagram and use a little
school geometry to obtain the same result.) O]

Lemma 10.3. (i) If E and F' are non-empty compact sets in R™, then there
exist points e € E and f € F such that

—f|| = inf d(y, F).
le — £} = inf d(y, F)

(ii) The result in (i) remains true when F' is compact and non-empty and
E is closed and non-empty.
(71i) The result in (i) may fail when E and F are closed and non-empty.

48



Proof. (i) Recall that, if u € R", then we can find v € F such that ||lu—v|| =
d(u, F). If u’ € R", then

d(W', F) < o’ = v] < [[u' —ul| + [[u—v[| = [[u’ = u| + d(u, F).
The same argument shows that d(u, F') < |[u’ — u|| + d(v’, F). Thus
|d(u, F) — d(u’, F)| < [Ju’ — ul.

and the map u — d(u, F') is continuous. By compactness, it attains its
minimum on £ and this is the required result.

(ii)) Chose u € E. Since F' is bounded we can find an R such that
B(u,R) O F. Let

E*=Bu,2R+1)NE.

If e € £\ E*, then d(e, F') > d(u, F) + 1.
Since E* is compact, part (i) tells us that there exist a e € E* and a
f € F such that
|le — f|| = inf d(y, F)

yeE*

and so by the previous paragraph

le — £l = inf d(y, F)

(iii) Letn=1, E={r+1/r :r€Z, r >2yand F ={r : r € Z, r > 2}.
We have £ and F closed and 7(E, F) = 0, but |e — f| > 0 for all e € E,
JEF. O

Let us write 7(E, F') = infyep d(y, F).

Exercise 10.4. Give an example to show that the points e and f in Lemma 10.3
need not be unique.

Solution. Repeat the counter-example of Exercise 10.2. Take n = 2,
E={(zy) : 2> +y* =1}, F={0}.
]

The statement of the next exercise requires us to recall the definition of
a metric.
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Definition 1.1. Suppose that X is a non-empty set and d : X* — R is a
function such that

(i) d(z,y) > 0 for all x, y € X.

(i1) d(z,y) = 0 if and only if x = y.

(i1i) d(x,y) = d(y,x) for all x,y € X.

() d(z,y) + d(y, z) > d(z, z) forall x,y, z € X.

Then we say that d is a metric on X and that (X, d) is a metric space.

Exercise 10.5. Show that, if we consider the space K of non-empty com-
pact sets in R™, then T obeys conditions (i) and (iii) for a metric but not
conditions (ii) and (iv).

Show that, if E,F € K, then 7(E, F) =0 if and only if ENF # @.

Solution. (i) follows directly from the definition. (Alternatively take the e
and f of Lemma 10.3 (i) and observe that

T(E, f) =lle—f][=0)
Lemma 10.3 (i) also shows that
7(F,E) < |le—f|| =7(E, F).

Interchanging F and F, yields 7(FE, F) < 7(F,E) so 7(E,F) = 7(F, E).

If we work with n = 1, setting £ = {0}, I = {0,1}, gives 7(E, F) = 0,
but £ # F.

If we work with n = 1, then setting £ = {0}, FF = {0,1}, G = {1} gives
T(E,F)+7(F,G)=04+0=0, but 7(E,g) = 1. O

Since 7 does not provide a satisfactory metric on K, we try some thing
else. If E'and F are compact sets in R™, let us set o(E, F') = supycp d(y, ).

Exercise 10.6. Suppose that E and F' are non-empty compact sets. Show
that there exists an e € E such that d(e, F') = o(E, F).

Solution. In our proof of Lemma 10.3 (i) we showed that u — d(u, F)) is
continuous. It follows that it attains its maximum on the compact set . [

Exercise 10.7. Show that, if we consider the space IKC of non-empty compact
sets in R™, then o obeys condition (i) for a metric but not conditions (i)
and (11i).

Show that o(E, F) =0 if and only if E C F.

30



Solution. Since d(e, F') > 0 for all e, we have o(E, )
Ifn =1, E = {0}, F = [0,1], then o(E,F) = 0, but o(F,E) = 1, so

conditions (ii) and (iii) fail.

o(EB,F)=0&<de,F)=0Vec E<ecFYeec F< ECFE.

However, o does obey the triangle inequality.
Lemma 10.8. If E, F and G are non-empty compact sets then
o(E,G) <o(E,F)+o(FQ).

Lemma 10.8. Given e € E, we can find f € F such that ||e — f|| = d(e, F).
If g € G, then

d(e,G) < [le — gl < lle — f[| + [If — gl
=d(e, F) +[[f —g|

Since g € G was arbitrary,
d(e,G) <d(e,F)+d(f,G) <o(E,F)+o(F,G)

and so
o(E,G)<o(E,F)+o(F,G).

This enables us to define the Hausdorff metric p.
Definition 10.9. If E and F are non-empty compact subsets of R™, we set
p(E,F)=0(E,F)+o(F, E),
that is to say,

p(E, F) = sup 1nf le — f|| + sup 1nf lle — £]|.
ecEf

Theorem 10.10. The Hausdorff metric p is indeed a metric on the space K
of non-empty compact subsets of R™.
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Proof. Observe that

p(E,F)=0(E,F)+o(F,E)>0
p(E,F) =0 o(E,F)=0(F,E)=0=ECF, FCESE=F
p(E,F)=0(E,F)+o(F,E)=0(F,E)+0o(E,F)=p(F,E)
p(E,F)+p(F,G)=0(E,F)+0(F,G)+0o(G,F)+0o(F,E)
>0(E,G)+0(G,E)=p(FE,G),

as desired. n

Indeed, we can say something even stronger which will come in useful
when we give examples of the use of Baire’s theorem in Section 13

Theorem 10.11. The Hausdorff metric p is a complete metric on the space
K of non-empty compact subsets of R™.

Our proof of Theorem 10.11 makes use of two observations.

Theorem 10.12. (i) Suppose that we have a sequence of non-empty compact
sets in R™ such that
KiDKyDK3D....

Then K = ﬂ;il K, is a non-empty compact set.
(i1) Further, K, ? K asp — oc.

Proof. (i) This part may be familiar from 1B. (Indeed the reader may well be
able to supply a more sophisticated proof.) Since the intersection of closed
sets is closed and the intersection of bounded sets is bounded we only have
to show that K is non-empty.

Choose x,, € K,,. Since K; is compact and x,, € K; for every n we can
find an x € K, and n(j) > j such that x,;) — x (in the Euclidean metric)
as j — 00.

Automatically,

Xn(j) € ) & K © K

for all j > p, so, since K, is closed, x € K, for all p > 1. It follows that
x € K and K is non-empty.
(ii) Since K C K, it follows that

K, K, = inf |le —k
pUE, Ky) = sup Inf fle = k]
and, in particular that p(K, K,,) is a decreasing positive sequence.
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Thus if K, - K there must exist an n > 0 with
p

p(K, Kp) > 21
and there must exist k, € K, with
Ik, — k[ =7

for all k € K.

Since K is compact and k, € K for every p we can find an x € K; and
p(j) > j such that kp;y — x (in the Euclidean metric) as j — o0o. As in
part (i), we know that x € K so

1kp() — x[| > 7.

for all j giving us a contradiction.
Part (ii) follows by reductio ad absurdum. O

Lemma 10.13. If K is compact in R™ so s
K+ B0,r)={x+y:x<eK, |yl <r}.

Proof. If z, € K + B(0,r), then z, = x,, +y, with x, € K, ||y.|| < r. By
compactness, we can first extract a convergent subsequence x,;y € K and
then a convergent subsequence y, &) € B(0,7). It follows that Zn(j(k) =
Xn(j(k)) T Yn(i(k)) converges to a point in K + B(0,r) so we are done. O

Proof of Theorem 10.11. By Lemma 1.11, it suffices to show that, if we have
sequence of non-empty compact sets with p(FE,, F,+1) < 8™ for n > 1, then
the sequence converges. Set

K,=E,+ B(0,6 x 87").

Then K, is compact and p(FE,, K,) = 6 x 8™ so it is sufficient to show that
K,, converges.

To do this, we observe that K, ,; C K, and so we may apply Theo-
rem 10.12. ]

11 Runge’s theorem

The existence of two different introductory courses in complex variable is one
of many mad things in the Cambridge system. The contents of this section
should be accessible to anyone who has gone to either. As I shall emphasise
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from time to time, the reader will need to know some of the results from
those courses but will not be required to prove them.

Weierstrass’s theorem tells us that every continuous real valued function
on [a,b] can be uniformly approximated by polynomials. Does a similar
theorem hold for complex variable?

Cauchy’s theorem enables us to answer with a resounding no.

Example 11.1. Let D = {z : |2| < 1} and define f : D — C by
f(z) =z
If P is any polynomial, then

sup|f(z) — p(z)] = 1.
z€D

Proof. Observe that, taking C' to be the contour z = ¢ as 6 runs from 0 to
27, we have

sup | £(2) — pl2)] > = /C £(2) - p(z) dz

zeD 27
1 1

1 27
= — ) =1.
o /0 zd@‘

After looking at this example the reader may recall the following theorem
(whose proof does not form part of this course).

27
/ e~ 05et? d@’
0

]

Theorem 11.2. If Q) is an open subset of C and f, : Q@ — C is analytic,
then if f, — f uniformly on Q (or, more generally, if f, — [ uniformly on
each compact subset of Q1) then f is analytic.

We might now conjecture that every analytic function on a well behaved
set can be uniformly approximated by polynomials. Cauchy’s theorem again
shows that the matter is not straightforward.

Example 11.3. Let T = {z : 1/2 < |z| <2} and define f : T — C by

f(z) =

If P is any polynomial then

sup|f(z) = p(2)] = 1
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Proof. By exactly the same computations as in Example 11.1,

sup ()~ p(:)| = 5= !

zeT

/C £(2) = p(z) dz

O

Thus the best we can hope for is a theorem that tells us that every analytic
function on a suitable set ‘without holes” can be uniformly approximated by
polynomials.

We shall see that the following definition gives a suitable ‘no holes’ con-
dition.

Definition 11.4. An open set U C C is path connected if, given zy, 21 € U,
we can find a continuous map v : [0,1] — U with v(0) = zy and y(1) = z;.

We will obtain results for a bounded sets whose complement is path con-
nected.

The reader may ask why we could not simply use Taylor’s theorem in
complex variables. To see that this would not work we recall various earlier
results. (As I said earlier the proofs are not part of the course, but you are
expected to know the results.)

Lemma 11.5. If a; € C, then there exists an R € [0,00] (with suitable
conventions when R = oo) such that Y7 a;z) converges for |z| < R and
diverges for |z| > R.

We call R the radius of convergence of Z;io ;2.

Lemma 11.6. If Z?O:O a;z? has radius of convergence R and R’ < R then
> 2o a2 converges uniformly for |z] < R

Lemma 11.7. Suppose that Z;’io a;z? has radius of convergence R and that
Z;io bjz? has radius of convergence R'. If there exists an R" with 0 < R" <

R, R such that
Z ajzj = Z bjzj

j=0 j=0

for all |z| < R", then aj = b; for all j.

By a careful use of Taylor’s theorem Lemma 11.7 can be used to give the
following extension. (The proof is not part of the course but, again, you are
expected to know the result.)
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Lemma 11.8. Suppose that f,g : B(w,r) — C are analytic. If there is a
non-empty open subset U of B(w,r) such that f(z) = g(z) for all z € U, it
follows that g = f.

Exercise 11.9. (i) Ifw # 0,w show that we can find a power series 3 7~ a;(z—
w)? with radius of convergence |w| such that

o
2l = Zaj(z —w)
=0

for all |z —w| < |w|.
(i1) Let

Q={z:10%<|z| <1} \{z: 2 €R, 2 <0}

Show that Q is open, path connected and bounded and f(z) = 1/z defines a
bounded analytic function on €2, but we can not find zy and b; such that

2l = Z bi(z — 20)

=0
for all z € Q).
Proof. (i) Just observe that
1 1 B 1 i z —w)?
z wH(z—w) wl+(z—w)/w) 4 witl

Jj=0

for |(z —w)/w| < 1.

(ii) It is easy to check that €2 is open and bounded. To see that () is
connected, suppose that wq, ws € . Then we can find r, and 6, with
1072 < rp < 1 and —7 < 0 < 7 such that wy, = e [k = 1, 2]. If we define
v :[0,1] — Q by

Y(t) = ((1 = t)ry + tra) exp (i(1 — t)6y + itbs),

then v gives a path from w; to ws.
Suppose, if possible, that

2l = Z bi(z — 20 )

J=0
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for all z € €). Then the power series converges on some open disc D centre
2o with D D Q. Thus D D {z : |z] < 1}. By Lemma 11.8,

P Z bi(z — 20 )

j=0
for all z with 0 < |z] < 1. Allowing z — 0, gives a contradiction. ]
Let us see what Taylor’s theorem actually says.

Theorem 11.10. [Taylor’s Theorem] Suppose that Q is an open set in C
and [ : Q — C is analytic. If the open disc

B(z0,0) =4z : |z — 20| < ¢}

lies in Q, then we can find a; € C such that Z;io a;z? has radius of conver-
gence at least 6 and

>4z =)' = £(2)

for all z € B(2,0).

Thus Taylor’s theorem for analytic functions says (among other things)
that an analytic function can be locally approximated uniformly by polyno-
mials. Runge’s theorem asserts that (under certain conditions) an analytic
function can be globally approximated uniformly by polynomials.

Theorem 11.11. [Runge’s theorem| Suppose that §2 is an open set and
f:Q — C is analytic. Suppose that K is a compact set with K C € and
C\ K path connected. Then given any € > 0, we can find a polynomial P
with

sup | £(2) — P(2)| < e

zeK

I shall make a number of remarks before moving on to the proof. The
first is that (as might be expected) Theorem 11.11 is the simplest of a family
of results which go by the name of Runge’s theorem. However, I think that
it is fair to say that, once the proof of this simplest case is understood, both
the proofs and the meanings of the more general theorems are not hard to
grasp.

The second remark is that the reader will lose very little understanding® if
she concentrates on the example of Runge’s theorem for geometrically simple
K and Q (like rectangles and triangles).

Our proof of Runge’s theorem splits into several steps.

9And, provided she does not twist the examiner’s nose, few marks in the exam.

57



Lemma 11.12. Suppose that K is a compact set with K C Q. Then we can
find a finite set of piece-wise linear contours C,, lying entirely within Q \ K
such that

M
f(w)
= ——d
f(2) mZ MLl
whenever z € K and f : Q — C is analytic.

Proof. We may suppose K non-empty. Since K is compact, C\ © closed
and the two sets are disjoint, it follows that n = 7(K,C\ Q)/8 > 0 (i.e.
|k —w| >8nforall ke K, wé¢Q).

Consider a grid of squares side 7. We consider the collection I' of closed
squares S lying entirely within  with boundary contours C'(S). Observe
that

UC(S) O{k+u:kekK, |ul <2n}
Ser
By Cauchy’s theorem

L fw .
1) = 21 szer/c(s) w—z d

for all 2 € K such that z does not lie on the boundary of some S. By
cancelling internal sides,

=% [ *

with the piece-wise linear contours C,, [1 < m < M] lying entirely within
O\ K.

We deal with the case when z lies on the boundary of some S by erasing
any sides through z and repeating the argument with the new (non-regular)
grid. (Alternatively, we could observe that both sides of equation ¥ are
continuous.) O

It is worth making the following observation explicit.

Lemma 11.13. With the notation and conditions of Lemma 11.12, we can
find a § > 0 such that |z — w| > 6 whenever z € K and w is a point of one
of the contours C,,.

Lemma 11.13. Observe that K and Ui\f:l C,, are compact and disjoint. [

We use Lemma 11.12 to prove the following result which takes us closer
to our goal.
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Lemma 11.14. Suppose that K is a compact set with K C . Then given
any analytic f : Q — C and any € > 0 we can find an integer N, complex

numbers Ay, As, ..., Ax and aq, as, ..., ay € Q\ K such that
N
Ap
|f(z) — <€
Z— Qy
n=1
forall z € K.

Proof. Consider the system in Lemma 11.12. Write
1

z—w

g-(w) =

By Lemma 11.13, we can find an M; such that |gx(w)| < M; for all k € K,
w e U%zl Cpn. Further

_ /
[w — v < MEjw —w'|.

/ —

Since f is continuous on the compact set Ui\f:l Cm, we can find an My
such that | f(w)| < M, for all w € U%zl Cy, and, given €, we can find a 6 > 0
such that |f(w) — f(w')| < e whenever |w — w'| < and w, w' € JY_, C,..

Ifke K, ww e, C,and |w—w| < min{, e} then

| f(w)gr(w) — f(w)gr(w)]
< | fw)gr(w) = f(w)gr(w)| + | f(w)gi(w') — f(w")gr(w)]
= |f(w)|gr(w) — gi(w)| + | f(w) — f(w")]|gr(w")]
< MyM?Ee + Mie.

Let L be the total length of the contours C,,. Since e is arbitrary, we
have shown that, given € > 0, there exists a # > 0 such that

'f(iv) _fW)

w — z

€

— 8L

for all w, w' € UY_, C,, with |w —w'| < B and z € K. Thus, if we pick
Qlmy Q2ms -+ -y EN(m)m> CN(m)+1,m = Q1,m as points in anticlockwise order
round C,,, with | — @rg1m| < B [1 < r < N(m)], we will have

N(m)

M
fowm) [ S) |
Z Zz—ar,m /me—zd <

m=1| r=1
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and so

for all z € K. O]
Thus Runge’s theorems follows at once from the following special case.

Lemma 11.15. Suppose that K is a compact set and C\ K path connected.
Then, given any o ¢ K and any € > 0, we can find a polynomial P with

forall z € K.

Proof of Theorem 11.11 from Lemma 11.15. We use the result and notation
of Lemma 11.14. Choose polynomials P, such that

1 €
Po(z) — <
e e G ST WY
for all z € K. Then, if
N
P(z) =Y AuPu(2),
n=1

P is a polynomial and

N
A, 1
F(2) = P <|f(2) = D ==+ > 1Al |Palz) = —
n=1 n n=1 n
€
< N < 2e.
SNy IS
Since € was arbitrary the result follows. m

Let us make a temporary definition.

Definition 11.16. Let K be a compact set in C. We write A(K) for the set
of points a ¢ K such that, given any € > 0, we can find a polynomial P with

forall z € K.
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A series of observations about A(K') brings the proof of Runge’s theorem
to a close.

Lemma 11.17. Let K be a compact set in C. Then there exists an R such
that |a| > R implies a € A(K).

Proof. Since K is compact, it is bounded and we can find an R > 0 such
that |z| < R/2 whenever z € K. The standard geometric series result shows
that if |o| > R

R SV B
a —ar a 1—(z/a) z—-«
uniformly for |z| < R/2 and so for z € K. O

Lemma 11.18. Let K be a compact set in C. If « € A(K) and |a — 5| <
d(a, K) then f € A(K).
Proof. Since a € A(K) we know that there exists a sequence of polynomials

P,, such that .

Zz—

P.(z) —

uniformly on K. Moreover, since (by compactness) z +— (z—a)~! is bounded
on K, the P, are uniformly bounded.
On the other hand,

I 1 _ -1 1-(8-a)
z—f z—a—-(f-a) z—-a« z—a
Since 5 5 |
— —
Z—a Sal(Oz,K)<1

for all z € K, we know that, given € > 0, there exists an N with
N .

S G G
z—p = (z —a)it!

for all z € K. By the first paragraph, we can find an M such that

<€/2

(8- ay b
for each 0 < j < N and so
1 N
e Z(ﬁ —a)Y Py(2)] <e
7=0
for all z € K. We have shown that § € A(K). O
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Lemma 11.19. Suppose that K is a compact set in C and C\ K is path
connected. Then A(K)=C\ K.

Proof. Let a € C\ K. By Lemma 11.17, A(K) is non-empty so we may
choose a b € A(K). Since C\ K is path connected we can find a continuous
v :10,1] — C\ K with v(0) = b, 7(1) = a. The continuous image of a
compact set is compact and y([0,1]) N K = & so (see Lemma 10.3) there
exists a > 0 such that |y(¢) — k| > d for all k € K and all t € [0, 1].

By uniform continuity, we can find an N such that

s =t S1/N = [y(t) —~(s)| < /2.
Writing x, = v(r/N), we see that g = b € A(K) and, applying Lemma 11.18,
.1 € N(K) = z, € A(K)
for 1 <r < N. Thus a = 2 € A(K) and we are done. O

Since Lemma 11.19 is equivalent to Lemma 11.15, this completes the
proof of our version of Runge’s theorem.

It is natural to ask if the condition of uniform convergence can be dropped
in Theorem 11.2. We can use Runge’s theorem to show that it can not.

Example 11.20. Let D = {z : |z| < 1} and define f: D — C by

f(reia) _ 7,3/2631'9/2

forr >0 and 0 < 0 < 27 (so that f is not even continuous). Then we can
find a sequence of polynomials P, such that P,(z) — f(2) as n — oo for all
zeD.

Proof. Let
Q,=C\{z:zeRax>2"}

Then €2, is open and the function g, given by
9n (27" + rexp(ib)) = %2 exp(3i6/2)

with » > 0, 27 > 6 > 0 is a well defined analytic function on £2,,.

IS}

H ]z
\{(
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then K, is compact and the function

fn(2) = gnlexp(27)2)

is analytic on an open set containing K,. Thus, by Runge’s theorem, we can
find a polynomial P, with

Palz) = fulz) < 27

for all z € K,,.
Now, if z € D, we can find an N such that z € K, for all n > N. Thus

|Pn(2) = fn(2)] = 0

as n — oo. Similarly f,,(2) — f(2) so P,(z) — f(z) for all z € D and we are
done. O

Thus the pointwise limit of analytic functions need not be analytic.

12 0Odd numbers

According to Von Neumann'® ‘In mathematics you don’t understand things.
You just get used to them.” The real line is one of the most extraordinary
objects in mathematics'!. A single apparently innocuous axiom (‘every in-
creasing bounded sequence has a limit’ or some equivalent formulation) calls
into being an indescribably complicated object.

We know from 1A that R is uncountable (a different proof of this fact
will be given later in Corollary 13.8). But, if we have a finite alphabet of
n symbols (including punctuation), then we can only describe at most n™
real numbers in phrases exactly m symbols long. Thus the collection of
describable real numbers is the countable union of finite (so countable) sets
so (quoting 1A again) countable! We find ourselves echoing Newton.

I do not know what I may appear to the world, but to myself I
seem to have been only like a boy playing on the sea-shore, and
diverting myself in now and then finding a smoother pebble or a
prettier shell than ordinary, whilst the great ocean of truth lay
all undiscovered before me. [Memoirs of the Life, Writings, and
Discoveries of Sir Isaac Newton Brewster (Volume I1. Ch. 27)]

19Dr Bloom suggests a a footnote in the 'The Dancing Wu Li Masters’ by Gary Zukav
as a source.

1T am being modest on behalf of analysis, I suspect the real line is the most extraordi-
nary object in mathematics.
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Let us look at some of the prettier shells.
Theorem 12.1. The number e is irrational.

Proof. This is probably familiar from 1A.
Suppose, if possible, that e = p/q with p and ¢ integers and ¢ > 2. Then

q
1
qle and ¢! E i
7!

r=0

are integers so

=1 1

il — —qgle = ¢! _

M=q' Y S=qe—q)
r=q+1 r=0

is an integer. But

O<M:q!§:%§ f:

r=q¢+1 r=q+1

1 1
g7 q 1

and there is no integer strictly between 0 and 1. Our assumption has led to
a contradiction so emust be irrational. O

Theorem 12.2. The number m is irrational.
Our proof of Theorem 12.2 depends on the following lemma.

Lemma 12.3. If we write f,(z) = 2™(m — x)" then

T n
/ fo(z)sinz dz = n! Zaﬂr]
0 =

with a; an integer.

Proof. Observe that

Thus

Hfo<r<n—-—1lor2n-+1<rand

F(0) = (n+ )] (n) e

r
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for 0 < r < n. By symmetry about 7/2,

fO (@) = (=17 f0).

Thus £ (0) and f)(7) always take the form of M x n! x 7% where M is an
integer and k is an integer with 0 < k£ < n.
Now integration by parts gives

/7r ™ (z) cos z dx = [f(m)(a:) sinx]g — /7r D () sin @ dae
0

0

:—/ D () sin @ da
0

and
/ ™ (z)sinz de = — [f(m)(x) cos x]g + / fUD (@) cos x da
0 0

= (f")(x) = f™(0)) + /07r FmHY(2) cos x de.

Thus integration by parts 2n + 1 times gives

/ f(z)sinz dx = nlU(m)
0
where U is a polynomial of degree at most n with integer coefficients. O

Proof of Theorem 12.2 from Lemma 12.3. Suppose that m = p/q with p and
q integers and ¢ > 1. It follows from Lemma 12.3 that

n

T AT SRR S
| j=0

J=0

But (by school calculus or completing the square or the AM-GM inequality)
x(m — x) takes its maximum when x = 7/2 so

0< fulz) < (w/2)"
and, since f,(z)sinx is strictly positive for 0 < z <,
0< / fo(x)sinz dr < / (7/2)%" dar = g2 +1o=2n,
0 0
Thus o 1
0< q_/ fo(2)sinwdr < =g Hi272ng" < 1
n! Jo nl

for n sufficiently large.
However there is no integer strictly between 0 and 1. Our assumption
has led to a contradiction. Thus 7 is irrational. ]
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Faced with a proof like that of Theorem 12.2 the reader may cry ‘How did
you think of looking at f,(x)?’ The first, though not very helpful, answer
is ‘I did not, I learnt it from someone else'?’. The second is that, even
admitting that we could not have thought of it in a thousand years, once we
are presented with the argument we can see a path (though not, I suspect, the
actual one) which it might have been thought of. We are all familiar with the
evaluation of [ 2™ sinx dx and the fact that this takes the form P(7) where
P is polynomial of degree at most n with integer coefficients. It follows that
if () is a polynomial of degree n with integer coefficients then fow Q(z)sinz dx
takes the form U(7) where u is polynomial of degree at most n with integer
coefficients. If 7 = p/q then ¢"U (7) is an integer. We now experiment, trying
to make [ Q(z)sina dx lie between 0 and 1 in the manner of our proof that
e was irrational.

For what it is worth, I think the restriction ‘candidates will not be required
to quote elaborate formula from memory’ ought to mean that the examiners
remind you of the formula for f,, in a question that requires it. However, it
is also my opinion that examiners, like umpires, are always right.

It may be worth remembering that, after 300 years we still do not know

if Euler’s constant
N
7= (Za—logN>

n=1
is irrational or not.
If we think of the rationals as ‘the best understood numbers’ then the
algebraic numbers can be thought of as ‘the next best understood numbers’.

Definition 12.4. We say that a real number « is algebraic if it is a zero of
a polynomial with integer coefficients. Real numbers which are not algebraic
are called transcendental.

Exercise 12.5. Show that a real number « is algebraic if and only if it is a
zero of a polynomaial with rational coefficients.

Proof. Only if is trivial since integers are rational numbers.
To see if, observe that, if a satisfies

N .
> 2t 0
=0 i
with p;, ¢; integers, ¢; # 0 for all j, py # 0, N > 1, then

N
ij Hqiozj =0.

J=0 i#j

12Professor Gowers in this case.
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Lemma 12.6. The algebraic numbers are countable.

Proof. This was done in 1A. There are only finitely many polynomials of the

form
N
e
E a;x
J=0

with n > N > 1, ay # 0 and all a; integers with |a;| < n. A polynomial has
only finitely many roots, so the set E, of roots of such polynomials is finite
so countable. Thus E = J 7, E, is the countable union of countable sets so
countable. But E is the set of algebraic numbers, so we are done. O]

Since the reals are uncountable, this shows that transcendental numbers
exist.

The argument just given (which you saw in 1A) is due to Cantor. It
is beautiful but non-constructive. It tells us that transcendental numbers
exist (indeed that uncountably many transcendental numbers exist) without
showing us any.

The first proof that transcendentals exist is due to Liouville. It is longer
but actually produces particular examples.

Theorem 12.7. [Liouville] Suppose « is an irrational root of the equation
A" + ap 1" 4 Fag =0

where a; € Z [0 < j <n],n>1 and a,, # 0. Then there is a constant ¢ > 0
(depending on the a;) such that

for all p, q € Z with q # 0

Proof. Let
P(z) = apa™ + ap_12™ " + - + ao.

Since a polynomial has only finitely many roots, we can find an R > 1 such
that all the roots of P lie in [-R + 1, R — 1]. If we take 0 < ¢ < 1, the
required result will be automatic for p/q ¢ [—R, R].

Now P’ is continuous, so, by compactness, there exists an M > 1 such
that |P'(t)] < M for t € [-R, R]. (We could also prove this directly.) If « is
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an irrational root, p, ¢ € Z with ¢ # 0, p/q € [—R, R] and P(p/q) # 0, then
the mean value theorem yields

p
P(a) - P(p/q)| < M |a - 5‘
so, since P(a) = 0,
p
P(p/)| < M |a - 5‘.

Now ¢"P(p/q) is a non-zero integer, so |¢"P(p/q)| > 1 and

q_n S M a_£‘7
q
that is to say
Mg <|a-— ]—?‘
q

Since there are only a finite number of roots and so only a finite number
of irrational roots, we know that there is a ¢ > 0 such that

whenever « is an irrational root, p, ¢ € Z with ¢ # 0 and P(p/q) = 0.
Taking ¢ = min{M ', ¢, 1}, we have the required result. O

We say that ‘irrational algebraic numbers are not well approximated by
rationals’.

Theorem 12.8. The number

=1
2 1o

Jj=0
1s transcendental.

Proof. Let
= 1
L= —

We observe that L is irrational since its decimal expansion is not recurring.

If ¢,, = 10™" and
Z’” 1
pm = Qm — 10””
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then p,, and g, are integers with g, # 0.
We observe that

o o

1 1
- Z 10]' = 1() (m+1)! Z 107 0(m+1)

j=m+1 7=0

-z
am

and, given any ¢ > 0 and any integer n > 1, we can find an m such that

B <
Thus Theorem 12.7 tells us that L is transcendental. O]
Exercise 12.9. By considering
>
10"

i
o

with b; € {1, 2}, give another proof that the set of transcendental numbers is
uncountable.

Solution. Essentially the same argument as for Theorem 12.8 tells us that

>
n!
“—~ 10
with b; € {1, 2} is transcendental.
The map
6:{0,1}" =R
given by

9¢
-2 5

is injective and its image (as we have just seen) consists of transcendental
numbers. Since, as we saw in 1A, the set {0,1}" is uncountable and 6 is
injective, O(N) is uncountable and we are done. O

As might be expected, it turned out to be very hard to show that particu-
lar numbers are transcendental. Hermite proved that e is transcendental and
Lindemann adapted Hermite’s method to show that 7 is transcendental (and
so the circle can not be squared). Alan Baker contributed greatly to this field,
and his book Transcendental number theory [2] contains accessible!® proofs
of the transcendence of e and .

3Byt miraculous.
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13 The Baire category theorem

The following theorem turns out to be much more useful than its somewhat
abstract formulation makes it appear.

Theorem 13.1. [The Baire category theorem] If (X, d) is a complete
non-empty metric space and Uy, Us, ...are open sets whose complements
have empty interior, then

U, # 2.
j=1

Proof. We construct z; € X and 9; > 0 inductively as follows. Choose any
zo € X and set §p = 1.

Suppose that z; and 0; have been found. Since X \ U,;; has empty
interior, we can find an z;41 € U4y with d(zj1q,2;) < §;/4. Since Ujyq is
open we can find a 5j+1 > 0 with (5]'_,_1 < (5]/4 such that B(ij+1, 5j+1) - Uj+1'

By induction, d;,; < 47%4; for j,k > 0, so, if m >n >0,

m—n—1
d(xnuxm) S Z d($n+mxn+r+1)
r=0
m—n—1 m—n—1

S Z 5n+r/4 S Z 5n4_r_1 S 571/2’
r=0 r=0

so the sequence x,, is Cauchy and so converges to some point a.
We observe that

d(xn,a) < d(xp, Tm) + d(Tm,a) < 0,/2 4+ d(xm, a) — 0,/2
as m — oo. Thus
d(xn,a) < d(xp, Tm) + d(Tm,a) < 0,/2 4+ d(xm, a) — 0,/2

as m — oo. Thus

for all 7 > 1 and

The result is proved O

Taking complements gives the following equivalent form.
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Theorem 13.2. If (X, d) is a complete non-empty metric space and Fy, Fy,
...are closed sets with empty interior, then

Ur#Xx
j=1

Proof of the equivalence of Theorems 13.1 and 13.2. Set F; = X \ Uj. O
I think of Baire’s theorem in yet another equivalent form.

Theorem 13.3. Let (X, d) be a non-empty complete metric space. Suppose
that P; is a property such that:-

(1) The property of being P; is stable in the sense that, given x € X
which has property P;, we can find an € > 0 such that whenever d(x,y) < €
the point y has the property P;.

(i) The property of not being P; is unstable in the sense that, given
x € X and € > 0, we can find a y € X with d(x,y) < € which has the
property P;.

Then there is an xo € X which has all of the of the properties Py, P,

Proof of the equivalence of Theorems 13.1 and 13.3. Let x have the property
P; if and only if x ¢ U;. O

Baire’s theorem has given rise to the following standard definitions!4.

Definition 13.4. A set in a metric space is said to be nowhere dense if its
closure has empty interior. A set in a metric space is said to be of first
category if it is a subset of a countable union of nowhere dense closed sets.
Any set which is not of first category is said to be of second category.

Your lecturer will try never to use the words second category but always
to talk about ‘not first category’. If all points outside a set of first category
have a property P, I shall say that quasi-all points have property P.

Two key facts about first countable sets are stated in the next lemma.

Lemma 13.5. (i) If (X,d) is a non-empty complete metric space and E is
a subset of first category, then E # X.
(ii) The countable union of sets of first category is of first category.

Proof. (i) This is just a restatement of Theorem 13.2.
(ii) The countable union of countable sets is countable. O

4Your lecturer thinks that, whilst the concepts defined are very useful, the nomenclature
is particularly unfortunate.
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We need one more definition.

Definition 13.6. (i) If (X,d) is a metric space, we say that a point x € X
is isolated if we can find a 6 > 0 such that B(x,0) = {x}.

(i1) If (X,d) is a metric space, we say that a subset E of X contains no
isolated points if, whenever x € E and § > 0, we have B(x,6) N E # {z}.

Theorem 13.7. A non-empty complete metric space without isolated points
15 uncountable.

Proof. Suppose that (F,d) is a non-empty countable complete space with
no isolated points. Then each {e} with e € E is closed (since singletons are
always closed in metric spaces). However, since e not isolated, B(x,d) € {e}
for all § > 0, so {e} is not open and {e} has empty interior. Thus E
is the countable union of closed sets {e} with empty interior contradicting
Theorem 13.2. The required result follows by reductio ad absurdum. O]

Corollary 13.8. The real numbers are uncountable.

Proof. Observe that R with the usual metric is complete without isolated
points. Theorem 13.7 now tells us that R is uncountable. O

The proof we have given here is much closer to Cantor’s original proof
than that given in 1A. It avoids the use of extraneous concepts like decimal
representation.

Banach was a master of using the Baire category theorem. Here is one of
his results.

Theorem 13.9. Consider C([0, 1]) with the uniform norm. The set of any-
where differentiable functions is a set of the first category. Thus continuous
nowhere differentiable functions exist.

Proof. Banach’s clever idea is to consider the set FE,, consisting of all those
f € C([0,1]) such that there exists an x € [0, 1] with the property

|f(z) = f(y)] < ml|z -y

for all y € [0, 1]. Our proof falls into several parts.

(a) We show that, if f is differentiable at some point x € [0, 1], then there
exists a positive integer m such that f € E,,. It will then follow that any
g € C([0,1])\ U,-_, E\, is nowhere differentiable.

To this end, suppose that f is differentiable at . We can find an € > 0

such that
flx+h)— [(z)
h

- fiz)| <1
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for all 0 < |h| < €, when x + h € [0,1]. Thus

[z +h) = f(@)] < (IF (@) + 1A

for all 0 < |h| < € when x + h € [0,1]. We thus have

[f () = f)] < (If' (@) + D]z =yl

for all y € [0, 1] such that |y — x| < e. If we choose m with m > |f'(z)| + 1
and m > Ke !, we will have f € E,,.
(b) We now show that E,, is closed.
Suppose that f,, € E,, and ||f, — f|leoc — 0. By definition, there exists an
€ [0, 1] with the property

| fo(n) = f(y)| < mlz, -y

for all y € [0,1]. By the Bolzano—Weierstrass property, we can find z € [0, 1]
and n(r) — oo such that z,,) = = as r — oo.
Let y € [0,1]. We have

[f(2) = fF)l < |f(2) = flan )!+|f(l'n(r>) S (@)
+!fnr(9cm)) Fary W]+ Lo () = ()]
< 2f = fawllse + 1 (@) = f(Zni)] + mlzn@) =yl
— 0+ 0+ mlz —y| =mlz —yl.

Since y was arbitrary, f € E,,.

(c) Next we show that E,, has a dense complement.

Suppose that f € C([0,1]) and € > 0. By Weierstrass’s theorem on
polynomial approximation (see Theorem 7.9), we can find a polynomial P
such that

If = Pllee < ¢/3.

Since P is continuously differentiable, there is a K such that |P'(t)| < K for
all t € [0, 1]. By the mean value theorem, it follows that

|P(x) = P(y)| < Klx —y|

for all z, y € [0, 1].
Let g(t) = P(t) + (¢/3) cos2r Nt. Automatically,

g — flloo S NIf = Plloc +€/3 < 2€¢/3 <e.

We claim that, provided only that N is large enough, g ¢ E,,.
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To see this choose r an integer with 0 < r < N — 1 such that 0 <
x—7r/N <1/N. We have

max{|g(r/N) — g(z)],[g((r + 1)/N) — g(2)}
> l9(/N) = g@)| + |9((r + )/N) — g(=)

2
2 lg(r/N) = g((r + 1)/N)|
= 2
S 2¢/3 = |P(r/N) = P((r + 1)/N)|

- 2
>¢€/3—K/N >¢€/6>4m/N.

Thus at least one of the statements
lg(r/N) — g(x)| > m|r/n — x| or [g((r +1)/N) — g(z)| > m|(r +1)/n — x|

is true for N sufficiently large (with N not depending on the choice of x).
(d) Thus |J.°_, E,, is a set of first category and we are done. O

Here is another corollary of Theorem 13.7.

Corollary 13.10. A non-empty closed subset of R without isolated points is
uncountable.

Proof. Observe that a closed subset of a complete metric space is complete
under the inherited metric and that R is complete under the standard metric.
m

Do there exist nowhere dense closed subsets of R with no isolated points!®?
We shall answer this question by applying Baire’s theorem in the context of
the Hausdorff metric.

Lemma 13.11. Consider the space KC of non-empty compact subsets of [0, 1]
with the Hausdorff metric p. Let & be the collection of compact sets E such
that there exists an x € E with B(z,1/k) N E = {z}.

(i) The set & is closed in the Hausdorff metric.

(ii) The set & is nowhere dense in the Hausdorff metric.

(iii) The set € of compact sets with an isolated point is of first category
with respect to the Hausdorff metric.

15Quch sets are called perfect. If they make pretty pictures they are called fractals. You
do not have to remember either name.
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Proof. (i) Suppose that E, € & and F,, — E in the Hausdorff metric. By
definition we can find z, € E, with B(z,,1/k) N E = {z,}. By Bolzano-
Weierstrass, we can find n(j) — oo and = € [0, 1] such that |z,(j) — 2| — 0.
We observe that x € E.

Suppose, if possible, that B(x,1/k)NE # {x}. Then we can finday € F
such that |z —y| < 1/k. Set § = (1/k — |z — y|)/2. Since E, — E and
n(j) — oo, we can find a J such that the Hausdorff distance p(£, s, E) < ¢
and so there exists a y’ € E, () with |y —y| < 0 and so with |z, —y'| < 1/k,
contrary to our hypothesis.

Thus E € &, and &, is closed.

(ii) Let G € K and let € > 0. Choose an integer N > 5(e ™' + k +1). Let

F={r/N :|r/N—zx| <4/N for some z € G}.
By construction,
o(G,F)=supd(y,F) <1/N and o(F,G) =supd(y,G) < 4/N
yeG YEF
SO
p(G,F)=0(G,F)+o(F,G) <5/N < e
But, if y € G, then either y+1/N or y — 1/N (or both) lies in G, so G ¢ &;.
(iii) Observe that & = U2 | &. O
Lemma 13.12. Consider the space K of non-empty compact subsets of [0, 1]
with the Hausdorff metric p. Let Fj, be the collection of compact sets F' such
that F D [j/k,(j +1)/k] is closed and nowhere dense [0 < j <k, 1 <k].
(1) The set F is closed in the Hausdorff metric.

(1t) The set F is nowhere dense in the Hausdorff metric.
(ii) The set F of compact sets with non-empty interior is of first category.

Lemma 13.12. (i) Suppose that F,, € F,; and F,, — F in the Hausdorff
metric. By definition, F, D [j/k, (7 +1)/k], so F D [j/k,(j + 1)/k].

Thus Fj . is closed

(ii) Let G € K and let € > 0. Choose an integer N > 2¢~! + 1. Let

E={r/N :|r/N —z| <1/N for some x € G}.
By construction,

o(G,E)=supd(y,E) <1/N and o(FE,G) =supd(y,G) < 1/N

yeG yeE

SO

p(G,E)=0(G,E)+0o(E,G) <2/N <e¢
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but £ ¢ -F‘j,k-
(iii) Observe that F = (J;, U?:o Fjk, so F is the countable union of
closed nowhere dense sets. O

Theorem 13.13. The set C of non-empty compact sets with empty interior
and no isolated points is the complement of a set of first category in the space
K of non-empty compact subsets of [0, 1] with the Hausdorff metric p.

Proof. With the notation of Lemmas 13.11 and 13.12,
K\C=EULF.

Since the union of two first category sets is of first category, I\ C is of the
first category. O

Since K with the Hausdorff metric is complete it follows that non-empty
compact sets with empty interior and no isolated points exist.

The following example provides a background to our next use of Baire
category.

Exercise 13.14. (i) Show that we can find continuous functions g, : [0,1] —
R such that g,(x) — 0 for each x € [0,1] but

sup g,(t) — oo
te(0,1]

as n — oo.
[Hint: Witch’s hat.]

(ii) Show that we can find continuous functions f, : [0,1] = R such that
fa(x) = 0 for each x € [0,1] but

sup falt) = o0
te[2—r—1,2-7]

as n — oo for each integer r > 0.

Solution. (i) (This may be familiar from 1B.) Set

22y ifo<ax<2
gn(z) =922 —z) if2" 1<z <2™
0 otherwise.

If x # 0, then x > 27 for some m and so g,(z) = 0 for n > m. Since
gn(0) = 0 for all n, we have g,(z) — 0 as n — oo for all .
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However,
sup go(t) = g(27"7) = 2" = o0

te(0,1]
as n — 0.
(ii) Extend g, to a function on R by setting ¢, (t) = 0 for t ¢ [0,1]. Set
fut) = 3272127790 (2(t — 277)) and use (i). O

In spite of the previous example we have the following remarkable theo-
rem.

Theorem 13.15. Suppose that we have a sequence of continuous functions
fn 2 10,1] = R such that f,(z) — 0 for each x € [0,1] as n — co. Then we
can find a non-empty interval (a,b) C [0,1] and an M > 0 such that

[fn()] < M
for allt € (a,b) and alln > 1.

Proof. Observe that

Enm =A{z : |fa(z)] <m} = f, ([=m,m])

is closed (since f,, is continuous), so
oo
Em = ﬂ En,m
n=1

is.

If we fix x € [0,1] for the moment, we know that f,(z) — 0 as n — 0.
In particular, we can find an N(z) such that |f,(x)| < 1 for all n > N(z).
Thus

(o)) < max{l, | maxe|£,(2)]}

and so x € Ep,(,) for some integer m(x).
The previous paragraph shows that

[e o]

[Oa 1] = U Em>

but Baire’s category theorem tells us that [0,1] cannot be the countable
union of closed sets with empty interior. Thus there must exist an M such

that Fj; has non-empty interior, so Ey; O (a, b) for some non-empty interval
(a,b). O

A slightly stronger version of the result is given as Exercise 20.11.
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14 Continued fractions

We are used to writing real numbers as decimals, but there are other ways
of specifying real numbers which may be more convenient. The oldest of
these is the method of continued fractions. Suppose that x is irrational and
1 > 2 > 0. We know that there is a strictly positive integer N(x) such that

1 S 1
N(z) — N(z)+1

SO we can write .

N(z)+T(z)
where T'(z) is irrational and 1 > T'(z) > 0. We can do the same things to
T'(x) as we did to x, obtaining

xr =

1
N(T(z)) +T(T(x))

T(x) =

and so, using the standard notation for composition of functions,

1

1
NT(z)+T?(x)

N(x)+

The reader!® will have no difficulty in proceeding to the next step and ob-
taining

and so on indefinitely. We call

N(x)+

NT(z) + !

1

N2+ N+

the continued fraction expansion of x. [Note that, for the moment, this is
simply a pretty way of writing the infinite sequence N(z), NT(x), NT?(z),

16 A5 opposed to typesetters; this sort of thing turned their hair prematurely grey.
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.... In the next section we shall show first that the continued fraction can

be asigned a numerical meaning and then that the asigned meaning is, as we
might hope, x.]

If y is a general irrational number, we call

1

NT(z) +

1

NT*@) + ST o

the continued fraction expansion of y.
We can do the same thing if y is rational, but we must allow for the

possibility that the process does not continue indefinitely. It is instructive to
carry out the process in a particular case.

Exercise 14.1. Carry out the process outlined above for 100/37. Carry out
the process for the rational of your choice.

Solution.
100 26
37 37
57,1
26 26
0y, 1
T
10t
214l
3 3
Thus
W,y !
37 1
1+ 1
2+ 1
24—
1+§
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Once we have done a couple of examples it is clear that we are simply
echoing Euclid’s algorithm!7.

Lemma 14.2. (i) Suppose that 0 < x < 1, x = a1 /ag with a; and ag coprime
strictly positive integers and ag > 2. Then

1

Tr =
a
k1 + i
ay
with
ag = k1a1 + as

for some positive integer ki. Thus the pair ai,as is obtained from (ag,a1) by
applying one step of the Euclidean algorithm.

(i1) If we use the notation of (i) a1 and ay are coprime strictly positive
integers with 0 < as/a; < 1.

(1) If y is a rational number, its continued fraction expansion (obtained
by the method described above) terminates.

Lemma 14.2. (i) This is immediate.

(ii) This is a result from 1A. (The highest common factor of each pair in
the Euclidean algorithm is the same.)

(iii) We saw in 1A that the Euclidean algorithm terminates. (Or we could
repeat the 1A proof by observing that the elements of the pairs are strictly
decreasing.) O

Exercise 14.3. Show that v/2 has continued fraction expansion

1
1+

2+

2+
2+

1
2+ ...

Deduce that /2 is irrational.

Solution. We know that 1 < v/2 < 2, SO

V2=1+a

7T think historians would reverse the order and say that continued fractions gave rise
to Euclid’s algorithm
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with0<a=+v2-1<1.

Now
1 1

a V2-1
so N(a) =2 and T(a) = 2+a. Thus v/2 has the non-terminating continued
fraction

=V2+1=2+a

1

1+
2+

2+
2+

1

2+ ...
and cannot be rational. O

If we look at a random variable with the uniform distribution on [0, 1]
then the successive terms in the decimal expansion of X will be independent
and will take the value j with probability 1/10 [0 < j < 9].

Exercise 14.4. (This easy exercise formalises the remark just made.) If
x €[0,1) let us write Dx = 10z — [10z] (in other words, Dz is the fractional
part of 10x) and Nz = [10x]). Show that

r=10""(Dx + Nz) = 10Nz + 10 2NDx + 10 *D*z = ...

and write down the next term in the chain of equalities explicitly.
If X is a random variable with uniform distribution on [0, 1] show that
NX, NDX, ND?X, ... are independent and

Pr(NDFX = j)=1/10
for 0 <5 <09.
Solution. We have
Dz = 10x — [10z] = 10z — Nz

SO
r=10"Y(Dz + Nz).
Since Dz € [0,1), we have
r=10""(Dz 4+ Nz) = 107" (10" (D(Dz) + N(Dz)) + Nz)
=10"'Nz + 102N Dx + 10 *D*x
=10"'N2 +102NDz + 10 °ND?*z + 10°D’x
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We have

Pr(ND'X =k, for 1 <r <n)

=Pr <i k1077 < X <1077 + i kr10T> =107,

r=1 r=1

SO
Pr(ND*X = j) =1/10

for 0 < j <9 and

Pr(ND'X =k, for 1 <r<n}=10"=[[Pr(ND'X = k),

r=1
showing that NX, NDX, ND?X, ... are independent O]
Gauss made the following observation.

Lemma 14.5. Suppose that X is a random variable on [0,1) with density

function
1 1
Jx) = (10g2) 1+

Then T'X s a random variable with the same density function.
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Proof. Observe that

Pr(TX < a) =Pr(n < X' <n+ a for some integer n > 1)
=Pr ((n +a)' < X <n! for some integer n > 1)

Pr ((n—i—a)_lSXg _1)

/(nJra) 1 1—|—l‘

[log 1—|—;U:|

I
— ||M8 HM8 ||M8

(n+a)—1

" log2 (10g(1+n ") —log(1+ (n+a)™))

((log(n+ 1) — logn)) — (log(l +n+a)—log(n+ a)))

hm (log(N + 1) —log(1 + N + a) + log(1 + a))

N+1 )

log 2

_ log(1+a) = Pr(X < a)
log 2 -7

]

Corollary 14.6. Suppose that X is a random variable on [0, 1] with density

function
1 1
fx) = (logQ) 1+

IR 1 |+ 1)
Pr(NT™X = j) = / de_ _ 10g<(,‘7,+ ) >

log2 Ji/jiy L +x  log2 j(7+2)

Then
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Proof. By Lemma 14.5,

Pr(NT™X = j) = Pr(NX = j)

1 G+t g
= / dx
log 2 1+z

j_l
1 it
=——I|lo 1+SE}
log2[ & ) (j+1)-1
1 1 J+2
=——(log(j+2)—1log(j +1)) = ——log ——.
1Og2(0g(.7+) og(j +1)) g2 8T

[]

With a little extra work (which we shall not do) we can show that, if
X has the density suggested by Gauss, then NX, NTX, NT?X, ...are
independent random variables all with the same probability distribution. It
is also not hard to guess, and not very hard to prove, that if Y is uniformly
distributed on [0, 1], then

. 1 (j+1)?
Pr(NT™Y = — 1 ~ 7~ ],
i 77 foga 108 (j(j+2>

as m — 0o, but we shall not take the matter further.

15 Continued fractions (continued)

In the previous section we showed how to compute the continued fraction
associated with a real number x, but we did not really consider what exact
meaning was to be assigned to the result. In this section we show that
continued fractions really do what we might hope they do.

Definition 15.1. If a1, as, ...1is a sequence of strictly positive integers and
ag 1S a positive integer we call

a0+
ay +

the associated continued fraction.
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Lemma 15.2. (i) We use the notation of Definition 15.1. If we take
Tn = Qp, Sp =1
and define rj, and si in terms of ryy 1 and Sgiq
()= (o) ()
Sk 1 0 Sg+1/)

then

(i1) If we set

then

1
Ap—1 + —
an,

Proof. (i) We use backwards induction on k. Since

T'n
— = a,
Sn

the result is true for k = n.
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Suppose the result is true for m + 1 with 0 < m < n — 1. Then, by

definition,
T'm o Qm 1 Tm+1 o AmTm+1 + Sm+1
Sm N 1 0 Sm+1 N T'm+1 ’

and, by the inductive hypothesis,

N 1
Am
1
Am41 =+ 1
Q42 =+ 1
am4-3 + 1
Am+4 +
1
Ap-1 + —
Qn,
1
Tm+1/Sm+1
=a,, + Sm+1
T'm+1
o AmTm+1 + Sm+1 o T_m
T'm+1 Sm '
The required result now follows.
(ii) Apply (i) repeatedly. O

We now read everything off in the opposite direction

Lemma 15.3. (i) If we set
P\ _ (a0 1 a; 1 ap—1 1 an
/) \1 0 1 0/ 1 0 1/’

n 1
p—:a0+
an 1

then
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(ii) Further

Pn Pn-1) _ [Qo 1 a; 1 [ On— 1 a, 1
Gn Gn1) \1 0 1 0 1 0)\1 0)°
Lemma 15.5. (i) This is just a restatement of Lemma 15.2 (ii).
(ii) We have

()= (o) (5 0) (o) ()
()= () )

The pay-off for our work in recasting matters in matricial form comes in
the next theorem.

and

]

Theorem 15.4. Choose p; and g; as in Lemma 15.5.
(i) Prar—1 — GPr—1 = (=1 for all k.
(it) qx = arQr—1 + Qu—2 and py = agpr—1 + Pr—2 for all k > 2.
(11i) pr and qi are coprime for all k.

(iv) We have

2k 2k—2 2k—1 2k+1
P2k _ P P2k-1 _ Pok+

b
q2k Q2k—2  G2k—1 q2k+1

and
1

qk9k+1 '

Pk Pk+1
qk k+1

(v) Suppose a; is a sequence of strictly positive integers for j > 1 and ag
1s a positive integer. Then there exists an o € R such that

P,
Gn
Further .
P _ al < .
dn qndn+1
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Proof. (i) Using Lemma 15.3 (ii), we have

Pr—1
— = det
Prqk—1 — QkPk—1 (q Qk—l)

(o) (3 0) (5 o)
_ (,f é)det(af é)...det(af g)

o

(i) Either use the matricial formula

Pk Pr—1\ _ (Pk—1 DPe—2) (ar 1
Ak Qr—1 Q-1 Qr—2 1 0

or direct computation.

(iii) Follows from the formula of (i).

(iv) By (ii) (or direct observation), the g form a strictly increasing se-
quence of strictly positive integers. Thus the ¢;_1q; form a strictly increasing
sequence of strictly positive integers.

The formula of (i) gives

Pk Pr-1 1 k+1 1

Tk Qo Q-1
so the remark of the previous paragraph shows that

Pr  Pk-1
@ G
is an alternating sequence with decreasing magnitude. Thus
p_ Pog— 2 Pak—1 p2k+1

q2k q2k— 2 q2k—1 Q2k+1

We also have

e Pea| 1
k. k-1 Gk4r—1
(v) A decreasing sequence bounded below tends to a limit, so

— 0.

P2k+1

—
q2k+1
as k — oo for some «. Since
k k—1
Pe _Pet) g
qk qrk—1
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this tells us that

2k
LELRENA

Q2%
as k — oo. Thus

and » »
2k-+1 2k
s o> 2

q2k+1 q2k

Naturally we call o the value of the associated continued fraction.

Exercise 15.5. Suppose we have an irrational x € (0,1] and we form a
continued fraction (with ag =0)

s the manner of Section 14. Show that

2k 2k—1
e

q2k q2k—1

for all k and deduce that x = o where a is the value of the associated con-
tinued fraction.

Solution. Observe that if a > 0

1

s>t>0=> > .
a+t a+s

Thus (using a formal induction if more details are required)

2k 2k—1
e

42k q2k—1 '

We know from Theorem 15.4 (v) that

P,

an

SO o = . L]
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Theorem 15.6. Continuing with the ideas and notation of Theorem 15.4,
Pn/qn 18 closer to a than any other fraction with denominator no larger than
Gn- In other words,

Pn
— -« - —«
an q

whenever p and q are integers with 1 < q < q,.

<

’ p

Proof. Observe that if ¢ and u are positive integers with ¢ < ¢, then

E __pn+1
q qn+1

1
>
qdqn+1

)

with equality only if ¢ = ¢, and, in this case, only if u = p,. Thus p, /g, is
the closest fraction of the form w/q (with ¢ < ¢,) t0 ppi1/gni1- But « lies
between p,, /¢, and p,11/qni1, SO Prn/qn is also the closest fraction of the form
u/q (with ¢ < ¢,) to a. O

Theorem 15.7. If x is irrational, we can find u, and v, integers with v, —
oo such that

v’

Un ol

U, ‘ 1

Proof. We may assume that 0 < x < 1 without loss of generality. Using the
notation of this section we observe that z lies between p,,/q, and p,i1/¢ni1
SO

1 1

Pn Pny1| _ 1
qndn+1 qg

an Gn+1

Bl <

]

This result should be compared with Theorem 12.7. We give another
proof of Theorem 15.7 in Exercise 21.5. We give a slight improvement in
Exercise 21.9.

Exercise 15.8. Which earlier result tells us that, if o is the irrational root
of a quadratic with integer coefficients, then there exists a C' (depending on

«) such that

U C
2ol

v v?
whenever u and v are integers with v > 17

Solution. Theorem 12.7 with n = 2. O
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We can treat ‘terminating continued fractions’ and rationals in the same
way.

Speaking rather vaguely, we see that the occurrence of large a;’s in a
continued fraction expansion gives rise to large ¢,,’s and associated good
approximations. It is reasonable to look at the most extreme opposite case.

Exercise 15.9. (i) Show that, if we write

1
o= ,
1+ !
1+ !
1+ !
14..
then
—1++5
o= —.

2

(i1) Show that, if we form p, and g, in the usual way for the continued
fraction above, then p, = F,, q, = F,11 where F,, is the mth Fibonacci
number given by Fy =0, F1 =1 and

Fm+1:Fm+mel'

(#i) Show that
FrnFyy — F2 = (—1)".

Solution. (i) Observe that

1
g =
1+0
so that
o’ +o—-1=0
and
—1++5
c=—".
2
Since o > 0, we must have
—1++5
o= —

2

(ii) By Theorem 15.4 (iii), ¢x = arqe—1 + qr—2 and pr = axPr—1 + Pr—2
with a;, = 1. Thus

Gk = Qr—1 + Qr—2 and py = pp—1 + Pr—2.
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Now qo =1=F1, 1 = 1= Fy, po = 0= Fy, pp = 1= F1, so by an inductive
argument (or general knowledge of recurrence relations),
Gn = F1q and p, = F,,.
(iii) By Theorem 15.4 (i),

Fn+1Fn—1 - FT% - _(pn—IQn - Qn—lpn) = (_1>n+1'

]

Exercise 15.10. Use the continued fraction expansion of o and Theorem 15.6

to show that there exists an m > 0 such that
P m

> -
‘ 7

- —0
q

whenever p and q are integers with ¢ > 1.
Ezercise 21.10 gives a more general version of this idea.

Solution. By Theorem 15.6 F,,/F, 1 is closer to o than any other fraction
with denominator no larger than F,, ;. Thus

Fn F'n, 1 FTL F’I’L
ez el 2 s (el R )
q Fiia Foto 2 \|Fnt1 Fota

1| B, Fua| 1
2 Fn+1 Fn+2 2Fn+1Fn+2

whenever ¢ < F}, and so whenever F,,_; < ¢q < F,,.
Now F,. < 2F,_q so

D 1 1 1
- —o| > > >
q - 2Fn+1Fn+2 - 64F3_1 - 64q2
whenever F,_; < q < F,, for all n > 2 and the result follows. O

Exercise 15.11. In one of Lewis Carroll’s favourite puzzles an 8 X 8 square
is reassembled to form a 13 X 5 rectangle as shown in Figure 1.

What is the connection with Ezxercise 15.9¢ Can you design the next
puzzle in the sequence?

Solution. Observe that Fy5 = 5, Fg = 8, F; = 13 so the difference in areas is
1 so we only need to hide one unit of area.
Identify the Fibonacci numbers in the diagram and generalise. O]

Hardy and Wright’s An Introduction to the Theory of Numbers [5] con-
tains a chapter on approximation by rationals in which they show, among
other things, that o is indeed particularly resistant to being so approximated
by rationals. If I was asked to nominate a book to be taken away by some
one leaving professional mathematics, but wishing to keep up an interest in
the subject, this book would be my first choice.
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Figure 1: Carroll’s puzzle

16 A nice formula (not lectured in 2020/2021)

This section is non-examinable and will not be lectured on this year.

The notion of a continued fraction can be extended in many ways.

We are used to the idea of approximating functions f by polynomials P.
Sometimes it may be more useful to approximate f by a rational function
P/Q where P and @ are polynomials. If we approximate by polynomials we
are led to look at Taylor series. If we approximate by rational functions it
might be worth looking at some generalisation of continued fractions.

Here is a very pretty formula along these lines.

tanx = 3

The following theorem of Lambert makes the statement precise.
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Theorem 16.1. If we write

2n — 3 —

2n —1
then R,(z) — tanz as n — oo for all real x with |z| < 1.
In order to attack this we start by generalising an earlier result

Exercise 16.2. Suppose that a; and b; [j = 0,1,2,...] are chosen so that
we never divide by zero (for example all strictly positive). Show that if

Pn bnpn—l ) bO aq bl Qp bn

" b
qn bl
ai +

then

by
as +

as +

Show that
Pn = ApPp-1 + bn—lpn—2
Gn = AnQn-1 + bn—lQn—Q-

Solution. (i) The proof follows the lines of that of Lemma 15.2.
Observe that, if s, r # 0,

()= G a) ()= ("")

and




Thus, by induction, if
Pn\ _ [ Qo bo a; b Ap-1 bp_1 Qp
/) \1 0 1 0/ 1 0 1)/’

n b
p—:CLO+ 0
qn bl

ai +
1 by

b

then

CL2‘|‘

as +
3 by

CL4+

Observe that
ap bo\ (a1 b Ap—1 bp_1\ (1
1 0 1 0)/)° " 1 0 0
— ap bO An—2 bn—2 Ap—1 _ n—1
1 o) L1 o0 1 Gt

Pn bnpn—l [ Qo bO a1 bl ap, bn

We deduce that

n bnpn—l — Pn—1 bn—lpn—? ap bn
dn ann—l qn—1 bn—lqn_Q 1 0 ’

Looking at the first column gives

and thus

DPn = QpPn—1 + bn—lpn—27
Gn = QpQp-1 + banQTL727

as required. O

We now use the following result which is clearly related to the manipula-
tions used in Lemma 12.3.
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Lemma 16.3. Let us write

B 1
- onpl

Sn(z)

/ (2 — t*)" cost dt.
0

Then S,(x) = q,(z) sinz — p,(z) cosx where p,, and g, satisfy the recur-
rence relations

pu(z) = (2n — 1)py_1(z) — 2’pu_s(x),
qn<x) = (2n - 1)qn71(x) - $2qn,2($)

forn >2 and po(z) =0, q(x) =1, pi(z) =z, q1(z) = 1.

Proof. We have
So(x) = / costdt =sinz,
0

so po(z) =0, go(x) = 1. Integration by parts gives

Si(x) = %/0 (z* — t*) cost dt

1 x x x
= {—(xQ—tQ)sint} +/ tsintdt:/ tsint dt
2 0 0 0

xr
= [—tcost]g—l—/ tcostdt = —x cosz + sinx
0

so pi(z) =, ¢ (z) = 1.
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If n > 2, a similar repeated integration by parts gives

_ 1 ’ 2 2\n
Sp(x) = 2”77,!/0 (x* —t*)" costdt
_ 1 (1,2 _ t2)n sint ’ + ; xt(xQ _ t2>n—1 sint dt
[ 2nn! 2n=1(p —1)!
0 0
1 xX
=—— [ t(a® )" sintdt
=T /0 (x )" sin
1 2 42\n—1 x

= m [-t(l’ —t ) COSt:|O

1 xX

+ m/o (2% = 3" = 2(n — 1)t*(2® — t*)" ") cost dt
1 Y a avn-2
1 v .
= Snfl(di) + m/ﬂ ((LU2 — t2)t2<$2 — t2) 2) costdt
- x2/ (2? —t*)" 2 costdt
0
= (2n —1)S,_1(z) — 225, _o(x).
Thus
pn(x) = (277/ - 1)pn71(x) - x2pn72(x)7
() = (20 = 1)gy 1 (2) — 2% o(2)
and we are done. O

Theorem 16.1. Since
Sp() = gn(x) sinz — p,(x) cosz,
rearrangement gives

Pn() Sn()
qn() * qn(x) cosx

tanx =

so we need to show that
Sh(x)
— 0.
qn(x) cos

It is easy to see that

1Sy (z)] < /0 (z% — t*)" cost dt

21|

< siplellal™ =0

21
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as n — oo for all x.
We shall show that if |x| < 1 then g,(x) — co. (Actually it can be shown
that |g,(x)| — oo for all z.) Observe that

gn(z) = (2n — 1)gn-1 () — xQQn—2(x)

so, if x| <1,

qn(z) = (2n = 1)gn1(2) — qn—2(7) > 3¢n—1(x) — Gn—2()

for n > 2. Since go(z) = q1(z) = 1 we have ¢2(x) > 2 and a simple induction
gives gu(x) > 2" forn > 1 and |z| < 1.

Notice the rapidity of convergence of the continued fraction in this case.

]

The results of this section and other interesting topics are discussed in a
book [3] which is a model of how a high level recreational mathematics text
should be put together.

17 Winding numbers

We all know that complex analysis has a lot to say about ‘the number of
times a curves goes round a point’. In this final section we make the notion
precise.

Theorem 17.1. Let
T={ze€C: |z| =1}

If g : [0,1] — T is continuous with g(0) = €%, then there is a unique
continuous function 6 : [0,1] — R with 6(0) = 0y such that g(t) = e for
all t € [0,1].

Proof. We prove existence, leaving uniqueness to follow from Exercise 17.2.
Let E be the set of u € [0,1] for which there exists a continuous function
0 :[0,u] — R with #(0) = 6 such that g(t) = ¢?® for all ¢ € [0,u]. Since
0 € E (just take 6(0) = 0y) and E is bounded, F must have an upper bound
w.

Suppose that w € (0,1). Since g is continuous, we can find a § > 0 such
that (w— 24, w+29) C [0,1] and |g(t) — g(w)| < 1/2 for t € (w — 26, w + 20)
We know that there is a unique continuous function

op:{z:|z—1<1/2, |2| =1} = [-7/2,7/2]
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such that
z =% forall [z — 1] < 1/2, |2| = 1.
Thus, if we choose 0; such that e = g(w) and define 0 : (w — 26, w + 28) —
[=m/2,7/2] by i
0(t) = 01+ 6 (g(t)/g(w))

we will have § continuous and
g(t) =

for t € (w — 24, w + 26).

By the definition of an upper bound, we can find v € (w — 6, w] and a
continuous function 1 : [0,u] — R with 1(0) = 6, such that g(t) = e™*® for
all t € [0,u]. Since

(00 — g(y) = )

we must have 0(u) = 1(u) + 2N7 for some integer N. Taking

o(t) = W»(t) for t € [0, u]
1 6(t) —2Nx for t € [u,u + 4]

we see that 0 : [0,u 4+ 6] — R is a continuous function with 6(0) = 6, such
that g(t) = €® for all t € [0,u+6]. Thus u +d € E and u +§ > w,
contradicting our assumption that u is an upper bound.

A similar argument show that 0 is not an upper bound. Thus sup £ =1
and much the same argument as above shows that 1 € F, so we are done. [

The uniqueness part of Theorem 17.1 follows from the next exercise.

Exercise 17.2. Suppose ¥, ¢ : [0,1] = R are continuous with e¥® = ¢*®)
for all t € [0,1]. Show that there exists an integer n such that ¥(t) = ¢(t) +
2nm for all t € [0,1].

Solution. Observe that f : [0,1] — R defined by

is an integer valued continuous function on [0, 1] and so must be constant.
(Or quote the intermediate value theorem directly.) O

Corollary 17.3. If v:[0,1] — C\ {0} is continuous with v(0) = |y(0)]e?,
then there is a unique continuous function 6 : [0,1] — R with 6(0) = 6y such
that () = Py (D)]e?®.
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Proof. Set g(t) = ~(t)/|v(t)| and use Theorem 17.1. O

Definition 17.4. If v : [0,1] — C\ {0} and 0 : [0,1] — R are continuous
with v(t) = |y(t)[e®® then we define

o(1) — 6(0)

0) =
Exercise 17.2 shows that w(v,0) does not depend on the choice of 6.

Exercise 17.5. (i) If v : [0,1] — C\ {0} is continuous and v(0) = ~(1)
(that is to say, the path is closed) show that w(~,0) is an integer.

(i) Give an example to show that, under the conditions of (i), w(v,0)
can take any integer value.

Solution. (i) Since v(0) # 0 and

[1(0)[e™® = 4(0) = 7(1) = [y(1)[e™ = |(0)]™,

we have ¢/®M=00) = 1 50 #(1) — 0(0) is an integer multiple of 27.
(i) If we take v(t) = exp(irt), we get w(vy,0) =r [r € Z] O

We are only interested in the winding number of closed curves.
If a € C, it is natural to define the winding number round a of a curve
given by a continuous map

7:[0,1] = C\ {a}

to be
U)(’}/, a) = U)(’j/ — a, 0)7

but we shall not use this slight extension.
Lemma 17.6. If v1, 72 : [0,1] — C\ {0} then the product v1v2 satisfies
w(172,0) = w(,0) + w(y2,0).
Proof. By Corollary 17.3, we can write
75(t) = | (8)] exp (i0;(t))

with 6; : [0, 1] — R continuous. We now have

Y1(t)72(t) = [71(t)| exp (61 (t)) [72(t)| exp (i6s(t))
= |1 (t)72(t)] exp (i(61(t) + 02(1))),
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so that

w1, 0) = 5 (1) + 6(1)) -

= (02— 0:(0)) +

0) + 62(0))
(82< ) ‘92(0)) = w(/717 0) + w(’y?: O)

]

(6
1
o

Lemma 17.7. [Dog walking lemma] If v, 72 : [0,1] — C\ {0} are con-
tinuous, 71(0) = 1(1), 72(0) = 72(1) and

(0] < ()]

for all t € [0,1], then 1 + 72 never takes the value 0 and w(vy; + 72,0) =
w(’}/h 0) :

Proof. This argument may be familiar from 1B complex variable.
Write v(t) = (1 +72(¢)/7(t)). By Lemma 17.6,

w(y1 +72,0) = w(n1v,0) = w(y1,0) + w(v,0),

so it suffices to prove that w(y,0) = 0. We shall do this by noting that
|72(t) /71 (t)] < 1 and so
Ry(t) >0
for all t € [0, 1].
By Corollary 17.3, we can write

() = [y(t)] exp (i6(t))
with 6 : [0,1] — R continuous and 6(0) € (—=n/2,7/2). If |0(t)] > =/2

for any t € [0, 1], the intermediate value theorem tells us that there is an
s € [0,t] such that |6(s)| = 7/2 and so Ry (s) = 0, which is impossible. Thus
6(t)] < 7/2 for all t € [0, 1].

In particular |6(0)[, |0(1)] < /2, so |#(1) — 6(0)| < . It follows that
w(7,0) is an integer with |w(y,0)| < 1/2 and so w(y,0) = O

Many interesting results in ‘applied complex analysis’ are obtained by
‘deforming contours’. The idea of ‘continuously deforming curves’ can be
made precise in a rather clever manner.

Definition 17.8. Suppose that vy, 71 are closed paths not passing through 0
(so we have, v; : [0,1] — C\{0}). Then we say that y, is homotopic to v, by
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closed curves not passing through zero if we can find a continuous function
[':[0,1]> — C\ {0} such that

['(s,0) =T(s,1) for all s € [0, 1],
['(0,t) = y0(t) for allt € [0, 1],
[(1,t) = y(t) for all t € [0, 1].

We often write v,(¢) = I'(s, t).

Exercise 17.9. If v and 7, satisfy the conditions of Definition 17.8, we
write 7o ~ 1. Show that ~ is an equivalence relation on closed curves not
passing through zero.

Solution. Setting
F(S’t) = V(t)v
we see that v ~ 7.

If v ~ 71, then we can find a continuous function T : [0,1]*> — C\ {0}
such that

['(s,0) =T(s,1)  forall s €[0,1],
['(0,t) = 7o(t) for all t € [0, 1],
L(1,t) = (1) for all t € [0, 1].
If we set I'(s,t) = I'(1 — s,t), then T' : [0,1]> — C\ {0} is a continuous

function such that

['(s,0) = I'(s,1) for all s € [0, 1],
1(0,t) = v() for all ¢ € [0, 1],
[(1,t) = 0(t) for all t € [0, 1],
and so v ~ Y.
If v >~ 71 and v1 >~ 72, then we can find a continuous functions I'; :
[0,1]* — C\ {0} such that
[j(s,0) =Ty(s,1)  forall s €]0,1],
[';(0,t) = y04;(t) for all t € [0, 1],
Li(1,t) = 14(t) for all ¢ € [0,1]

for j =0, 1.
If we set

[(s,t) = {FO(ZH) for all s € [0,1/2], € [0,1]

I'v(2s —1,t) forall s e (1/2,1], t € [0,1]
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then T': [0,1]> — C \ {0} is a continuous function such that

['(s,0) =T(s,1)  forall s € [0,1],
1(0,t) = y(t) for all ¢ € [0, 1],

['(1,t) = y(t) for all t € [0, 1],
and so vy >~ Vo. O]

The proof of the next theorem illustrates the utility of Definition 17.8.
The proof itself is sometimes referred to as ‘dog walking along a canal’.

Theorem 17.10. If vy and v, satisfy the conditions of Definition 17.8, then
w(7,0) = w(7,0).

Proof. Let I" be as in Definition 17.8. The map (s, t) — |I'(s, t)| is continuous
so, by compactness, |I'(s,t)| attains a minimum m on the compact set [0, 1]%.
Since I' is never zero, we must have m > 0.

By compactness (see Theorem 7.7 if necessary), I' is uniformly continuous
and so we can find a strictly positive integer N such that

s =&, [t —t'| <2/N = |[(s,t) = T(s',t")| < m/2.
If 0 <r < N let us define
Br(t) = (r/N, 1)
for t € [0,1]. We observe that
8- ()| = [T(r/N, )| = m >m/2
> D(r/N.8) = D{(r + 1/N.8)] = 18.(8) — Braa (1)
for all t € [0, 1], so by the dog walking lemma (Lemma 17.7),
w(f,0) = w(Br11,0)
forall 0 <r < N — 1. It follows that

w(70,0) = w(fo,0) = w(fy,0) = w(mn,0).

As before, let us write

D={zeC:|z| <1},
D={zeC: |z| <1},
0D ={2€C: |z| =1}
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Corollary 17.11. Suppose f : D — C is continuous, f(z) # 0 for z € 0D,
and we define v : [0,1] — C by

() = f(e*™)
forallt € [0,1]. If w(y,0) # 0, then there must exist a z € D with f(z) = 0.

Corollary 17.11. Suppose, if possible, that f(z) # 0 for z € D. The nowhere-
zero function G : [0,1]? — C given by

G(s,t) = f(se*™)

is continuous with G(s,0) = G(s,1) for all s € [0,1], G(1,t) = ~(t) and
G(0,t) = 70(t) where vo(t) = f(0) for all t € [0,1]. Thus v and 7y are
homotopic closed curves not passing through 0. By Theorem 17.10, w(~,0) =
w(70,0) = 0 contradicting our hypothesis. O

This gives us another proof of the Fundamental Theorem of Algebra (The-
orem 2.9).

Corollary 17.12. If we work in the complex numbers, every non-trivial poly-
nomial has a root.

Proof. 1t is sufficient to consider polynomials P of the form
P(z)=z2"+Q(2)

with Q(z) = Z;:ol ajzl. If weset R =1+ Z;:Ol la;| and consider p(z) =
R "p(Rz) we see that P has a root if p has root and that

p(z) = 2" +q(2)

with |g(z)] < 1 when |z| = 1.

By the dog walking lemma, the map t — p(e?™) for ¢ € [0, 1] has the same
winding number as t — (e*™)" = 2™ that is to say, n. By Corollary 17.11,
there must exist a z € D with p(z) = 0, so we are done. ]

We also obtain a second proof of Brouwer’s theorem in two dimensions
in the ‘no retraction’ form of Theorem 4.5.)

Corollary 17.13. There does not exist a continuous function f : D — 0D
with f(z) = z for all z € OD.
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Proof. Suppose such a function existed. The continuous map G : [0, 1]*> —
0D given by A
G(s,t) = f(se*™)

gives a homotopy between 7y defined by 7o(t) = f(0) and 7, defined by
11 (t) = f(t) = €* using closed curves not passing through 0. By Theo-
rem 17.10, this gives

1= w(717 O) = w(707 O) = 07

which is absurd.
The required result follows by reductio ad absurdum. O]

The earlier combinatorial proof that we gave requires less technology to
extend to higher dimensions.

The contents of this section show that parts of complex analysis are really
just special cases of general ‘topological theorems’. On the other hand, other
parts (such as Taylor’s theorem and Cauchy’s theorem itself) depend crucially
on the the fact that we are dealing with the very restricted class of functions
which satisfy the Cauchy-Riemann equations.

In traditional courses on complex analysis, this fact appears, if it appears
at all, rather late in the day. Beardon’s Complex Analysis [4] shows that it
is possible to do things differently and is well worth a look!®.
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“You are old, Father William’ the young man said,
And your hair has become very white;

And yet you incessantly stand on your head

Do you think, at your age, it is right?’

‘In my youth’ Father William replied to his son,
‘I feared it might injure the brain;

But, now that I'm perfectly sure I have none,
Why, I do it again and again.’

“You are old’ said the youth ‘as I mentioned before,
And have grown most uncommonly fat;

Yet you turned a back-somersault in at the door
Pray, what is the reason of that?’

‘In my youth’ said the sage, as he shook his grey locks,
‘I kept all my limbs very supple

By the use of this ointment one shilling the box
Allow me to sell you a couple?’

“You are old’ said the youth ‘and your jaws are too weak
For anything tougher than suet;

Yet you finished the goose, with the bones and the beak
Pray how did you manage to do it?’

‘In my youth’ said his father ‘I took to the law,

And argued each case with my wife;

And the muscular strength, which it gave to my jaw,
Has lasted the rest of my life.’

“You are old’ said the youth ‘one would hardly suppose
That your eye was as steady as ever;

Yet you balanced an eel on the end of your nose

What made you so awfully clever?’

‘I have answered three questions, and that is enough’
Said his father; ‘don’t give yourself airs!

Do you think I can listen all day to such stuff?

Be off, or I'll kick you down stairs!’

Lewis Carroll
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18 Question sheet 1

Note The Pro-Vice-Chancellor for Education has determined that the amount
of work required by a student to understand a course should be the same as
that required by any other student. Traditionally, teachers and students in
the Faculty of Mathematics have interpreted this as meaning that each ex-
ample sheet should have exactly twelve questions. The number of questions
in the example sheets for this course may be reduced to twelve by omitting
any marked with a .

FEzercise 18.1. (i) Consider R™. If we take d to be ordinary Euclidean distance

n 1/2
d(x,y) =[x =yl = (Z |25 — yj|2) :

j=1

show that (R",d) is a metric space.
[Hint: Use inner products.|

(ii) Consider C. If we take d(z,w) = |z — w|, show that (C,d) is a metric
space.

(iii) Let X be a non-empty set. If we write

d(z, y) 0 ifz=y,
x,y) =
Y 1 ifx#uy,

show that (X, d) is a metric space (d is called the discrete metric).
(iv) Consider X = {0,1}". If we take

n

d(x,y) =Y |z; —

j=1
then (X, d) is a metric space.

FEzercise 18.2. (i) Give an example of a continuous bijection f : R — R with
no fixed points.

(ii) If A is an infinite countable set, show that there exists a bijection
f A — A with no fixed points. What can you say if A is finite non-empty
set? (Be careful to cover all possible cases.)

[Remark: We can replace ‘infinite countable’ by ‘infinite’ provided we
accept the appropriate set theoretic axioms.|

FEzxercise 18.3. (i) Show that a subset £ of R™ (with the usual metric) is
compact if every continuous function f : F — R is bounded.

(ii) Show that a subset E of R™ (with the usual metric) is compact if
every bounded continuous function f : F — R attains its bounds.
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Ezercise 18.4. Suppose that d is the usual metric on R™, X is a compact
set in R™ and f : X — X is a continuous distance increasing map. In other
words,

d(f(x), f(y)) = d(z,y)

for all z, y € X. The object of this question is to show that f must be a
surjection.

() Let f2() = @ f"(2) = F(F"(2)). Explain why X. = (2, /7(X)
is compact and why the map ¢ : Xoo — X is well defined by f(g(y)) =.

(i) If z € X, consider the sequence f"(z). By using compactness and
part (i) show that given € > 0 we can find an w € X, such that d(w, z) < e.
Deduce that f is surjective.

(iii) Let X = {x € R : x > 0}. Find a continuous function f : X — X
such that |f(z) — f(y)| > 2|z —y| for all z, y € X but f(X) # X. Why does
this not contradict (ii)?

(iv) We work in C. Let « be irrational and let w = exp(27ai). If

X ={w" : n>1},

find a continuous function f: X — X such that |f(w) — f(2)| = |w — 2| for
all w, z € X but f(X)# X. Why does this not contradict (ii)?

Exercise 18.5. A function f : R” — R is called upper semi-continuous if,
given x € R™ and € > 0, we can find a § > 0 such that

Ix =yl <d=fly) < f(x)+e

(i) If £ is a subset of R™ and we define the indicator function Iz by

Ip(x) = {1 ifx ek,

0 otherwise,

show that Iz is upper semi-continuous if and only if E is closed.

(ii) State and prove necessary and sufficient conditions for —Ig to be
upper semi-continuous.

(iii) If f : R™ — R is upper semi-continuous and K is compact show that
there exists a z € K such that f(z) > f(k) for all k € K. (In other words f
attains a maximum on K.)

(iv) If g : R — R is defined by

) =1/]z] it x #£0,
g(x)_{o if 2 =0,

show that g is upper semi-continuous but that ¢ is unbounded on [—1, 1].
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Exercise 18.6. Let

H={z€C: Rz> 0},

H={zeC : Rz >0},

D={zeC: |z] <1},

D={z€C: |2|] <1}.
i) Does every bijective continuous map f : C — C have a fixed point?
ii) Does every bijective continuous map f : H — H have a fixed point?
iii) Does every bijective continuous map f : H — H have a fixed point?
iv) Does every bijective continuous map f : D — D have a fixed point?
(v) Does every bijective continuous map f : D — D have a fixed point?
Give reasons for your answers.

(
(
(
(

FEzercise 18.7. (Exercise 4.9) Show that the following four statements are
equivalent.

(i) If f:[0,1] — [0,1] is continuous, then we can find a w € [0, 1] such
that f(w) = w.

(ii) There does not exist a continuous function ¢ : [0,1] — {0,1} with
g(0) =0 and g(1) = 1. (In topology courses we say that [0, 1] is connected.)

(iii) If A and B are closed subsets of [0,1] with 0 € A, 1 € B and
AUB =0,1] then AN B # @.

(iv) If A : [0,1] — R is continuous and h(0) < ¢ < h(1), then we can find
ay € [0,1] such that h(y) = c.
FEzercise 18.8. (Exercise 4.10) Suppose that we colour the points r/n red or
blue [r =0, 1, ..., n] with 0 red and 1 blue. Show that there are a pair of
neighbouring points u/n, (u + 1)/n of different colours. Use this result to
prove statement (iii) of Exercise 4.9.

FEzercise 18.9. Suppose that ¢ : R? — R? is a continuous function such that
there exists a K > 0 with ||g(x) — x|| < K.

(i) By constructing a function f : R? — R?, taking a disc into itself, and
such that

ft)=t=g(t)=0

show that O lies in the image of g.

(ii) Show that, in fact, g is surjective.

(iii) Is it necessarily true that g has a fixed point? Give reasons.

(iv) Is g necessarily injective? Give reasons.

Ezercise 18.10. Use the Brouwer fixed point theorem to show that there is a
complex number z with |z| < 1 and

A2 4824+ 1124+1=0.
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Exercise 18.11. Consider the square S = [—1,1]2. Suppose that 3,y :
[—1,1] — S are continuous with g(—1) = (—1,—1), (1) = (1,1), y(—1) =
(—1,1), (1) = (1,—1). The object of this question is to show that there
exist (sg,to) € [—1,1]* such that B(sy) = v(t;). (Note that this is just a
formal version of Exercise 4.13.)

Our proof will be by contradiction, so assume that no such (sg, to) exists.
We write

B(S) = (ﬁl(s)aﬁQ(s))v 7(75) = (’71(75)772(1.))
(i) Show carefully that the function F': S — S given by

—1
max{|B1(s) — 1 (t)|, [B2(s) — ()|}

is well defined and continuous.

(ii) Show by considering the possible values of the fixed points of F' or
otherwise that F' has no fixed points, Brouwer’s fixed point theorem now
gives a contradiction.

F(s,t) = (B1(5) = 71(t), Ba(s) — (1))

FEzercise 18.12. Here is a variation on Lemma 4.7 (ii). It can be proved in
the same way.

Suppose that T', I, J, K are as in Lemma 4.7 and that A, B and C are
closed subsets of T with

AUBUC =T,
AUBDI, BUCDJ CUADK
ADKNI, B2INJ, C2JNK.

Show that AN BNC # @.

Exercise 18.13. ¥ Cantor started the researches which led him to his studies
of infinite sets by looking at work of Riemann on trigonometric series. He
needed to show that if F': [a,b] — R is continuous and

F(z+h)—2F(x)+ F(x —h)

2 — 0

as h — 0 for all x € (a,b) then F' is linear. (Note that there are no differen-
tiability conditions on F'.) Schwarz was able to supply a proof.
(i) Suppose that F : [a,b] — R is continuous, F'(a) = F(b) and there
exists an € > 0 such that
F(x+h) —2F(z)+ F(x — h)

lim sup 5 > €
h—0 h
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for all x € (a,b). Show that F' cannot attain a maximum at any x € (a,b).
Deduce that
F(z) < F(a)

for all x € [a, b].
(ii) Suppose that F : [a,b] — R is continuous, F'(a) = F(b) and
lim sup F(z+h)— 2F(2x) + F(z —h)
h—0 h

for all z € (a,b). Let ¢ = (a+b)/2. By considering G(z) = F(x)+e(x—c)*/4
or otherwise, show that

>0

F(z) < F(a)
for all z € [a, b].
(iii) Suppose that F': [a,b] — R is continuous, F'(a) = F(b) and
F —2F F(x —
lim (x+h) (x) + F(x — h)

h—0 h? =0

for all z € (a,b). By considering F' and —F' show that

for all x € [a, b].
(iv) Show that if F': [a,b] — R is continuous and
F(z+h)—2F(x)+ F(x —h)
h

—0

as h — 0 for all z € (a,b) then F' is linear.

Erxercise 18.14. % As usual D is the closed unit disc in R? and 9D its
boundary. Let us write

A={(x,y)eD* : x#£y}

and consider A as a subset of R* with the usual metric. We define F': A —
0D as follows.

Given (x,y) € I', take the line from x to y and extend it (in the x to y
direction) until it first hits the boundary at z. We write F'(x,y) = z.

In the proof of Theorem 4.5 I claimed that it was obvious that F' was
continuous. Suppose, if possible, that g : D — D is a continuous map with
g(x) # x for all x € D. Explain why if my claim is true that the map

x > F(x,g(x))
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is a continuous map.

The claimed result is obvious (in some sense) and you may take it as
obvious in the exam. However, if we can not prove the obvious it ceases to
be obvious. This question outlines one method of proof, but, frankly, the
reader may find it easier to find their own method. Any correct method
counts as a solution.

(i) Suppose that 0 < yo < 1, 2 > 0 and z2 + y2 = 1. Show that, given
e > 0 we can find an 1 > 0 such that if 2> +y> =1, 2 > 0 and |y — yo| < 7
implies [|(z, y) — (z0, yo)l| < . )

(ii) Suppose that (z1,90), (x2,%0) € D, yo > 0 and 1 # x2. By using (i),
or otherwise, show that, given any ¢ > 0, we can find a 6 > 0 such that,
whenever

121, 91) = (@)l (22, 95) — (22, 9) Il <0
and (21, 41), (25,5) € D, we have (21, y}) # (25, 5) and

F((2y,11), (25, 45)) = (u,v) with v —y| <.

(iii) Hence show that F': A — D is continuous.
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19 Question sheet 2

Exercise 19.1. In the two player game of Hawks and Doves, player ¢ chooses
a probability p; which announce publicly. Players may change their mind
before the game begins but must stick to their last announced decision.

Once the game begins, player ¢ becomes a hawk with probability p; and
a dove with probability 1 — p;. Two doves divide food so that each gets V/2.
A hawk scares off a dove so the hawk gets V' and the dove 0. Two hawks
fight, the winner gets V' — D and the looser —D (D is the damage). The
probability of winning such an encounter is 1/2 for each bird.

If V > 2D show that there is only one Nash equilibrium point. Give a
simple explanation of this fact.

If V< 2D show that there are three equilibrium points and identify them.

What happens if V= 2D?

FEzercise 19.2. (i) Suppose that E is a compact convex set in R", that « :
R™ — R™ is linear and b € R™, then

{b+ax : x€ FE}

is compact and convex.
(ii) Suppose that E is a compact convex set in R", that f : R” — R™ is
continuous and b € R™. Set

E'={b+ f(x) : x€ E}

(a) Is E necessarily convex if n = 17

(b) Is E' necessarily convex if m = 17

(¢) E' necessarily convex for general m and n?
Give reasons.

FEzercise 19.3. (If you have done the 1B optimisation course.) We use the
notation of Theorem 5.1. Suppose that a;; = —b;;, that is to say that Albert’s
gain is Bertha’s loss. Explain why the 1B game theoretic solution will always
be a Nash equilibrium point and vice versa.

FEzercise 19.4. (This is Exercise 6.1) Consider two rival firms A and B en-
gaged in an advertising war. So long as the war continues, the additional
costs of advertising mean that the larger firm A loses 3 million pounds a year
and the smaller firm B loses 1 million pounds a year. If they can agree to
cease hostilities then A will make 8 million a year and B will make 1 million
a year. How much does Nash say should A pay B per year to achieve this
end.
[One way of doing this is to apply an affine transformation.|
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Ezercise 19.5. Consider the continuous functions on [0, 1] with the uniform
norm. Show that the unit ball

{Fec(01]) = Iflle <1}

is a closed bounded subset of the complete space (C([0,1]),] ||« ), but is not
compact.

FEzercise 19.6. (i) Let f : [0,1] — R be a continuous function which is not
a polynomial. If p, is a polynomial of degree d,, and p, — f uniformly on
[0, 1], show that d, — oco.

[Hint. Look at Corollary 8.3.]

(i) If ¢, is a polynomials of degree e,, with e,, — 0o and ¢, — ¢ uniformly
on [0, 1], does it follow that g is not a polynomial? Give reasons.

Exercise 19.7. Show that no formula of the form
1 n
| 1= A1)
—1 =1

(with x;, A; € R) can hold for polynomials f of degree 2n.

Ezercise 19.8. Let f:]0,1] - R and ¢ : [-1,1] — R be continuous.
(i) By using the Weierstrass approximation theorem, show that

1
/ z" f(x)dxr =0 for all n > 0 = f is the zero function.
0

(i) Show that
1
/ 2" f(z)dw = 0 for all n > 0 = f is the zero function.
0

(iii) Is it true that if fol 2" f(z)dz = 0 for all n > 0, then f must be
the zero-function? Give reasons.

(iv) Is it true that, if f_ll z?"g(x) dz=0 for all n > 0, then g must be the
zero-function? Give reasons.

Ezercise 19.9. (i) (This just to remind you that discontinuous functions come
in many shapes and sizes.) Let f: R — R be given by f(z) = sin1/x for
x # 0 and f(0) = a. Show that, whatever the choice of a, f is discontinuous.
(i) Does there exist a discontinuous function ¢ : [0, 1] — R which can be
approximated uniformly by polynomials? Why?
(iii) Does there exist a smooth function h : R — R which cannot be
approximated uniformly by polynomials? Prove your answer.
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FExercise 19.10. We say that a function f : R — R has the intermediate value
property if whenever a,b € R and f(a) > ¢ > f(b) we can find a ¢ in the
closed interval with end points a and b such that f(t) = c.

(i) Give an example of a function satisfying the intermediate value prop-
erty which is not continuous.

(ii) Show that if f has the intermediate value property and in addition
f~Y«a) is closed for every « in a dense subset of of R then f is continuous.

Exercise 19.11. % Are the following statements true or false? Give reasons.

(i) If f:(0,1) — R is continuous, we can find a sequence of polynomials
P, converging uniformly to f on every compact subset of (0, 1).

(ii) If g : (0,1) — R is continuously differentiable we can find a sequence
of polynomials @,, with @/, converging uniformly to ¢’ and R, converging
uniformly to g on every compact subset of (0, 1).

(iii) If A : (0,1) — R is continuous and bounded we can find a sequence
of polynomials R, with

sup Ry (t)] < sup [h(?)]
te(0,1) te(0,1)

converging uniformly to A on every compact subset of (0, 1).

Exercise 19.12. % Compute the Chebychev polynomials T;, of the first kind
forn = 0,1,2 ..., 4 and the Chebychev polynomials U,_; of the second
kind forn=1,2 ..., 4.

Recall that we say that a function f;[—1,1] — R is even if f(x) = f(—x)
for all z and odd if f(x) = —f(—=) for all .

Explain why we know, without calculation, that the Chebychev polyno-
mials 7}, are even when n is even and odd when n is odd. What can you say
about the Chebychev polynomials U,, of the second kind?

FExercise 19.13. The Chebychev polynomials are orthogonal with respect to
a certain non-zero positive weight function w. In other words,

/_ T (2) T (2)(z) de = 0

1

for all m # n. Use a change of variables to find a suitable w.

Ezxercise 19.14. % (i) Use the Gramm-Schmidt method (see Lemma 9.2) to
compute the Legendre polynomials p, for n = 0, 1, 2, 3, 4. You may leave
your answers in the form A,p, (i.e. ignore normalisation).

(ii) Explain why we know, without calculation, that the Legendre poly-
nomials p,, are even when n is even and odd when n is odd.
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(iii) Explain why

dm

— (1 —2)"(1 "

T )
vanishes when z = 1 or x = —1 whenever m < n.

Suppose that

dn
Pn(fl?) == %(1 - .1'2)”.

Use integration by parts to show that

1
/ P.(x)Py(z)dz =0
-1
for m # n. Conclude that the P, are scalar multiple of the Legendre poly-
nomials p,,.

(iv) Compute P, for n =0, 1, 2, 3, 4 and check that these verify the last
sentence of (iii).

(iv) Let u,(x) = ™. Find the choice of v which minimises

1 1/2
it — vz = ( 2" — v<x>|2dx)

~1
for v a polynomial of degree at most n — 1

FExercise 19.15. Are the following statements true or false. Give reasons.
(i) For all n > 1, there exists a polynomial P, of degree at most n such
that
P,(cosht) = coshnt.

(ii) For all n > 1 there exists a polynomial @,, of degree at most n such
that
Qn(cosht) = sinhnt.

(iii) For all n > 1 there exists a polynomial R,, of degree at most n such
that
R, (sint) = sinnt.

Ezercise 19.16. % (i) Suppose f : [a,b] — R is continuous and € > 0. Why
can we find an infinitely differentiable function ¢ : [a,b] — R such that
If =gl <€

(ii) By using Chebychev polynomials and Weierstrass’s approximation
theorem, show that given any continuous f : [0,7] — R and any € > 0 we
can find N and a; € R 0 < 57 < N such that

<€

f(s)— Zaj Cos js

‘ N
J=0
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for all s € [0, 7].
(iii) Let € > 0. If f : [0,7] — R is continuous with f(0) = 0 show that
we can find V and b; € R 0 < j < N such that

<€

N
‘f(s) — bos — ij sin js

J=0

for all s € [0, 7.
(iv) Let € > 0. If f: [0, 7] — R is continuous with f(0) = f(7) = 0 show
that we can find NV and b; € R 0 < j < N such that

<€

N
|f(3) — ij sinjs
=0

for all s € [0, 7).
(v) Hence show that given any continuous f : [—7, 7] = R with f(—m) =
f(m) and any € > 0 we can find N and «;, 3; € R such that

N

N
'f(t) — ij cos jt — ch sin jt
=0

J=1

<€

for all t € [—m, .
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20 Question Sheet 3

FEzercise 20.1. Let f : [-1,1] — R be a function and let M > 0. Show that
there exists at most one polynomial of degree n such that

|f(z) = P(z)| < Mlz[""

for all x € [-1,1].
Must there always exist such a P if f is everywhere infinitely differentiable
and we choose M sufficiently large?

FEzercise 20.2. Let T be the jth Chebychev polynomial. Suppose that v; is

a sequence of non-negative numbers such that Zj; 7; converges. Explain

why Z;’il 7v;13; converges uniformly on [—1, 1] to a continuous function f.
Let us write P, = 2?21 ;155 Show that we can find points

—1 <<z <...<x3t1 <1
such that

Fan) = Palw) = (=D S 5
j=n+1
Exercise 20.3. Use Exercise 20.2 to show that, given any decreasing sequence
d, — 0, we can find a continuous function f : [-1,1] — R such that (writing
|| ||oo for the uniform norm on [—1, 1))

inf{||f — P||oo : P a polynomial of degree at most n} > §,}.

Why does this not contradict the Weierstrass approximation theorem?

Exercise 20.4. Use the ideas of Theorem 7.9 to show that, if f:[0,1]? - R
is continuous, then, given € > 0, we can find a polynomial P in two variables
such that

|f(x,y) - P(ZL‘,y)| <€
for all z, y € [0, 1].
FEzercise 20.5. (Not very much to do with the course but a nice question which
you should have met at least once in your life.) Suppose f : [-1,1]> = R
is a bounded function such that the map = — f(z,y) is continuous for each
fixed y and the map y — f(z,y) is continuous for each fixed x. By means of
a proof or counterexample establish whether f is necessarily continuous.

The next three questions give alternative proofs of Weierstrass’s theorem.
Each involves some heavy lifting but each introduces ideas which are very
useful in a variety of circumstances. If you are finding the course heavy going
or your busy social schedule limits the time you can spend thinking to an
absolute minimum you can skip them. If you want to do any sort of analysis
in the future they are highly recommended.
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Fxercise 20.6. Here is an alternative proof of Bernstein’s theorem using a
different set of ideas.
(i) Let f € C(]0,1]). Show that given € > 0 we can find an A > 0 such
that
J@) + At —2)* + /2> f(t) > f(x) — At —2)* — /2

for all t, z € [0, 1].
(ii) Now show that we can find an N such that, writing

he(t) = f(r/N) + A(t = r/N)?, g:(t) = f(r/N) = A(t —r/N)?,

we have
gr(t) +€> f(t) > h(t) — €

for |t — r/N| < 1/N. (You may find it helpful to draw diagrams here and
in (iii).)

(iii) We say that a linear map S : C([0,1]) — C([0,1]) is positive if
F(t) >0 for all t € [0, 1] implies SF(t) > 0 for all ¢ € [0,1]. Suppose that S
is such a positive linear operator. Show that if F'(t) > G(t) for all t € [0, 1],
then (SF)(t) > (SG)(t) for all t € [0,1] [F, G € C(]0,1])]. Show also that if,
F & C(0,1)), then [[SFlse < (11|l Flc.

(iv) Write e,.(t) = t". Suppose that S, is a sequence of positive linear
functions such that [|S,e, — e,||loc = 0 asn — oo for r = 0, r = 1 and
r = 2. Show, using (ii), or otherwise, that ||S,f — f|lec = 0 as n — oo for
all f e C([0,1]).

(v) Let

n

n ) . i

00 =3 (1) smpa- o

— \J
j

Verify that S, satisfies the hypotheses of part (iv) and deduce Bernstein’s

theorem.

Exercise 20.7. % Here is another proof of Weierstrass’s theorem which is
closer to his original proof. We wish to show show that any continuous
function function f : [=1/2,1/2] — R can be uniformly approximated by
polynomials on [—1/2,1/2]. To do this we show that any continuous function
g : R — R with g(z) = 0 for |x| > 1 can be uniformly approximated by
polynomials on [—1/2,1/2]. Why does this give the desired result?

Let
Lo (x) = (4 —2%)"  for |z| § 2,
0 otherwise,

let

%:/m%@m

—00

120



and let K, (z) = A, 'L, (z).
(i) Show that

Po(z) = K, # g(x) = /_Oo Kol — t)g(t) dt

is a polynomial in = on the interval [—1/2,1/2] It may be helpful to recall

that fxg=gx f.)
(ii) Let 0 > 0 be fixed. Show that K, (z) — 0 uniformly for |z| > ¢ and

5
/ K,(x)dr — 1
-5

as n — 00.
(iii) Use the fact that g is bounded and uniformly continuous together
with the formula

5
Pu(z) = / Ko(t)g(a — ) di + / Ko(t)g(x — ) dt
—6 t¢(—§,5)
to show that P,(z) — g(x) uniformly on [—1/2,1/2].

Exercise 20.8. Here is another proof of Weierstrass’s theorem, this time due
to Lebesgue.

(i) If @ < b sketch the graph of |z — a| — |z — b|.

(ii) Show that if ¢ : [0, 1] — R is piece-wise linear, then we can find n > 1,
A; € R and a; € [0, 1] such that

g(t) = Xo+ > _ Nlt —ay].
=1

Deduce that, given f :[0,1] — R and € > 0, then we can find n > 1, A\; € R
and a; € [0, 1] such that

<€

‘f(t) —Xo— YAt —ay
j=1

wo=3(1+3)-(-5).

Explain using results on the general binomial expansion (which you need not
prove) why u, can be uniformly approximated by polynomials on [—2, 2].

(iii) Let
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Explain why u,(t) — [¢| uniformly on [—2,2] as n — oo. Deduce that
there exist polynomials ¢, with ¢.(¢t) — |¢t| uniformly on [—1, 1] as r — 0.

(iv) Use (ii) and (iii) to prove the Weierstrass approximation theorem.
[Lebesgue’s idea provides the basis for the proof of the more general Stone-
Weierstrass theorem.|

FEzercise 20.9. (This will look less odd if you have done the previous exercise.)

(i) Let the sequence of distinct z,, form a dense subset of [0, 1] with zy = 0,
x1 = 1. If f € C([0,1]), define f, : [0,1] — R to be the simplest piece-wise
linear function with f,(z;) = f(z;) for 0 < j < n. Show that f, — f
uniformly.

(ii) Use (i) to show that there exists a sequence of continuous functions
¢n, such that, for each f € C([0, 1]) there exists a unique sequence a,, such
that

>t~ f

=0
uniformly on [0, 1].
[In practice the sequence z; is usually taken to be 0, 1, 1/2, 1/4, 3/4 1/8,
3/8,5/8, 7/8,1/16, 3/16, ... ]
FEzercise 20.10. % In Theorem 8.4 we say that, if f : [a,b] — R is a continuous
function there exists a polynomial P, of degree at most n — 1, such that
IP — flloo < ||Q — flloo for all polynomials @ degree n or less. The object
of this question is to show that the polynomial P satisfies the equiripple
criterion.

We claim that we can find a < ag < a; < --- < a, <bsuch that, writing

o = ||f — P||oo we have either

fla;) = P(aj) = (1) forall 0 < j <n
or
fla;) — P(a;) = (=1)" o for all 0 < j < n.

Our proof will be by reductio ad absurdum.

We assume without loss of generality that [a,b] = [0, 1] and 0 = 1.

(i) Write g = f — P. Explain why we can find an integer N > 1 such that
if, 1 <r < N, at least one of the following statements must be true

g(x)>1/2for all x € [(r —1)/N,r/N],

g(x) < —1/2for all z € [(r — 1)/N,r/NJ,
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or

lg(z)| < 3/4 for all z € [(r —1)/N,r/N].

(ii) Using the result of (i) show that, if our putative theorem is false, we
can find an integer ¢ < n and integers

0=u(l) <v(l) <u(2) <v(2)<---<ulg) <v(q) =N
and w € {0,1} such that

(—=1)“"g(z) > —1 for all x € [u(j)/N,v(j)/N]
lg(x)| < 1 for all = € [v(j)/N,u(j + 1)/N].

Without loss of generality, we take w = 0.
(iii) Explain why we can find an n > 0 with

(—=1)g(z) > =1 +n for all z € [u(5)/N,v(j)/N]
lg(x)] <1 —mnfor all x € [v(j)/N,u(j + 1)/N],

for all j. We may take n < 1/8 and will do so.
(iv) Explain how to find a polynomial R of degree n or less with || R||, = 1
such that
(=1 R(z) > 0 for all € [u(j)/N,v(j)/N]
and j =1,2,...,q.
(v) Show that
l9(x) = (n/2)R(z)| <1 —n/2

for all = € [0,1]. Hence obtain a contradiction.
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Ezercise 20.11. Suppose that we have a sequence of continuous functions
fn 2 [0,1] = R such that f,(x) — 0 for each x € [0,1] as n — oco. Then,
given € > 0, we can find a non-empty interval (a,b) C [0, 1] and an N(¢) such
that

[fa(B)] <€

for all ¢ € (a,b) and all n > N(e).
Hint Consider the sets

Ey={z€[0,1] : |fa(x)] <€, foralln > N}.

Ezercise 20.12. Suppose that f : [1,00) — R is a continuous function and
f(nz) — 0 as n — oo for each x € [1,00). Show that f(z) — 0 as z — oc.

FEzercise 20.13. % (i) Consider C([0,1]) with the uniform norm. If M is
strictly positive integer, let £y, be the set of f € C([0,1]) such that whenever
N > 1 and

O0<x < <ra<...<zxny <1

we have
N

S 1f () — flay)] < M.

j=1
Show that &, is closed with dense complement. Deduce that there is a set G

which is the complement of a set of first category such that given any f € G
and any M > 1 we can find N > 1 and

O0<ry<ri<my<...<zNy <1

with
N

Z |f(zj—1) = f(z;)] > M.

j=1
(ii) Show that there is a set H which is the complement of a set of first

category such that given any f € H, any a and b with 0 < a < b <1 and
any M > 1 we can find N > 1 and

a<xg< T <Ty<...<zn<b
with
N
D f(wion) = flay)| > M.
j=1
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FEzercise 20.14. Let h : [0, 1] — R be a continuous strictly increasing function
with h(0) = 0. We say that a compact set E is thin if, given € > 0, we can
find a finite collection of intervals I; of length [; [N > j > 1 such that

N N
EC|JI, but > hl;) <e
j=1 i=1

Show that the set C of thin compact sets is the complement of a set of
first category in the space K of compact subsets of [0, 1] with the Hausdorff
metric p.

Ezercise 20.15. % Let A={2€ C :1/2<|z| <1} andlet D={z€ C :
|z| < 1}. Suppose that f: A — C is analytic and we can find polynomials
pn With p,(2) — f(2) uniformly on A. Show that we can find an analytic
function g : D — C with f(2) = g(2) for all z € A.

[Hint: Use the maximum modulus principle and the general principle of
uniform convergence.|

FEzercise 20.16. (i) We work in C. Show that there exists a sequence of
polynomials P, such that

1 if|z] <1land Rz >0
Fu(z) = .
0 if 2] <1and Rz <0

as n — 0o.
[Hint: Recall that, if 2; and €, are disjoint open sets and f(z) = 0 for z € {4
and f(z) =1 for z € Qy, then f is analytic on €; U Qy.]

(ii) Show that there exists a sequence of polynomials @,, such that

1 ifRz>0
n(2) = =
@n() {0 if Rz <0

as n — 0.
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21 Question sheet 4

Ezercise 21.1. By quoting the appropriate theorems show that, if 2 is an
open set in C, then f : 2 — C is analytic if and only if, whenever K is a
compact subset of 2 with path-connected complement and ¢ > 0, we can
find a polynomial P with |f(z) — P(z)| < € for all z € K.

Ezercise 21.2. In this exercise we suppose that K is a bounded compact
subset of C and E is a non-empty bounded connected component of C \ K.
Give a simple example of such a K and E. Our object is to show that if
a € E the function f(z) = (2 —a)™! is not uniformly approximable on K by
polynomials.

Suppose P is a polynomial with [p(z) — (z —a)™'| < eor all z € K.
By observing that the boundary OF of E lies in K and using the maximum
modulus principle deduce that |p(w)(w — a) — 1| < esup,cx |z —al. By
choosing w appropriately deduce that € > (sup,c |2 — al) ™.

FEzercise 21.3. Show that cos 1 is irrational. Show more generally that cos 1/n
is irrational whenever n is a non zero integer.

Ezercise 21.4. Use the idea of Louiville’s theorem to write down a continued
fraction whose value is transcendental. Justify your answer.
FEzercise 21.5. Let us write (y) = y — [y] so that (y) is the fractional part of

Y
Suppose that x is irrational. If m is strictly positive integer consider the

m + 1 points
0= (0x), (lx), ..., (kz), ..., (mz)

and explain why there must exist integers r and s with 0 < s <r <m and
|(rz) — (sz)[ < 1/m.
Deduce that we can find an integer v with 1 < v < m and and integer u with
lvx —ul < 1/m

and so with
r——| < — < =

‘ U 1 1
vl = mo T 02
Deduce that we can find u,, v, integers with v, — oo such that
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FEzercise 21.6. Determine the continued fraction expansion of 71/49 and use
your result to find the rational number with denominator no greater than 10
which best approximates 71/49.

Ezercise 21.7. (i) Determine the continued fraction expansions of v/3.

(ii) Explain why the form of the continued fraction shows that for v/3 is
irrational.

(iii) Let p, /g, be the nth convergent for v/3. Compute (p,/q,)? for n =
1,2, 3,4, 5.

Exercise 21.8. Let a and b be strictly positive integers. If

show that ax? + abx —b =0

Ezercise 21.9. If x is irrational, we can find u,, and v,, show that we can find
integers with v, — oo such that

- 1
202

[Hint: Show that, in fact, at least one of the convergents p,/q, or pni1/¢ni1
must satisfy the required inequality.]

FExercise 21.10. Show that if all the integers a,, in the continued fraction

as +
as +

1
ay + ...

are bounded, then there exists an M > 0 such that

r—=|>—
q) ¢

p‘ M
for all integers p and ¢ with g # 0.
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FEzercise 21.11. The Fibonacci sequence has many interesting aspects. (It
is, so far as I know the only series with its own Fanzine — The Fibonacci
Quarterly.)

(i) Find the general solution of the difference equation

Upt1 = Up + Up—1.

The Fibonacci series is the particular solution F,, = u,, with ug =0, u; = 1.
Write F, in the appropriate form.
(ii) Show, by using (i), or otherwise, that if n > 1, F,, is the closest integer

1 (145 '
V5 2 ‘
1+

P

to

We call

S

T =

the golden ratio.
(iii) Prove the two identities

Fony1 = Ff + F3+1
FQn - Fn(Fn—l + Fn+1)

by using the result of (i).
(iv) Explain why

FnJrl Fn AN
(Fn Fn—l)_A

(1Y),

Use the result AT = A" A™ to deduce that

where

Fn+m+1 = FnJrlFerl + BBy,
Fn+m = FnFm+l + Fo1Fy.

Obtain (iii) as a special case.

(v) Let z,, = F,41/F,. Use (iil) to express z3, as a rational function of
T

(vi) Suppose now we take yp = zox. Write down ¥, as a rational
function of y,. Use (i) to show that y; converges very rapidly to 7. Can you
link this with the Newton-Raphson method for finding a root of a particular
function?
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Ezercise 21.12. Let p(z) = 22 — 42z + 3 and let v : [0,1] — C be given by
v(t) = p(2e*™*). Show that closed path associated with v does not pass
through 0.

Compute w(7,0)

(i) Non-rigorously direct from the definition by obtaining enough infor-
mation about 7, (You could write the real and imaginary parts of () in
terms of cost and sint.)

(ii) by factoring, and

(iii) by the dog walking lemma.

FEzercise 21.13. Y Suppose that v : [0, 1] — C\ {0} is a continuously differ-
entiable function with v(0) = ~(1).

If we define 7 : [0, 1] — C by

D

compute the derivative of r(t)/v(t) and deduce that

1 .7
w(v,0) = L/ 7 () ds
2mi Jo (s)

Use this result and the residue theorem to compute w(y,0) in Exer-
cise 21.12.
[The example used in the last two questions has been chosen to make things
easy. However, if you are prepared to work hard, it is possible to obtain
enough information about v to find the winding number of closed curves
even in quite complicated cases. If many winding numbers are required (as
may be the case when studying stability in an engineering context then we
can use numerical methods (this question suggests a possibility, though not
necessarily a good one) together with the knowledge that the winding number
is an integer to obtain winding numbers on an industrial scale.]

FExercise 21.14. % Take your electronic calculator out of your old school
satchel (or use the expensive piece of equipment on which you play games)
and find the first few terms of the continued fraction for = (or, more strictly
for the rational number that your calculator gives when you ask it for =.)
Compute first few associated convergents (what we have called 3 + p,,/qy,).

Verify that 355/113 is an extremely good approximation for 7 and explain
why this is so. Apparently the approximation was first discovered by the
astronomer Tsu Ch’ung-Chih in the fifth century A.D.

The entries a,, in the continued fraction expansion for 7 look, so far as
anyone knows, just like those you would expect from a random real number
(in a sense made precise in Corollary 14.6).
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I would be inclined to say that this was precisely what one should expect
if there was not a beautiful expansion (using a generalisation of the kind of
continued fraction discussed in the course) found by Lord Brouncker in 1654.

T 12

T

4 + 32
1+

52
72
24 ...

2+
2+

You may easily verify that the first convergents are

1 11
1—2,1—=4=—

1’7 Y y ottt
3 35

and, if your name is Euler, that the nth convergent is

[
N | —~
=
— =
1

N

=0

The convergence is, however, terribly slow and it is no wonder that Huygen’s
initially disbelieved Brouncker’s result.
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algebraic numbers, 66

balls, open and closed, 3, 4
barycentric coordinates, 20
Bolzano—Weierstrass property, 7
boundary, 12

Cauchy
counterexample, 30
sequence, 4
Chebychev
equiripple criterion, 39
inequality, 37
polynomials, 33
closed set, 4
closure, 12
compact set, 7
complete metric space, 5
continuous function, 7
convex set, 27

d(z,A), 8
dog walking lemma, 101

e irrational, 64
Euclidean metric complete, 6

first category, 71
fundamental theorem of algebra, 10,
104

Gauss, happy ideas, 46, 82
Gaussian quadrature, 45
Gramm—Schmidt, 44

Hausdorff metric, 51
homotopy, 101

interior, 12
isolated point, 72

Legendre polynomials, 44
lunacy, Cambridge, 53

metric space
complete, 5
convergence, 3
definition, 3
examples, 3

Nash stable points, 23
nowhere dense, 71

open set, 4

Pareto optimality, 27
path connected, 55
7 irrational, 64

quasi-all, 71
retraction mapping, 18

second category, 71

solution of Laplace’s equation
possible non-existence, 15
uniqueness, 15

Sperner’s lemma, 20

Taylor series, counterexample, 30
uniformly continuous, 37

Weierstrass’s approximation theorem
Bernstein’s proof, 38
other proofs, 119

winding number, 100

witchs’ hats, 76

Zaremba’s counterexample, 15
zero-sum game, 23
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